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Abstract

In this study, the second order differential operator A* defined by the formula
AU = U () + Sulx), § > 0, with domain D(A) = {u(x) : u(x), U’ (x), u" (x) € C(R"),
ulx)=ulx+2m),x € Rw,fozﬂ u(x) dx = 0} is considered. The Green function of the
differential operator A* is constructed. The estimates for the Green function are
obtained. It is proved that for any « € (0, ]5), the norms in the spaces Ey = F4 (C(R'), A)
and C2(R") are equivalent.

The positivity of the operator A* in Holder spaces of &20‘(/‘?1), o€ (0, %), is proved. In
the applications, theorems on well-posedness of local and nonlocal boundary value
problems for elliptic equations in the Holder spaces are obtained.

Keywords: Green function; fractional spaces; boundary value problems; positive
operator

1 Introduction
Various problems for partial differential equations can be considered as an abstract bound-
ary value problem for an ordinary differential equation in a Banach space E with a densely
defined unbounded space operator A. The role played by positivity of the differential and
difference operators in a Banach space in the study of various properties of boundary value
problems for partial differential equations, of stability of difference schemes for partial dif-
ferential equations and summation of Fourier series is well known [1-5]. The positivity of
a wider class of differential and difference operators in Banach spaces has been studied by
many researchers [6—25].

Let E be a Banach space and A : D(A) C E — E be a linear unbounded operator densely
defined in E. A is called a positive operator in the Banach space if the operator (Al + A)
has a bounded inverse in E and for any A > 0, the following estimate holds:

M

|+ e =

Throughout the present paper, M denotes positive constants, which may differ in time and
thus is not a subject of precision. However, we will use M(«a, 8,...) to stress the fact that
the constant depends onlyon «, 3, ...

For a positive operator A in the Banach space E, let us introduce the fractional spaces
E, =E,(E,A) (0 < a <1) consisting of those v € E for which the norm
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IVllg, =sup A% |AGL + A) v + VIl
A>0

is finite.
Let us introduce the Banach space C#(R!), 8 € (0, %), of all continuous 27 periodic func-
tions ¢(x) defined on R! and satisfying a Hélder condition for which the following norm

is finite:

lp(x +7) — p(x)|
lellcs @y = l@lleg + sup —
xx+7€[0,27],7#0 |'(|

’

where C(R?) is the Banach space of all continuous 27 periodic functions ¢(x) defined on
R! with the norm

o = max X)|.
”90||C(R1) xe[()gﬂ]“ﬂ( )|

In [3], a new method of summations of Fourier series converging in

2w
&(Rl) = {go(x) € C(R") :/0 o(x)dx = O}

is presented. It is based on the following result on the positivity of the differential operator
A* defined by the formula

A*u = i (%) + Su(x), §>0, 1)

with domain
2w
D(Ax) = {u(x) culx), u' (x),u”’ (x) € C(Rl), u(x) =ulx +2m),x € Rl,f u(x)dx = O}.
0

Theorem 1.1 [3] The operator (A* + 1) has a bounded in C(RY) inverse for § =0, A > 0 and
the following estimate holds:

a 1+167?
) ||é(R1)—>é(R1) = 1+ @

|| (A" + A
It is easy to see that (2) is true for all § > 0.
In the present study, the resolvent equation of the operator A*
A u+ru=¢ 3)
or

{—u”(x) + (8 + Nulx) =), 0<x<2r, "

ulx) =ulx +2m), xe Rl,fozjT u(x)dx =0,

will be investigated. The Green function of A* is constructed. The estimates for the
Green function are obtained. It is proved that for any « € (0, %), the norms in the spaces
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E, = E,(C(RY),A*) and €2%(R') are equivalent. Here, C2*(R!) is the subspace of C2*(R!)
such that f02” ¢(x) dx = 0. The positivity of the operator A* in the Holder spaces C2%(R!),
a € (0, %), is proved. The structure of fractional spaces generated by this operator is inves-
tigated. In the applications, theorems on well-posedness of local and nonlocal boundary

value problems for elliptic equations in Holder spaces are obtained.

2 The Green function of A*
Lemma 2.1 Assume that ¢ € C(RY) and ¢(x) = p(x + 27), x € R, fozn @(x)dx = 0. For any
A >0, problem (4) is uniquely solvable and the following formula holds:

2w
ulx) = (A7 + 20) Lg(a) = f Gl 1)g(s)ds, (5)
0
where
1 1 —/8+A(x—s) — 8+A(27r—x+s), 0<s< ;
Glx,s:0) = eJ_ +e <s<x ©)
2 /5 TA1l— e_\/m%, e S+A(s—x) +e 8+)\(27r+x—s)’ x<s< 27.[,

GQ2rm +x,51) = G(x,s;1), xR
Proof Letx € [0,27]. From (3) there follows the problem
—u”"(x) + (8 + Mu(x) = p(x), 0<x<2m,

2
u(0) =u(@w), xe Rl,/ u(x)dx = 0. )
0
We will try to obtain a formula for (7). It is clearly
u(x) =

(1 _ e—M4n)l{ (e‘ S+hx _ e—m“”"‘))u(o)

+ (e— S+A(2m—x) _ e—\/6+)»(27r+x))u(2n) _ (e—~/6+l(2n—x) _ e—\/6+k(2n+x))

2w
X (2@)’1/ (e’ma”’s) - e’maﬂ”))go(s) ds}
0

21
+ Ve + A / (emVBrHks=sl _ g=VBEE9) oo (5) dis (8)
0
is the solution of the following problem:

—u"(x) + (8§ + Mu(x) = p(x), 0<x<2m,
u(0), u(2m) are given.

Using (8) and the conditions fozn u(x)dx =0, u(0) = u(2m), we get

2w 2w
/ u(x) dx = (1 _ e—JzH_A4n)—1/ {(e— S+ax e—\/BJr_)»(Zer—x))u(O)
0 0

VE+A(2 —x)

_ e—«/6+}\(2ﬂ+x))u(0) _ (e—\/8+)~(2ﬂ—x) _ e—«/5+)\(2ﬂ+x))

+ (e’
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2w
x (248 + 1) f (e"/muﬂ’s) - e’mu’””)go(s) ds} dx
0

2 21
+ (28 + )71 / / (e‘“/m"“s‘ - e‘m<"”))¢(s) dsdx = 0.
o Jo

2

u(0) = (1- e‘mZ”)_l(Zv(S +)7 / (e7VPHRm=s) o gVovhs _ VAR _1)05(s) dis.
0

By using the assumption fozn @(x)dx = 0, we have

2
u(0) = (1- e’mz”)_l(%/é +a)7t / (e7VoHHRT=9) 4 eV ) o (s) dis. 9)
0

From (8) and (9) it follows that

2
1 1
u(x) :/ S [ (e— S+ (27 —|x—s|) n e—«/5+x\x—s|)¢(s) ds.
0 A/ —_eV
Therefore,
G( A) 1 1 e—«/8+)h(x—s) + e—«/5+)\(2n—x+s), 0<s <z,
X, S; =

2m 1- e_\/,ng_)Lzﬂ e—\/5+)\(s—x) + e—«/5+)\(27r+x—s), x<s<2T.

Let x € R'. Then, from u(x) = u(x + 27), x € R' it follows that G(27 + x,5; 1) = G(x,s; 1).
Lemma 2.1 is proved. d

Note that the following pointwise estimates for G(x,s; 1) and its first order derivatives

hold:
e_M(Zn—xﬂ), 0<s<x-m,
—/8+A(x—s) —_r<s<
Gl 53| < M) |e o x-7 <s<ux, (10)
Jorn |, x<ssman,
e_M(Zner—S), T+x<s<2m,
6_4/5+)L(27T—x+S)’ O<s<x—-m,
—/8+(x—5)
¢ , X—T <S<X,
|Gx(x,5; M |G(x, s; )\.)| <M(5) e,A/ad(sfx)’ X<S<T +X, o

e VIHQmra=s) gy o< 2T,

|G(271 +x,s;k)| = |G(x,s;k) , xeRh.
1
Here,M: W.

3 The structure of fractional spaces generated by A* and positivity of A* in
Holder spaces

Clearly, the operator A* and its resolvent (A* + 1) "'commute. By the definition of the norm

in the fractional space E, = E,(E(RY), A%), we get

| (4% +2 = [[(a*+2)

-1 -1
o> LEa ¢ — :
) ”E E ”cael) C@RY)
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Thus, from Theorem 1.1 it follows that A* is a positive operator in the fractional spaces
E,(C(RY), A%). Moreover, we have the following result.

Theorem 3.1 For o € (0, ) the norms of the spaces E, (C(RY), A*) and the Holder space

C2*(RY) are equivalent.

Proof For any A > 0 we have the obvious equality
A¥(A* + A)_lgo(x) =gx) - A(A" + A)_lw(x).

By (5), we can write

27
A¥(A* + A)_lgo(x) =px) — A /0 G(x,s; 1) o(s) ds

8 )\ 2T
= )+ ) - /0 Gl 55 ) (s) ds. 12)

By (5) and identity (12), we can write

B F) 2w
A¥(A*+ 1) "o(x) = mga(x) + kf G(x,51) (@(x) — @(s)) ds. (13)

Then

o

2w
51 }Lgo(x) + A“*l/(; G(x, S;A)((p(x) - (p(s)) ds

= Pi(x) + P (%),

LAY (A" + A)_lw(x) =

where

o

Pix) = S+ A

@(x),

21
Py) = 21 /0 Glx,5:1) (@) - 0(s)) ds

agl-a
Using the definition of the norm of space C>**(R') and % 58+A <1, we can write

8}\&81—&

|Py()| < )

|p(x)] <8 max ‘(p )| <89N0l c2emr)

x€[0,2

for any x € [0,27]. Then
max |P1(x)| < 8%l c2amry

x€[0,2

or

1Pyl crry < 8% Nl@ll coo ryy.- (14)
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Then, using estimate (10), we get

2w

|P2(x)|§A“+1/ | x,s,k)||g0(x)—<p(s)|ds

M)”OHI (/ — 8+ A (27 —x+5)
2\/5 + A

X+
+/ /3 |ga (s)| ds +/ e_*/m“_x)|<p(x) - (p(s)| ds

21
s / VIR +a-5) |(p(x) - ¢(S)| dS>
X+

= Py1(%) + Py (x) + Poz(x) + Poa(x),

lo(x) - ¢(s)| ds

Py (x) = M4(8)Aa+l o ¢ VorHT ) |
24/8 + A

M((S))»(“l

2SR Jun

Pys(x) = M—((S)AMI / o V)
NCER

M(5)ae!

23/8 +

9(x) - ¢(s)| ds,

Py (x) = VIR (x) — (s)| ds,

lo(x) - @(s)| ds,

2T
Pyy(x) = e VAT () — o(s)| dis.

Here M(8) = ﬁ

Clearly, using the condition ¢(s) = ¢(s + 27), P1(x) can be rewritten as

M(S )Loz+l X—T
PZl(x) _ ( ) e—\/ﬁ (27 —x+s

=— x (27 +5)|ds
2517 Jo o) - p(2m +)
M(a))\‘oul
< ||<P||c2a(R1)WF(2OI +1)

for any x € [0,27]. Then

©) ' +1). (15)

max Py (x) < o
Jmax 21(%) < @]l c2e a1y

Let us estimate Py (x).

M((S))\,aﬂ - "
Paalo) < pllcan 5 = | &V s s
( ) a+1

||<P||CZa(R1)W (2a +1)

for any x € [0,27]. Then

M(5)
H[laX Py (%) < ll@ll c2e gy I'(2a +1). (16)

x€[0,27]
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Let us estimate Py3(x).

M((S))\.OHI
28+ A Jx

M((S))\a+l
< ||<ﬂ||c2a(Rl)WF(201 +1)

T
Po3(x) < ll@ll 2o () e VIR (g _ )2 g

for any x € [0,27]. Then

S)F(Za +1). 17)

max P23( ) < ll@ll e gy
x€(0,27]

Clearly, using the condition ¢(x) = ¢(x + 27), Py (x) can be rewritten as

8))\0&1
Pyy(x) < ||§0||c2u(1el) / VBRI (0 4 — 5)2 s

M((S))\a+1
< ||¢||C2“(R1)Wr(2a +1)

for any x € [0,27]. Then

M(5)
max P24( ) < el c2e gy I'(2a +1). (18)

x€[0,2

Combining estimates (15)-(18), we have

max |P2 x)’ < max Py (x)+ max Py(x)+ max Po3(x) + max Prs(x)
x€[0,27] x€[0,27] x€[0,27]) x€[0,27] x€[0,27]

9) Qo +1). (19)

< el

Using estimate (14) and (19), we get

( ) M(5)
ACAT (A + AF < — o
xér[%)az);]{ (A+ ) o) < ol coarrry + a
for any A > 0. Thus,
M(5)
el g, (crryan < —[1 +T (20 + 1)]”(/)”62“(121)' (20)

Now, let us prove the opposite inequality. For any positive operator A* in the Banach space,

we can write
ox) = /:OA"(A +Ax)_2(p(x) dh.
From this relation and (5), it follows that
ox) = /OOO(A" + A)flA"(A" + A)flw(x) di

[e%e} 2
, / / Glx, 5 )A* (A% + 2) " p(s) dsd.
0 0
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Consequently,
00 2 3
©(x1) — p(xy) = / / (G(x1,81) = Gz, 5 1)) A™ (A + 1)~ (s) dsd
o Jo
00 2 1
= / AT / (G(x1,8 1) — G(x2,5 1)) A" A" (A* + 1)~ (s) dsdA.
0 0
Therefore,
00 2w
o) = pten)| = [ 3 [ 60015500 - Gl )| sl .
0 0
Let
00 2
T = |x1 — |2 </ )F"‘/ |G(x1,s;k) — G(x9,s; A)| dsdk).
0 0

Then, for any x1,x; € [0,27] such that x, > x;, we have

lp(x1) — @(x2)]

P < Tlellg, c2o@)ax)-

Now, we will prove that

M(S
20(1 - 2a)
Using (6), we get
|G(x s$;A) — G(x sk)|< L 1
1S5 - 2,85 =

278 + A1 —eVirlT
|e—~/6+k(2n—x1+s) _ e—«/6+l(2n—x2+s)|’ 0<s< X — T,
|e—s/6+k(x1—s) _ e—«/8+k(2n—x2+s)|’ X - <S<xy—T,
|e—«/6+k(x1—s) _ e—«/6+k(x2—s)|, X0 - <SS <,
|e—«/6+)»(s—x1) _ e—«/&#»(xg—s)l’ x <s< x1;x2,

X |e—«/8+k(s—x1) _ e—«/d#»(xz—s)l’ x1;x2 <s<ux,
|e—«/8+k(s—x1) _ e‘“/a*”s‘xZ)I, Xy <S <X +TT,
|e—«/8+k(2n+xl—s) _ e—x/8+)»(s—x2)|, X+ <S<xy+TT,
|e—«/5+}»(27r+xl—s) _ e—\/8+k(2n+x2—s)|, X+ T <§< 2.

Then
00
T= |x1 - x2|—2a / A7
0
x [/ |e—\/8+k(2n—x1+s) _ e—«/8+)»(27r—x2+s)| ds
0 2/8+A1—eViriam
T 1 T T
+/ |e— S+A(x1-s) _ e 8+A(2ﬂ—x2+s)|ds
x1-TT 2\/6 + A 1—6_'8+)‘2n
M 1 1
+/ |e—«/8+k(x1—s) _ e—«/8+k(x2—s)|ds
xp-1 24/8 + A 1 — e VO+A2mw
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X1+X9
7 1 VAR _ /59| g
o 2JaiAhl_e e
*2 1 1
" / | o~ VOrh(s—) _ e—«/W(xz—S)| ds
19 2/§ + A1 — e Viriam
X1+ 1 1
. / V36w _ /EH5w)| g
v 28+ A1—e Vv
x2+7T 1 1
+/ | — S+ A2 +x1-5) _ e—JrH_k(s—xz)| ds
wir 23eh1—e Voo
+ /27! 1 1 ‘e—\/m(Zan—s) _ e—\/m(Zﬂ+x2—S)‘ dS] dr
X9+ 24/8+A1- e*\/mzﬂ

:T1+T2+T3+T4+T5+T6+T7+Tg.

Let us estimate the expression

1
—2a —a
ne s [ [T

% }ef\/mun—xﬁs) _ efm<2nfxz+5> ’ ds) dA.

For 0 <s <x; — 7, using the estimates

’e—\/8+k(2n—x1+s) _ e—\/8+k(2n—x2+s)| <% 8+A(2n—x2+s)’

|e—\/5+/\(2n—x1+5) _ e—«/5+k(2n—x2+s)| < \/mze—«/éﬁ-k&n—xzﬂ) (x2 _ xl)r

we can write

1
T, < |x —» _Z“f A’“(
1= 0 0 V& + A1 —eVorian

X [«/8 + e V2T 49) (%0 — 1) ds]) dxr
<M, (8 A M(n—xpxl)d)\
o )/ W

o0
1
<M>(6) / AT Vi) gy
? 0 24/

Using the substitutions v/A = 7 and 77 — x5 + x| = a, we get

1 00 1 1
T; < M2(5)</ 724t +/ e dr) < M2(8)( + —e‘“). (22)
0 1 1-2« a

Using (22), we get

T1 < MZ(Srﬂ).
T 1-2«x
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Now, let us estimate the expression

1
20
ne-mi™ [ O e
X |e—«/m(x1—s) _ e—«/m(2n—x2+s)|ds) dn.

Using

Xp—T0
Aj = / |e—«/8+)»(x1—s) _ e—«/6+k(2n—x2+s)|ds
X

1-7
and the substitution

X1 —8§—T

= —y,
X2 — X1

we have

1
Ay = (s — x) / (/AP _ 5t g
0
1
< (%2 —x1)*V/8 + / e VorHr=emm))z gy
0

Then

T, < —2u * )\' 1 1
R SN o S e
X (%9 —x1)*V/8 + A/ VAT~ dz) di

<M3(5)/ )\-—a — — ¢ «/m(rr—xzﬂq)d)L

1
<M5(5) / W e VHT ) gy
Wy

Using the substitutions Vi =tand 7w —xy + %1 = a, we get

1 o0 1
T, < Mg((S)(/ T2 T + / 2T dt) < M4(8)< +
0 1 1-2«

Using (24), we obtain

T2<M4(8’a).
T 1-2«

Now, let us estimate the expression

2o > o " L !
T=|x—x|_f*_/ (
3 1 2 0 Xo—T0 ZM 1- eimzn

a

1 e’“).

Page 10 of 17

(24)

(25)
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We have

o0
1
Ty = | - |*2°‘/ A
R A 25+ A

x (1 _ e—M(xz—xl))(l _ e—«/MZJT)’l /"‘1 e_«/mwl—s) dsdi

Xp—TT

oo
1
<M;5(8) |1 — x|~ AT (] = e VA2 gy
<Ms5(8)|x1 ~ 22| /0 el )

oo

1

<Ms5(8)|x1 — x2|_2a / AT o (1 - e‘\/x(xz—fq)) dn.
0

Using the substitution Ay —x1) = T, we get

©l-e" ® 1 T
—s
T3 §M5(8)’/0 mdl’ :M5(8)A MA e*dsdr.

Let0 <s<ooands <7t <00. Then

Ms(8) [ Ms (8
_M0) [ Ly Ms(9)

T
= Toa 0 o

'(2a). (26)

Using (26), we obtain

Ms(S
s < 5( ) . (27)
20(1 - 2)
Let us estimate the expression
00 A 1
T:x—x‘zo‘/ A“’/ (
L Y A OV e 2
X |e_M(s‘x1) - e‘m<x2‘3)| ds) d.
We have
* VR
Ty <|x; —x _2"/ AT 1—e Vo =) da
4 < a1 — x| A 2(8+A)( )
—2a > —-a 1 *\/X(M)
< %1 — x| A —(1-e 7)) d.
o 21
Using the substitution v/A(25™) = 7, we get
Me(§) [ 1-€T" Me(8) [ 1 t
Ty < Zo(l )_/ T12a dr = 460(1 )/ T12a (_/ e‘sds> dr.
0 0 0
Let0 <s<ooands <7t <00. Then
Me(8) [ Mg (8 Me (8
7, < Mol )/ ers gy - MoO) poy o Me®) (28)
42a J, 4o 4920(1 - 2ax)
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Using (28), we have

Mg (6
y < Mo (29)
20(1 — 20x)
Let us estimate the expression
Ts = |x x|’2"/oo)(°’ ( 1
° e 0 k) 28+ A1 — e Vorian
X |e‘m<s‘xl) - e‘m<x2‘5)| ds) dh.
We have
Ts <| |2 foo L R |
X —x —e
EEE L A 2(5+ 1)
o 1 VAL
§|x1—x2|_“/ A'“—(l—e" b) )dk.
o 2
Using the substitution ﬁ(’%) =1, we get
M $ Xl-e" M- (8 * 1 T
5 7( ) / -L-1+2a = 4;(5 ) /0 -L-l+2a (,/(; e_s ds) dr.
Let0 <s<ooands <71 <o00.Then
8 M7(8
1y < 0 [y 20 7(0) 50)
492 4%
From (30) it follows that
M7 (8
s< M0 (31)
2a(1 - 2a)

Let us estimate the expression

, 00 X147 1
T:|x—x|‘“/ A‘O‘/ (
R e \2v8 4 A 1— e Voriom
x |e—«/8+k(s—x1) _ e—«/5+k(s—x2)| dS) dn.

We have

) 00 xX1+7T 1
T:|x—x|‘o‘/ A‘O‘/ (
R e \2vB 4 A 1— e Vorom

x e~V3+hMs=x2) (1 — eV M) ) ds> dxr

o0
< — x| / oL (1 - e VorHamm)y gy
0 2(6 + )\.)

o0
1
<y — 25| / A (1= e VM) gy,
o 2
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Using the substitution Ay — %) = T, we get

oo 1 T
Ts <M3(8)/ dr Mg(S)/ Tf e’dsdr.
T +200 0

Let0 <s<ooands <7t <00. Then

Mo(8) [ Mo (8
Te < (9) / eSs72 ds < 5 )F(za). (32)
2a0  Jo 20

Using (32), we have

Mo ()

6= 2a-2a) )

Let us estimate the expression

, Xp+TT 1
T7=|x1—x2|_a/ (
0 X147 2\/r Al-e Voedan
8 |e_ /Sh(2m a1 —s) _ o~ V/B+Ms=x2) | ds) dh.

Using

Xo+7
Az — / ‘e—v8+l(2n+x1—s) _ e—\/5+)\(s—x2) | ds
x

1477
and the substitution

T +Xy—S§

Xy — X1

we obtain

0
A, = / (g — o) (eI _ ) g
1
1
< (v —x1)*V68 + )L/ |-e™ 5*’\(”_("2_"1))Z| dz.
0

Let us estimate the expression

Ty < |x1 — %o ” AT ! !
R R NV S e

1
X (% —x1)*V/8 + A/ eV M —rr)z dz> dir

<MIO(5)/ A — 5+A(n—x2+xl)) dr

2+/8 + A (e

< Mo (8 A (e VM)
< M) [ . ﬁ( )
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Using the substitutions Vi =1and (T —x; +x1) = a, we get

1 (o] 1 1
T, < 2M10(8)(/ 724 +/ e dr) :MH(B)( + —e_“). (34)
0 1 1-2« a

Using (34), we get

My (8,a
L < L (35)
20(1 - 2a)
Let us estimate the expression
1
Ts = |y — %272 / (
’ ! ? 0 X9+ 2/8+A1—-e o+i2m
x |e—«/5+}»(271+x1—s) _ e—«/8+k(27r+x2—s)|ds) dn.
For x; + m <s <27, using the estimates
|e—m(2n+x1—s) _ e—m(2z+x2—s)| < ze—m(Zrmx]—s),
’e—\/m@rm—xl—s) _ e—m(2ﬂ+x2—s)| < mze—m(2ﬂ+x1—5) (x2 _x1)¢
we can write
1
O (
’ ! ? 0 X0+ 24/8 + A l—e\/ﬁzjr
x /8 + A2e~VIHH2Tra1-9) (%2 — 1) ds) dxr
> 1 S+A
<M5(8) AT ——e VL)
2 0 VE+ A
<2M (8)/ AT ——e VM.
12 A i
Using the substitutions +/A = T and x; = 4, we get
1 [ee] 1 1
Ts < M13(8)<f T2t +/ e dt) §M13(8)( + —e“). (36)
0 1 1-2« a
Equation (36) yields
M;i3(8
Tg < M (37)
200(1 - 2a)

Applying the triangle inequality and estimates (21), (23), (25), (27), (29), (31), (33), (35),
and (37), we get

M(8,a)
~ 2a(l-2)

Page 14 of 17
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So, (21) is proved. Thus, for any x;,x; € [0,27] we have

M($,a)
— —2a _ - .
|1 — 22 |<P(x1) <P(x2)‘ = 2a(1-2a) 121l gy (crt),az)

This means that the following inequality holds:

M(5,a)
@l g2epry < m”ﬂm(cmlmx) (38)
Estimates (20) and (38) finish the proof of Theorem 3.1. O

Since A” is a positive operator in the fractional spaces E,(C(RY), A), from the result of
Theorem 3.1 it follows also it is positive operator in the Holder space C2%(R!). Namely, we

have the following.

Theorem 3.2 The operator (A* + 1) has an inverse bounded in C**(R") for any ) > 0 and
the following estimate holds:

-1 M((S,ﬂ) M
|| (Ax + )¥) ||6:20‘(R1)—>é20[(R1) S 2a(1 _ 2a) 8 +IZ;\‘.

4 Applications

First, we consider the boundary value problem
—% - % +8u(t,x) =f(t,x), 0<t<T,xeR,
u(0,%) = p(x), u(T,x) =y (x), xeR, (39)
u(t,x) = u(t,x + 21), foh u(t,s)ds=0,0<t<T,xeR.

Here, ¢(x), ¥(x), and f(¢,x) are sufficiently smooth 2 -periodic functions in x and they
satisfy any compatibility conditions which guarantee problem (39) has a smooth solution
u(t,x).

Theorem 4.1 Let 0 <2« < 1. Then, for the solution of the boundary value problem (39), we
have the following coercive stability inequality:

loteellcqro, 7y 2wty + Mtllcqro, y c2ev2any
< M@)[lI@llgaaszgry + 1¥ lleaasz @y + Il o762 a1y )-
The proof of Theorem 4.1 is based on Theorem 3.1 on the structure of the fractional
spaces E, = E,(C(R'),A*), Theorem 1.1 on the positivity of the operator A*, on the fol-
lowing theorems on coercive stability of boundary value for the abstract elliptic equation

and on the structure of the fractional space E,, = E,(E, AY?) which is the Banach space
consisting of those v € E for which the norm

[Vl =supA®||AM>(x +A1/2)_1V||Ea +[vlle
A>0

is finite.
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Theorem 4.2 [5] The spaces E,(E,A) and Ej,(E, AY?) coincide for any 0 < a < %, and their
norms are equivalent.

Theorem 4.3 [8] Let A be positive operator in a Banach space E and f € C([0,T],E,),
0 < «a < 1. Then, for the solution of the nonlocal boundary value problem

—u” +Au(t) =f(t), O0<t<T,
u0)=¢, w(l)=y,

in a Banach space E with positive operator A, we have the coercive inequality

”"‘H ”c([o,T],Eg) + I Aullcqo,m.e2)

M
< M| ||A ’ A ’ _ / .
< |:|| Ollg, + 1AV g, + ) Hf”C([O,T],Ea)]
Second, we consider the nonlocal boundary value problem for the elliptic equation

32ult, 82ult,
—$—$+8u(t,x)=f(t,x), O0<t<T,xeR,

u(0,%) =u(T,x),  u(0,%)=u,(T,x), xR, (41)
u(t,x) = u(t,x + 21), fozn u(t,s)ds=0,0<t<T,xeR.

Here, f(t,x) is a sufficiently smooth 2x -periodic function in x and it satisfies any compati-
bility conditions which guarantee problem (41) has a smooth solution u(t, x).

Theorem 4.4 Let 0 < 2« < 1. Then, for the solution of boundary value problem (39), we
have the following coercive stability inequality:

el cgo, 7,620 m1y) + 1128l 0,77, 20052 1) 5M(“)”f”C([O,T],@Z“(R‘))'

The proof of Theorem 4.4 is based on Theorem 3.1 on the structure of the fractional
spaces E, = E,(C(RY),A*), Theorem 1.1 on the positivity of the operator A*, Theorem 3.2
on the structure of the fractional space E/, = E,(E, AY?) and on the following theorem on
the coercive stability of the nonlocal boundary value for the abstract elliptic equation.

Theorem 4.5 [25] Let A be a positive operator in a Banach space E and f € C([0,T],E,),
0 <« < 1. Then, for the solution of the nonlocal boundary value problem

—u” +Au(t) =f(), O0<t<T,

(42)
u(0) = u(T), u'(0) = u/(T),

in a Banach space E with positive operator A the coercive inequality

M
"
|4 || corm.ery + 1A o,y < al-o) W Nl o, 7,2

holds.
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