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Abstract

This paper deals with blow-up properties of solutions to a nonlocal parabolic system
with nonlocal boundary conditions. The global existence and finite time blow-up
criteria are obtained. Moreover, for some special cases, we establish the precise
blow-up rate estimates.
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1 Introduction
In this article, we consider the positive solution of the following parabolic equations with
nonlocal boundary conditions:

ur=f(u)(Au+a [yvdx), x€Q,t>0,
vi=gW)(Av+b [qudx), x€Q,t>0,

ux,t) = [o o, uly, t)dy, x€dQ,t>0, (1.1)
v(x,t) = [ W (xy)v(yt)dy, x€09Q,t>0,
u(x,0) = up(x), v(x,0) =vo(x), x€,

where  is a bounded domain in RY (N > 1) with smooth boundary 92, a,b > 0, while
#(x,9), ¥(x,y) are nonnegative and continuous on 32 x Q, u(x), vo(x) € C>(Q) with
0 <6 <1, up(x),vo(x) >0, up(x) # 0, vo(x) # 0, and satisfy the compatibility conditions

o) = fQ Sle o) dy,  volw) = /Q Vb dy, xe i,

respectively.

There have been many articles dealing with properties of solutions to degenerate
parabolic equations with homogeneous Dirichlet boundary condition (see [1-4] and ref-
erences therein). For example, Deng et al. [5] studied the parabolic equation with nonlocal

source

utzf(u)(Au+a/udx>, xe€Q,t>0, (1.2)
Q
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which is subjected to homogeneous Dirichlet boundary condition. They proved that there
exists no global positive solution if foo 1/(sf (s)) ds < oo and fQ ¢(x)dx > 1/a, where ¢ is the
unique positive solution of the linear elliptic problem

-Ap=1, x€e px)=0, xe€dQ.

In [6], Chen and Wang extended the problem (1.2) to the following system:

Uy :f(u)(Au+a/vdx), vtzg(v)<Av+b/ udx), xe€eQ,t>0, (1.3)
Q Q

with homogeneous Dirichlet boundary condition. Under some conditions, they proved
the solution of (1.3) blows up in finite time and even blows up globally.
However, parabolic equations with both nonlocal source and nonlocal boundary condi-

tion have been studied as well. For instance, the problem of the following form:

ur=fw)(Au+ [, gu)dx), xeQ,t>0,
u(x,t) = [o K(x9)ul(y,t)dy, x€dQ,t>0, (1.4)
u(x,0) = up(x), xe€€,

was considered by Lin and Liu [7] for the case / =1 and by Zhong and Tian [8] for the
case g(u) = u. They established global existence and nonexistence of solutions, and they
discussed the blow-up properties of solutions.

Porous medium equations with local sources or with nonlocal sources subjected to non-
local boundary conditions were also studied (see [9-12]). They discussed the conditions of
existence and blow-up. For other works on parabolic equations and systems with nonlocal
boundary conditions, we refer readers to [13—23] and the references therein.

Motivated by those works above, we will study the problem (1.1) and want to understand
how the functions f(u), g(v) and the weight functions ¢(x, y), ¥ (x,y) in the boundary con-
dition play substantial roles in determining the blow-up or not of the solutions.

In this article, we make some assumptions on f(s), g(s) as follows:

(HD) f,g € C([0,050)) N C1((0,00)), £(0) = g(0) = 0, and f,g > 0, f',g = 0 in (0, ).

(H2) Either liminf,_, % > 0 or liminf,_, j‘% > 0 holds.

£6)

In view of the symmetry of the problem, we may suppose that liminfs_, o > 0in (H2)

throughout this paper. For any > 0, we can get a constant Ky > 0 such that (see [5])
f(s) > Kog(s) fors>n. (1.5)
Let us introduce the following elliptic problem:

-Api(x) = —Apy(x) =1, x€Q,
0(x) = [ oo dy, x€0Q, (1.6)
02(x%) = [ ¥ ()0 dy, x €0,

where [, ¢(x,y)dy <1, [,¥(x,9)dy < 1. Then there exists a unique positive solution
(¢1(x), @2(x)) of (1.6) (see [19]).
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Define
M1 = / p1(x) dx, Mo = / (%) dx.
Q Q

The main results of this paper are the following theorems.

Theorem 1.1 Suppose that [, ¢(x,y)dy <1, [, ¥ (x,y)dy <1 for any x € Q. If ab < ——

1#2
or Szo SJZ’Z—SS = 00 or S:O sé% = 00 for some sq > 0, then the solution (u, v) of (1.1) exists globally.

Theorem 1.2 Suppose that [, ¢(x,y)dy <1, [ ¥ (x,y)dy <1 for any x € Q. If ab > ——

1#2
and fso Sg 5 < 00 for some so > 0, then the solution (u,v) of (1.1) blows up in finite time.

Theorem 1.3 Suppose that [, ¢(x,y)dy > 1or [ ¥ (x,y)dy > 1 for any x € 3. Iff;;Q SZS
00 for some sg > 0, then the solution (u,v) of (1.1) blows up in finite time.

To estimate the blow-up rate, we need an additional assumption on the initial data u(x),
Vo(x):
(H3) There exists a constant & > max{ey, &2}, such that

k1+1— ey +1—
Au0+a/vodx—suol 7>, Avo+b/uodx—evo2 7>,
Q Q

where 0 < p,g <1 and €1, &3, ki, k are given in Section 5.

Theorem 1.4 Suppose that [, ¢(x,y)dy <1, [, ¥ (x,y)dy <1 for any x € 9Q. Let f (u) =
gv) =v1 (0 <p,q<1).If(H3) holds and the solutwn (u, v) of (1.1) blows up in finite time T*.
Then there exist positive constants c; (i =1,2,3,4) such that

a1 < maxu(x, t)(T* - t)(z‘q)/(P+q—Pq)

xeQ

<o,

3 < maxv(x, t)(T* - ,;)‘2—P>/<p+q—pq> <

xeQ
This paper is organized as follows. In Section 2, we establish the comparison principle.
In Sections 3 and 4, some criteria regarding to global existence and finite time blow-up
for (1.1) are given, respectively. In the last section, for some special cases, the blow-up rate
estimate is established.

2 Comparison principle
We start with the definition of a subsolution and a supersolution of (1.1) and then get to
the comparison principle. Set Q = 2 x (0, T), St = 922 x (0, T) and Q7 = Q x [0, T).

Definition 2.1 A vector function (u(x, t), v(x, t)) defined on Q, for some T > 0, is called
a subsolution of problem (1.1), if u(x, ), v(x, £) € C(Q7) N C*}(Qr) and satisfy

u, <fW(Au+af,vdx), x€Qt>0,
v, <gW(Av+b [judx), x€Q,t>0,
W) < (Jq 0 0)uly, ) dy, [ ¥ (x,3)v(y, ) dy), x€0dLQ,t>0,
(u(x,0), v(x,0)) < (uo(x), vo(x)), x€ Q.

(2.1)
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Similarly, a vector function (%(x, t), ¥(x, t)) € [C(Q) N C*(Qr)]? is a supersolution of
(1.1) if the reversed inequalities hold in (2.1). A solution of problem (1.1) is a vector function
which is both a subsolution and a supersolution of (1.1).

The following comparison principle plays a crucial role in our proofs, which can be ob-
tained by similar arguments to [20, 21], and its proof is given here for the sake of com-
pleteness.

Lemma 2.1 Suppose that w(x,t),z(x,t) € C*(Qr) N C(Qy) and satisfy

wy —di Aw > 7:1 Wy, + CaW + €1 Josz(x,t)dx,  (x,t) € Qr,

z—dyAz> 3 anz + Cnz + O Jq caswlx, t)dx,  (x,1) € Qr,

wix,t) > [q el y)w(y, t)dy, (x,t) € Sr, (2.2)
z(x,t) > [q e 9z, t)dy, (x,t) € Sr,

w(x,0) >0, z(x,0)>0, x€Q,

where d; = di(x,t), a;j = ayj(x,t) (i=1,2,j=1,2,...,n) and c; = c;(x,t) (i=1,2,j=1,2,3)
are bounded continuous functions, d;(x, t),c;(x,t) > 0 (i = 1,2, j = 2,3) in Qr, c3j(x,y) > 0
(i=1,2) on 32 x Qand [, c3(x,y)dy >0 on 9Q. Then w(x,t),z(x,t) >0 on Q.

Proof Letc¢; = SUP( peqy lcinl, i=1,2. Set U = eV'w, V = ez with y > max{¢y, ¢,}. Then,
for (x,t) € Qr, we have

n
Ui —diAU > Zﬂljux, +(en—y)U + 612/ c3V(x, t) dx,
j-1 ¢

) (2.3)
Vi—dy AV > Z@;in + (¢ — )/)V + Cyo / co3U(x,t) dx.
j-1 ¢
Also
us / o), Ddy, V> / enmy)Vr0)dy, (1) €St
Q Q (2.4)

U(x,0) = w(x,0) >0, V(x,0)=2z(x,0)>0, x€&Q.

It suffices to show that I/, V > 0 on Q. Since U(x,0), V(x,0) > 0, there exists § > 0 such
that U,V > 0 for (x,£) € Q x (0,8). Suppose for a contradiction that f = sup{t € (0, T) :
U,V >00nQ x [0,t)} < T. Then U,V > 0 on Q;, and at least one of U/, V vanishes at
(%,7) for ¥ € Q. Without loss of generality, we assume that U(x,?) = 0 = infw)eaZ U(x,t). If
(x,%) € Qz, by virtue of the first inequality of (2.3), we get

n
U -d AU > aylly +(en—y)U, (%) € Q.
j=1

Then the strong maximum principle implies that / = 0 in Qz, and this is a contradiction.
If (%, £) € S, this results in the contradiction by (2.4) that

0=UR,1t)=e"wkt) > / ca1(x%,y)U(y,£)dy >0
Q

due to [, c31(x,y)dy > 0 on 0K2. This proves U, V > 0, and in turn w,z > 0 on Q. O
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Lemma 2.2 Suppose that w(x,t),z(x,t) € C**(Qr) N C(Qy) and satisfy

wy —di Aw > 7:1 ayWy; + cuw + €1 Joasz(x,t)dx,  (x,t) € Qr,

Zy —dy Az > 27:1 AnjZx; + €1Z + €22 fQ c3wlx, t)dx, (x,t) € Qr,

w(x,t) > [ ca(xy)w(y, t)dy, (x,t) € St, (2.5)
z(x,t) = [q e 9z, t)dy, (x,t) € Sr,

w(x,0) > 0, z(x,0)>0, x€,

where d; = di(x,t), a;j = aj(x,t) (i=1,2,j=1,2,...,n) and c; = c;(x,t) (i=1,2,j=1,2,3)
are bounded continuous functions, d;(x, t),c;(x,t) > 0 (i = 1,2, j = 2,3) in Qr, c3j(x,y) = 0
(j=12)on o2 x Q and fQ cs3i(x,y) dy > 0 on 0K2. Then w(x, t),z(x,t) > 0 on Qr.
Proof Set w(x, t) = a(x)U(x, t), z(x, t) = a(x) V(x, t), where a(x) € C?(Q) satisfies

a(x)>0 on;

1
a(x) =1, / a(y)esi(x, y)dy < 3 on d9L2,j=1,2.
Q

A direct computation yields

" 20, Ao Oy,
Ut —dlAL[ > Z (alj +d17/>uxj + (Cu + le + ZaU%)U

j=1 =1
C12

+ — / Cl3a(x)v(x1 t) dx! (xl t) € QT:
a(x) Jo

" 20, A " oy
Vt — dzAV > Z <ﬂgj + dzT]) Vx/ + <621 + dzTOl + Zdzjj) %4

j=1 =1
C22

+ —/ ca(X)U(x, t)dx, (x,t) € Qr, (2.6)
a(x) Jo

Uz/cBl(x,y)a(y)U(y,t)dy, (x,t) € ST,
Q

V> /Qc;),z(x,y)oz(y)V(y, tdy, (x,t)€ST,

U(x,0) = w(x, 0)/a(x) >0, V(x,0) = z(x,0)/a(x) >0, x€.

Define
Ax " (04

_ »

bi: sup Cl‘1+dl'_+26li}'_l »
(x)eQr o j=1 4

_ Ci2 = .

¢i= sup ——, di= sup cpalx), i=12,
wneQr «(*) (x0eQr

and set

U=U+zge", V=V+8e?,

with y > max{b; + ¢1d1|S2|, by + C2d>|2|}, & > 0.
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Using (2.6), we have

~ ~ " 20,
U, -diAU > i+d !
t 1 —Z(“U‘* 1 o

j=1

~ Ao i Oy \ ~
)Ux/. + (Cu + le + Xl:tlljj>u
j=
C12 ~
2 / eV dz, (o) € Qr,
a(x) Jo

~ ~ " 20[x. ~ Ao i Oy \ ~
Vi—dy AV > E a2j+d271 Vx].+ C21+d27+ E ﬂzj?} 14
Jj=1

j-1

€22 ~
+ m/gczga(x)U(x, t)ydx, (xt)eQr,

> /Q e, )aU, t)dy, (x,t) € St,

V> /Q e )a )Vt dy, (x,8) € St

U(x,0) = w(x, 0)/a(x) + & >0, V(x,0) = z(x,0)/a(x) + £ >0, xeQ.

By Lemma 2.1, we know that L~[, Vs 0,ie. U+2e">0,V+&e’>00n GT. It follows by
& — 0* that U,V > 0 and hence w,zzOonaT. J

By the above lemmas, we obtain the following comparison principle of problem (1.1).

Lemma 2.3 Let (u,v) and (u,v) be a nonnegative subsolution and supersolution of (1.1) on
Qr, respectively. Then (u,v) > (u,v) on Qr, if 4,V > n or u,v > n for some small positive

constant n hold.

The existence of positive classical solutions of (1.1) local in time can be obtained by
using the fixed point theorem in [22], and the representation formula and the contraction
mapping principle as in [7]. By the above comparison principle, we get the uniqueness of

the solution to the problem. The proof is more or less standard, so is omitted here.

3 Global existence
In this section, we will give some sufficient conditions for the existence of solution and

prove Theorem 1.1.

Proof of Theorem 1.1 Case 1: we assume that ab < ﬁ holds. Since the functions ¢; (x),

@2 (x) are positive and continuous, we can find two large positives constants k; and k; such
that

uo(x) < kigr (%), vo(x) <kogn(x), x€%Q,

apy < kilky <1/(buy).

Set

w(x, t) = kigr (%), z(x,t) = kaa(x).
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Applying (1.6) and (3.1), we get
Wy —f(w)(Aw + a/ﬂzdx) = —f(kip1)(=ki + akapo) > 0,  (x,2) € Qr,
Zt —g(z)(Az + b/Q de) = —g(ko@a)(=ko + bkyju1) > 0,  (x,¢) € Qr,
W t) ki) = [ B0y woesr,

0) - [ Wm0, (s0)€Sr,
Q
w(x, 0) > up(x), z(x,0) > vo(x), x€ Q.

The above inequalities show that (w, z) is a supersolution of (1.1), and Lemma 2.3 asserts
that (w,z) > (u,v) for (x,t) € Q. Therefore, the solution (u,v) of (1.1) exists globally.

Case 2: we assume that j; ZO S;% = 00 holds. It follows from (1.5) that there exists Ky > 0
such that

f(s) > Kog(s) fors>M =max{max uy(x), max vo(x)}.
xR xeQ

Choose A = max{a|Q2|, b|2|/Ko}, and consider the ordinary differential equation (ODE)
s(t) = Af(s(t))s(t), t>0; s(0) = M. (3.2)

By the hypothesis (H1) and the theory of ODE, there exists a unique solution s(t) to (3.2),
and s(t) is increasing. Since fszo S;% = oo for some sq > 0, s(t) exists globally and s(¢) > so.
Let w(x,t) = z(x,t) = s(t), and note that [, ¢(x,y)dy <1, [, ¥ (x,y)dy <1 on 9€2. Then we

have
Wy —f(w)(Aw+a/zdx)
Q

=5 (t) - f(s(2))alRs(t) = (A - alR)f (s(8))s(t) = 0, (x,t) € Qr,

Z —g(z)<Az + b/ wdx)
Q

=5(t) - g(s()) bIQs(t) = (AKo - bIQ)g(s(®))s(t) =0, (x,8) € Qr,

wix,2) = s(t) > /Q $lowi ) dy, (61 € Sr,

w0)> [ Vw00, w0 esr,
Q
w(x,0) = s(0) > ug(x), z(x,0) = 5(0) > vo(x), x€Q.

The above inequalities show that (w,z) is a supersolution of problem (1.1). By using
Lemma 2.3, we see that the solution (z, v) of (1.1) exists globally.
Case 3: we assume that f 45 _ 56 holds. We choose two positive constants /3, [ such

so sg(s)
that

alQll,
h

<1, r:max[l/(llgéiélgol(x)),l/lzl.
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Consider the following ODE:

1#1

s(t) = g2(ls(®))s(e), £>0; s(0) = r(M +1). (3.3)
Here M = max{max, g #o(x), max,.g vo(x)}. In view of f sg = 00 for some s > 0, we
know that s(t) exists globally.
Let

wix, t) = Lo (x)s(t), z(x,£) = lrs(2).

Then by (3.3) we have

Wy —f(w)(Aw+a/ zdx)
Q

= Lns' (&) - f (hprs(®) (= + ala| 2 )s()

g, ’}”“ a(s0)s(0) + F(LpnsO)sO (1 - ab|20) = 0, (18) € Qr,

—g(z)(Az o wdx) 15 (6) — g(Lbs(O)bhyis) = 0, (10) € Qr,
Q
Wi, ) = bs(®) f 65, 9)010) dy - f Gyl Ddy, (5,) €St
Q Q

) > /Q Voot dy, () €St

w(x, 0) = Lp1(x)s(0) > uo(x), z(x,0) = rs(0) > vo(x), x€ Q.

These formulas show that (w, z) is a supersolution of (1.1). Therefore, (w,z) > (u,v). Since
(w, z) exists globally, so does (i, v). This completes the proof. O

4 Blow-up results
In this section, we assume that (1, v) is a positive solution of (1.1) on Q;, where T is the

maximal existence time.

Proof of Theorem 1.2 Set K, = min, g ¢;(x), K; = max,.q ¢;(%), i = 1,2. Inview of ab >

mipn’
then there exist positive constants /;,; > 1 such that

< l— < aps. (4.1)

11K1,121_<2 >1 and b_ A

Taking § = %min{minxeﬁ uo(x), min, g vo(x)} and r = min{— L L} it follows from (L.5)

LKy’ b 1<
that there exists K|, > 0 such that
f(s) > Kyg(s) fors>rs.
olalajia—1) bll;l,l I
Choose B = min {71 K bk }, and consider the following ODE:

s'(t) = Bg(s(t))s(t), t>0;  s(0)=rs. (4.2)

Since f 2o < for some s¢ > 0, s(t) blows up in finite time.
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Let
wix, t) = Lo (x)s(2), z(x, t) = Lo (x)s().

Then (4.1) and (4.2) imply that

W —f(w)(Aw+uf zdx)
Q

= Lns' (¢) - f (hus(0)) (=l + alypao)s(2)
< LK Bg(s(1))s(t) - Kog(hrs(®))(=h + alyjur)s(2)

< (hK\B - K(alypa - 1))g(s(®))s(t) <0,  (x,2) € Qr,

Z —g(z)(Az + b/ wdx)
Q

= bpas (t) — g(lawas())(—1y + blypy)s(t)
< L K,Bg(s(2))s(t) — g (lagas(t)) (bl — b)s(2)
< (LK2B = (blyjuy — ))g(s(2))s(t) <0, (x,t) € Qr,
wnt) = [ osywinidy a0 [ Vw00, woesy
Q Q

w(x,0) = b1 (x)s(0) <uo(x),  2(x,0) = bga(x)s(0) < wo(x), x €2,

The above inequalities imply that (w,z) is a subsolution of (1.1), so (w,z) < (u,v). Due

to (w,z) blowing up in finite time, (&, v) blows up in finite time, and this completes the

proof. O

Proof of Theorem 1.3 (i) Suppose that [, ¢(x,y)dy > 1, [, ¥ (x,y)dy > 1 on 9. By (1.5),
there exists a positive constant K > 0 such that

1
f(s)>Kyg(s) fors>m=— min{mig uo(x), minvg (x)}.
x€EQ xeQ

Let C = min{aK{|<2|, b|2|}, and consider the following ODE:
s'(t) = Cg(s(t))s(t), t>0; s(0) = m. (4.3)

Since fszo % < 0o for some sy > 0, the solution s(¢) of (4.3) blows up.
Let w(x, t) = z(x, t) = s(t), then we obtain

W —f(w)(Aw+a/ zdx)
Q

=5'(t) - f(s(t))alQs(2) = Cg(s(2))s(2) — alQf (s(2))s()
< (C-akyIQl)g(s®)s(t) <0, (x1) € Qr,

Z —g(z)(Az + b/ wdx)
Q
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=5'(t) - g(s(2))bIs(t) = (C - bIQ)g(s(1))s() <0, (x,t) € Qr,

wix, t) = s(t) < / o(x, y)w(y, t)dy, (x,t) € ST,
Q

z(x,t) < / vx, )z, t)dy, (xt)e€Sr,
Q

w(x,0) = s(0) < uo(x), z(x,0) = s(0) <vo(x), xeQ.

The above inequalities show that (w, z) is a subsolution of problem (1.1), and Lemma 2.3
shows that (w,z) < (u,v), so the solution (u, v) of (1.1) blows up in finite time.

(ii) Suppose that [, ¢(x,y) dy <1, [, ¥ (x,y)dy > 10n 0. Let A > 0 be the first eigenvalue
of the eigenvalue problem

“ADP=1D, xcQ; P =0, xcdf, (4.4)

and ®(x) be the corresponding eigenfunction with max, g ®(x) =1, ®(x) > 0 in Q. Set
K =mingcq ®(x) > 0, &, is a small enough positive constant such that &, < min{ @, %} and
s(¢) is the solution of ODE as follows:

s'(t) = Dg(e.Ks(2))s(t), t>0; 5(0) = £, Km, (4.5)

al|Q|—ex )
S*K(/)// ’

determined by (1.5) and satisfies f(s) > K'g(s) for s > &, Km. Since fszo S;% < oo for some

where D = min{ be K|S2|}, m is given at the beginning of this proof, and K’ > 0 is

so > 0, the solution to (4.5) blows up in finite time.
Let

w(x, t) = £, D(x)s(2), z(x, t) = s(t).

By (4.4), we have

W —f(w)(Aw+af zdx)
Q

=&, P(x)s () —f(s*é(x)s(t)) (—s*kcb(x)s(t) +al Q|s(t))
= S*Q(x)Dg(a*Ks(t))s(t) - (alQl - S*ACD(x))f(e*dD(x)s(t))s(t)

< [8*D1<6N - (a|§2| - S*A)]f(e*cb(x)s(t))s(t) <0, (x1t)eQr,

Z —g(z)<Az + b/ wdx)
Q

=5'(t) —g(s(t))ba*s(t) /Q Dddx

< Dg(&.Ks(t))s(t) - be.K|Qg(s(t))s(t)

< (D-be.K|R)g(s(0))s(t) <0, (x,t) € Qr,
w(x, t) =0 < f o (x, Y)w(y, t) dy, z(x,t) < / vx, 9z, t)dy, (x,¢t) € ST,
Q Q

w(x,0) = £, D(x)s(0) < siKm < up(x), z(x,0) =s(0) < vo(x), x€Q.
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All the above inequalities show that (w,z) = (¢, ®(x)s(¢),s(¢)) is a subsolution of (1.1). By
Lemma 2.3, we know (u,v) > (w, z). Since (w, z) blows up in finite time, so does (i, v).

(iii) Suppose that [, ¢(x,y)dy > 1, [, ¥ (x,y) dy <1 on 8. In this case, the proof can be
treated as case (ii), so we omit it here. This completes the proof of Theorem 1.3. d

5 Blow-up rate estimates
Now, we will consider the blow-up rate of the solution to (1.1) in the special case that
S)=u?, gv)=v1 (0<p,qg<1)and [, ¢(x,y)dy <1, [, ¥(x,y)dy <1 foranyx € dQ,ie.

ur=w(Au+afyvdx), x€Qt>0,

v =VI(Av+b [qudx), xe€Q,t>0,

u(x,t) = [o o, uly, t)dy, x€dQ,t>0, (5.1)
v(x,t) = [o v (xy)v(,t)dy, x€0Q,t>0,

u(x, 0) = ug(x), v(x,0) =vo(x), x€Q.

It can be seen from Theorem 1.2 that the solution («, v) to (5.1) blows up in finite time 7.
Denote U(t) = max, g u(x,t), V(t) = max,g v(x,t), which are Lipschitz continuous (see
[23] or [12]). From (5.1), we have U(¢), V(¢) satisfying

U, <a|QUPV, V. <b|QIUVY, ae.te (0,T%). (5.2)
Let p1 =2 —p, ps = 2 — g, by virtue of Young’s inequality, there exists C; > 0 such that

(UP + V7)< (apy + bpo) QAU (V72)17 < ¢y (U + ve) Pl
Integrating the above inequality over (¢, T*), we can get

UP (@) + V7 (8) = C(T — 1) ", (5.3)
where C, >0 isa constantand d =1— (1 - p)(1 —q). Let ky = d/ p3, ko = d/ p;.
Lemma 5.1 There exists a constant ¢ > 0, which is defined in (H3) such that

uy — el > 0, vi—e? >0, (x,8) e Qx (O, T*). (5.4)
Proof Set J1(x,t) = us — euX1*1, J(x, ) = v, — ev2*1, A series of computation yields

Jie — P AJy = 2peult ]y — au? /Q J» dx

=pbf1]12 +e(ky + Dk 1?7 V)2 + pely®hart

+ asup/ vRrldx — ae(ky + 1)ulr*? / vdx
Q Q
> petuthrl aaup/ VR gy — ae(ky + l)uk”p/ vdx
Q Q

= acu? [(ps/a)uzh*l"’ + / VR g — (kg + 1)l /
Q

vdx].
Q
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Since =1, then the Holder inequality and Young’s inequality imply

k—l + L
2k1+1-p ko +1

1/(ky+1)
w / vdx < QI Dy (/ vt dx>
@ Q

< |Qff/tkarl) L(ouk‘)(zhﬂ_p W gl / vl gy |,
- 2kj+1-p kz + 1

(k1+1)1+ 1/k2) |Q| then

where o = (k1+1)1/ k1) | QK2 ( kp+1)? . Taking & = ol

»
Joe = AJy = 2peu ) — aup/ Jodx > pe(e — e))u®1* > 0.
Q

Similarly, we can determine a number &, = %4 (%:})l*f(l/kl)lm satisfying

Jor —VIAJ — 2qsvk2]2 - bv”/ Jidx > qe(e — e3)v**2* 1 > 0.
Q
For (x,£) € 92 x (0, T*), we have

T, t) = uy — eul1*!

ky+1
- ¢<x,y>ut<y,t>dy—e( | ¢<x,y>u<y,t>dy)
Q Q

ky1+1
- ¢<x,y>h<y,t>dy+s[ [ ¢(x,y)ukl“@,t)dy—( | ¢<x,y>u(y,t)dy) ]
Q Q Q

Using the Holder inequality and noting that [, ¢(x,y) dy < 1, we have

k1+1
f ¢(x,y)uk1“(y,t)dy—( / ¢<x,y>u<y,t>dy)
Q Q

ki
ky+1 _
2/945(96»9’)14 (y,t)dy[l (/;2¢(x,y)dy) ]20.

Hence
hon) > /Q 0o 0 2) dy.

By a similar argument, we have

Jo ) = /Q Va0, ) dy.

On the other hand, (H3) implies that J;(x,0) > 0, /5(x,0) > 0, x € Q. By Lemma 2.2, we
have J; > 0, J > 0. This completes the proof. d

It follows from (5.4) that

U, — e+ > o, Vi—eVR >0, (x5,6)eQx(0,T7). (5.5)
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Integrating (5.5) from (¢, T*), we conclude that

-1/k1

ue < (gkl)—l//q(T* —0)7, V() < (8k2)—1/k2(T* _ t)—1/k2.

(5.6)

Combining (5.5) with (5.2), we can obtain

e P2 P L1
_z ur < yee, _c VP2 < [P, (5.7)
alQ) - b|Q| N

From (5.3) and (5.7), we conclude that
e -p1-1/m 1k
U=l 1+ — T — 1),
0= [+(b|sz|) ] S

& -p21-1/p2 vk
V(t) > C%/pz |:1 + <m> ] (T* - t) 2.

By (5.6) and (5.8), we can obtain Theorem 1.4 immediately.

(5.8)
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