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Abstract

This paper deals with the existence and multiplicity of symmetric solutions for a class
of singular quasilinear elliptic systems involving multiple critical Hardy-Sobolev
exponents in a bounded symmetric domain. Based upon the symmetric criticality
principle of Palais and variational methods, we establish several existence and
multiplicity results of G-symmetric solutions under certain appropriate hypotheses on
the weighted functions and the parameters.
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1 Introduction
The purpose of this paper is to investigate the existence and multiplicity of nontrivial so-
lutions for the following singular quasilinear elliptic system:

_ . . 12| y|4 .
£;€pu=—’<£’;l(lu|"? 2 YO S 2| 4 Dy

1
| = (q1+aq)lVd
Ly = (|V|pb v g,ﬂl || % |v]Pi2p) + )\M, inQ, (1.1)
’ (@1 +q)llPd
u=v= 0, on 0€2,

where Q € RY (N > 3) is a smooth bounded domain, 0 € 2 and 2 is G-symmetric with
respect to a closed subgroup G of O(N) (see Section 2 for details), £4, £ _div(jx|™ x
V- P2V - pto lep(a+1) is a quasilinear elliptic operator, 1<p <N, 0 <a< Np” a<b<dc<
(N_I’T“H)P, . >0,0< ¢ <+ooand ;, B; > 1 satisfy a,» +Bi = p;
Np N,
N=ptart®) 20425 = N
are the critical Hardy-Sobolev exponents, and p* = p* £ Alyf’p is the critical Sobolev expo-

a+1,0<p<pmwithg£
(i=L...m1<meN),q,q>landp<q+q <ph p; =

nent, K € C(Q) N L>®(Q) satisfies some symmetry conditions which will be specified later.

Singular critical elliptic boundary value problems have been of great interest recently.
This is because of both the intensive development of the theory of singular calculus itself
and the applications of such constructions in various physical fields such as fluid mechan-
ics, glaciology, molecular physics, quantum cosmology and linearization of combustion
models (see [1] for example). The existence and multiplicity of solutions of scalar singu-
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lar elliptic equations involving critical exponents have been studied in the literature [2—8]
and the references therein. In a recent paper, Deng and Jin [9] considered the existence of
nontrivial solutions for the following singular semilinear elliptic problem:

u 2%(s)-1
—Au=p—s +K(x) , and u#>0 inRY, (1.2)
|%[2 ||
whereN>2,0§u<(N2’2) 0<s<2, 2*(5)é 9 and 2%(0) = 2* £ 2N 5, and K fulfills

some symmetry conditions with respect to a subgroup G of O(N). Applymg variational
methods and analytic techniques, the authors obtained the existence and multiplicity of
G-symmetric solutions to (1.2) under some assumptions on K. Very recently, Deng and
Huang [10, 11] extended the results in [9] to the scalar weighted elliptic problems in a
bounded symmetric domain. Besides, we also remark that when p = s = 0 and the right-

2" 01 js replaced by a term f(u) of the pure power, such as f(x) = ™

hand side term |x|
with 1 <7 <2* or r = 2%, there are some elegant results on the existence and multiplicity of
G-symmetric solutions of (1.2), which can be found in Refs. [12-14].

On the other hand, there have been many papers concerned with the existence and mul-
tiplicity of solutions for singular elliptic systems in recent years. Many results were ob-
tained in these publications and these results give us a good insight into the corresponding
problems. As an example, Huang and Kang [15] discussed the following singular semilin-

ear elliptic system:

Lyt = |ul*2u+ aoplul® 2ulvlf + A u|" %y, inQ,
Liparv = W2 2v+ L ul* P2y + Aoy, inQ, (1.3)
u=v=0, on 0%2,

where L, 4, = ~A — pilx —a;| ™%, ¢ >0, a; € 2,4 > 0, ;< (52)2,2 < ¢; < 2% (1=1,2), and
a, B > 1satisfy a + B = 2%, Note that |z|*2u|v|? and |u|%|v|?2v in (1.3) are called strongly-
coupled terms, and |u|*" ~2u, [v|*"~2v are weakly-coupled terms. By employing variational
methods and the Moser iteration techniques, the authors obtained the existence of pos-
itive solutions and some properties of solutions to (1.3). Recently, further studies on sin-
gular elliptic systems like (1.3) were taken up by Kang [16] and Nyamoradi [17], where the
existence and multiplicity of positive solutions were proved. For more results, we refer the
readers to [18—20] and the references therein.

However, as far as we know, the existence and multiplicity of G-symmetric solutions
for singular elliptic systems have seldom been studied; we only find some symmetric re-
sults for singular elliptic systems in [21, 22] and when G = O(N) some radial and nonra-
dial results for nonsingular elliptic systems in [23]. Inspired by [9, 12, 15], in the present
paper, we are concerned with the existence and multiplicity of G-symmetric solutions
for system (1.1). The main difficulties lie in the fact that there are not only the singular
perturbations |~ | u| 12 u|v|%2 and |x|"%a|u|® |v|%2=2y in (L.1), but also the nonlinear

strong-coupled terms Zm S |u|"‘l Zulv|fi, 30 g;;ﬂl |u|% |v|Pi~2y and weak-coupled terms

Iulph u, |v|1”b V. Compared w1th problems (1.2) and (1.3), the singular quasilinear ellip-
tic problem (1.1) becomes more complicated to deal with and thus we have to face more
difficulties. To our knowledge, even in the particular cases u =a=5b=0,p=2, 1> 0
and ¢; >0 (i = 1,...,m), there are few results on the existence of G-symmetric solutions
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for (1.1). Many attractive and challenging topics on singular elliptic systems remain un-
solved. Consequently, it makes sense for us to investigate system (1.1) thoroughly. Let
Kj > 0 be a constant. Note that here we will try to treat both the cases of A = 0, K(x) # K,
and A > 0, K(x) = Kj.

This paper is divided into four sections, schemed as follows. In Section 2, we will set
up the variational framework which is applicable to the discussion of problem (1.1), and
we will state the main results of this paper. In Section 3, we present the proofs of several
existence and multiplicity results for the cases A = 0 and K(x) # Kj in (1.1). In Section 4,
we detail the proofs of existence results for the cases A > 0 and K(x) # Ky in (1.1). Our
methods in this paper are mainly based upon the symmetric criticality principle of Palais

(see [24]) and variational arguments.

2 Preliminaries and main results
Let O(N) be the group of orthogonal linear transformations of RN with natural action, and
let G C O(N) be a closed subgroup. For x # 0 we denote the cardinality of G, = {gx;g € G}
by |Gx| and set |G| = infy_cgn |G,|. Note that here |G| may be +oo. We call 2 a G-
symmetric subset of RY, if x € Q, then gx € Q for all g € G. For any function f : R¥N — R,
we call f(x) a G-symmetric function if for all g € G and x € RV, f(gx) = f(x) holds. In par-
ticular, if f is radially symmetric, then the corresponding group G is O(N) and |G| = +o0.
Other further examples of G-symmetric functions can be found in Ref. [9].

Let W;’p (€2) denote the closure of C3°(£2) functions with respect to the norm ( fQ ||~ x
|Vul? dx)'P. We recall that the well-known Caffarelli-Kohn-Nirenberg inequality [25] as-
serts that for all # € W;’p(Q), there is a constant C = C(N, p, a, b) > 0 such that

ul? o\
(/ W dx) §C/ lx|™|VulP dx, p<gq<=<pj}, (2.1)
Qlx Q

where—oo<a<A%,afbga+1andpj;:%.Ifb:a+landq:p,thenp2:p

and the following weighted Hardy inequality holds (see [25]):

» 1
/ lex < :/ |x|™|Vul? dx, Vue W;p(Q), (2.2)
q |xpad wJa
where & = (W)P. Now we employ the following norm in w,? ():

A apro |uaf? v _
el = ; ||~ |Vu| —;le'p(ml) dx| , 0<u<m.

By the weighted Hardy inequality (2.2), we find that the above norm is equivalent to the
usual norm (;, [¥|™%|Vul? dx)"’. Moreover, we define the product space (WX (2))? en-

dowed with the norm
[, = (Il + 1v12)'7, Y, v) e (WEP()®.
"

For a bounded and G-symmetric domain 0 €  C RY, the natural functional space to
study problem (1.1) is the Banach space (WJIZ(Q))Z, which is the subspace of (W,7(S2))?
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consisting of all G-symmetric functions. In this paper we are concerned with the following

problems:
i . 912 y|y|q .
Loy = (Iulph us Y gl“’lul“’"zulvlﬁ’) #pWEE i
le (q1+q2)lx| "4
K _ q1|y|92-2 .
(P5) ] Ly = Sy 37 Sl y)i2y) + AT in @,
b (q1+q2)lx " d
1, .
(u,v) € (Wufg(Q))z, and #>0,v>0, in Q.

To mention our main results, we need to introduce two notations +, and y.(x), which are,
respectively, defined by

S (x| Vul — 4 ) dx

(a+1)
At inf LAl (2.3)
ueW,” (\{0} (fQ |x|—bp’b‘ |M|pz dx)”z
and
- |x|
Ye (x) = gL[;l,< c ) (2.4)

A N-p(atl)

wheree >0,£ = ) and the constant C = C(N, p,a,b, ) >0, depending only on N, p,

a, b and u. From [4], we find that 4, is independent of Q2 and y. (x) satisfies the equations

[yel?
[ (w9 - D s =1 25)
and
¥y b ) e P2y
_ p —ap P _ =z <
/]‘{N |x|bpz dx_‘A’ll AN(|x| |V.y€| vyev‘/) n |x|19(a+1) )dx

for all ¢ € D;”(RN), where D,”(RN) is the closure of C°(RN) functions with respect to
the norm ([ x|V - | dx)?. In particular, we have (let ¢ = y,)

7y

/ Ry dx = (2.6)
R:

The function U, (x) = U,,(|x]) in (2.4) is the unique radial solution of the following limiting
problem (see [4, Lemma 2.2]):
w1

* 1
~div(lal Va2 Vi) = pti + s inRN\(0)

ue DYRY), and u>0, in RN\ {0},

satisfying U, (1) = (p; (it — ,u)/p)”(pz’p). Moreover, the following asymptotic properties at
the origin and infinity for U, (r) and U} (r) hold:

lim F121,(r) = G >0, lim r11*1|L[l;(r)| =Gl >0, (2.7)
r—0 r—0
lim 2 u,(r) = C, >0, lim r12+1|l,1 } Coly >0, (2.8)

r—+00 r—>+00
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where C;, C, are positive constants and [y = (N, a, p, u), I = [,(N, a, p, ) are the zeros of
the function

LO=p-DF-(N-pla+D) " +p, t>0,0<p<m,

which satisfy

N -p(a+1)

0511<§<12§
p-1

(2.9)

Furthermore, there exist the positive constants Cs = Cs (p, u,a,b) and Cy = 64([), W, a,b)
such that
~ 4 b ~ N - 1
& <@t +w?) <G, = X2erD (2.10)
V4
We suppose that the function K(x) verifies the following hypotheses.
(K.1) K €C()NL®(Q),and K is G-symmetric.
(K.2) K, #0, where K, = max{0,K}.
Since 0 € 2, we can choose ¢ > 0 small enough such that B,,(0) C € and define a function
XS C(l)(Q) such that ¢(x) =1 on B,(0), ¢(x) = 0 on Q\By,(0). Setting V. = ¢py./l|pyell ., we
get (see (3.15) for details)

Pb

Vel =1 and / ||| VP dxc = AP+ O(eP e DN,

The main results of this paper are summarized in the following.

Theorem 2.1 Suppose that (K.1) and (K.2) hold. If

"‘w*

||K+||oo} >0 (2.11)

/1(( )| ;'p > A, " max{K,(0), Gl na

for some € > 0, then problem (PK) has at least one positive solution in (W;’é(Q))z.

Corollary 2.1 Suppose that (K.1) and (K.2) hold. Then problem (PK) has at least one
positive solution in (\/Valé(Q))2 if

K(©0)>0, K(0)> |G| 7

;L)f_ 1K lloo (2.12)
and K(x) > K(0) + yo|x|” for some yo > 0,9 € (0,p(lo + a +1) — N) and |x| small.

Theorem 2.2 Suppose that K,(0) = 0 and |G| = +oc. Then problem (PL) has infinitely
many G-symmetric solutions.

Corollary 2.2 If K is a radially symmetric function such that K,(0) = 0, then problem

(PE) has infinitely many solutions which are radially symmetric.
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Theorem 2.3 Let A > 0 and K(x) = Ky > 0 be a constant. If q1,q, > 1 satisfy

N_dpz *
L 2R
2

lez

— . 2.13
N_p(a+1)}<QI+q2<pd (2.13)

max { )2

then (ﬂ’fo)possesses at least one positive solution in (Wi’é(Q)ﬂ

In what follows, we denote by (W;:Z(Q))Z the subspace of (W;’p (2))? consisting of all
G-symmetric functions. The dual space of (Wal,’é(Q))2 ((Wul’p(Q))z, resp.) is denoted by
(W/a_,lG’p,(Q))2 ((Wa_l’p/(Q))z, resp.), where }? + 1% = 1. The ball of center x and radius r is
denoted by B, (x). We employ C, C; (i =1,2,...) to denote the positive constants, and de-
note by ‘—’ convergence in norm in a given Banach space X and by ‘—’ weak conver-
gence. A functional ¥ € C'(X,R) is said to satisfy the (PS), condition if each sequence
{w,} in X satisfying ¥ (w,,) — ¢, F'(w,) — 0 in X* has a subsequence which strongly con-
verges to some element in X. Hereafter, 0,(1) denotes a datum which tends to 0 as n — oo.
L1, |x|~°) denotes the weighted L7(2) space with the norm ([, %7 |u|? dx)"4.

3 Existence and multiplicity results for problem (J"é‘)
The energy functional corresponding to problem (£{) is defined on (W/;”é(Q))2 by

1 1 . . R
Ew,v) = = | (u,v) ”i -= f K (x)|x| ™% (|M|Pb + V[P + Z gi|u|ai|v|’3"> dx. (3.1)
p by Ja

i=1

By (K.1), (2.1) and the Young inequality, we easily verify that & € Cl((W;:Z(Q))Z,R). It is
well known that there exists a one-to-one correspondence between the weak solutions
of problem (££) and the critical points of &. More precisely, the weak solutions of (L)
are exactly the critical points of & by the following principle of symmetric criticality due
to Palais (see Lemma 3.1), namely (u,v) € (\)V;,’é(ﬂ))2 satisfies (£L) if and only if for all
(¢1,¢2) € (Wa” (%)), there holds

[ulP2ug) + |[vPve,
|x|p(a+1)

0= / {|x|-“1’|w|1’-2wv(p1 + X" | VP2V Ve, — 1
Q

K(x)
|27

{Iul"zzu% + VP 2w,

(3.2)

" o] Bi g%y Bi2
o |u uy + ul|\y v
30 ekl uirPgn + v «n)“dm

*
i=1 Dy

Lemma 3.1 Let K(x) be a G-symmetric function; &' (u,v) = 0 in (W;G’I‘/(Q))2 implies
€'(u,v) = 0 in (W7 (Q))2.

Proof Similar to the proof of [12, Lemma 1] (see also [23, Proposition 2.8]). O

Forall u € [0,1), 0 < ¢; < +00, a;, B > 1 and o; + B; = pj; (i = 1,...,m), we define

Sl 9ul? + x|42 | Vyl? — p o0
- - : (3.3)

A .
A = WIII},fQ o b . . z
& —bp* m . . *

W QUG CONODT [ fo 1l ™75 (jual? + (w16 + 327y ilua|e|v|Po) dlx]
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1+1?
h(r) 2 . ki 7 720, (3.4)
L+ P+ Y " giThi)Ph
h(Tmin) = mink(t) > 0, (3.5)
>0

where T, > 0 is a minimal point of 4(7) and therefore a root of the equation
. ciBi o
Py Y b N 2120, T>0. (3.6)
o1 Po -1 Pb

Lemma 3.2 Let y.(x) be the extremal function of A, defined in (2.4),0 < ¢; < +00, a;, B; > 1
and o; + B; = p; (i=1,...,m). Then we have the following statements:

6] ‘A’Mys‘i = h(fmin)eA’u;

(ii) oAy, has the minimizer (ye(x), Tminye (x)), Ve > 0.

Proof The proof is similar to that of [17, Theorem 2] and is omitted here. O

Lemma 3.3 Let {(u,,v,)} be a weakly convergent sequence to (u,v) in (W;"Z(Q))2 such
that |x|=|Vuy|? — nl T A e A L A A T L s
el bt |5 vl = 0O (=1, m), 5PV P O, x| POy, P — ) in the
sense of measures. Then there exists some at most countable set §, {n}l) > 0}jeguio)
) = Ojeguon {0} = Ohiegupons 10,7 = Ohiegupon (v = Ohjeguion % = 0, ¥ = 0,
{%}jeqg C Q\{0} such that

[Vul? (1) [VvI? (2) (2)
(a) 7)( = sz T 2 jeg 5x} + o 80, 1 > |x|‘:1p T 2 jeg N 5xj + 1y o,
o _ |u|”b @ _ b @) _ luiwPi
(b) oW = 7 + }Ega 8x] +c70 80, = +2 jeq O, le +0," 80, v T

Zleg /(l 8y + Vo 180, i=1,...,m,
(© yD = x| 7@V 4 y Vs, y@ = x| P@D |y 1+ D5,
@) Aog (@ + o/ + 37 v ¥ <+ 0, Ao(o )b <, Ao Y <0,
(e) Au,gi(dén ' 052) + 20 swg PP < g+ g = s+ vs?), Aoy <
O_ D AL 027 < n® - 1@,
where 8, j € § U {0}, is the Dirac mass of 1 concentrated at x; € 2.

Proof The proofis similar to that of the concentration compactness principle in Refs. [26
27] (see also [19, Lemma 2.2]) and is omitted here. O

In order to find critical points of &, we need the following local (PS), condition.

Lemma 3.4 Suppose that (K.1) and (K.2) hold. Then the (PS), condition in (W;,’Z(Q))2
holds for € if

"
Pp pb =

1-b 4
2 O LTD AT K (0)77 5 NGlACT K1), 3.7)

c<c N

Proof The proof is similar to that in [12, Proposition 2]. We sketch the argument here
for completeness. Let {(u,,v,)} C (VV;"’&(Q))2 be a (PS). sequence for & with ¢ < ¢j. Then
we easily see from (2.1) and (3.7) that {(,,v,)} is bounded in (W;}é(ﬂ))z, and we may
assume that (u#,,v,) — (&,v) in (W;:é(Q))z. In view of Lemma 3.3, there exist measures
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D 6@, 00 (j=1,...,m), y® and y® such that relations (a)-(e) of this lemma

0, @ 5
hold. Let x; # 0 be a smgular point of measures 1V, n?, ¢®, @ and v (i =1,...,m).
We define two functions ¢y, ¢, € C3°(R2) such that ¢ = ¢ =1 in Bc(x;), ¢1 = ¢ =0 on
Q\BZG(xj) and |V | <2/e, [Ve| < 2/e. By Lemma 3.1, limy,, oo (&' (4, V), (Un1, Vuh2)) =

0, and consequently, combining (2.1) and the Holder inequality, we have

[ @an® + gun®) - | K(x):tbl do + grdo® + 3" S iy + i) du}
Q2 Q@ i=1

b
_/ (1 dy® + gy dy®)
Q

/ 1n| | Vin PV 1| + [Vl [VV [P Viy | d
Q ||2P

<limsup

n—00

p-1
p r
< sup(/ |%| " |Vu,|? dx) lim sup </ %" |u, [P |V [P dx)
n>1 Q n—00 Q
p-1 1
p p
+ sup (/ x|~ | Vv, |P dx) lim sup (/ ||~ v, [P |V o |P dx)
n>1 Q n—00 Q
1 1
p 14
SC{( / |x|‘“P|u|P|V¢1|de) +( | |x|‘“P|v|P|V¢2|de) }
Q Q
e\ X
sc{(/ u *dx)” </ |V¢1|N)
Bzg(xj) |x|ﬂp Q
r* o N
([ es)” (L)}
Bze(x]‘) |x|ﬂp Q

1 1
p p
< C{ (/ |x%|~P|Vulf dx) + (/ |x|~P| VP dx) } (3.8)
Bae (x]) Bae (x/)

Taking limits as € — 0, we conclude from (3.8) and the relations (a)-(c) of Lemma 3.3 that

m
1 2 j 1 2
K(x;) (aj( - oj( )+ Z giuj(l)) > n]( )4 n; ), (3.9)
i=1
The above inequality means that the concentration of the measures o, 0 and v® can-
not occur at points where K (x;) < 0. More exactly, if K(x;) < 0 then n] @ _ n]( ) = 01(1) 01(2) =

> gl = 0. Consequently, we deduce from (3.9) and (d) of Lemma 3.3 that either

. 1 2
0 aj‘>=(f,<>=zi=1giv, ~0or
Py 7y

(i) 0" +0,% + 27 sivf” = (oK) 57 = (Ao 1K )57
For the point x = 0, similarly to the case x; # 0, we get

ne + 05 — (s’ +vs) —K(0) ( +Z9"o )

This, combined with (e) of Lemma 3.3, implies that either
(iii) ol =0l =3 el =0 or

7y

(iv) 00(1) + 0(52) +ym givg) > (Auygi/I(J,(O))”Z*".
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We now rule out cases (ii) and (iv). For every continuous nonnegative function v such
that 0 < ¥ (x) <1 on 2, we obtain from (3.1) and (3.2) that

Cc = nll>nolo (8(%;1, Vn) - [%(8/(um Vn)’ (um Vn)))

b
1 1 u p+ v P
- (———*> lim /(le'“”IVunlp+le‘“"Ianl”—M7| Qs )dx
P Py)r®Jq |og|pla+D)
at+l-b u P+ |y |P
> 21" 2 limsup / V2 + 122 T — 2 o
11— 00 Q |x|p(a+1)

If (ii) occurs, then the set § must be finite because the measures o', ¢ and v®
(i=1,...,m) are bounded. Since functions (u,,v,) are G-symmetric, the measures oW,
o@and v? (i = 1,...,m) must be G-invariant. This implies that if x; # 0 is a singular point
of o, 6@ and v (i = 1,...,m), so is g; for each g € G, and the mass of 0¥, 0® and
v@ (i =1,...,m) concentrated at gx; is the same for each g € G. If we assume the existence
of j € § with x; # 0 such that (ii) holds, then we choose ¢ with compact support so that
¥ (gx;) = 1 for each g € G and we get

P
a+l-b a+l-b " A\ 76
c= ———GI(n" + 1) = ———1Gl Ao, (og“’ oy giu}”)

>
N N Py
7j -»
a+l-b Pi-p Pyp
> L2161 1K

a contradiction with (3.7). Similarly, if (iv) holds for x = 0, we choose ¥ with compact
support so that ¥ (0) =1 and we find

N AS

ﬂ+1—b 1 2 1 2 ﬂ+1—b 1 2 “ i
c= N (778) + nf))—/u/é ) —wé )) = Ta&u,gi a(g ) +o*é ) +Zgiv(()‘)
i=1
a+l-b 2 &
AT K (0)%,

which contradicts (3.7). Thus U]»(l) = oj(z) = v;i) =0(=1,...,m) for all je g U{0}, and

therefore we get

* * m X X * * m . .
i [ il + vl + S il vl [l 1 S il
n—00

Q

|27 o ||

Finally, since lim,_, oo (&' (4, vy) — &' (4, ), (u,, — u,v,, — v)) = 0, we naturally deduce that
(24 Vi) = (14,v) in (W ()2, O

As an immediate consequence of Lemma 3.4 we have the following result.

Corollary 3.1 If K.(0) = 0 and |G| = +00, then the functional & satisfies (PS). condition
foreveryceR.
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Proof of Theorem 2.1 Firstly, we choose € > 0 such that assumption (2.11) holds, where
Ve = ¢yellldyell, fulfills (3.12)-(3.15). In view of (K.1), we find from (3.1) and (3.3) that

s«

1 p_1 ‘% 7},
&(u,v) > 5 |7, - p_z||1<”oo=/j°u,g,' (wv)|72.

Therefore there exist constants oy > 0 and p > 0 such that &(u, v) > « for all ||(x,v) ||, =
Furthermore, if we set u = V, v = Tpin Ve and

Cb(t) = 8(tV5, tfminVe)

tp V.|P
(1 + rmm)/ <|x|“’p|VV6 [ ML) dx
P Q

| |p(a+1)
R

(1+Tmm+Z§l mm) / K(x)|x|_bpb|v |ph dx
Pb

with ¢ > 0, then we easily deduce that ®(¢) has a unique maximum in positive ¢ at some ¢
at which d®(¢)/dt becomes zero. A simple computation gives us this value

1

) 4% Vﬁ

] { (Lt oIV VP 1 e
t=
(1 + tmin + Zi:l gitmlin fQ 1((96 |x|_pr|V€ |PZ dx

Consequently, we obtain from (3.4) and (3.5) that

Tag& @(t) = 8(EV5, Efmin Ve)

a+1—b{ (Lt thia) JoUlal PV Ve — bl -
N

x|p(a+l) )dx vy
o T
x)|x| pblVelph dx]’

1 + rmm + Zl 15i mm)./QI(

Wﬂ_b{m%muamwwvmw u@ﬁﬂﬂm}
N

(Jo, K ()| 72P5| V1P dx) b

(3.10)

On the other hand, since &(tV,, tTmin Ve) — —00 as t — 00, there exists ty > 0 such that
I(to Ve, toTmin Ve) ll . > p and (2o Ve, to Tmin Ve) < 0. Now we define

= inf & s
co = Inf max &(y (7))

(3.11)

where I = {y € C([0,1],(W,2($2))*); 7 (0) = (0,0),€(y(1)) < 0,y M)l > p}. In view of
Lemma 3.2, we obtain from (2.11), (3.7), (3.10) and (3.11) that

¢ = 8(EV5; E‘L'min Ve)

- . { i fQ(|x|_ﬂp|VV€ [P —u \J\Z&'ﬁ))dx }”gbp
- N

P
(Jo, K ()| 5| V, P dx) b
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a+1-b h(tin) Jo (=P IV Vel = e els) dx F
N P p-rj 7
(A" max(K,(0),1G] 7 (Aol L) 7 1K, o))

P

S

* e

a+1-»b ih _r_ ib ;—p
= min{ A, K, (0)%57,|GlAq " 1K, llss " } = cj.

Page 11 of 19

If ¢ < ¢§, then by Lemma 3.4 the (PS), condition holds and the conclusion follows by the

mountain pass theorem in Ref. [28] (see also [29]). If ¢y = ¢, then y (£) = (tto Ve, tto Tmin Ve ),

with 0 < ¢ <1, is a path in T" such that max,cjo1] E(y(£)) = ¢o. Consequently, either

®'(f) = &' (tVe, tTminVe) = 0 and we are done, or y can be deformed to a path ¥ € T

with maxe[o,1) €(¥(¢)) < ¢o, which is impossible. Hence we obtain a nontrivial solution

(19, v0) € (Wal,’é(Q))2 of problem (£K). In the following, we have just to show that the

solution (u,vp) can be chosen to be positive on 2. Since & (g, Vo) = €(Juo|, |vo|) and

0= (8/(uo,vo), (uo,Vo))

P K(x) * * “ @ Bi
= ”(MO»VO)”M_/ luolPb + [vol?s + Y giluo|“|vo|* ) dx,
Q

bp;,
|5 i=1

we find that |, K(x) |77 (|Juo [P + |volPh + Y7 siluol®ivolP) dx = || (uo, vo) I > 0. This

means ¢y = E(|ug|, |vo|) = max,so € (¢|uo|, t]vo|). Consequently, either (|uo|, [vol) is a critical

point of & or y (¢) = (¢tg|uo|, tto|vol), with & (fo|uol, to|vo|) < 0, can be deformed, as the first

part of the proof, to a path y(£) with max,c[o,1) (¥ (£)) < ¢o, which is impossible. Therefore,

we may assume that uy > 0, vo > 0 on 2 and the fact that u#y > 0, vy > 0 on Q follows by

the strong maximum principle.

O

Proof of Corollary 2.1 Let y.(x) be the extremal function satisfying (2.4)-(2.10). Choose
¢ € C(2) so that ¢ > 0 on 2 and ¢(x) = 1 on B,(0), with ¢ > 0 to be determined. Applying

the methods in Refs. [3, 29], we get from (2.4)-(2.10) that

|pyel”
| |p(a+1)

l@yell?, = L(le_“p|v(¢ye)|p—u

P

/ |x|—bPZ|¢yE |PZ dx = Aﬂ? : O(gpz(lﬁb)_N),
Q

) dx=1+ O(ep(lzmu)_N)’

_N N-dp?,
0(64(12+a+1 p))’ 1<g< I2Pd,
_dp* _N N-dp?*
/lel Wi |pye|Tdx =1 OV Inel), g="724,
o W(N _g-1 N-dp?
O(ePa Dy =aD)y, 7 <g<py.

Set V¢ = ¢yc/ll¢yell,.; then by (3.12) and (3.13) we derive

* * K

V. Pb I _Pp

/| s}JpZ de/ b|‘»fys| = deeA,Lp +O(6p(12+a+1)_N).
@ x| 2 |5 || pye I

(3.12)

(3.13)

(3.14)

(3.15)
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Let us now choose o > 0 so that K(x) > K(0) + yo|x|” for |x| < 0. Then we obtain from

(3.15) that
| V[P by x s h+a+l)-N
/ K(x)—5—dx = / (K (x) = K(0)) || 75| V|Pb dx + K(0) A, * + O(er2+eDN),
Q || 7Pb Q
It is sufficient to show that
/ (K (x) = K(0)) x| ™5 |V, Pb dx + O(eP{2+a+D=N) > 0 (3.16)
Q

for sufficiently small € > 0. We find that

/ (K (x) = K (0)) x| ™75 |V, |V dx
Q

- / (K (x) = K(0)) x| ™75 |V, Pb dx + f (K (x) = K(0)) |25 |V, |Pb dx
lx[<o

[x|=o

dx=J+/s.

O=bry |y \Ph K (x) — K(0))|pye |t
EVO/ || |i*| dx+/ (K (x) *( ))|q;g|
wse  |lgyell, wize x|yl

For € > 0 small enough, we deduce from (2.4)-(2.10), (3.12) and the fact N -1+ ¢ — (b +
hp;>-1,N-1+9 — (b +bL)p; < -1that

9—bp *
" =b |y [Po
kise el

CPhe=bP) . x v},
L [ e (M) [P as
% Jixi<o €

1+ O(ep(12+a+l)—N)) Fb

) Ce? / m O —(b+h)pj; m lzu m pzd x
- 1’7; Be\ € € "\ e €

(1 + O(ep(12+“+l)_N))

I P b Pt
ZCEﬁ{/ de+/ de}
/<1 l<lx|<2

|x| —0+(b+] )pz |x|—1?+(b+lz)p’l;

i

> Cie’, 9e(0,p(lb+a+1)-N)

and

|]2|§/ K@) — KO)lIdyel™

bp* v},
Wze x|l pyelll

oL ()T (] )

+00
— * N
<C r,N—l—(lle)pz dr < Czépb(12+a+1_l7 )’
-1
o€

IA

where C; > 0 and C, > 0 are constants independentof €. Inviewof 0 < ¥ < p(lr+a+1)—N <
pylb+a+1- %), we find that inequality (3.16) holds as € > 0 sufficiently small. Therefore,
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we conclude from (2.12), (3.15) and (3.16) that

Vel e
dx + K(0)A, " +O(ePlzrarN)

f K (x)We i dx = f (K(x) - K(0))
Q |x|7% Q |x|27%
I v} -}

_ _Pb v},
> K(0)A, " > ," max{K,(0),|G| 7 (AO/AM)_FhHIQHOO} >0.

This, combined with Theorem 2.1, implies the conclusion. 0

To prove Theorem 2.2 we need the following version of the symmetric mountain pass
theorem (see [30, Theorem 9.12]).

Lemma 3.5 Let X be an infinite dimensional Banach space, and let & € CYX,R) be an
even functional satisfying (PS). condition for each c and & (0) = 0. Furthermore, we suppose
that:
(i) there exist constants o >0 and p > 0 such that &(w) > o for all |w|| = p;
(ii) there exists an increasing sequence of subspaces {Xi} of X, with dim Xy = k, such that
for every k one can find a constant Ry > 0 such that &(w) <0 for all w € Xj with
Iwll = Re.

Then & possesses a sequence of critical values {ci} tending to oo as k — oo.

Proof of Theorem 2.2 Applying Lemma 3.5 with X = (VV;]’Z(Q))2 and (u,v) = w € X, we see
from (K.1), (3.1) and (3.3) that

7y

1 1 % «
O [ 5 1Kl [2%] 42

Since p; > p > 1, there exist constants & > 0 and p > 0 such that &(x,v) > o for all
(u,v) with ||(u,v)||, = p. To find a suitable sequence of finite dimensional subspaces of
(W;:Z(Q))% we set Q, = {x € Q;K(x) > 0}. Since the set 2, is G-symmetric, we can de-
fine (W;:Z(QJ)Z, which is the subspace of G-symmetric functions of (WP (2,))? (see
Section 2). By extending functions in (W;’é(&L))Z by 0 outside 2, we can assume that
(W;”é(QJr))2 C (W;:Z(Q))z. Let {Xx} be an increasing sequence of subspaces of (W;,”é;(QJr))2
with dim X} = k for each k. Then there exists a constant ¢(k) > 0 such that

1 K . .
ﬁ(mw + |7lPh + Zgimmﬂﬁf) dx > u(k)

5 *
Py Ja, |x|" =

for all (,v) € Xy, with ||(z%, V)|, = 1. Hence, if (&, v) € Xi\{(0,0)} then we write (u,v) =

t(u,v) with ¢ = || (&, v) ||, and ||(&%, V)|, = 1. Thus we obtain

8(”; V) = - *
p Py Ja, |x"

tp tpz Kx U o " S tP *
) (lulp” + VP + Zgi|u|“'|v|‘-“i) dx < — —u(k)t"» <0
p

i=1

for ¢ large enough. By Lemma 3.5 and Corollary 3.1 we conclude that there exists a se-

quence of critical values ¢y — 00 as k — oo and the results follow. g
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Proof of Corollary 2.2 Since K(x) is radially symmetric, namely K (x) = K(|x|), we find that
the corresponding group G = O(N) and |G| = +o0. According to Corollary 3.1, € satisfies
the (PS), condition for every c € R. Consequently, by Theorem 2.2 we obtain the conclu-
sion. g

4 Existence results for problem (e{/)}‘f 0)

Throughout this section we assume that A > 0 and K(x) = K, > 0 is a constant. Since we
are interested in positive G-symmetric solutions of problem (J’f"), we define a functional
F: (W G(Q)) — R given by

Vul? + |Vy|P ul? + |v? A ut ||yt
Folw) = / [Vul? + Vv —M' I+ vl A |u| I*I dx
pJa || 2P ||pla+D Q+a e |x|%a

o

m
—Iif:/ |x|‘bl’Z<|u+|pZ+|v+|‘”z+2:§,'|u+
Py Ja i=1

ﬁf) dx, (4.1)

where q1,q2 > 1, 1 < p < q1 + q2 < p}j, u* = max{0, u} and v* = max{0,v}. By (2.1) and the
Young inequality, we obtain

/ |l/l |ql|v |q2 v < ql |u|41+q2 q2 |V|q1+q2
— 3 + *
|x|%a q1+q2 Jo |x|%a q1+q2 Jo |x|%a
q1+492 q1+492
P P
_C[( / |x|-“"|w|”dx) +< / le_“pIVvlpdx) ]
Q Q
< Cll@ w7 (4.2)

Hence we find from (4.2) that %, is well defined, %;, € Cl((W;’g(Q))Z, R) and there exists
a one-to-one correspondence between the weak solutions of (J’f %) and the critical points
of F,. Furthermore, an analogously symmetric criticality principle of Lemma 3.1 clearly
holds; thus the weak solutions of problem ({/"AK %) are exactly the critical points of the func-
tional %;.

Lemma 4.1 Suppose that . >0, qi,q> > 1, q1 + q> € (p,p}), 0 < g; < +00, and oy, f; > 1

satisfy a; + B; = p;, (i=1,...,m). Then the (PS). condition in (W G(Q) holds for %, if
7
1-b £ ¥
c< %Ko” b ALY 4.3)

Proof Let {(u,,v,)} C (W;’Z(Q))2 be a (PS). sequence for F; with c satisfying (4.3). Note
that p < g1 + 2 < p}; < p}. Then by (4.1), there exists 1y > 1 such that for #n > 1y, we obtain

c+1> F(upvy) -

<fr:;\,(un» Vn)r (um Vn)> +
q1+ 9> q

1 1
- (5~ gl ol

(q1+q2 —p—h>1<0/ || bpb<|u ’ph +|vi |pb +Z§z|u vy

1 1
- (2 ) ol 00l

1
y <~¢)j(um Vi), (s Vn))
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This implies that {(i,,v,)} is bounded in (W;:Z(Q))Z. Therefore, just as in Lemma 3.4, we
may assume that u, — u, v, — v in W;:Z(Q) and in 17 (2, |x|_bpz); moreover, 4, — U,
v, — vin L1*92(Q, |x|_d"f1) for all p < q1 + g2 < p}; (see [31, Theorem 2.1]) and a.e. on L.
This means

q1 ‘D q1 q2
Ry T "

|x|%a

A standard argument shows that (i, v) is a critical point of #;, and hence

i) = (1-—)1@/ |x|bf’b<|u 175 4 v P | I’S’)
p i=1

1 1 u+ql V+qz
+<__ )x/' IR >0, (4.5)
P qQ1tq Q  |x|%d

Now we set i, = u, — u and V,, = v,, — v. Then, by the Brezis-Lieb lemma [32] and arguing

as in [33, Lemma 2.1], we get

[ 5|2 = @t v = [ | + 02(0), we)

./ I | |pZ dx=/ e =75 |u |PZ dx—/ o 7225 [ |Pl*1 dx +0,(1), (4.7)

Q Q o

/wapzm I dx:/ el 75 vy e - /Q I b | 5 dx + 0,(D), (4.8)
A O S [ [ v

/ |x|bpb o MT dx — o W dx + On(l). (4-.9)

In view of F; (¢4, V) = ¢ + 0,(1) and F} (uy,, vy,) = 0,(1), we get from (4.1), (4.4) and (4.6)-
(4.9) that

c+0,(1) = F(tty, Vi)

Ly -~ e
= F(u,v) + B | @ 7)1,

50 [ (o s

") dx + 0,(1) (4.10)

and

o

||(uy,,vy,)||p 1(0/ x|~ bry (|u |pb + |v pb + Zgl|u )dx 0,(1). (4.11)

Hence, for a subsequence {(it,,, v,,)}, we have

”(iim;n)”i —>7Z 0 and

Ko/ |x| bpb(‘u 17+ |5 ‘pb+2g‘u

i=1

o

v ‘ﬂl> dx —1
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ORI ~ ~
as n — oo. It follows from (3.3) that A, ¢, (I/Ko)”» < [, which means either / =0 or / >
_p_ I"b _p_ I’b

KO b Aph Pl > KO 7 Aﬁhgp, then we deduce from (4.5), (4.10) and (4.11) that

Ph
1 1\~ a+l-b ;7
c=F(uv) + (— - —*)1 > EE T Ot g
b py N

which contradicts (4.3). Consequently, we obtain ||(i,, 7,)||%, — 0 as # — oo, and hence
(U, V) = (u,v) in (W:;‘g(ﬂ))z. The conclusion of this lemma follows. O

Lemma 4.2 Suppose that > >0, 0 < ¢; < +00, o, B; > 1, a; + B =p} (i =1,...,m), and
41,92 > 1 satisfy (2.13). Then there exists a pair of functions (u,v) € (\Vi’é(Q)\{O})2 such

that
7
a+l-b_ iy 7
sup F;. (7, tv) < TK(f AL (4.12)
t>0

Proof Recall that 7, > 0 in Lemma 3.2 and V, = ¢yc/||¢yell ., which satisfies (3.12)-(3.15).
In the following, we will show that (V, T, Ve) satisfies (4.12) for € > 0 sufficiently small.
First, we consider the functions

W(t) = F5.(tVe, tTmin Ve)

& |VelPs
=—(1+72 )- 1+ GiT Ky / —dx
p ( mm < Z ¢ “min mm) o |x|hpb

92 q1+92
— htﬂhﬂlz / % dx, t >0 (413)
q1+ > Q |x|%d
and
~ ot |Vl
T(t) = ;(1+rmm <1+ > it mm>1<0 /Q 7 dx, t>0. (4.14)

Note that W(0) = 0, ¥(¢) > 0 for t — 0%, and lim,_, ;o W(¢) = —c0. Therefore sup,.., ¥(¢)
can be achieved at some ¢z, > 0 for which we get

(1 + ‘L'mm) - Ky (1 + Z SiToin mm) / |x |—bp;,|v |17b dx
— AR gl / x|~ %a |V, |12 dx = 0. (4.15)
Q

In view of V¢ = ¢y./ll¢yc ., we find from (3.12) and (3.14) that

q(ly +a+1— = Vel q(la+a+1— —) N—d}’;
Ce? <fQ 7 dx < Cye? , 1<g< o,
h+a+1-Y Vel qllp+a+1- N-dp},
G310 Ine| <jQ ' ;‘* dx < Cye™ 1V ne|, q= "4, (4.16)
(pifrq)( \Ve\q WX o —a- 1) —dp}, .
Cse ) < fQ w0 dx < Cge 5, - <d<by
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Therefore, for € > 0 small enough, we deduce from (3.15), (4.15) and (4.16) and the fact
A >0, Tyin > 0 that

_ 1+72 -
0<C3§t€§{ min }”””A

1<0(1 + Zz 1 gl min mm) fQ |x|—bph|v |pb dx

where C; > 0, C4 > 0 are constants independent of €. On the other hand, the function \I'(t)
defined by (4.14) attains its maximum at 0 and is increasing in the interval [0, £0], together
with Lemma 3.2, (3.15) and (4.13)-(4.17), we obtain

- At V. |91+492 ~ V. |91+492
W(t,) = W(t,) — — 20 g+ % dx < ‘-IJ(tS) — %
a1+ q2 Q |x|%d @ |x|%d
Py
_a+1—b{ 1+rmm }PZP—C/ |V |1+ dx
N Ve b L* o |x|%a
[1<0(1 + Zz lgl min mm) fQ | h‘pb # | |
7
1-b 7> (T 52 V. |tz
_arlobrn (Tmin) B _of ] s|d* dx
N _5 VA Q |x|*d
[‘A’ll« L O(ép (ly+a+1) N)]PZ
a+l-b ﬁ ppbp (y+as])-N |V, |91+
= —~ % K, b Aubgl + O(Gp 2+a+l)- ) - W (4.18)
Q |x
Furthermore, we easily check from (2.13) that
N
plb+a+1)-N> [p —(q + qz)] (; —-a- 1). (4.19)

Choosing € > 0 sufficiently small, we deduce from (4.16), (4.18) and (4.19) that

v

a+1->b
SUp F5.(EVe, tTmin Ve) = W(t) < ——— K¢ g AT
>0 N

Thus we conclude that (V¢, Tmin Ve) satisfies (4.12) for € > 0 sufficiently small and the results
follow. O

Proof of Theorem 2.3 For any (u,v) € (W;:é(Q)\{O})2, we deduce from (K.1), (3.3), (4.1)
and (4.2) that

¥

7. >1 Yl KOA;%( b_C YEaS
)z @, = e Ans [ wl,) - o],

Since p < q1 + q2 < p}; < p};, we conclude that there exist constants &@ > 0 and p > 0 such
that %; (4, v) > & forall || (&, v) ||, = p. Moreover, in view of lim;_, o, 3 (f1, tv) = —00, we find
that there exists ¢y > 0 such that ||(tyu, tov)l,. > p and F (tou, tov) < 0. Now we set

c; = inf max F; ,
1= yel te[0,1] )L( ())
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where I" = {y € C([0,1], (WJIZ(Q))Z); y(0) = (0,0), (v (1)) < 0}. By the mountain pass the-
orem (see [28]), we deduce that there exists a sequence {(u,,v,)} C (VV;”&(Q))2 such that
Fi(thny V) > €1 = &, F(uy,v,) = 0 as n — o0. Let (4,V) be the functions obtained in
Lemma 4.2. Then we get

7

- . a+l-b_iv 7%

0<a <c < sup F(ttol, ttyv) < —Kéj i AZ{’;.
te[0,1] N

According to the above inequality and Lemma 4.1, we obtain a critical point (3, v;) of 3
satisfying problem (£, ). Taking (u7, vy) as the test functions, where u; = min{0, #;} and

v; =min{0, v}, we have
0 = (F/(u, ), (21, vi)) = || (o1, ) |-

This means #; > 0 and v; > 0 on Q. Using the strong maximum principle, we find #; > 0
and v; > 0 on . Finally, by the symmetric criticality principle, we conclude that (u;,v;) is

a positive G-symmetric solution of problem (IPAK o). d
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