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Abstract

In this paper, the existence of a global attractor for the *He-*He system is
investigated. By using an iteration procedure, combining with the classical existence
theorem of global attractors, we prove that this system possesses a global attractor,
which attracts any bounded set of H, in Hy-norm.
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1 Introduction

Superfluidity is a phase of matter in which ‘unusual’ effects are observed when liquids,
typically of helium-3 or helium-4, overcome friction by surface interaction when at a stage,
known as the ‘lambda point’ for helium-4, at which viscosity of the liquid becomes zero.
Experiments have indicated that helium atoms have two stable isotopes 3He and *He,
and liquid 3He and *He can be dissolved into each other. The general features of phase
separation and superfluidity in mixtures of liquid *He and *He have been known for some
time [1-3].

Up to now, we find several mathematical results on model for liquid mixture of 3He-
“He. In [4, 5], Ma and Wang introduced a dynamical Ginzburg-Landau phase transi-
tion/separation model for the mixture of liquid helium-3 and helium-4, and studied phase
separations between liquid helium-3 and liquid helium-4 from both the modeling and
analysis points of view. The analysis leads to three critical length scales L; < L, < L3 and the
corresponding A-transition and phase separation diagrams. In [6], Ma studied existence
of solutions to model for liquid mixture of >He-*He by using spatial sequence techniques
and linear operator theories. In [7], Luo and Pu obtained the existence and regularity of
solutions to *He-*He system by using the Galerkin method.

As we know, the dynamical properties of the *He-*He system such as the global asymp-
totical behaviors of solutions and existence of global attractors, are important for the study
of phase transition and separation for mixture of liquid *He and *He, which ensure the sta-
bility of phase transition and provide the mathematical foundation for the study of phase
transition dynamics.

In this article, we concerned with the global asymptotical behaviors of solutions and
existence of global attractors of the *He-*He system, to wit the following initial-boundary
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problem:

% = — o A%u + Aoy + biu® + bou® + %a3|1p|2), xeQ,
Woo Ay =y -y P —asyu, xeQ,
aa =0, S lag =0, W le =0, Jqudx=0,

u(x,0) = uo(x), Y(x,0)=vYo(x), xeQ,

(1.1)

where the unknown function u represents the mol fraction of liquid *He, and the complex-
valued function v = y, + iy, describes the phase transition of liquid *He between the nor-
mal and superfluid states. A is the Laplace operator, 2 C R” (1 < # < 3) isa C* bounded
domain. Due to the Landau average field theory (also see [4, 5]), we have

W1, 2, o, @3, by > 0. 1.2)

We shall use the regularity estimates for the linear semigroups, combining with the clas-
sical existence theorem of global attractors, to prove that the 3He-*He system (1.1) pos-
sesses, in space Hy, a global attractor, which attracts any bounded set of H, in H,-norm.
Attractor in H, have studied by some authors, we refer the reader to [8—10]. In [8], Luo
studied the extended Fisher-Kolmogorov equation, to wit the following initial-boundary
problem:
= BANu+ Au—u®+u, x€Q,

ulpe =0, Aulyq =0, (L.3)
u(x,0) = up(x), x€€,

and obtained the existence of global attractors of (1.3) in H* spaces by using an iteration
procedure. Although [8] and this paper all use the iteration procedure, in this paper we
not only consider the iteration procedures of the unknown functions u and v, but also
the interaction between u and 1. Because of that and because the unknown function
is a complex-valued function, the iteration procedure in this paper is more difficult than
in [8].

The rest of the paper is arranged as follows. In Section 2, we will iterate some notations
and theorems for the abstract nonlinear evolution equation. In Section 3, we will state and

prove our main result.

2 Preliminaries and auxiliary results
In this section, we iterate some notations, abstract theorems, and auxiliary results, which
are important for getting our main result.

Let H and H; be Hilbert space, H; C H a compact and dense inclusion. Consider the
abstract evolution equation defined on H, given by

& = Lu+ Glu),

2.1
u(0) = ¢, @D

where « is an unknown function, L : H; — H alinear operator, and G : H; — H anonlinear
operator.
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A family of operators S(¢) : H — H (¢ > 0) is called a semigroup generated by (2.1) pro-
vided S(¢) satisfies the properties:

(1) S(¢): H— H is a continuous mapping for any ¢ > 0,

(2) S(0) =id:H — H the identity,

(3) S(t+s)=5(t)-S(s),Vt,s >0,
and the solution of (2.1) can be expressed as

u(t, @) = S(t)e.

Next, we introduce the concepts and definitions of invariant sets, global attractors, and
w-limit sets for the semigroup S(¢).

Definition 2.1 [11] Let S(¢) be a semigroup defined on H. A set ¥ is called an invariant
set of S(¢) if S(£)X = X, V¢ > 0. An invariant set T is an attractor of S(¢) if X is compact,
and there exists a neighborhood U C H of ¥ such that for any ¢ € U,

vig”S(t)go - VHH — 0, ast— oo.

In this case, we say that ¥ attracts U. Especially, if ¥ attracts any bounded set of H, X is
called a global attractor of S(z).

For a set D C H, we define the w-limit set of D as follows:

o(D) =(JS@®)D,

s>0 t>s

where the closure is taken in the H-norm.
Lemma 2.1 is the classical existence theorem of global attractors by Temam [11].

Lemma 2.1 Let S(t) : H — H be the semigroup generated by (2.1). Assume the following
conditions hold:
(1) S(2) has a bounded absorbing set B C H, i.e., for any bounded set A C H there exists a
time ty > 0 such that S(t)p € B,Np € A and t > ty,
(2) S(2) is uniformly compact, i.e., for any bounded set U C H and some T >0
sufficiently large, the set | J .. S()U is compact in H.
Then the w-limit set A = w(B) of B is a global attractor of (2.1), and A is connected pro-

vided B is connected.

We used to assume that the linear operator L in (2.1) is a sectorial operator which gen-
erates an analytic semigroup e’. It is known that there exists a constant A > 0 such that
L — I generates the fractional power operator £% and fractional order space H, for o € R,
where £ = —(L — AI). Without loss of generality, we assume that L generates the fractional
power operators £L* and fractional order space H,, as follows:

LY=(-L):H,—>H, ackR,

where H, = D(L*) is the domain of £¢.
For sectorial operators, we also have the following properties, which can be found in [12].
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Lemma 2.2 Let L: Hy — H be a sectorial operator which generates an analytic semigroup
T(t) = €. If all eigenvalues ). of L satisfy Re A < —\o for some real number Lo > 0, then for
L* (L =-L) we have

(1) T(t): H — Hy is bounded for all o« € R* and t > 0,

(2) Tt)LY = LT (t)x, Vx € Hy,

(3) foreacht>0, LYT(t): H— H is bounded, and

|£*T@)| < Cat™e™,

where § > 0 and C, > 0 are constants only depending on a,
(4) the Hy-norm can be defined by

%l e, = || L]

"

(5) if L is symmetric, for any o, B € R* we have
<£°‘u, v)H = (L'“’ﬂu, L‘ﬁv)H.

For convenience, we introduce the following result.

Lemma 2.3 (6] Under the condition (1.2), for (uo, Vo) € [H(Q) x HY(2, C)| N H the system
(1.1) has a unique solution

(u, ) € C°((0, T), HX(R) x H'(R,C)) N C*((0, T),L*(R) x L*(Q,C)),

here the space H is defined as follows:
H-= {u c1X(Q) ‘ f udx = 0} x 12(2, C).
Q

Next we convert (1.1) into the abstract form (2.1). To do so, we need the following space:

AU
= 0, _—
90 on

e {(””/’) e [H'@) x H(@O] N H | o

29 on

We define the operators L, G : H; — H by

Ly = (1A,
Ay
Gw) - AQwu +biu® + b22u3 + a3]Y]?) ’
MY - YTy —azyu

(2.2)

where U = (u,v). Then the 3He-*He system (1.1) can be written in the abstract form (2.1).
It is easy to see that

—us A2 0
L= H,— H
0 ,U,IA
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is a sectorial operator and L generates the fractional power operators £* and fractional
order space H, as follows:

L%=(-L):Hy—H, a€cR,
where the space H, is given by
H, = H*(Q) x H**(Q,C).

Especially, the fractional power operator (—L)% :H 1= H is given by

e e o
0 Jm-2)2)

where

Hi = H*(Q) x HY(,C).

1
2

3 Main result
In this section we state and prove our main result; some of our important ideas come from
Ma’s recent books [4, 6].

The main result in this article is given by the following theorem, which provides the
existence of global attractors of the He-*He system (1.1) in space Hy.

Theorem 3.1 Assume (1.2) hold. Then for any a > 0 system (1.1) has a global attractor
Ay C Hy, and A, attracts any bounded set of H, in the Hy-norm.

Remark 3.1 The attractors A, C H, in Theorem 3.1 are the same foralla > 0, i.e., A, =
A, @ > 0.Hence, A C C*®. Theorem 3.1 implies that for any ¢ = (10, Vo) € H, the solution
U(t, p) of (1.1) satisfies

tlirglovlgin U, o) — V”Ck =0, Vk>1.
Proof From Lemma 2.3, we know that the solution of system (1.1) is a strong solution for

any ¢ = (uo, Yo) € [HH(Q) x H(2,C)] N H. Hence, the solution U(¢, ¢) = (4, ) of system
(1.1) can be written as

t
Ut ) = g + f LG dr. (3.1)
0
Let
L=-A? L=-A.

Then I, L generate the fractional power operators £~°‘, £¢ and fractional order spaces I:IO,,
H, as follows:

L£Y=(-0)" :Hy — L*(Q), a€cR,
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LY =(-L)*:H, — L*(Q,C), ack,

where H, = H*(Q), H, = H**(,C).

Next, according to Lemma 2.1, we prove Theorem 3.1 in the following five steps.

Step 1. We prove that for any bounded set W C H 1 there is a constant C > 0 such that
the solution U(z, ¢) of system (1.1) is uniformly bounded by the constant C for any ¢ € W

and £ >0, i.e,

1 1
”u(t,(p)HHa <C, HI/I(If,(/))HHZU( <C, Vt>0,¢p€ W’Z <a< 3

To do that, we firstly check that system (1.1) has a global Lyapunov function as follows:

1
F(U) = 2/[M1|V1ﬂ|2+M2|VM|2+)»1W|2+)»2M2
Q

1 1 2
+ 5a2|‘(/l|4 + §b2u4 + gblug + a3|¢|2u] dx. (3.2)

In fact, if U(t, ¢) is a solution of system (1.1), we have

d du

= (DF(W), L(U) + G(W)),,

1
= <—u2Au + )\214 + b11/l2 + b2u3 + 5013|K/f|21

1
— o Au+ A(Azu + b + bou® + §d3|1ﬂ|2)>
12
+ (=AY + MY + | Y Py + aspu,

mAY — My — oYY — asru),,

1
= fI:/,LzAM—)uzu—b1M2—b2M3—_a3|w|2i|
o 2
2 3 1 2
X A o At — Ayt — byu” — byu —5013|1/f| dw

- /Q\maw - ol 1Py —apu d

2

1
= — ol = Aous — byt® — byu® — —ai3 ||
2 H!

Ay -V -y Py - asyul,

= -|DFW)|}, (3:3)

where ]:13‘; = HY{(Q) x L*(R,C). Hence (3.2) is a Lyapunov function.
Integrating (3.3) from O to ¢ gives

F(U(t,9) = - /0 |DFW) ||fql dt + F(p). (3.4)
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Using (1.2) and (3.2), we have

1
FU) = 5/|:M1|V1/f|2+M2|Vbl|2+)»1|1/f|2+)»2M2
Q
1 1 2
+ 5042|1ﬁ|4 + §b2u4 + §b1u3 + a3|¢|2u1| dx
1
> 5/[mvw+m|W|2—|x1||w|2—|x2||u|2
Q
1 4 1 4 2 3 2
+ -« + =bylul® — =|b1||u|° -« u| | dx
5 2| Y] 7 iz 3| 1|4 3| |7 ul
1 |41 %
> 5/[mvw%mwﬁ—suw“——
Q
4 |}‘2|2 4 1 4 4
—&|ul® = —— + o |Y " + = balu|” — &1|u|
&1 2 2

9 4

_‘91_3<§|b1|) —81|U|4—81|¢|4—51—30{§:|dx

1 2 2 (1 (1 4
VU= + o |Vul® + | —by =361 )|ul® + | oz —2e; ||

2 Jo 2 2

Ml el (20 N
- — —|b dx.
|: - + o +&; 3| i) +& ag x

Choosing ¢; > 0 such %bz - 361 >0, %0{2 —2¢1 >0, we get

F(U)zclfg[(wmh ) + (V9 + [91*)] de - Co.

Combining with (3.4) yields
t
Cu [ (9 + ) + (99 + 1919 - Ca = - [ [DF@, de+ Fig),
Q 0 1
t
C1/[(|Vu|2+|u|4)+(|V1//|2+|1p|4)]dx+/ ||DF(L1)||§11 dt < F(p) + Cy,
Q 0 1

/[(|w|2 Sl (V9P + )] de< G,
Q
which implies
il + 1l <C, Ve= 0,9 W C Hy, (3.5)

where C;, C,, and C are positive constants. C only depends on ¢.
Set

1
GU) = A(kzu + biu? + byu® + 5a3|w|2>,

GU) = -y —lY PV —asyu,

1
gU) =xu+ buu® + bou® + 50{3|1//|2.
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Next, we show that for any bounded set W C H 1 there exists C > 0 such that

1 1
””(t"p)”m <C, ||1/f(t,<p)Hqu <C, Vt>0,9eW, 1 <a< 7 (3.6)

We claim that g : H(Q) x H (R, C) — L*(R) is bounded. By

HY(Q) = L°(Q),
we have
2 2 3.1 22
||g(L[)HL2 = AU+ biu” + byu +5a3|1p| dx
Q

sc(/ |u|6dx+/ |w|6dx+1)sc(||u||gl+||wu;‘,l+1),
Q Q

which implies that g : HY(Q) x H(R,C) — L%(R2) is bounded. Hence, by (3.5) and Lem-
ma 2.2 we deduce that

[ut.0)] 5, =

Hy

~ ¢ .
etLu0+/ LG de
0

t -
< lluollz, +/ ||(_L)a+%e(t—z)Lg(u) HLZ dr
0

t -
< lluollg, +/ [ (=L)**7 gtt-0L |- eg@],.dr
2 0

t

<llgll, +C / et de
2 0

1
<C, VtzO,goeWCH%,Z <a<-,

N =

whereﬁ=a+%(0</3<l).
We claim that G : H(Q2) x H(R,C) — L*(R,C) is bounded. By

H'Q,C) — L°(2,0),
we have
|G = [ |- - sty - s as
< C</Q |u|6dx+/gl¢’|6dx+1> <C(lulSy + 1W1IS, +1),

which implies that G : H'(Q2) x H'(2, C) — L*($2, C) is bounded. Hence, by (3.5) and Lem-
ma 2.2 we deduce that

_ t -
etLl/fo+/ LG de
0

[v @9, <

1:12a

t -
< 1Wollz,, + /0 | (L2 G| 2 dr
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t B -
< %ol + / (=D - G| de
0

t

< llglu, +C/ T dr
2 0

1 1
<C, Vtzo,goeWcH%,E <a<-,

\}

which implies that

lvto)g, <C VE>0,9¢€ W% <<y

Hence, (3.6) holds.
Step 2. We prove that for any bounded set W C H, 1 <« < %) there is a constant C > 0
such that
3
||u(t,g0)||ﬁa <C, ||1/f(t,<p)Hqu <C, Vt>0,peW,a< z (3.7)
In fact, by the embedding theorems of fractional order spaces (see Pazy [12]):
~ _ 3
H, — C*(Q)NHY(), Hyy — CUQ,C)NHY(R,C), asa> g
we have

2
||g(L[)H12;,1 = /‘V(k2u+b1u2+b2u3+%aglwlz) dx
I Q

:/|A2Vu+2b1uVu+3b2u2Vu+a3¢1V1ﬁ1+oz31p2V1//2|2dx
Q
< C/ [(I* + 1) IVul® + [Y1 P IV Y] + 192 V| *] dx

Q

< C/Q[<sup|ul4 + 1)|Vu|2 + (SUP|1/f1|2)|V1ﬁ1|2 + (ilelng'z)'VI//z'z] dx

xeQ2 xeQ

< Cl(luly, + 1), + Il + 1ol ]

where ¥ = Y, + iy5. Hence for a > % we see that

g: H, x Hy, — H1 is bounded. (3.8)

1
4
Therefore, it follows from (3.6) and (3.8) that

3 1
||g(L[(t,<p))||P~11 <C, VtzO,weW,g <Ot<§. (3.9)
1

Then, by using the same method as that in Step 1, we get from (3.9)

~ t .
e’Luo—/ (—L)%e(’_f)Lg(U)dr
0

[ut.0)] 5, =

Hy

t -
< lluollg, + / ||(—L)Ot+%e(t—r)Lg(L[)H 2 dr
0
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t -
< lluollg, +/ ||(_L)a+%e(t—r)L |- llg@|;, dz
0

1
4
t
<l +C / e dr
0

1 3
<C, Vi>0,peW,-<a<-,
2 4

whereﬁ=a+i(0<ﬂ<l).
We also have

|Ganlly, = fQW(—W—aWw—aswu)|2dx
- /Q -V~ V([W ) - esV(yu)|* dx

= [Jm¥ - an(u Vv s 2000 Vv 4 935y
+ 200 Vi) — a3 (¥ Vi + uVy)|” dx

< C/Q[|W|2+ WA IVY P + [y PVl + [l V)
+ [y PV + 19 1P Vul® + [u?| VY *] de

< [ [1ow + (suplval®) 9w + (sup ) 190
 (sup ol )IVU I + (sup oy ) VP
+ (sup 1y ) Vul” + (sup ) vy ] i

< CLW I+ Ille, 19 120+ il 1912, 1Al
sl 1912 + 102l W12, 122

2 2 2 2
+ i, Nellzn + Nl ¥ 13a]

< ClIWIZ, +Ivnld I IZ, + 1wl w02+l w12, ]
which implies that

. _ - 3
G:H, x Hy, — H1 isbounded for « > 3 (3.10)

1
2
Therefore, it follows from (3.6) and (3.10) that
||G(L[(t,<p))||— <C, Vt>0,¢eW,§<a<l. (3.11)
Hy - 8 2

Then, by using the same method as that in Step 1, we get from (3.11)

[veols, -

. t -
etLl/f0+/ LG de
0

1:12a

t = _ _
< Vol + / |(-L= 4Ol L) G, dr
0
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t = —
< oz, + / [~D 2| - |G|, de
0 2
t

1
<1, +C f r2e- )b g
0

1 3
<C, Vi>0,peW,-<a<-,
2 4

4
Hence, (3.7) holds.
Step 3. We prove that for any bounded set W C H,, (3 <« < 2) there is a constant C > 0
such that
lut.)];, <C  |v@e)], <C Vis0peW,> <a<l (3.12)
ut, 9|z, =G vt o)lg, =G >0, € g Sas<l .

In fact, by the embedding theorems of fractional order spaces (see Pazy [12]):

H*(Q) = W"(Q) — W' (Q),

H, — CY(Q)NH*(), Hyy — CUQ,C)NHA(RQ,C), asa >

we deduce that

ez, =

’

1
2

2
dx

1
/ ‘A(Azu + by + bot® + §a3|1ﬁ|2)
Q

/ |Aolu + by (2ulu + 2| Vul®) + by (3u” Au + 61| Vul*)
Q
+as(ViAY1 + [V + Yoty + |V ?) | da
/ {IallAul + 161 [ (4 +4) | Aul +2|Vul?]
Q

+ by (36| Al + 6]ul [ Vul?) + as(|yal| Ayl

F VYL + Yl AT + [V ?)) dx

< C/ (12Ul + | Aul + |Vul* + |ul| Vil
Q

+ Wl AL+ VY + 1Yol | AV + Vi ) dx

< Cf (12u + u*| Aul® + |Vul* + [u*|Vul*
Q

+ [ P1AY? + 1Vl + [l Ay + V| *) de

2 4 2 4 2 4
< C(llulzp + luliz, Naell + Neelra + Naell Nl s

2 2 4 2 2 4
HIYaliz, 1l + 1nllyae + 1207, 12l + 121 00)

wl4

6 4 2 4 4
< CNll, + Nl + lul?, + Il + 12, ),
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where ¥ = v + iY,. Hence for o > % we see that

g: H, x Hyy — H1 is bounded. (3.13)

1
2
Therefore, it follows from (3.7) and (3.13) that

3

le(use)|; <C Ve=0,0€ W% Sa<o. (3.14)

[N

Then, by using the same method as that in Step 2, we get from (3.14)

Hy

. t _
ey - / (-L)2 e g(tr) dr
0

|utt. o)z, =
t ~
< luolig, + / |(~L)y* e g, de
0
t -
< lluollg, +/ ||(—L)0‘e(t—r)L || . ||g(u) ||H1 dr
0 2

t
<ol +C f e dr
0
3
<C, VtZO,weW,E <a<l.
We also have
|GDl, = [ |1 = anhir Py - o) s

= fﬂ |- A% — o (VLAY + 291 Ay + 29|V

+ 4y VY VY + Yy AV + 2900 At + 20 | Vi |
+ Ay VY V) — as(Y Au+ uly + 2V V)| de

< CfQ(IAl/fI +YLIAY |+ YAy + Y]V

+ [l IV VY] + Y3 1A ]+ [l [y ]| Ava] + ¥V
WAV YV ] + 1Y Aul + lull Ay + V]| Val) dx
< C/Q(mw%wfmw+wf|w|2|mm|2+|w|2|w1|4
+ LIV IV + 95 1AV P + 93 19 P Al
+ WP IVl + U3 VY PV + (3 P Aul®
+ | AY ] + VY Vul*) dx
< CUIW I3 + Ialig, 1 5 + 19l 19113, Ivall,
1Y, Il + alz 1 I2 0¥l
+1aliy, 15 + 1120l 117, 19215,
IV, 1Vl + 19217 19 12019205
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2 2 2 2 2 2
NI, Nl + el 19 05 + 111 el )

2 4 2 4 2 2 2
< C(WIZ, +Inld W12, + 1l 112, + 1wl lul?,),

which implies that
. _ 1
G:H, x Hy, — H; isbounded for o > 5 (3.15)
Therefore, it follows from (3.7) and (3.15) that
IG(ut)|5 <C, Ve=0 cew <ol (3.16)
7(;0 Hy ) - 1¢ ) 2 = 4 . .

Then, by using the same method as that in Step 2, we get from (3.16)

v o, -

Hag

N ¢ o
ety + / ILGWU) de
0

< Wol, + [ [EP 0G|, de

= 1Vl + /0 t|| (=L et (-L)'G(U) |, dr
< Wolly, + [ D60 |6, do
< llgll, +C fo Pt g

<C, Vi=0, e WCH,,—-<ac<l,

= w

which implies
vty <C Vt=0,9€ w,2 <a<l.
el :

Hence, (3.12) holds.
Step 4. We prove that for any bounded set W C H, (@ > 0) there is a constant C > 0
such that

|utt,0)] 7, <C vt o i, =G VE>0,0 € W,a20. (3.17)
In fact, by the embedding theorems of fractional order spaces (see Pazy [12]), we obtain
H(Q) — W>*(Q) — W (Q),

. } (3.18)
H, — CY(Q)NH3(Q), Hyy — CUQ,C)NH3(Q,C), asa>

W

Hence, it follows from (3.18) that

g: Ha X Hyy — H% is bounded for o >

G:H,y x Hyy — I_{% is bounded for o >

alw Blw
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Therefore, by (3.12) for any bounded set W C H, (2 <« < %) we derive that

le(u@ )|, <C

LS

_ 3
HG(LI(t,(p))”H% <C, Vt>0,9€ W’Z <a<l

Then, it follows from (3.19)

_ t _
el - / (-L)2 e g(11) dr
0

|utt o5, =

Hy

t -
< ||u0||]:,a +/0 ||(—L)°‘+%e(t*f>Lg(U) HL2 dr
t z ~
<lluolig, + / H(_z)a—éeu_m(_m%g(u)”LZ dr
0

t ~
<lluollz, +/ ||(_L)w—%e(t—r)L || ) Hg(l,[)”H3 dr
0 4
t

<llolu, + C/ @) gp
0
5
<C, VfZO,QDEW,1§a<Z,

vy, -

. t -
etLl//()+/ ILGU) de
0

I:IZH
t F -
< 1Yol +/ || (=L)> DL G(1) HL2 dr
0

t = — —
~ ol + / |(-Lpe-d et (D)} G|, dr
0

t H -
< I¥ollz, + f | (D230 - |G, de
0 2

t

3
< 1¢llp, +C f T2 dg
0

5
<G, VtZO,wEW,1§a<Z.

Hence, (3.17) is valid for 1 < a < %.
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(3.19)

By doing the same procedures as steps 1-3, we can prove that (3.17) holds for all « > 0.
Step 5. We show that for any « > 0, system (1.1) has a bounded absorbing set in H,,.

We first consider the case of o = % It is well known that (1.1) possesses a global attrac-

tor in H space, and the global attractor of these equations consists of equilibria with their

stable and unstable manifolds. Thus, each trajectory has to converge to a critical point.
From (3.17) and (3.3), we deduce that for any ¢ € H% the solution U(z, ¢) of system (1.1)
converges to a critical point of F. Hence, we only need to prove the following two proper-

ties:
(1) F(U) = 00 ¢ [Ullu,;
2
(2) thesetS={U e H% | DF(U) = 0} is bounded.
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Property (1) is obviously true, we now prove (2) in the following. It is easy to check if
DF(U) =0, U is a solution of the following equations:

_I’LZAM +g(u) = O;
—mAYy - G(U) =0, (3.20)
S—Z|39=0, %|39=0, Joudx=0.

Taking the scalar product of (3.20) with (-Au, ¥), then we derive that
0 = (~palu+g(U),-Au),, + (- Ay — GU), ¥),»

= /Q[,uzlAulz + <A2u + b + bou® + %a3|w|2>(—Au)
VY P+ My + eyl +a3|1/f|2u]dx

= /Q[mmmz + Ao|Vul? + 2b1u|Vul|? + 3b,u® | Vul? + asyn Vi Vu
+ a3V Vo Vi + ua [V > + ay? + ao |y |* + oy Pu] dx

> /Q[M2|AM|2 — A2l IVul? = 21| [ul [Vl + Bbyu®| Vsl — 3|y ||V V|
— 3|Vl VY2 V| + | VY P = Pl P + ol |* = las| [ ul] dax.

Using the Holder inequality and the above inequality, we have
f (12uf + VY ?)dr < C,
Q

where C > 0 is a constant. Thus, property (2) is proved.

Now, we show that system (1.1) has a bounded absorbing set in H, for any o > %, ie.,
for any bounded set W C H, there are T > 0 and a constant C > 0 independent of ¢ such
that

|ut,o,, <C ve=T,pew. (3.21)
From the above discussion, we know that (3.21) holds as a = % By (3.1) we have
N t ~
M(t, QD) = e(t_T)LM(Tr <P) - / (_L)%e(t_T)Lg(u) dr,
g t (3.22)
Y(t,9) =Dy (T, 9) + / ILGU dx.
T

Let BCH 1 be the bounded absorbing set of system (1.1), and T > 0 such that
1
Ut,p)eB, Yt>Ty9e W CH, (a > 5)'

It is well known that

e ce, |t <ot @22)
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where A1, A1 > 0, is the first eigenvalue of the equation

A’y =,

lan =0, S lan =0,
Jqudx =0,

Ay =AY,

W lsa =0,

respectively. Hence, for any given T >0 and o € W C H, (o > %) we have

e ), = DT T s 0, st o,

7 ) (3.24)
[P (T, ) 5, = L) D Y(T, )|, = 0, ast— oo

From (3.22), (3.23), and Lemma 2.2, for any % <o <1weget

IA

N t _
ey, = | Tl + [ [Drrdet g
0

- t -
- ||e(t—To)Lu(TO,(p) ”Ha +'/T ”(_Z)ae(t—r)L(_Z)%g(u)HLZ dr
0

~ ¢t .
< |y, + [ 1CDre gl o
0

1
2

. t .
< ||e(t’T°)Lu(T0,<p)HHa + C/ 1% M7 dr, (3.25)

To

- t _ - _
o)l = [Ty Tl + [ [Dre iG] dr
0
B t , _
< e T ), + [ Dt 6] e
To

< |e T ), +C [ DR -G, dr

t

< [ e“ Ty (To, )|, +C / T M dr, (3.26)
o To
where C > 0 is a constant independent of ¢.

Then, we infer from (3.24)-(3.26) that (3.21) holds for all % < a < 1. By the iteration
method, we find that (3.21) holds for all « > %

Finally, this theorem follows from (3.17), (3.21), and Lemma 2.2. The proof is com-
pleted. O
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