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Abstract
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1 Introduction
Our main goal is to prove the existence and uniqueness of solutions to the following non-
linear parabolic problem:

W _ diva(x,t,u, Vu) —divo(u) + g, t,u) = f —divF in Q,

at
(P) u=0 on Q2 x (0, T),
u(x,0) = ug in Q,

where €2 is an open bounded subset of RN (N > 1) with Lipschitz boundary 92, T is a
positive constant, uy € L*(R2), Q = 2 x (0, T') with the lateral boundary 92 x (0, T).
Here, we make the following assumptions on 4, ¢, g, f, and F:

(H;) The functiona: Q x R x R is a Carathéodory function and there exist a continuous
function p : Q — (1, +00) and a positive constant « such that

a(x,t,s,€)E > alElP™,  ae. (x,t) € QVseRand V& e RN,

(H2) There exist a continuous function b from R* into R* and a nonnegative function
¢ € IV'®1(Q) such that

|a(x,t,5,€)| < b(|s|)[|é§|’”(’“'t)_1 +cx,t)], ae. (xt)€QVseRand V& € RV

(Hs) (alx,t,s5,&) —alx,t,s,2)) - (§ —¢) > 0 holds for almost every (x,£) € Q and for every
£, eRN with& #¢.
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(Hs) g:Q x R is a Carathéodory function, satisfying sup -, [g(-,5)| = h1,(-) € LY(Q) and
gx,t,s)s>0, forae. (x,¢) e QandVseR.

(Hs) The function ¢ is continuous on R with values in RV,
(He) f € L1*9(Q) and F e (L1*)® ) (Q))N, where g~ > max{1 + %,2}.

As we have seen, problem (P) includes parabolic equation which is nonlinear with re-
spect to the gradient of the solution, and with variable exponents of nonlinearity. Thus it
is natural to solve problem (P) under the framework of Sobolev spaces with variable ex-
ponents. The problem we study here is closely related to the model of electro-rheological
fluids (see [1-3]). For more applications, we refer the reader to [4—17].

In the case of p and g are two constants, the existence and regularity of the solutions
to problem (P) have been intensively studied by many authors. We refer the reader to the
bibliography [18] and references therein. Especially, it is well known that problem (P) have
a weak solution belongs to L>°(Q), provided that g > max{1 + %, 2}

In the stationary case and p = p(x), there have been several results concerning the exis-
tence, uniqueness and regularity of entropy or renormalized solutions to such problems
with ¢ =1 and F = 0; see [7] and [8] for example. More precisely, in [7], it is assumed that
p(x) belongs to W(Q); in [8], it is assumed that p(x) € C(R) satisfies the log-continuity
condition. We also remark that the existence of bounded weak solutions to this type of
problems have been studied in [9-11], assuming that p(x) € C(Q).

Recently some papers appeared in the case of parabolic problems with non-standard
growth. When p = p(x) € C(Q) satisfies the log-continuity condition, the existence and
uniqueness of an entropy solution to problem (P) without lower order terms were proved
in [12], under the assumption f € L'(Q) and F = 0. When p = p(x) only belongs to C(2)
with p~ > 1, M. Bendahmane et al. have also proved the existence and uniqueness of renor-
malized solutions, by the semigroup approach; see [13]. If p € C(Q2) and p~ > 2, the exis-
tence of weak solutions to problem (P) is proved in [14], for ¢ = 0 and F = 0.

When p is Lipschitz continuous with respect to the space variables and g—Hélder con-
tinuous with respect to time, Acerbi et al. [15] studied the regularity results for parabolic
systems without lower order terms and f,F = 0. As p = p(x,t) € C(Q) satisfies the log-
continuity condition and F = 0, Antontsev and Shmarev [16] studied the existence of so-
lutions of similar problems with anisotropic parabolic equation. Moreover, it is worth to
mention that Alkhutov and Zhikov [17] obtained the existence results without any as-
sumption on the regularity of the exponent, if the terms g, ¢, F = 0.

The main idea of this paper relies on [13, 14, 16, 18, 19]. Using Galerkin’s approximation
technique, we shall prove the existence and uniqueness of bounded solutions to problem
(P) (Theorem 3.1 and Theorem 4.1), which generalizes the corresponding results in the
constant exponents. In order to prove Theorem 3.1, a key result (Lemma 3.2) about an L*
estimate for solution to problem (P) is proved.

This paper is organized as follows: in Section 2 we recall some basic notations and prop-
erties of Sobolev spaces with variable exponents; in Section 3, we prove the existence of
solutions to problem (P); in Section 4, we give the proof of uniqueness of solutions to
problem (P).
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2 Some preliminaries and notations
In what follows, we recall some definitions and basic properties of the generalized
Lebesgue space L”* () and the generalized Sobolev spaces W?¥(Q) (see [20] and [21],
etc.).

Set C.(Q) = {h € C(Q) :inf 5 h(x) > 1}. For any & € C,(R2), we define

h* =suph(x) and k™ = inf h(x).

xe xeQ

For any p € C, (), we define the variable exponent Lebesgue spaces L**)() to consist of

all measurable functions such that the modular

op(f) := /Qlf(x) "% dx

is finite, endowed with the Luxemburg norm

u(x) p(x)

”u||LP(x)(Q)=in{)\.>OZ/ dxfl},
Q

Lemma 2.1 (1) The space [’'¥)(Q) is a separable and reflexive Banach space, and its dual
space is isomorphic to 17 (Q), where -~ + -~ = 1. For any u € P"(Q) and v e 7'O(Q),

ORI

/ d <<—1 . )II Il vl
uvdx| < + —— )l o VIl 6o
Q p @) LRI

(2) If p1, p2 € C.(Q) with pi(x) < ps(x), for any x € Q, then there exists the continuous
embedding 17>V (Q) — LPY)(Q), whose norm does not exceed || + 1.

(3) C3°(R) is dense in LW ().

(4) For any u € I’™(Q), we have

1 pr- p* p(*) )’ pt
min 141 161} < /Q )P e < max{ [l o [0 o 2D

(5) Let {v,} C LPW(Q) and v € LP*¥)(Q), the following statements are equivalent:
@) limy—o [V, — V”Uﬂ(x)(g) =0;

(ii) im0 /Op(Vn -v)=0;

(iii) v, converges to v in measure and 1im,_, oo pp(Vi) = pp(V).

Remark 2.1 Obviously, if p is a constant function, then the variable exponent Lebesgue
space coincides with the usual Lebesgue space.
Set
W(Q) = {u e LFY(Q) : | Vu| € LP9(Q)},

where the norm is defined by

”u”\vl,p(x)(g) = ||u||uﬂ(x)(gz) + ||V’4||Lp(x)(g)- (2.2)
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The space W'*®)(Q) is called a generalized Sobolev space. By Wé‘p (x)(Q) we denote the
subspace of W™ (Q) which is the closure of C5°(€2) with respect to the norm (2.2). We
denote the dual space of Wé’p(x)(ﬂ) by (Wé’p(x)(ﬂ))*.

Lemma 2.2 (see [21] or [22]) The space W'"*W(Q) and Wé’p ) () are reflexive Banach
spaces. For any u € Wé’p(x)(ﬁ), the Poincaré inequality

2]l ooy < el Vitll oo ) (2.3)

holds true, where c is a constant depending on 2, N, and p.

Lemma 2.3 (see [20]) Letp,d € C,(Q) withp* < N and d(x) < p*(x) := ]\]I\[f’T% almost every-
where in S, then there is a continuous and compact imbedding Wé'pw(Q) s [40(Q),

and
N2l zar gy < ClIVtll oo (2.4)
where C depends only on Q, N, p*, and d*.

Remark 2.2 In general, the smooth functions are not dense in W#®(Q) (see [21]). How-
ever, if the exponent p(x) is assumed to be log-Hoélder continuous, i.e. there exists a positive
constant C such that

1
|p(x) —p(y)| < , foranyx,ye Qwith |x—y| < X (2.5)

—loglx -y
then the smooth functions are dense in W7® () and W,” Q) = wr®(Q) N Wt (S2)
(see [20, 21]). Moreover, if p € C, () satisfies (2.5) and p* < N then the Sobolev embed-
ding holds also for d(x) = p*(x), i.e. W"*W(Q) < LP*®(Q). As in [13, 23], we do not need
these condition to prove our result and will most exclusively work with p € C,($2). We
also observe that Wé’p ®(Q) is stable by composition with Lipschitz functions, even if for a
function v € W™ (Q) having trace zero does not guarantee that v € Wé’p (x)(Q). In other
words, if L : R — R is Lipschitz continuous such that L(0) = 0 and v € Wé’p (x)(Q), then
Lv) e W&’p(x)(ﬂ). For more details, one can refer to [13, 23] for example.

Now, for any p € C,(Q), we define

+

p" = sup p(x,t) and p~ = inf p(x,2).
(®HeQ (®)eQ

We may also consider the generalized Lebesgue space
! (w1
LPe0(Q) = {u : Q = R; u is measurable with / / |u(x, t) |p U dxde < oo},
o Jao
endowed with the norm

T
Ilullmx,:)(@:inf{k>0; [
0 Q

which obviously shares the same type of properties as L’ ().

u(x, t)
A

p(x.t)
dxdt <1 } ,
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We will also use the standard notations for Bochner spaces, i.e., if g > 1 and X is a Banach
space, then L7(0, T; X) denotes the space of strongly measurable functions «: (0, T) — X
for which ¢ — |Ju(t)||x € L1(0, T). Moreover, C([0, T]; X) denotes the space of continuous
functions u : [0, T] — X endowed with the norm ||| c(o,1},x) := maXee(o, 1] l14(¢) | x-

For any given k > 0, the truncation function T} is defined as follows:

k, s>k,
Ti(s)=13s,  |s| <k (2.6)
-k, s<-—k.

We use C(64,05,...,0,) to denote positive constants depending only on specified quan-
tities 64,64, ...,0,,. Throughout this paper, the notation X* denotes the dual space of a
Banach space X.

3 Existence of weak solution to problem (P)
First of all, we shall give the definition of weak solution to problem (P). To do this, we need
to introduce the following Banach space:

W (Q) = {u is measurable : u € L (0, T; Wé’p(x‘t)(Q)) and |Vu| € LF®)(Q)} (3.1)
endowed with the norm

lleellwi@ = M2ll - o 7y1rteo) gy + IV Ul oo -

Remark 3.1 The space W(Q) is reflexive and separable. Moreover, there exists an equiv-
alent norm of W(Q):

lullw = IVull o (-
As in [13], we have the following result.

Lemma 3.1 (i) We have the following continuous dense embeddings:

17°(0, T3 Wo? () <> 177 (0, T3 (W™ () <> W(Q)

L1 (0, T Wo () <5 17 (0, T Wy (). (3.2)

In particular, 2(Q) is dense in W(Q) and

177 (0,5 (W ()')

—L® (0, T; (W,"™(2)") = W*(Q)

L (0, T; (W™ (2))") =LY (0, T; (W (Q))"). (3.3)

(ii) If T € W*(Q), there exists fy € L’*)(Q), F = (fi,...,fx) € IP*D(Q)N such that T =
fo—divF, and

T
(T, V)W‘(Q),W(Q) = / ffbV+F . Vdedt, Yve W(Q)
0 Q
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Furthermore, we have

1T llw(@ = max{[[fill sy i = 1,-.., m}.
(iii) If v € W(Q) with v; € LN(Q) + W*(Q), then we have v € C([0, T1; L(2)). Furthermore,
if'v e W(Q) N L®(Q) with v, € LN(Q) + W*(Q), then v € C([0, T}; L2(Q)).
(iv) If v e W(Q) N L%(0, T; L3(R)) with v; € W*(Q), then v € C([0, T]; L*(R)).

Proof of Lemma 3.1 The proofs of results (i) and (ii) are similar to [24], the proofs of (iii)
and (iv) are similar to [25]. We omit the details here. O

Now we give the definition of weak solutions to problem (P).

Definition 3.1 A function u(x,t) € W(Q) is called a weak solution of problem (P), if
a(x, t,u, Vi) € (L7 S (Q)N, ¢(u) € (P ®)(Q))N, and g(x, £, u) € L'(Q) such that such that

0
a—l: —diva(x, t,u, Vu) —divo(u) + gx, t,u) = f —divF  in 2'(Q) (3.4)
with u|t:0 = Ug.

Remark 3.2 Note that if u is a weak solution of problem (P), then u € W(Q) and u, €
LY(Q) + W*(Q), so u € C([0, T1; LY(R2)). Therefore the initial condition u|;—¢ = #, makes

sense.

Remark 3.3 If u is a solution of problem (P), by Remark 3.2, the equality (3.4) reads

TIou T T
/ <—,n>dt+/ /[a(x,t,u,Vu)+¢(u)]Vndxdt+/ fg(x,t,u)ndxdt
o \0t o Ja 0o Ja

T T
:/0 /er)dde/O /QFVndxdt, Vn € W(Q)NL™(Q), (3.5)

where (-,-) denotes the duality pairing between W*(Q) + L(Q) and W(Q) N L>°(Q).

In order to find some estimates for weak solutions and also to get the uniqueness result,
the following integration-by-parts-formula is needed (of which the proof will be given in
the Appendix):

Lemma 3.2 Let ¢ : R — R be a continuous piecewise C* function such that ¢(0) = 0 and

@ is zero outside a compact set of R. Let us denote ¢(s) = fos o(r)dr. If u € W(Q) with 3—’: €
W*(Q) + LNQ) and if Y € C*(Q), then we have, for any t € (0, T|,

fOT<%,¢(M)X<o,r)<tﬂﬁ>dt= L(¢(u)w)‘t:t dx—/ﬂ(gb(u)w)‘t:() &

—/0 /Q%gﬁ(u)dxdt. (3.6)

From the proof of Lemma 3.2, it is easy to obtain the following conclusion.
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Corollary 3.1 Let u € W(Q) with 3—’: € W*(Q) + LYQ). If ¢ : R = R is a continuous func-
tion such that ¢(u) € W(Q) and ¢(u) € C([0, T; LX(Q)), then (3.6) holds true.

Theorem 3.1 Letp € C,(Q), assume that (Hy)-(Hg) hold, then problem (P) admits at least
a weak solution u € L*(Q) N C(0, T; L*(R2)).

Before giving the proof Theorem 3.1, we need an L* estimate which is stated as follows.

Lemma 3.3 Let u € L*(Q) N C([0, T); L*(R2)) be a weak solution to problem (P) and sup-
pose that the assumptions of Theorem 3.1 hold true, then there exists a positive constant M
such that

lletll ooy < M, (3.7)

where M is a positive constant only depending on p~, p*, o, N, Q, ||f 4~ (@) 4ol () and
s
IHETP T lza (@)-

Remark 3.4 It is well known that if p > 1 is a constant function, then one may obtain an
L™ estimates for u provided that g > max{1 + %, 2}. The above result is a generalization of
the corresponding result in the constant exponent case.

To prove Lemma 3.3, we need the following result, which can be viewed as a generaliza-

tion of Lemma 4.1 in [18].

Lemma3.4 LetY,,n=0,1,2,..., beasequence of positive numbers, satisfying the inequal-

ities

Yon < cb"[YP +YP 4 1Y), (3.8)
where j is a positive integer, ¢,b > 1 and B; are given positive numbers with

B = lnillig,{ﬁi} > 1
Assuming that

-1

Yy < (Cj)ﬂ__}l bB-1? (3.9)

then lim,_, o Y, =0.

Proof of Lemma 3.4 The proof is by induction as in [18]. However, the details of the proof
are omitted. In order to be complete and self-contained, let us briefly explain the argument.
In view of (3.9), we get 0 < Yy < 1. Thus, by (3.8) and (3.9), we get

1 1+p

Yl =< (C])TTb_ w )

where u =8 -1.
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Obviously 0 < Y7 < 1, thus, using (3.8) again, we have

1 _2p

Y, <(g)rb » .

By induction, we easily find that

l+np

Y, <(c1)ﬂb u

Letting # tend to infinity in the above inequality, we obtain the desired result immedi-
ately. O

Proof of Lemma 3.3 Set M = ||u||1(q). Without loss of generality, we may assume M >
2|tz (q). For every k with max{”u()”LDO(Q),M —1} <k <M and any given t € (0, T),
taking n(x, t) = signu(|u| — k), x(0,r)(¢) as a test function in problem (P), we obtain

<%,signu(|u|—k)+x(o,t)(t)>+/Or/s;a(x,t,u,Vu)V(signuOm—k)+)dxdt
+/0 /qu(u)V(signu(lul—k)+)dxdt+/0 /Qg(x,t,u)signu(lul—k)+dxdt
=/I/fsignu(|u|—k)+dxdt+/rjFV(signu(|u|—k)+) dxdt. (3.10)
0o Ja 0o Ja

For the first term of (3.10), by Lemma 3.2 (or Corollary 3.1) we have

ou 1
<8—1Z,51gnu(|u| —k)+>= E/Q[(|u(x,z)| —K).,] dx. (3.11)
Set
T
Ax(t) = {x eN: |u(x, t)| > k}, Y (k) =f meas A (¢) dt.
0

Concerning the second term of (3.10), we estimate as follows:
/ / alx,t,u, Vu)V (signu(|u| - k) ) dxde

>(x/ / V(jul - k), " dede. (3.12)
Ax()

Since 1 < p~ < p(x, t), applying Holder’s inequality we have

// |VulP” dxdt
Ar(e)
// |Vu|”xtdxdt+/ |Vu|dxdt
Ay () Ap(2)

/ / |VulP®0 ddt + (/ / |VulP dxdt) w(k) 7
Ap(2) Ag(®)

=

5// |Vu|p(x’t)dxdt+<// |Vu|”dxdt) W(k)
0 JAL®) 0 JAk®)

“_.
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The above inequality and Young’s inequality show that

—/ f [Vul?” dxdt</ / |V [P0 dede + 2

By (Hs), we may assume that ¢ = (¢1, @, . .., ¢n), where ¢; € C(R) for1 <i < N.Let $:(6) =
foe Xin=k@i(n) dn and set é = (¢1,P,..., ), then it is easy to see that, after using the

1//(k) (3.13)

divergence theorem,
T T
/ /¢>(u)V(signu(|u|—k)+)dxdt=/ /X{|mzk}¢>(u)~Vudxdt
0o Ja o Ja

:/T/ div ¢ (u) dx dt
0 Ja

_ / ' / $(w)-7idsde =0, (3.14)
0 Q2

where 7 is the outward pointing unit normal field of the boundary 9.
Recalling that M-1<k<M,itis straightforward that

T
fsign u(|u| - k)+ dxdz
Q

T 1
< / Fldede < [l v T.  (3.15)
o Ja

For the second term of the right hand side of (3.10), we have

‘ / T / FV(signu(|u|—k)+)dxdt’
<C(a,p") / / |F|P T dxdt + & 1)/ / [Vul? dxde. (3.16)
It follows from (3.10)-(3.16) that
5 [0, Foaes S0 [T (9t | s
= C(a,p‘)[( fo I /A . |7 dxdt) " + |tf||m—<@]1/f(k>l‘ql + ‘”_p—flw(k).

Taking the supremum for 7 € [0, T'], we obtain

ozlrlls)T/sz[(W'_ K. ] (T)dx+ / / V(Jul - |p dxdt

< Cletp™ N, If @ | E1F |1 )W R + 2P—jw<k>. (3.17)

Now considering the sequence

k,,:f\/[—s—i, forn=0,1,2...,
2}’1
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replacing k by k, in (3.17) and using Lemma 3.1 of [18], we find that

P(N+2)

(2,11) R

= [0, 7 arar
Q

Sc(p_’N)<oi?<pT/sz[(lu|_ dx) / / |u|—k,, |p dxdt

< Ca,p N, |Ifllza (o = ”Lq (Q)

s [P )T+ (o) ][ (o) T 4 () ]
Co[W (k)P + () + Y (k) + k)], (3.18)

r_
where Co := Cla,p~, N, ||f Iz (@) IIF17 1 l|za~ (@) and

(1-1\(1. 2 L
G (8

1\p v
=1 1-— )—, =1+—.
Ps +< q‘)N Pa +N

The equality (3.18) is equivalent to

P lhner) < Co22B"e R [ () + 9 ()2 + 9 (k) + 9 (K) ], (3.19)

P~ (N+2) (N+2

where b=2"~

It follows from Lemma 3.4 that

lim ¥ (k,) =0, (3.20)
n—00
provided
* — -1
Y ko) <c ( COWH)) =

here B = min; ;<4 {8;}.

In view of (3.20), we arrive that
lul <M-—e, (3.21)

which contradicts the definition of M.
Since

VI\? Yava v T
(5) vwr=(5) v(5)=/ [ asar
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M 2\? T _
w(;) < (1\_4) fo /Q|u|1’ dxdt,
2

we have a contradiction of (3.21) if ( T fo fQ |ulP” dxdt < c¢*. Hence, we conclude that

M =<2( (/ /|u|” dxdt)i. (3.22)

Now taking n(x, £) = u as a test function in problem (P) and arguing as in (3.13), we find
that

/Quz(r)dx+w‘/1/ [Vul? dxde
§C(a / /|F|P 1dxdt+ )/ /|Vu|p dxdz

+1\71/ /lfldxdt+||uo||§x(9>, (3.23)
0 Q

where we have used similar results to (3.14) and (3.16).

Taking the supremum for 7 € [0, T], we have

-—1) (7 _
sup /uz(r)dx+M/ fqullZJ dxdz
o<r<TJaQ 2p- o Ja
T - T
§C(ot,p_)/ /|F|ﬁ dxdt+M/ /|f|dxdt+||u0||§m(m
0 Q 0 Q
T -
SC(a,p_)/ /lFIﬁ dxdt
0 Q

1 T
+2C(Q,N)(c*) 7 ||Vu||Lp-(Q)/ /[f|dxdt+ ||uo||%oo<9), (3.24)
0o Je

where we have used the Poincaré inequality, (3.22), and (3.23).
Applying Young’s inequality and the Poincaré inequality in (3.24), we obtain

T L_
( / / |u|v‘dxdt>” < oy 2N If s @
0 Q

From (3.22) and (3.25), we obtain the desired result of Lemma 3.3. O

= “M )’ ||”0||L°°(Q)). (3.25)

To prove Theorem 3.1, we have to consider approximating problems. We define a trun-
cation a of a by

a(x, t,s,&) = a(x, t, TM(S),S), ae (x,t) e Q,VsecRand & e RN,

where M is defined as in Lemma 3.3.
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Similarly, the truncation ¢ of ¢ is defined as

¢(s) = ¢(Tu(s)), VseR.
For each ¢ > 0, we define

g, t,5)

— e (xt)eQ,VseR,
Trelgneg) o WHEQYs

&, t,s) =
and the sequences {f.} € C>°() and {F.} C C>*(R2) such that
fo —f strongly in L1*9(Q), F. — F stronglyinF e (Lq(x’t)(pi)/(Q))N.

Obviously, the function 4 satisfies (H; ), (Hs) with a replaced by a. Moreover, due to (Hy),
there exist ¢ € L#')(2) and a constant by, > 0 such that

|a(x,t,5,8)| < bulEPED1 L E(x,8), a.e. (x,8) € Q,Vs € Rand V& e RV, (3.26)
Now, we introduce a family of approximate problems:

aai; —diva(x, t,u,, Vu,) — divo(u,) + g (%, t,u.) = f. —divF, in Q,
(Py) u, =0 on a2 x (0,7),

ug(x,0) = ug in Q.

In the following, we prove the existence of weak solutions of problem (P.). We will solve
problem (P,) by Galerkin’s method.
For every fixed ¢ € [0, T], we introduce the Banach space

Vi) = {u is measurable : u € L2(Q) N Wé‘p(x’t)(ﬂ)} (3.27)
endowed with the norm

lllvie = Nl 2(@) + I Vatll ooy -

It is easy to see that V;(f2) is reflexive and separable as a closed subspace of W/é’p ()N
L?(R2). Hence there exists a countable set of linearly independent functions {¢;}°, €
C5°(R2) consists a basis of V;(€2). Without loss of generality, we may assume that {¢;}?5

also forms an orthonormal basis of L2(£2). Fix now a positive integer 7 and let

Vin = span{gy, ..., @y}

One can check that, for any given v € W(Q) N L*(Q), there is a sequence v/, (¢) € C'[0, T]
such that

m

Vi = vaﬂ(t)wi — v strongly in W(Q) N L*(Q).
i=1
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Now we consider the following approximate problem: find

Un(£) = Yl (D (3.28)

i=1

where the coefficients u/,(¢) satisfies

ity _ _
/ Lwdm/[a(x,t,um,Vum)+¢(um)]-Vsoidx+/gg(x,t,um)<pidx
Q 0t Q Q

- [ 1t~ divE g (3.29)
Q
fori=1,2,...,mand 0 <t < T, where
uin(0)=/ uo(x)g;dx, i=1,2,...,m.
Q

The existence result of problem (3.28) and (3.29) is stated as follows.

Lemma 3.5 Fixed ¢ > 0, for each positive integer m =1,2,..., there exists a function u,, of
the form (3.28) satisfying (3.29).

Proof of Lemma 3.5 In order to prove our results, we introduce the following notations.
For any element of v € V, we denote by

Vi = {vl,vz,...,vm} eR”

associated with the projection v of v on V,,,, i.e. v € R such that
m
Vi = Zv’goi — v stronglyin V, as m — +oo0.

i=1

Let G” be the mapping from R” into itself whose ith component is

(6", - [

[Ez(x, L Vi Vi) + qS(vm)] -V dx + / g (%, 8, Vi) ;i dx,
Q Q

respectively.
Also we define F™(t) to be the vector of R” whose ith component is

[F’”(t)]i = / (fg(x, t) —div F. (%, t))gpi dx.
Q
With the above notations, the problem (3.28) and (3.29) can be written as follows:

%ﬁm(t) + G (i (2)) = F™(2), i (0) = {u,(0),142,(0),..., un(0)}. (3.30)

It is easy to check that G and F™(¢) are continuous. Hence, the ordinary system (3.30)

has a local C! solution #,,(t) on some interval [0, t,,], where ¢,, is a positive number.
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Now we prove that £, = T. We still need some a priori estimates for the sequence of

Multiplication of the first equality of (3.30) by i,,(¢) and integration over (0, t), we obtain

1 t t _
—Hum(t)||§2(m+ / / (%, t, s, Vi) Vit dx dt + / f G (W) Vit dx dt
2 0 Ja 0o Ja

t
+ / / gs(xr t, Mm)btm dxdt
0 JQ

t
1

Note that fot Jo & (1) Vs, dxdt = 0, by Young’s inequality, assumption (H;) and (Hy) we
get

1 t
— [ wm(2) ”;(Q) + oz/ / Vg, [P*) dxdt < C, (3.32)
2 0 Ja

which implies that #,,(¢) remains bounded as ¢ tends to T}, where C is a positive constant
independent of m.
Since #,,(t) does not blow up whenever ¢ tends to £,,, the system (3.30) admits a global

solution on [0, T]. Thus, we have finished the proof. O

Proof of Theorem 3.1 The proof is divided into three steps.

Step 1: we prove the existence of solutions to problem (P;).

In view of (3.32) and Lemma 2.1, we infer that the solution u,,, obtained in Lemma 3.5 is
bounded in W(Q) N L>®(0, T; L*(K2)) with respect to m. Hence, there exists a subsequence
of {u,,} (still denoted by {u,,}) such that as m — oo,

Vi, — Vu, weakly in (Lp(x")(Q))N and weaklyx in L™(0, T; L*(R)), (3.33)

um — e weaklyin I? (0, T; Wé’p(x‘t)(Q)), (3.34)
and

a(x, t, y, Vi) = & weakly in (Lp/("’t)(Q))N. (3.35)

Moreover, we have

O,
% is bounded in W*(Q) with respect to m,

Ly s ) N Np~ Ns .
Wo? (Q) > L(Q) C (WéK(Q)) , forl<s< N_p and A > m,p .

By the above results, Lemma 3.1, it is easy to see that

aalt’” is bounded in L& (0, T; (W/é’k(Q))*) and

Uy, is bounded in L¥ (0, T; Wé’p_(Q)).
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Then using an Aubin’s type lemma (see Corollary 4 of [26]), we conclude that {u,,} con-
tains a subsequence strongly convergent in L3(Q), where 3 = min{p™, s}. Thus, we can also

draw a subsequence of {u,,} (still denoted by {u,,}) such that
Uy —> U, a.e in Q. (3.36)

Since u,, satisfies (3.28) and (3.29), it is easy to see that for all ¢ € C}([0, T]; V,,,) and © €
(0’ T])

T 9 - T B _
/ /Lgodxdt+/ /[a(x,t,um,Vum)+¢(um)]~Vg0dxdt
0o Jo 0¢ 0o Jo
+/ /gg(x,t,um)gpdxdtzf /[fg—dist]godxdt. (3.37)
0 Ja 0o Ja

Since, for any given ¢ € C'(0, T; C5°(R2)), there exists a sequence ¢,, € C*([0, T]; V;,,) such
that ¢,, — ¢ in C1(0, T; C5°(2)), we have

m—> 00

0ttyy,
lim/ /—(pdxdt: hm/ /Lgomdxdt Vg € C1(0, T; C(92).

As a consequence, it follows from (3.33)-(3.36) that

lim/ f—wdxdt+/ /(§g+<§(ug))-V<pdxdt+/ /gg(x,t,ug)(pdxdt

:/ /[;g ~divF]pdxds, Ve e C'(0,T;C(RQ)), 7 € (0, T]. (3.38)
0 Q

To identity the term ¢, we shall prove the following result:

T T T T
m/ f fZz(x,t,u,,,,Vum)Vumdxdtdtff f /§8Vusdxdtdr. (3.39)
m=Jo Jo Ja o Jo Ja

For this purpose, we need to choose an appropriate test function ¢ in (3.38). We will use
the regularization method of Landes [27]. We define the regularization in time of the func-

tion u, by

t
(ue)y(x,8) = v/ "5, (x,0)do forv eN,

(o¢]

where #,(x,0) = u.(x,0) if 0 > 0; u.(x,60) =0 if 6 <O0.
As in [27], the function (), € W (0, T; Wé""x’”(sz)) N W(Q) N L*(Q) satisfies

%(us)v + V((Me)v - Mg) =0

and

(4e)y = u. a.e.in Q and strongly in W(Q).
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In order to deal with a nonzero initial datum (, we now define

(tte)vj = (ts)y (x, 8) + € gy,
where {1} € C§°(2) such that uo; — g strongly in L7 ($2) (for any o > 1) and weakly in
L>(Q).

Obviously, this function satisfies the following problems:

;?_t(us)v,j + V((ua)u,j —ug) =0,

(te)v,jle=0 = uo;.
Moreover, the (u;),;, € W (0, T; Wé'p(x’t)(Q)) N W(Q) N L*(Q) enjoys the property
(4g)vj — u. a.e. in Q and strongly in W(Q). (3.40)
Choosing ¢ = (i), as a test function in (3.38) and taking ¢ = u,, in (3.37), we get

lim lim lim I(m,v,))

]*)OO V—>00 m—> 00

< lim lim hm I(m,v ,])+ 11m lim 11m L(m,v,j)

j—> 00 V—>00 m—> 00 V—>00 m
+ lim lim hm Ii(m,v,j) + hm lim hm 14(m,v 7, (3.41)
]—)00 V—>00 mi—> — 00 V—>00 M-

where

T prt
I(m,v,)) :/ / /[Zz(x, bty Vi) Vit — £V (1), dx de d,

Lmyv,j) = / / [ Bt - o) axar,

(m,v,j) = - / [ [ B9 (- ) anceet,
o= [ [[ [ -t s,
L(m,v,j) = /0 fo /Q o by t) [t = (112)yy] drdedir.

In the following, we pass to the limit in (3.41) as m — 00, v — 00, and then j — oo.

The limit of I;(m, v, j): we rewrite I1(m, v, ) as follows:

L(mv,)) = / / /[%— MS)UI}[MM—(ME)W]dxdth
- /0 /0 ‘ fg 3(21)“” [t — ()] dcdt

=1 + . (3.42)
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For I;;, we have

I =— / f /[aﬂ—a(us Y ][um—(us)v,j]dxdtdt
=——/ / (us)v, dxdt+—/ U (x,0) — uoj] dx

< _/[um(x¢ 0)—M0j]2 dx,
2 Jo

which yields

lim lim lim I; <O0. (3.43)

J—>00 V—>00 m— 00

Using the properties of (1), and (3.36), we get the following estimate for /,:

lim Ij; = lim/ / / (ug)v] ug[ (us)u,]dxdtdt
m— 00 m— 00
= v/ / /[(ug)v,j—us][ug —(us)w’] dxdtdr <O0. (3.44)
o Jo Ja
Substituting (3.43) and (3.44) into (3.42),

lim lim lim I,(m,v,j) < (3.45)

]*)OO V—> 00 m—> 00

The limit of I,(m, v,)), I3(m, v,)), and I,(m,v,)): by (3.33), (3.34), and (3.36), it is easy to

see that
lim lim I (m,v,j) =0, (3.46)
lim lim (m,v,j) = (3.47)
V—> 00 m—> 00
lim lim I4(m,v,j) =0. (3.48)

V—>00 m—> 00

As a consequence of (3.45)-(3.48), we find that

T T
lim/ f f a(x, t, uy, Vi) Vid,, < lim hm/ / /QV(uE)U,jdxdtdr

T T
:/ / /gSVugdxdtdr,
o Jo Ja
i.e. (3.39) holds true.

Step 2: In this step, we identify the quantities ¢., and prove that u, is a weak solution of
problem (P,).
Equation (3.39) implies that, as m tends to infinity,

T prrt
lim / / /[Zz(x,t,um,Vum)—Zz(x,t,um,Vus)][Vum—Vug]dxdtdr <0. (3.49)
Q

m—> 00 0
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As a consequence of (3.49) and (Hj), we have, forany0 <7 < T,

[Zz(x, t, Uy, Vidy,) — a(x, t, 1y, Vug)] [Vu,, —Vu.,] — 0

strongly in LI(Q x [0,7]). (3.50)
At the possible expense of extending the functions of u,, a(x,t,s,§), g(x,t,5), f, and F
on a time interval (0, 7) with T > T, in such a way such that all the assumptions (H;)-(Ha)
hold true and u,, is still a solution of problem (3.28) and (3.29) with T in place of T, we
conclude that the previous convergence result (3.50) holds true in L!(Q), i.e.
[Zz(x, t, Uy Vidy) — a(x, t, iy, Vug)] [Vu,, — Vu,] — 0 strongly in L'(Q). (3.51)
Using (3.33), (3.34), (3.36), (3.51), and arguing as in [28], we see that as m — oo,
i (70 N :
Vu,, — Vu, strongly in (L (Q)) and a.e. in Q. (3.52)
By (3.52), using the Vitali convergence theorem, we get, as m — oo,
alx, t, u, Vidy) — e = alx, t,us, Vu,) strongly in (Lp/(x't)(Q))N. (3.53)
Moreover, it is easy to see that
div ¢(u,,) — dive(u,) strongly in W*(Q) (3.54)
and
ge(x, t, ty) = ge(,t,u,)  strongly in L(Q), Vr > 1. (3.55)

It follows from (3.53)-(3.55) and (3.37) that

Bl 0
% — % strongly in W*(Q). (3.56)

Applying now the Aubin type lemma, by the fact that the sequence {u,,} is bounded in
L>(0, T; L*(R)), we get for s > max{%,p*}

Uy, —> U, strongly in C([O, Tl; (Wé’s(Q))*), (3.57)

which implies that u,|;-¢ = uo.

Recalling that u#, € W(Q) and using the result (iv) of Lemma 3.1, we deduce that u, €
C([0, T]; L*(£2)). Combining this fact with the above convergence results and (3.38), we
see that i, is a weak solution of problem (P;).

In the following, we prove that u. belongs to L*°(Q). Let k be chosen so that k >

lle20 |l o0 (2), and take n,(x, t) = signu.(Jue| — k)4 x(0,7)(£) as a test function in problem (P;),
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we obtain
oue . . .
<¥,51gnu£(|ug|—k)+x(0,r)(t)>+/ /a(x,t,us,Vug)V(51gnus(|u5|—k)+)dxdt
0o Ja
+/ fé(ue)V(Signus(|u£|—k)+)dxdt
0o Jo
+/ /gg(x,t,ug)signug(mgl—k)+dxdt
0o Ja
:/ /(];+diVF8)signu£(|us|—k)+dxdt. (3.58)
0o Ja

Firstly, by Young’s inequality and the Poincaré inequality, we get for any § > 0

‘f /(fs +dist)signue(|u8| —k)+dxdt‘
0 Jo

T _
< C@)|fs + div Fe|| oo (e (k) + 5/ / |V (luel - k), |7 dxde, (3.59)
0 Ape (2

where Ay (£) = {x € Q : |u(x, t)| > k} and ¥, (k fo meas Ay (¢) dt.

Secondly, it is easy to see that estimates (3.11)-(3.14) still hold with u, instead of u, Ay ()
instead of Ax(t), and ¥ (k) instead of ¥ (k). Hence, taking § small enough in (3.59) and then
applying all these results in (3.58), we get

sup /[(|M8|_k (r)dx+/ / V(lue| - k) |p dxdt < Coa (K),
0<t<T

where C, = C(a,p~, 2, N, ||f; + div F¢||100()). Therefore, for [ > k, by Proposition 3.1 of [18]

we have

,Nz
(U= (e () 70D (/I el —K) | dxdt>”w )
< Cear (W (k)7 it (3.60)

where C;; is a positive constant. Taking k = ||ug || . (q), we obtain

W)t < — L ¢l

I = luo ||z ()

Then it follows that there exists a constant o, > 1 such that

(N+2)(N+p )

ve(l) <

forany [ > o, + [luo || (@)- (3.61)

Let us consider the sequence k, = M.(2 — 27"), where M, = max{o; + ||uo|lz0(), Ce1}-
Replacing /, k by k1, k, in (3.60), respectively, it then follows that

(vt = k) (Ve Ghns) 7N < Con (1 (k)7 009,
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which implies that

p_(N+2)

2C€ N np~ (N+2) +1£
Velknsr) < ( Ml) 2% (Ve kn) N
&
<2 W2 (k) (3.62)

Obviously, (3.61) holds for [ = k. Hence, by Lemma 3.4 and (3.62), we have u, € L*(Q)
such that ||z, Iz () < M.

Since u, € L*(Q) N C([0, T]; L*(R2)) is a weak solution of (P;), using the same argument
of Lemma 3.3 we get

lzte |l Lo(@) < M, (3.63)

where M is defined as before.

Step 3: In view of (3.63), we have
ax,t,us, Vi) = a(x, t,ue, V) and  d(ue) = d(ue). (3.64)

Choosing u, as a test function in (P;), it follows from (H;)-(Hg) that

1 T
5||u£(t)||i2(m +a / / |Vu [P*) dxdt < C, V€ (0,T],
0 JQ

where C is a positive constant independent of ¢.

Hence, arguing as before, up to subsequences (still denoted by {u.}), we infer that
Vu, — Vu weakly in (L”("'t)(Q))N and weakly* in L*(Q) (3.65)
and
ue —~u weakly in L7 (O, T; Wg’p(x’[)(ﬂ)). (3.66)
Moreover, we have
ot e 1 .
Ty is bounded in W*(Q) + L*(Q) with respect to ¢,

which implies that

du, -
B_Mt is bounded in L! (0, T; (WS’A(Q)) ) with respect to ¢, for A > N.

Then the same argument of (3.36) shows that for subsequences of {u,} (still denoted by
{uc}),

U, —>u a.e. in Q. (3.67)
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Proceeding as in the proof of (3.53), we get
a(x,t,u., Vu,) — a(x, t,u, Vu) strongly in (L”/("'t)(Q))N. (3.68)

Obviously, we also obtain u € W(Q) N L*(Q) and % e W*(Q) + LYQ), thus u €

C([0, T); L*(S2)). Furthermore, we get u|;-¢ = uo. Thus, let ¢ — 0 in (P,), with the help of
(3.63)- (3.68) and assumptions (H;)-(Hg), we deduce that « is a solution to problem (P).
O

4 Uniqueness of weak solutions to problem (P)
In order to get the uniqueness result, we need the following assumptions:

(H7) The function ¢ is locally Lipschitz continuous.
(Hg) For every k > 0, there exist ¢, € Lp/(x’t)(Q) and a constant ¢ > 0 such that

|a(x,t,51,€) — a(x,t,55, )|

<lIsi = 2l [BIEPI T + Gl D), ae (1) €Q, (4.1)

for every V& € RN and every [s;| < k and |sy| < k.
(Ho) g: x [0,T] x R is monotone with respect to the third variable.

Theorem 4.1 Assume p € C,(Q) and the conditions (Hy)-(Ho) hold, then problem (P) ad-
mits a unique weak solution u(x,t) € W N C([0, T); L*(2)) N L®(Q).

Proof of Theorem 4.1 The existence result is proved by Theorem 3.1. In the following, we
prove the uniqueness result. Assume that u, v € WNC([0, T]; L2(2)) N L*®(Q) are two weak
solutions of (P), then taking n = %Tg(u — V) X(0,0)(0), the following equality holds:

T au T T
/ <—,n>dt+f / /[a(x,t,u,Vu)+¢(u)]Vndxdtdt
o \0t o Jo Ja
T T
+/ / /g(x,t,u)ndxdtdr
o Jo Ja
T T T T
:/ / /fndxdtdr+/ / fFVndxdtdr, (4.2)
o Jo Ja o Jo Ja
T 81/ T T
/ <—,n>dr+f / /[a(x,t,V,Vv)+¢(v)]V77dxdtdr
o \0t o Jo Ja
T T
+/ / fg(x,t,v)ndxdtdt
o Jo Ja
T T T T
=/ f /fﬂdxdtdf+/ / fFVndxdtdr. (4.3)
o Jo Ja o Jo Ja

Subtracting equality (4.3) from (4.2) and using Lemma 3.2, we obtain

1 (71 -
5/0 /QTS(u(x,r)—v(x,r))dxdr

1 T T
- / / / [a(x, t,u, Vi) — alx, t,v, V)|V T (4 — v) dxdt de
o Jo Ja
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T pt
+%/0 /o /gz[¢(u)_¢(V)]VT8(M—V)dxdtdr
1 (T [t
+§/0 /0 /Q[g(x,t,u)—g(x,t,v)]Ts(u—v)dxdtdt=0, (4.4)
where Ts(r) = fO’ T.(s)ds.

Denote the four terms on the left hand side by L;(¢), La(¢), L3(¢), and Ly (¢), respectively.
Concerning the first term L, (), we have

T
lile(E):/0 /Q|u(x,t)—v(x,r)|dxdt. (4.5)

e—0

For the second term Ly (¢), in view of (Hs) we get
1 (T[T
Ly(e) = - / / / [a(x, t,u, V) — alx,t,v, Vu) [V T, (u - v) dx dedt

&Jo Jo Ja
1 [T

+ —/ / /[a(x, t,v,Vu) —a(x,t,v, VV)]VTg(u—v) dedtdr
gJo Jo Ja

1 (Tt

> - / / / [a(x,t,u, Vi) — alx, t,v, Vi) |V T (u — v) dxdt dr. (4.6)
gJo Jo Ja
By (Hg), we obtain

1 T T
—/ / /[a(x, t,u,Vu) — a(x, t,v,Vu)]VTs(u—v) dxdtdr
&Jo Jo Ja

<T / [Butl VP07 + Cpr(x, ][I Vit + |V V]| dredt, (4.7)
{lu—v|<e}n{uv}

where M is defined as Lemma 3.3.
Note that

X{lu-vi<einfuzvy — 0 a.e.in Q,
using Lebesgue’s dominated convergence theorem, we find that

1
)

lim
e—0

T T
/ / / [a(x, t,u, Vu) —a(x,t,v, Vu)]VTg(u —v)dxdtdr|=0. (4.8)
o Jo Ja

Combining (4.6) with (4.8), we obtain

@Lz(s) > 0. (4.9)
Similarly to the proof of (4.8), using (H7) we have

lim Ls(e) = 0. (4.10)
Condition (Hy) implies that

Ly(e) > 0. (4.11)
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Let ¢ — 0 in (4.4), it follows from (4.5) and (4.9)-(4.11) that

T
/ /|u(x,t)—v(x,r)|dxdr=0.
o Ja

Hence, we have u = va.e. in Q. O

Appendix
Proof of Lemma 3.2 The proof is similar to the proof of Lemma 7.1 in [29], but we use

another approximation here. For the sake of clarity and readability, we give the details
below.

First of all, by Remark 3.2, we note u € C([0, T]; L}(R2)). We take the Steklov average of
the function u by

1 t+h
uy = E/: u(x, 7)dr.

Appropriately extending the functions u outside (0, T'), we still get u;, € W(Q) with ‘;—‘; €
W(Q) and convergence, as # — 0 strongly to # in W(Q) and a.e. in Q. By the properties of
¢ and Remark 3.2, we also get ¢(uy,) € W(Q) N C([0, T]; LH(R)) and ¢(uy,) — ¢(u) strongly
in W(Q). Hence we have

T u
/ <a—h, w(uh)X(o,r)(t>1lf> dt
o \ ot

Tl [T [ 99w
_fo /ngp(uh)wdxdt_/ofg L dade

- @) e [ @] a- [ [ Sow)arar,

which yields

T1d
/<a_j:"p(”(t))x<0,r>(:>w>dt
0

. T 8uh
= lim — o(up) X000V ) dt
o \ oz

- [ (@) _as- [ @uow)

dx—/ ‘/%gb(u)dxdr.
t=0 0 Q at

Thus the assertion of the lemma follows. O
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