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Abstract

The local well-posedness of the periodic Benjamin equation with small initial value in
H(T), s > =1/2, is given. It is here shown that —1/2 is the lower endpoint to obtain the
bilinear estimates which are the crucial steps to obtain the local well-posedness by
the Picard iteration.
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1 Introduction

The initial value problem (IVP) associated to the periodic Benjamin equation is

Ou—Ho?u—3u+0,(u*) =0, tekR;
u(x,0) = px), ¢ e HT).

Here T = R\ 277, H is the Hilbert transform
1 [flx-y)
=pv.— [ ——"dy.
W -pv. - [T ay

The Benjamin equation physically characterizes the vertical displacement (bounded above
and below by rigid horizontal planes) of the interface between a thin layer of fluid atop and
a much thicker layer of higher density fluid (¢f [1]). The more general form of (1.1) could
be stated as

O+ aHZu+ B3u+0,(u?) =0, «o,B,telR;
u(x,0)=p(x), ¢eH(T).

(1.2)

As a KdV type equation, (1.2) models a large amount of physical quantities. If @ # 0,
B =0, (1.2) is the IVP of the Benjamin-Ono (BO) equation. The BO equation is a model
for one-dimensional long waves in deep stratified fluids and is completely integrable. It
is also a typical dispersive model for which the solution map could not be obtained by a
Picard approach in L2-based Sobolev spaces. For its well-posedness theory, see e.g. [2-5]
and the references therein. If («, 8) = (0, -1), (1.2) agrees with the well-known IVP of KdV
© 2015 Shi and Li; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons Attribu-

tion License (http://creativecommons.org/licenses/by/4.0), which permits unrestricted use, distribution, and reproduction in any
medium, provided the original work is properly credited.


http://dx.doi.org/10.1186/s13661-015-0322-8
mailto:shishaoguang@mail.bnu.edu.cn

Shi and Li Boundary Value Problems (2015) 2015:60 Page 2 of 15

equation. The history of the well-posedness for KdV equation is quite rich and the litera-
ture extensive. For the non-periodic case, see e.g. [6—11]. The periodic case can be found
in [9]. For the local well-posedness of the dispersion generalized periodic KdV equation,
see [12—-14] for example. Some recent results in the context of long waves in deep stratified
fluids can be found in [15-20].

If a #0, B #0, then (1.2) is the IVP of the Benjamin equation. There is some well-
known work as regards the Benjamin type equations; see [21-23] for example. The well-
posedness of the Benjamin equation in the non-periodic case were fully discussed by Chen
et al. in their recent two papers [24, 25]. For the periodic case, there were less results for
(1.2) than the non-periodic case. Only in [26], Linares obtained the well-posedness of (1.1)
with initial value in L? space. In this paper, (1.1) will be taken as our model to study the
IVP of the periodic Benjamin equation. We will prove that the local well-posedness result
of Linares, valid for s > 0, can be extended to s > —1/2.

For the scaling argument, the following y -periodic IVP for Benjamin equation should
be considered:

Ou—Ho*u—3u+0,(u?) =0, tekR;
u(x,0) = p(x), ¢@eH(0,y).

1.3)

Now, we formulate the main result of this paper as follows.

Theorem 1.1 Fors> -1/2,y <1and ¢ € H*, there exists T = T(||¢||ps) > O such that (1.3)
has a unique solution u € C([0, T), H®) N Y*. The solution map T : ¢ — u is an analytic
map on H.

The definitions of X*, Y*, and H* will be given in Section 2. To prove Theorem 1.1, the
following bilinear estimates are crucial to our analysis.

Theorem 1.2 Fors> -1/2 and f,g € X*, the following two bilinear estimates are true:

1 0 k’)L 2 1/2
(; > Ik R%ﬂ) Sl gl (1.4)
keZ\y
and
1 ~ k,)\, 2\ 1/2
(; Z |k|25[‘/m{%dk] ) SAFlxs llgllxss (1.5)
keZ\y

where Wg (k, 1) = Z2kf #, 8(k, 1), $(k) = k* ~ |KIk.

Since Miura’s transform does not work for the Benjamin equation, the way to set up
the ill-posedness of KdV equation fails in dealing with that of the Benjamin equation.
However, we can provide a counterexample to show that the bilinear estimates (1.4) and
(1.5) fail for s < —1/2.

Theorem 1.3 For s < —-1/2, (1.4) and (1.5) fail.

Here and in the following, for the sake of convenience, the abbreviations (&) = (1+|&|?)!/2

for § e Rand A < B=:A < CB are used, where C is a positive constant and may change
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from line to line. Similarly, A < B is used to represent A < C'B and A ~ B stands for
A<B<A.

We end this section with the outline of this paper. In Section 2, some preliminaries which
are essential to our proofs are collected. Section 3 contains the proofs of Theorem 1.1 and
Theorem 1.2. In Section 4, Theorem 1.3 is proved by constructing a counterexample to
verify that the bilinear estimates (1.4) and (1.5) fail for s < -1/2.

2 Preliminaries
We begin this section with some basic notations. The Fourier transform on [0, y] is defined
as

u(k) = l /y u(x) exp(—ikx) dx.
14

0

The Fourier inversion formula is denoted by

u(x) :/exp(Znikx)&(k)(dk)y,

where (dk), is the normalized counting measure on Z \ y and

[ e, == ¥ sw.

keZ\y

It is easy to check that the classical properties of the Fourier transform hold for the mea-
sure (dk), . That is,

N2l 20,1y = N2l 22 ay, o

(k) = i1, P(k) = / ik — ky)(ky)(dky ), -

For more information as regards the y -periodic Fourier transform, see [9] for example.
For s € R, the spatial Sobolev spaces are defined by

H(0,y) = {u € S'(T): llutllgs = [ (2] 240, ) < 00}

Let Py denote the mean operator

1 v
Pou := —/ udx,
Y Jo

or equivalently Pou = 7(0). The solutions of the Benjamin equation are mean-preserving,
and it will be convenient to assume that

u(0) = %/Oy o(x)dx =0,

which allows us to replace k € Z \ y with k € Z\y (Z =17\1{0}). One can easily pass from
the mean-zero case to the general mean case by the Galilean transformation u(¢,x) —
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u(t,x — Py(u)t) — Py(u), which was introduced in [27]. Y* is the completion of functions
that are Schwartz in time and C* in space with the following norm:

ol ys = Nl + 4RV 2ty

where

1/2 &

leells = | (RY* (3 + )21l 1) | 2y

In fact, the study of the periodic Benjamin equation has been based on iteration in the
space X°, but this space barely fails to control the L°H{ norm. Y* is a slight modification
of X* such that |lu| oo < llullys.

The nonlinear part of the Benjamin equation is ud,u, which can be written by a Fourier

transform in frequency as

kY ik, )ikl = ki, A= 2a) dAs. (21)

During the argument, we mainly focus on the iteration of the two functions in (2.1), which
were understood as two free Benjamin flows iterating with each other. The resonance func-
tion

Rk, ki) = & + (k) — (M1 + p(ka)) — (A — Ay + p(k — ky))
= —k|k| + ky|ki| + (k — k1) |k — ki | + 3kky (k — k1) (2.2)

gives a description of the set where two Benjamin flows interact. The resonance function
is a very important concept in the analysis of the nonlinear dispersion equations. The
following fundamental estimates for the resonance function can be proved easily.

Lemma 2.1 Let |kky(k — ki)| #0, k, ki € Z\ y and y < 1. Then

’R(k,kl)’ Z ’kkl(k—kl)

) (2.3)
Kl < [k (k = k)| < (max {1k, 1Kl }). (2.4)

Proof Equation (2.4) is obvious. The proof of (2.3) is a straightforward calculation with
consideration of the following six cases following from [25]:

G ={k—k >0,k>0,k >0}
G ={k-k >0,k>0,k <0}
G ={k-k1>0,k<0,k <0}
G T ={k-ki<0,k<0,k <0}
G t=lk-k <0,k<0,k >0};

G ={k-k <0,k>0,k >0} 0

The following fundamental estimates can be proved with a slight modification in
(14, 28].
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Lemma 2.2 There exists C > 0 such that forany ¢ >0, € R,and 0 < p <1,

dp < log(2 + o))
fe)= / 1 +18DA + | - B) S 1+ |e]) ’ (2.5)
_ ap < 1+log(l+al).
Ip(a)_/l;(1+|,3|)0(1+|a_13|)N 1+ ) (2.6)
£l = ap < 1
e _/R L+ 8D+ |a = BN ~ A+ |a)i*e” (2.7)

Lemma 2.3 There exists C > 0 such that forany p >2/3,y S1,k ki € Z\y,and *, A € R,
the following estimates are true:

Z log(2 + |A + ¢(ky) + Pk — k1))

W o (k) + ok~ k) = 2.8)
log(2 + |41 + ¢(k) — Pk — k1))

c ? .

g Lt + o) -kt — (2.9)

Z log(1 + [ + (k) — p(k — k1)) _ 10

L U o0 - pk—k)D?

Proof The proof of (2.8) is given first. The fact that, for any ¢ > 0,

log(1+ |a|) (1+ |a|)

gives the following estimate by taking & = 1/6:

1
2 Ar s plla) + plk— ke = < (2.11)

k1#0

Let Bi(k, 1), B2(k, 1) be two complex roots of A + ¢ (ki) + ¢p(k — k1). In view of A + ¢(ky) +
¢(k — ki) being a polynomial of degree 2 in the variable k;, (2.11) can be rewritten as

1
2 T At Dk~ = C (2.12)

k170

Since

’/(1—ﬂj(k,)u)’ |k1 k, ) ’

Bj(k, 1) can be substituted by its real part R;(k, 1) for j = 1,2. Set
Zy = {kl : |k1 —,31(/(,)\)| < 2,] = 1,2}

Then Z, has no more than 10y numbers k;, therefore (2.12) can be controlled by

1
07+ 3 : (2.13)
Iki=B; (k) 52 (1 + ko = Ru(k, M)ki = Ry (k, 1)[)>
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By the elementary inequality
(1+a)1+az) <21 +aiay)

for a; > 2,i=1,2, it is sufficient to estimate

1
; (1 + |k1 _Rl(kr)‘)|)5/6(1 + |k1 _RZ(k) )")|)5/6 )

And hence (2.11) follows by the Holder inequality with &; in the above term.
The same conclusion can be drawn for (2.9) by replacing k; with k in (2.8), while the
proof of (2.10) can be handled in much the same way as that of (2.9) for 2(p —1/6) >1. O

In the following analysis, p = 5/6 in (2.10) is always used. Next, we use the lower bound

of the resonance function to recover the derivative on the nonlinear term %0,u.

Lemma 2.4 Let

IR (k= k)

Q= Ak k)
and
o |k125%2 ) ky (K = Kp) |72
ST G200 G0 ko k)
where

O'()L, )\1, k,kl) = max{ |)\ + ¢)(k)

M+ ¢(k)

A=A+ ok —k)|}

’ ’

with kki(k — ki) # 0. Then for s > -1/2,0 <r <1/4, and y <1, we have

1
Q3L Qr S W'

Proof It can be confirmed easily by Lemma 2.1 that
o (o sk Kt) 2 [ — k).

Putting this lower estimate into Q; and Q;,, we can obtain

K2 (k= )| kP

QS S ~ ~
|kky (k — ki) ki (k — ky) |25+

and

|k|2s+2|k1(k_k1)|—2s - |k|2s+1 < 1
ks (k = ) A= k=2 Tk k= k) Por20-0) > k-4

Qs,r =

where (2.4) is used in the last estimate. O
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3 Proofs of Theorem 1.1 and Theorem 1.2
For a function f € X*, set

Prlk, 1) = kP(h + () | (K, 2)|.

Then

1 ) 1/2
Ifllxs = (; Z /I;(Pf(k’)‘)) d)‘) = pr(k')‘)”LZ((dmydx)'

kel
< 3.1)

N 1 - A
i | S =1kl D" | [ftk = ki, & = 2)@(ka, 1) ds.
kIGZ\y

Since #(0) = 0, it is convenient to assume that kk; (k — k;) # 0.
We first prove Theorem 1.2. The integral in the left hand of (1.4) can be controlled
by

1 Z/ ki (k — k)| |k |S*2 Py Py dy
v o Ir L+ |2+ @URD2A + |1 + o) D2(A + A = A1 + ok — k) )V2’

where Py := Pr(k — ki, A — A1), Py := Py(ky, A1). Denote by

k15 ka (k = ko)~

QU ki) = B T i + kD) P = o+ Bl — )2

then (1.4) equals

2 1/2
BZ/R(ZfRQ(k,/\,kl,xl)prgdxl) dx]
k ky

S HPf(k’k) “LZ(A,(dk)y) ||Pg(k’)‘) ||L2(A,(dk)y)

= 1 llxs llgllxs- (3.2)
Write

A={(kd ki, k) s [A =2+ plk — k)| < A1+ (k)

3

then by symmetry, the proof of (3.2) is reduced to the estimate

1 2 1/2
[; ) /R (Z fR (mQ)(k,x,kl,xl)prgdxl) dx] , (33)
k ky

which can be considered by two cases.
Case L. [A + ¢(ki)| < |A + ¢(k)|. In this case, set A is replaced by

Ar={|r =t + ok —k)| < | +olk)| < |1 +o®)]}.
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Cauchy-Schwarz’s inequality allows us to control (3.3) by

1 1
1 (1 '

(53 [onrwniman) (23 [ ezan)
Y a R Y ky R

L2((dk), A
We claim that there exists C > 0 such that, for s > -1/2,
1
$t=sup 2 3 [ (e QP Aok i £, (3.4
kr YV o YR

which gives
(3'3) = SI ||Pf(k: )“) ||L2((dk)y)dk ||Pg(kr)\) ||L2((dk)y)d)\ S ”f”XS ”g”XS'

Indeed, the fact

(A + ¢(k)) > max{()q + ¢(k1)>, (A —M+plk— /q))}
allows us to write Q* as

k|22 Ky (k = ky) |~ 1
(A + p(k)) A+ d(k)) (A = A1 + p(k = k1))
1
(M + @(k)) (A — Aq + plk — ki)

Q-

~ Qs

Lemma 2.4 with s > -1/2, (k, A, k1, A1) € A; gives

dar
S2<—su
k%’kZ (hr + plk)) (h— hr + plk—ha))

Let
B =X+ ¢ky), a=Ar+¢(k) +plk—k)=1t-R(k, ki), 1=\+ok).

Then (3.4) can be obtained by (2.5) and (2.8).
Case IL |A + ¢(k)| < |A1 + ¢ (k1)|. In this case, set A is

A ={[r =1+ ok = k)| < |A1 + k)|, |1 + (R)| < A1 + (k)] ).

That is, we need to estimate the following term:

1
H - Z / (XAH Q)(k’ }‘-’ kl} )"I)Png d)"l (35)
Vo R L2((dk)y d2)
By duality, (3.5) equals
swp Z [0 )0, QU 2Py s 36)
Hd”LZ (dk) d)»)_l y
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Fubini’s theorem and the Cauchy-Schwarz inequality can be used to control (3.6) by

1 2
sup 2 (%/R[Xk:/]‘@(XAHQ) (kr)"’kl’)‘-l)d)\]

Hd”Lz((dk)yd)»)zl 4
1/2
x [Z [ @t dx] dh) gl
« R

Write

1
SIZI = —Sup E /(XAII Q)z(kr )\-; kl; )\'l)d)\,
14 k1,A1 P R

Next, one only needs to show that, for s > -1/2,
§% < 00, (3.7)

which is similar to the previous analysis of (3.4). For (k, A, k;, A1) € Ay, Q2 could be written
as

0 - k%542 Ky (k = k)| 1
o arok)) A+ o) (M= A+ Pk — k1))
1
(A +BK)) (k= hy + Bk — k)

~ Qs

Using Lemma 2.4, S can be estimated by

1 dx
§E<— / )
) Srewro ey ey

Let
B=xr+¢(k), a=x+¢k)-pk—ki) =1 - Rk, ki), 11 =-1—pky).

Then (2.5) and (2.9) can be used to obtain (3.7). The proof of (1.4) is completed.
Next, we proceed the proof of Theorem 1.2 by showing (1.5). We first rewrite (1.5) as

S W lxs lig s
L2((dR)y)

1
H_/ X:/(XAQ)(-,)x,kl,)q)Pngd)qg!)L
Y JR o /R

where

k¥ ka (k = ko)~

QU ki) = ) O + 9k P = o + Bl — )P

As in the proof of (1.4), (1.5) can be considered by two cases.
Case L. |A1 + ¢(k1)| < |2 + ¢(k)|. In this case, the set A is replaced by

Ar={|r =t + ok —k)| < | +olk)| < |r+0o®)]}.
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By duality of L*((dk), ), one only needs to estimate

7 Zd(k /Z/(XAIQ) (k, &k, A1) Py Py diy d,

HdIILz .
which can be bounded by
SUp En [Z/ <Z/(XAIQ2 (ky A, /(1,)»1)d)\>
Il 2 gty 1 ¥

x (Z [ @we dx) dxl} el
« R
by Cauchy-Schwarz’s inequality. Therefore, it is sufficient to show that for s > -1/2,
1
82 = sup — Z/ /(XAIQ)Z(k,A,kI,AI)dAdkl <cC.
kY % /RJR
For some 0 < r <1/4,

S2 = s;]p Zf/ )»+¢ (XAIQ,«) (k, A, ky, M) dAdg,

where
Q- k|22 Ky (k = ky) |~ ' 1
’ (A + ¢ (k))>0-n (A + @(ki)) (A = A1 + Pk — ki)
— Q 1

(M + (k) (A =2 + Dk —ka))”

By Lemma 2.4, S? could be controlled by

Z// di di
oy & kP + ) 0 — hg + K — k)"

Applying (2.7) with & = A + ¢ (k1) + ¢p(k — k), one has

/ arm

R (A1 + @k (A = Ay + @k — k)
1

(L+ 12+ p(ki) + gk — k)t

IS

hence

1
Ssup Z|k|2 4,/ T+ 1k o) + ple—kyp

and finally S? < oo for r < 1/4.
Case IL. |A + ¢(k)| < |A1 + ¢(k1)|. In this case, A is replaced by

A ={|r =+ plk—ky)| < <|r+p(k)|}.

Page 10 of 15
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Write
L+ 3+ @) = (L+ 2+ 6(R))" (L+ 2 + (0],

where 1/2 < r < 1. As in Case I, let

k|5 ke (K = k)|~
(A + @) (A + @)1 (A = Ay + p((k — ki)

Qr:

Then it suffices to estimate

1 1 1 241/2
|:; ;(/}R; %:/RW(XAHQr)(k,A,kl,)»l)Pngd)q dk) ] . (3.8)

Applying the Cauchy-Schwarz inequality in A, (3.8) can be bounded by

1 dx PyP, 2 1/2
Rl W)(/R{T%A‘XAIIQV’<k'A’kl’Al>dk1} @)

k

Since 2r > 1, (3.8) is dominated by

2 1/2
[% Z/l;{ % Z[;{(XAHQV)(I(!)":/(I: )\I)prg d}\l} d)\‘:l .
k ki

By the definition of the L(2( dk)dx)~DOT, (3.8) can be further controlled by

1 1
swp =3 [t~ Y [ Gy Qo i) Py dns . (39)
ky

2 -
191 g a1 ¥ K

By the Cauchy-Schwarz inequality, we can obtain the following estimate for (3.9):

1 1
P _1[; ;A(; Xk:/l;(XAlQr)z(k’)"kb)q)dk)

01 (ary
1 1/2
x (;Z/Rdz(k’”P}d)‘) d)\l] gl
3

For s > —1/2, we claim that

k1,01

1
SIZI = Sup — Z/(XAIQr)Z(k, )\.,kl,)\.l)d)\ < 00,
Y JR
In fact, by Lemma 2.4, we have

1 dx
S sup — f ‘
ey Xk: & (A + @(0)20 (=g + plk — ko))

Applying (2.6) with p =2(1 - ), B = A + ¢(k), and o = A1 + ¢p(k) — p(k — ky) for some 1/2 <
r <1, we get S < 00 as a result of (2.10). Theorem 1.2 has thus been proved.
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Having disposed of the proof for Theorem 1.2, we can now prove Theorem 1.1. Taking
Fourier transform with respect to x in (1.3) gives

dsiu(k, t) — ik|k|iu(k, t) + ik>iu(k, t) = —w(k, £), u(k,0) = ¢(k), (3.10)

where w(k, t) = Lﬁx\u(k, t). The Y* norm cannot be calculated directly on the equation since
the function has no integrability in time. A cutting off according to time is necessary. Let
¥ (t) be a bump function with support in {|£| <1} and ¥ (£) =1 for |£| < 1/2. Then the fol-
lowing can be shown:

Y(Oulx,t) = lw(t) Z ¢ (k)eilkr—to0)

keZly

Zz i v (o) Z oilke-19:(k))

keZly

X /00 ¥ (h+ oK) (2 +p(k)" Yk, 1) d

l’) Z i(kx) /OO 1- w()“+¢(k)) zM (/ )\,)d)\

keZly At ¢
- itee-tgy [ LY x 600) o
(v )2 Y0 keXz/:ye /_oo ot kA)dh,

where w(k, 1) = yizkz} x 1u(k, ). We adopt the idea in [28] dealing with the KdV equation
here to prove Theorem 1.1. Let T denote the map defined by the above expressions of
¥ (8)u(x, t). Then the task is to show that the map u — Tu is contracted in the space Y*.
To do this, we need the following estimates.

Theorem 3.1 Lets > —1/2. Then there exist constants C = C(y) > 0 such that for all u,v €
Ys,
I Tullys < C(llll s + @), (3.11)

1T = Tvllys < C(llw+vllysllu—vlys). (3.12)
A straightforward application of Theorem 3.1 can produce the following proposition.

Proposition 3.2 Let C = C(yr) be the constant appearing in Theorem 3.1. If |¢|lps <
2/(9C?), then T is a contraction in the closed ball B(0,1/(3C)) of Y*.

Therefore, the proof of Theorem 1.1 for sufficiently small data (||¢ |z < 2/(9¢?)) follows
from Proposition 3.2.

Next, we give the sketch of the proof for Theorem 3.1. Computing the Y*-norm of the
terms in (3.11), the following estimate can be obtained:

k)\ 2\ 172
ity et + (11 + (5 3 ] [ EES @] ) ), (313)

keZly
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Then (3.11) follows from (3.13) and the bilinear estimates in Theorem 1.2 with f = g = u.
Noticing that Tu — Tv is a dispersion Benjamin equation with nonlinear term ud,u — vo,v
with initial data ¢ = 0, (3.12) can be proved by the bilinear estimates with f = u + v and

g=u—-v.

4 Proof of Theorem 1.3
As explained in the above sections, the method used to prove the local well-posedness of
the Benjamin equation is based on the bilinear estimates (1.4) and (1.5). In this section, a
counterexample will be given to show that (1.4) and (1.5) are not true for s < —1/2 inspired
by some ideas from [11].

Forany F = Pr(k,A) € Lz((dk)ydk), the bilinear form *B(F, F) can be defined by

Jes+1 Z /00 (ki(k = k1)) F (ky, M) F (k = ky, A = Ay) da
(0 + (k)72

O (A + Gk A =11 + @k = ko)1

Then (1.4) equals

|B:(E. B 2 (4.1)

((dk)y dn) NC||F||L2(dk )y dn)’

where s > —1/2. A counterexample will be given next to show that (4.1) fails for s < —1/2.
Choosing

F=arxi(x+¢(k)),
where

L, A+9(k)] <b
0, elsewhere

xo (X + ¢(k)) = {

1, k=N,1-N;
ai =
0, elsewhere,

then B,(F, F)(k, ) at k = 1 can be evaluated as

1 1

B(E P~ e

For those A which are in a unit size interval of 1;, the following can be shown:
M+ <1, |[A-M+¢Q-N)| <1
Moreover, the lower bound estimate on the resonance function implies

A+ @) = N2
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Hence, for any N € N,
1 1
. <
N N2 —

Therefore, s > —1/2. The same function can be used to show that (1.5) fails for s < —1/2.

This completes the proof of Theorem 1.3.
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