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Abstract
In this paper, an investigation is made of the three-dimensional flow and heat transfer
of a nanofluid in the boundary-layer region over a flat sheet stretched continuously in
two lateral directions. With the help of a series of similarity transformations, this
problem is reduced to a set of three coupled differential equations. The homotopy
analysis method (HAM) is then applied to derive the explicit solutions for both the
velocity and the temperature distributions. A mathematical analysis shows that these
solutions decay exponentially at far field. Besides, the influences of the nanoparticle
volume fraction φ on the velocity and temperature profiles, as well as the reduced
local skin friction coefficients and the reduced local Nusselt numbers are studied. It is
found that the heat transfer conductivity of the nanofluid is superior to that of the
pure fluids.
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1 Introduction
Flow and heat transfer in the boundary-layer region near a stretching flat surface have
been intensively investigated by many researchers during the past several decades ow-
ing to their wide applications in a number of industrial processes, for example, polymer
extrusion, wire drawing, drawing of plastic films and artificial fibers, hot rolling, glass-
fiber, metal extrusion, metal spinning, and so on. Crane [] investigated the laminar flow
over a stretching flat sheet in an otherwise ambient fluid. From then on, many researchers
have made contributions to various aspects of this problem such as the effects of the arbi-
trary velocity of the stretching sheet, magnetic field, blowing or suction, variable thermal
conductivity or wall temperature. Typical works can be found in Gupta and Gupta [],
Chakrabarti and Gupta [], Carragher and Crane [], Dutta et al. [], Jeng et al. [], Dutta
[], Andersson [], Chiam [], Vajravelu and Hadjinicolaou [], etc. It should be noted
that Wang [] initiated the investigation of the three-dimensional boundary-layer flow
caused by a stretching flat sheet in two lateral directions in an otherwise ambient fluid.
Hayat et al. [] considered the three-dimensional boundary-layer flow over a stretch-
ing surface immersed in a viscoelastic fluid. Takhar et al. [] investigated the unsteady
three-dimensional MHD boundary-layer flow and heat transfer caused by an impulsive
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motion of a stretching surface in two lateral directions and a suddenly increasing surface
temperature from that of the surrounding fluid.

Nanofluids are expected to be a new generation of heat transfer fluids, since they have
higher thermal conductivity and single-phase heat transfer coefficients as compared with
those of traditional heat transfer fluids. Several types of mathematical models have been
proposed for the prediction of the behaviors of nanofluids. One type is the homogeneous
models, which were initially proposed by Choi [] and then developed by Maïga et al. [].
By means of this approach, it is very convenient to extend the conventional conservation
equations for pure fluids to nanofluids. Therefore, all traditional heat transfer correlations
involving the computation of the thermophysical properties could be suitable for nanoflu-
ids as well. The deficiency of these models is that the obtained results are incompatible
with the experimental observation as a large value of the solid volume fraction φ is chosen.
The valid region for φ is usually limited to  ≤ φ ≤ .. The dispersion models are another
usual approach used for modeling the nanofluids, which were first suggested by Xuan
and Roetzel []. In this approach, the higher thermal conductivity and the dispersion of
nanoparticles are assumed to be the two dominant factors for convective heat transfer en-
hancement. They therefore treated the effect of the relative velocity between the base fluid
and the nanoparticles as a perturbation of the energy equation and then introduced an em-
pirical dispersion coefficient to describe the heat transfer enhancement. Unfortunately, in
this approach, the heat transfer enhancement due to nanoparticle dispersion is too small
to be considered in nanofluids. The third approach used for modeling nanofluids was pro-
posed by Buongiorno [] based on the mechanics of the nanoparticle/base-fluid relative
velocity. In this model, he, respectively, analyzed the seven slip mechanisms for nanoflu-
ids including inertia, Brownian diffusion, thermophoresis, diffusiophoresis, Magnus ef-
fect, fluid drainage, and gravity settling. He then drew the conclusion that the Brownian
diffusion and the thermophoresis are the two most important factors, provided the tur-
bulent effects are not considered. Using the Buongiorno [] mathematical model, Nield
and Kuznetsov [, ] extended the well-known Cheng and Minkowycz problem [] to
nanofluids with various physical conditions. Their theoretical results verified the valid-
ity of the Buongiorno [] model for dilute nanofluids. One blemish of this approach is
that the physical parameters such as the coefficients of the Brownian diffusion and the
thermophoresis are extremely hard to measure experimentally. Another blemish is that,
with this model, many well-constructed nonlinear problems in Newtonian fluids cannot
be formulated for nanofluids even if the same initial and boundary conditions are given
with the boundary-layer approximations and the similarity transformations. This provides
the theoretical researchers with difficulties on resolving them numerically or analytically.
Recently, some efforts have been made toward understanding of flow and heat transfer
characteristics of nanofluids. Among those investigations, some researchers applied the
homogeneous models [–] to analyze and simplify their physical problems, while other
researchers utilized the Buongiorno model [–] in their theoretical analysis and nu-
merical simulations.

The present paper considers the steady laminar flow and heat transfer of a nanofluid in
the boundary-layer region near a flat surface stretched continuously in two lateral direc-
tions. A homogeneous nanofluid model is employed here for simplification of the physical
problem. With this approach, a set of three coupled differential equations with their ap-
propriate boundary conditions are obtained by means of some similarity transformations.
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The homotopy analysis method (HAM) [] is introduced to give explicit solutions with
high accuracy for those differential equations. An asymptotic analysis is then provided to
examine the mathematical behavior of the reduced velocity and temperature profiles at far
field. As far as we know, this problem has not been considered before so that the results are
new and original. Note that nanofluids have superior heat transfer properties as compared
to conventional heat transfer fluids. This makes nanofluids very attractive for a number of
potential engineering applications involved in flow and heat transfer over flat sheets, such
as in the design of cooling and heat exchange for nuclear systems, in the configuration
of collector of solar energy, and in the thermal processing regarding to the production of
paper, polymeric sheets, insulating materials, fine-fiber mattes, etc. Nanofluids provide us
with a new opportunity for making new high-efficiency systems and improving the exist-
ing systems in industrial applications.

2 Mathematical description
We consider the steady, three-dimensional boundary-layer flow and heat transfer of a
nanofluid in the vicinity of a stretching flat surface in an otherwise quiescent fluid. It is
assumed that the nanofluid is incompressible and the flow is laminar. The physical sketch
and the coordinate system is plotted in Figure . As shown by this figure, the flat surface is
stretching continuously in both x- and y-directions with the velocities uw = ax and vw = by,
respectively. The surface temperature is Tw and the ambient temperature is T∞, where Tw

and T∞ are two constants, with Tw > T∞. The nanofluid is the suspension of solid parti-
cles in nano-scale in a base fluid. The nanoparticles considered here are Cu, and the base
fluid is water. The thermophysical properties of the base fluid and the nanoparticles are
given in Table . Using the mathematical model for nanofluids proposed by Choi [], the
governing equations are given by (refer to [])

∂u
∂x

+
∂v
∂y

+
∂w
∂z

= , ()

u
∂u
∂x

+ v
∂u
∂y

+ w
∂u
∂z

=
μnf

ρnf

∂u
∂z , ()

Figure 1 A physical sketch and the coordinate system.
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Table 1 Thermophysical properties of base fluid and nanoparticles [33]

Physical properties Base fluid Cu Al2O3 TiO2

Cp (J/kg K) 4,179 385 765 686.2
ρ (kg/m3) 997.1 8,933 3,970 4,250
k (W/mK) 0.613 400 40 8.9538

u
∂v
∂x

+ v
∂v
∂y

+ w
∂v
∂z

=
μnf

ρnf

∂v
∂z , ()

u
∂T
∂x

+ v
∂T
∂y

+ w
∂T
∂z

= αnf
∂T
∂z , ()

subject to the boundary conditions

u(x, y, ) = uw = ax, v(x, y, ) = vw = by, w(x, y, ) = , ()

T(x, y, ) = Tw, u(x, y,∞) = v(x, y,∞) = , T(x, y,∞) = T∞. ()

Here (u, v, w) are the velocity components along the axes (x, y, z), T is the temperature of
the nanofluid, a and b are positive constants. μnf , ρnf , and αnf are the effective viscosity of
the nanofluid, the effective density of the nanofluid, and the effective thermal diffusivity
of the nanofluid, respectively, which are defined as

μnf =
μf

( – φ). , ρnf = ( – φ)ρf + φρs, αnf =
knf

(ρCp)nf
,

(ρCp)nf = ( – φ)(ρCp)f + φ(ρCp)s,
knf

kf
=

(ks + kf ) – φ(kf – ks)
(ks + kf ) + φ(kf – ks)

,
()

where φ is the solid volume fraction of the nanofluid, μ is the viscosity, ρ is the density,
k is the thermal conductivity, ρCp is the heat capacitance, the subscript ‘nf’ represents the
nanofluid, ‘f ’ represents the base fluid, and ‘s’ represents the nanoparticles, respectively.
It should be pointed out that the expression for μnf in () is given by Brinkman [] and
the effective thermal conductivity of the nanofluid knf is approximated by the Maxwell-
Garnetts model [], which is found to be appropriate for studying heat transfer enhance-
ment using nanofluids, and the shape of the nanoparticles is restricted to spherical ones.

We introduce now the following similarity transformations:

η = z
(

a
νf

)/

, u(x, y, z) = axf ′(η), v(x, y, z) = ayg ′(η),

w(x, y, z) = –(aνf )/(f + g), T(x, y, z) = T∞ + (Tw – T∞)θ (η),

()

where primes denote differentiation with respect to η and νf is the kinematic viscosity
of the base fluid. Substituting the similarity variables () into ()-(), it is found that the
continuity equation () is automatically satisfied, and ()-() are reduced to

εf ′′′ + (f + g)f ′′ –
(
f ′) = , ()

εg ′′′ + (f + g)g ′′ –
(
g ′) = , ()

ε

Pr
θ ′′ + (f + g)θ ′ = , ()
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subject to the following boundary conditions:

f () = g() = , f ′() = , g ′() = c, θ () = , ()

f ′(∞) = , g ′(∞) = , θ (∞) = , ()

where Pr = νf /αf is the Prandtl number, c = b/a is the ratio of the surface velocity gradients
along the y- and x-directions; ε and ε are two constants relating to the properties of the
nanofluid, defined by

ε =


( – φ).[( – φ) + φρs/ρf ]
,

ε =
knf /kf

( – φ) + φ(ρCp)s/(ρCp)f
.

The physical quantities of practical interest are the local skin friction coefficients Cfx

and Cfy and the local Nusselt numbers Nux and Nuy, which are defined by

Cfx =
τx

ρf u
w

, Cfy =
τy

ρf v
w

,

Nux =
xqw

kf (Tw – T∞)
, Nuy =

yqw

kf (Tw – T∞)
,

()

where τx and τy are the shear stresses in the x- and y-directions, respectively, qw is the heat
flux from the stretching sheet. For the current case, the three quantities can be written as

τx = –μnf

(
∂u
∂z

)
z=

, τy = –μnf

(
∂v
∂z

)
z=

, qw = –knf

(
∂T
∂z

)
z=

. ()

Substituting () into () and using (), we obtain

Re/
x Cfx = –

f ′′()
( – φ). , Re/

y Cfy = –
g ′′()

( – φ).c/ ,

Nux = –Re/
x

knf

kf
θ ′(), Nuy = –Re/

y
knf

kf c/ θ ′(),
()

where Rex = (uwx)/νf and Rey = (vwy)/νf are the local Reynolds numbers in the x- and
y-direction, respectively.

3 Explicit solutions
The explicit solutions for f (η), g(η), and θ (η) can be formulated with the help of the homo-
topy analysis method (HAM) [], as illustrated hereafter. In the framework of the HAM,
we are able to express f (η), g(η), and θ (η) by an infinite number of sub-functions in the
following form:

f (η) =
∞∑

k=

fk(η), g(η) =
∞∑

k=

gk(η), θ (η) =
∞∑

k=

θk(η), ()
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where

fk(η) = Âk
, +

k+∑
j=

k+∑
i=

σ k
i,jÂ

k
i,jη

i exp(–jλη), ()

gk(η) = B̂k
, +

k+∑
j=

k+∑
i=

σ k
i,jB̂

k
i,jη

i exp(–jλη), ()

θk(η) =
k+∑
j=

k+∑
i=

σ k
i,jĈ

k
i,jη

i exp(–jλη). ()

According to the rule of the solution expressions and boundary conditions () and (),
we choose the initial approximations as follows:

f(η) =

λ

(
 – e–λη

)
, ()

g(η) =
c
λ

(
 – e–λη

)
, ()

θ(η) = e–λη. ()

Choosing the auxiliary linear operator as follows:

Lf =
∂

∂η – λ ∂

∂η
, ()

Lg =
∂

∂η – λ ∂

∂η
, ()

Lθ =
∂

∂η – λθ , ()

where λ is the spatial parameter, which is chosen based on the solution properties at in-
finity and can be used to controlled solution convergence. We have set λ =  in our paper.

The corresponding coefficients in ()-() are obtained by means of the HAM as

Âk
, = χkÂk–

, +
k+∑
j=

k+∑
q=

�k
q,j

[
(j – )ωq

j, –

λ

ω
q
j,

]

–
k∑

q=


λ

�k
q,ω

q
, +

k+∑
j=

(j – )�k
,jω


j,, ()

Âk
, = χkσ

k–
, Âk–

, +
k+∑
j=

k+∑
q=


λ

�k
q,jω

q
j, +

k∑
q=


λ

�k
q,ω

q
, –

k+∑
j=

k+∑
q=

j�k
q,jω

q
j,, ()

Âk
,j =  ( ≤ j ≤ k + ), ()

Âk
i, = χkσ

k–
i, Âk–

i, +
k∑

q=max [,i–]

�k
q,ω

q
,i ( ≤ i ≤ k + ), ()

Âk
i,j = χkσ

k–
i,j Âk–

i,j +
k+∑
q=i

�k
q,jω

q
j,i ( ≤ i ≤ k + ,  ≤ j ≤ k + ), ()
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B̂k
, = χkB̂k–

, +
k+∑
j=

k+∑
q=

�k
q,j

[
(j – )ωq

j, –

λ

ω
q
j,

]

–
k∑

q=


λ

�k
q,ω

q
, +

k+∑
j=

(j – )�k
,jω


j,, ()

B̂k
, = χkσ

k–
, B̂k–

, +
k+∑
j=

k+∑
q=


λ

�k
q,jω

q
j,

+
k∑

q=


λ

�k
q,ω

q
, –

k+∑
j=

k+∑
q=

j�k
q,jω

q
j,, ()

B̂k
,j =  ( ≤ j ≤ k + ), ()

B̂k
i, = χkσ

k–
i, B̂k–

i, +
k∑

q=max [,i–]

�k
q,ω

q
,i ( ≤ i ≤ k + ), ()

B̂k
i,j = χkσ

k–
i,j B̂k–

i,j +
k+∑
q=i

�k
q,jω

q
j,i ( ≤ i ≤ k + ,  ≤ j ≤ k + ), ()

Ĉk
, = χkσ

k–
, Ĉk–

, –
k+∑
j=

k+∑
q=

�k
q,jδ

q
j,, ()

Ĉk
i, = χkδ

k–
i, Ĉk–

i, +
k∑

q=max [,i–]

�k
q,δ

q
,i ( ≤ i ≤ k + ), ()

Ĉk
,j =  ( ≤ j ≤ k + ), ()

Ĉk
i,j = χkδ

k–
i,j Ĉk–

i,j +
k+∑
q=i

�k
q,jδ

q
j,i ( ≤ i ≤ k + ,  ≤ j ≤ k + ), ()

with

χk =

{
, k = ,
, k > ,

()

σ k
i,j =

{
,  ≤ i ≤ k +  and  ≤ j ≤ k + ,
, other cases,

()

ω
q
n,j =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

∑q+
i=j

δ
q
n,j

λi–j+ ,  ≤ j ≤ q +  and n = ,
∑q

i=j
δ

q
n,j

(nλ)i–j+ ,  ≤ j ≤ q and n > ,
, j = q +  and n > 

()

and

δ
q
n,j =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

q!
j!


(λ)q–j+ ,  ≤ j ≤ q and n = ,


λ(q+) , j = q +  and n = ,


λ

q!
j! { 

[(n+)λ]q–j+ – 
[(n–)λ]q–j+ },  ≤ j ≤ q and n > ,

, j = q +  and n > .

()
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Other functions in the above recurrence formulas are given by

�k
i,j = �f

(
ε Ĵ k–

i,j + Ãk
i,j + B̃k

i,j + Ẽk
i,j + F̃ k

i,j + G̃k
i,j
)
, ()

�k
i,j = �g

(
εK̂k–

i,j + C̃k
i,j + D̃k

i,j + H̃k
i,j + Ĩk

i,j + J̃ k
i,j
)
, ()

�k
i,j = �θ

(
ε

Pr
Îk–

i,j + K̃k
i,j + L̃k

i,j + M̃k
i,j + Ñ k

i,j

)
, ()

�k
i, = �f

(
ε Ĵ k–

i,j + B̃k
i, + G̃k

i,
)
, ()

�k
i, = �g

(
εK̂k–

i, + D̃k
i, + Ĩk

i,
)
, ()

�k
i, = �θ

(
ε

Pr
Îk–

i, + L̃k
i, + Ñ k

i,

)
, ()

where �f , �g , and �θ are the HAM auxiliary parameters, and

D̂k
i,j = (i + )σ k

i+,jÂ
k
i+,j – jλσ k

i,jÂ
k
i,j, ()

Êk
i,j = (i + )σ k

i+,jB̂
k
i+,j – jλσ k

i,jB̂
k
i,j, ()

F̂k
i,j = (i + )σ k

i+,jĈ
k
i+,j – jλσ k

i,jĈ
k
i,j, ()

Ĝk
i,j = (i + )(i + )σ k

i+,jÂ
k
i+,j – jλ(i + )σ k

i+,jÂ
k
i+,j + (jλ)σ k

i,jÂ
k
i,j, ()

Ĥk
i,j = (i + )(i + )σ k

i+,jB̂
k
i+,j – jλ(i + )σ k

i+,jB̂
k
i+,j + (jλ)σ k

i,jB̂
k
i,j, ()

Îk
i,j = (i + )(i + )σ k

i+,jĈ
k
i+,j – jλ(i + )σ k

i+,jĈ
k
i+,j + (jλ)σ k

i,jÂ
k
i,j, ()

Ĵ k
i,j = (i + )(i + )(i + )σ k

i+,jÂ
k
i+,j – jλ(i + )(i + )σ k

i+,jÂ
k
i+,j

+ (i + )(jλ)σ k
i+,jÂ

k
i+,j – (jλ)σ k

i,jÂ
k
i,j, ()

K̂k
i,j = (i + )(i + )(i + )σ k

i+,jB̂
k
i+,j – jλ(i + )(i + )σ k

i+,jB̂
k
i+,j

+ (i + )(jλ)σ k
i+,jB̂

k
i+,j – (jλ)σ k

i,jB̂
k
i,j, ()

Ãk
i,j =

k–∑
n=

min{k–n,j–}∑
s=max{,j–n–}

max{k–n,i}∑
r=max{,i–n–}

σ k––n
r,s Âk––n

r,s Ĝn
i–r,j–s, ()

B̃k
i,j =

k–∑
n=max{j–,i–}

Âk––n
, Ĝn

i,j, ()

C̃k
i,j =

k–∑
n=

min{k–n,j–}∑
s=max{,j–n–}

max{k–n,i}∑
r=max{,i–n–}

σ k––n
r,s Âk––n

r,s Ĥn
i–r,j–s, ()

D̃k
i,j =

k–∑
n=max{j–,i–}

Âk––n
, Ĥn

i,j, ()

Ẽk
i,j =

k–∑
n=

min{k–n,j–}∑
s=max{,j–n–}

max{k–n,i}∑
r=max{,i–n–}

D̂k––n
r,s D̂n

i–r,j–s, ()

F̃ k
i,j =

k–∑
n=

min{k–n,j–}∑
s=max{,j–n–}

max{k–n,i}∑
r=max{,i–n–}

σ k––n
r,s B̂k––n

r,s Ĝn
i–r,j–s, ()
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G̃k
i,j =

k–∑
n=max{j–,i–}

B̂k––n
, Ĝn

i,j, ()

H̃k
i,j =

k–∑
n=

min{k–n,j–}∑
s=max{,j–n–}

max{k–n,i}∑
r=max{,i–n–}

σ k––n
r,s B̂k––n

r,s Ĥn
i–r,j–s, ()

Ĩk
i,j =

k–∑
n=max{j–,i–}

B̂k––n
, Ĥn

i,j, ()

J̃ k
i,j =

k–∑
n=

min{k–n,j–}∑
s=max{,j–n–}

min{k–n,i}∑
r=max{,i–n–}

Êk––n
r,s Ên

i–r,j–s, ()

K̃k
i,j =

k–∑
n=

min{k–n,j–}∑
s=max{,j–n–}

max{k–n,i}∑
r=max{,i–n–}

σ k––n
r,s Âk––n

r,s F̂n
i–r,j–s, ()

L̃k
i,j =

k–∑
n=max{j–,i–}

Âk––n
, F̂n

i,j, ()

M̃k
i,j =

k–∑
n=

min{k–n,j–}∑
s=max{,j–n–}

max{k–n,i}∑
r=max{,i–n–}

σ k––n
r,s B̂k––n

r,s F̂n
i–r,j–s, ()

Ñ k
i,j =

k–∑
n=max{j–,i–}

B̂k––n
, F̂n

i,j. ()

When we set A
, = /λ, A

, = –/λ, B
, = c/λ, B

, = –c/λ, and C
, = , all coefficients

in the above formulas can be determined successively in the order k = , , , . . . .

4 Results
As mentioned before, the explicit solutions for f (η), g(η), and θ (η) have been obtained.
In this part, we shall first provide tools for the choice of the HAM auxiliary parameter �.
Then we shall give the method for error verification of the obtained results. The behavior
at far field of these solutions will be checked subsequently. At the end, the effect of the
solid volume fraction of the nanofluid φ on the velocity and temperature, as well as the
wall friction and the Nusselt number shall be presented and discussed.

4.1 Techniques for choice of ��� and error verification
We now present the technique for choice of �. For the purpose of selection of the opti-
mal values of the auxiliary parameters �f , �g , and �θ , we define the following three error
functions:

X Err = lim
l→∞

∫ l



[
εf ′′′ + (f + g)f ′′ –

(
f ′)] dη, ()

Y Err = lim
l→∞

∫ l



[
εg ′′′ + (f + g)g ′′ –

(
g ′)] dη, ()

T Err = lim
l→∞

∫ l



[
ε

Pr
θ ′′ + (f + g)θ ′

]

dη, ()

where l is the integration distance and it is found that l =  is adequate in our calculation.
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Figure 2 ��� curve for (73). Solid line: first-order approximation. Dashed line: fifth-order approximation.
Dash-dotted line: tenth-order approximation. Dash-dot-dotted line: 15th-order approximation.

For the prescribed values of physical parameters ε, ε, and Pr, ()-() are functions of
�f , �g , and �θ as a certain order HAM approximations are substituted. The optimal values
of �f , �g , and �θ can then be obtained by evaluating the least errors of ()-(). In order
to reduce the computation quantities, we set �f = �g = �θ = �. In this situation, the optimal
value of �f corresponds to the least error of (), the optimal value of �g corresponds to
the least error of (), and the optimal value of �θ corresponds to the least error of (),
respectively. By means of this approach [], we are able to determine the optimal values
of �f , �g , and �θ by plotting the � curves, as shown in Figures -. Here Pr =  is chosen.
From these figures, it is found that the appropriate HAM auxiliary parameter(s) � can
always help to reduce the residual errors of the HAM analytical approximations. This can
be deemed as the principal rule for the evaluation of the validity and correctness of the
selected value(s) of �.

We then check the accuracies of these explicit solutions. Firstly, we use BVPh . to
solve this problem and compare the results with HAM approximations (see Figure ). It
shows that the results of HAM are valid. Particularly for φ = , this problem is identical
to Wang’s problem []. In this situation, we compare our analytical approximations for
f ′′(), g ′′(), f (∞), and g(∞) with Wang’s results [], and very excellent agreement is
found, as shown in Table . On the other hand, it is convenient to obtain the residual errors
of these HAM approximations by means of ()-() as well. As seen from Table , for
carefully selected optimal values of �f = �g = �θ = –, the logarithms of the residual errors
decrease dramatically with increasing of the HAM computational orders. This provides
us with numerical evidence that our series solutions are convergent. In our computation,
all the residual errors are less than . × –.



Zhao et al. Boundary Value Problems  (2015) 2015:64 Page 11 of 18

Figure 3 ��� curve for (74). Solid line: first-order approximation. Dashed line: fifth-order approximation.
Dash-dotted line: tenth-order approximation. Dash-dot-dotted line: 15th-order approximation.

Figure 4 ��� curve for (75). Solid line: first-order approximation. Dashed line: fifth-order approximation.
Dash-dotted line: tenth-order approximation. Dash-dot-dotted line: 15th-order approximation.
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Figure 5 Comparison of the BVPh 2.0 results with the HAM results in case of c = 1/2, λ = 1 and φ = 0.1.
Symbols: BVPh 2.0 results. The HAM results: solid line: f ′(η), dashed line: g′(η), dotted line: θ (η).

Table 2 Comparison of the 20th-order HAM approximations with Wang’s results [35] (marked
with an asterisk)

c 0 0.25 0.50 0.75 1

f ′′(0) –1 –1.048811 –1.093095 –1.134486 –1.173721
f ′′(0)∗ –1 –1.048813 –1.093097 –1.134485 –1.173720
g′′(0) 0 –0.194564 –0.465205 –0.794618 –1.173721
g′′(0)∗ 0 –0.194564 –0.465205 –0.794622 –1.173720
f (∞) 1 0.907151 0.842386 0.792302 0.751497
f (∞)∗ 1 0.907075 0.842360 0.792308 0.751527
g(∞) 0 0.257994 0.451678 0.612135 0.751497
g(∞)∗ 0 0.257986 0.451671 0.612049 0.751527

Table 3 Residual errors for various order HAM computation with ��� = –1, c = 0.5 and Pr = 1

kth-order X Err Y Err T Err

1 1.3778× 10–3 2.2158× 10–4 4.2787× 10–3

5 9.6968× 10–8 6.7691× 10–8 9.1674× 10–6

10 3.2657× 10–11 3.1218× 10–11 1.4527× 10–7

15 4.0317× 10–14 4.1084× 10–14 4.0237× 10–9

20 7.0457× 10–17 7.3800× 10–17 1.5154× 10–10

The nanofluid is Cu-water.

4.2 Asymptotic analysis
We now examine the asymptotic behaviors of the velocity profiles f ′(η) and g ′(η), and the
temperature profile s(η) at far field. According to the boundary conditions () and (),
for considerably large η, it is well known that

lim
η→∞ f ′ → , lim

η→∞ g ′ → , lim
η→∞ θ → .
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Integrating f ′ and g ′ with η once, we obtain

lim
η→∞ f → α, lim

η→∞ g → α, ()

where α and α are integral constants. For physical requirements f ′ ≥  and g ′ ≥ , it is
readily seen that α ≥  and α ≥ .

For considerably large η, we suppose f , g , and s can be expressed by

f = α + F , g = α + G, θ = S, ()

where F , G, and S are negligibly small.
Substituting () into ()-() and linearizing them, we obtain

εF ′′′ + αF ′′ = , ()

εG′′′ + αG′′ = , ()
ε

Pr
S′′ + αS′ = , ()

where

α = α + α ≥ . ()

Due to () and (),

F ′ = G′ = S =  as η → ∞. ()

Equations ()-() are linear equations with constant coefficients, their solutions can be
explicitly given as

F ′ = G′ = C exp

(
–

α

ε
η

)
+ C, ()

where C and C are integral constants. Based on the boundary condition () for F ′ and
G′ at far field, it is readily seen that C = . Equation () is then reduced to

F ′ = G′ = C exp

(
–

α

ε
η

)
. ()

Similarly, due to () and its boundary condition (), we obtain

S = C exp

(
–

αPr
ε

η

)
, ()

where C is an integral constant. It can be seen from () and () that F ′, G′, and S (hence
f ′, g ′, and s) approach zero in an exponential decaying manner as η → ∞.

4.3 Effects of the nanoparticle volume fraction φ on the flows
It is well known that φ is the physical quantity for description of the volumetric ratio of
solid nanoparticles in nanofluids. φ =  denotes the pure fluid (Newtonian fluid) and φ ≥ 
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Figure 6 The velocity profiles f ′(η) for various values of φ with c = 1/2. Solid line: φ = 0; dashed line:
φ = 0.1; dash-dotted line: φ = 0.2.

denotes the nanofluids. We now investigate its influence on the velocity and temperature
distributions, as well as the reduced local skin friction coefficients and the reduced Nusselt
numbers of the considered boundary-layer flows.

It is found in Figures  and  that the velocity profiles f ′(η) and g ′(η) decrease continu-
ously as η increases for all considered φ. It is further found that f ′(η) and g ′(η) diminish
more quickly for larger values of φ. The descending trend becomes slower and slower as
φ enlarges. This is due to the boundary layer thickness being proportional to the square
root of kinematic viscosity, which is expressed by νnf = μnf /ρnf in nanofluids. According
to the definitions of (), we have νnf ≈ .νf for φ = . and νnf ≈ .νf for φ = ..
Therefore, the thickness of the velocity boundary layer of the nanofluid is less than that of
the pure fluid.

The variation of the temperature profiles θ (η) with η for various values of φ is plotted in
Figure . Similar to the trend of the velocity variation, θ (η) decreases monotonously with
the increase of η. While φ exhibits a completely different effect on the temperature varia-
tion, the larger the value of φ, the higher is the temperature profile. This can be explained
by the nanofluids having the superior thermal conductivity since the metallic particles,
one of the components of the nanofluid, have better thermal conductivity than pure flu-
ids. As a result, the heat transfer capability of the fluids is improved significantly, which
leads to the enhancement of the temperature profile.

We then consider the influences of the nanoparticle volume fraction φ on the local skin
friction coefficients and the local Nusselt numbers. It is shown by Figure  that both the re-
duced local skin friction coefficients Re/

x Cfx and Re/
y Cfy decrease monotonously with φ

increasing from  to .. This indicates that an increase of the concentration of nanopar-
ticles results in an enlargement of the skin friction in the opposite direction of the wall
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Figure 7 The velocity profiles g′(η) for various values of φ with c = 1/2. Solid line: φ = 0; dashed line:
φ = 0.1; dash-dotted line: φ = 0.2.

Figure 8 The temperature profiles θ (η) for various values of φ with c = 1/2. Solid line: φ = 0; dashed line:
φ = 0.1; dash-dotted line: φ = 0.2.



Zhao et al. Boundary Value Problems  (2015) 2015:64 Page 16 of 18

Figure 9 Variation of the reduced local skin friction coefficients with φ for c = 1/2.

stretching. Based on (), we further find that the local skin friction coefficient in the x-
direction is independent of the parameter c, while the local skin friction coefficient in the
y-direction relies on c and its value is inversely proportional to c/. This means the larger
the value of c, the smaller is the local skin friction coefficient Re/

y Cfy.
Similar to the changing trend of the local skin friction coefficients, the local Nusselt

numbers Re/
x Nux and Re/

y Nuy decrease continuously as φ evolves, but their descendent
rates are slower than those of the local skin friction coefficients, as shown in Figure .
This can be deemed to be due to the increase of the nanoparticle volume fraction φ help-
ing to increase the ratio of convective to conductive heat transfer across the boundary.
This phenomenon again is evidence that the heat transfer conductivity of nanofluids is
superior to that of pure fluids. Also from (), we find that the local Nusselt number in the
x-direction has no relation with the parameter c, but the local skin friction coefficient in
the y-direction is dependent on c and its value is inversely proportional to c/.

5 Conclusions
In this paper, the three-dimensional nanofluid flow and heat transfer in the boundary-layer
region over a flat sheet stretched continuously in two lateral directions has been examined
in detail. The explicit solutions for this flow problem have been obtained by means of the
homotopy analysis method, which exhibits the exponentially decaying behaviors at far
field. Besides, the effects of the nanoparticle volume fraction φ on the velocity and tem-
perature profiles, as well as the reduced local skin friction coefficients and the reduced
local Nusselt numbers have been investigated. It is found that the heat transfer conduc-
tivity of the base fluid can be enhanced significantly as the appropriate metallic particles
in nano-scale are added into the pure fluids. We believe that this work paves the way for a
systematic experimental investigation of the three-dimensional nanofluids flow and heat
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Figure 10 Variation of the reduced local Nusselt numbers with φ for c = 1/2 and Pr = 1.

transfer over a stretching surface. We also believe this work can help researchers to derive
explicit solutions of other boundary layer problems.
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