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Abstract
In this paper, we deal with the second-order Hamiltonian system

(%) U-LOu+VWI(t,u) =0.

We establish some criteria which guarantee that the above system has at least one or
infinitely many homoclinic solutions under the assumption that W(t,x) is
subquadratic at infinity and L(t) is a real symmetric matrix and satisfies

|iminf[|t|“‘2 inf (L(t)x,x)] >0
[t]—>+00 Ix|=1

for some constant v < 2. In particular, L(t) and W(t, x) are allowed to be sign-changing.
MSC: 34C37; 58E05; 70HO5

Keywords: homoclinic orbit; Hamiltonian systems; subquadratic potential; indefinite
sign

1 Introduction
Consider the second-order Hamiltonian system

w—Lu+VWI(tu) =0, (1.1)

where t € R, u € RN, L € C(R,RV*V) is a symmetric matrix-valued function, W € C'(R x
RN, R) and VW (t,x) = V,W(¢,x). As usual [1], we say that a solution u(t) of system (1.1)
is homoclinic (to 0) if u(¢) — 0 as t — Fo00. In addition, if #(¢) # 0 then u(¢) is called a
nontrivial homoclinic solution.

The existence and multiplicity of nontrivial homoclinic solutions for problem (1.1) have
been extensively investigated in the literature with the aid of critical point theory and vari-
ational methods (see, for example, [2—17]). Most of them treat the case where W (t,x) is
superquadratic as |x| — oo.

Compared to the superquadratic case, as far as the authors are aware, there are a few
papers [17-20] concerning the case where W (£, x) has subquadratic growth at infinity. In
these papers, since L(¢) is positive definite, the energy functional associated with system
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(1.1) is bounded from below, techniques based on the genus properties have been well
applied. In particular, Clark’s theorem is an effective tool to prove the existence and mul-
tiplicity of homoclinic solutions for system (1.1). However, if L(¢) is not global positive
definite on R, the problem is far more difficult as 0 is a saddle point rather than a local
minimum of the energy functional, which is strongly indefinite and it is not easy to prove
the boundedness of the Palais-Smale sequence.

In [21], Ding studied the existence of homoclinic solutions of system (1.1) under the case
when L(t) is not global positive definite on R and W (¢, x) is subquadratic at infinity. He
obtained the following result.

Theorem A ([21]) Assume that L and W satisfy the following conditions:
(Al) There exists a constant v < 2 such that

172 |irllfl(L(t)ac,x) — +00 as |t| = +00;
2=

(A2) 0 <infyegxj-1 W(t, %) < sup;cp o WL %) < +00;
(A3) There exists a constant u with 1 < u € ((4 —v)/(3 —v),2) such that

0< (VW(t,x),x) <uW(tx), V(tx)eRxRN\{0};
(A4) There exist three constants ay,r1 >0 and 1 < 41 € (2/(3 — v), u] such that
W(t,x) > a|x|*, V(t,x) eR x RN, |x| > ry;

(A5) W(t,0) = 0 and there exist three constants a,ry >0 and 1 < juy € (2/(3 = v), ]
such that

’VW(t,x)| <ax"?7Y, V(t,x) e R x RN, x| < rs.

Then system (1.1) has at least one nontrivial homoclinic solution. Moreover, if W (¢,x) is
also even with respect to x, then system (1.1) has infinitely many homoclinic solutions.

In Theorem A, assumptions (A2)-(A5) imply that there exist positive constants a., a*,
b, and b* such that

b.lx|" < W(t,x) < a.lxl?, V(t,x) R xRN, |z <1, 1.2)

a x| < W(t,x) < b*|x*, V(t,x) eR xRN, |x| > 1. (1.3)

However, there are many potential functions W (¢, x) satisfying (1.2) and (1.3), but not (A3).
For example W (¢,x) = (1 + sin” £)(2]x|>* — 3|x|>/> + 2|x|”/*) is such a potential function. In
particular, Theorem A is only applicable when the potential W (¢, x) is positive definite.

In the present paper, we will use new tricks to generalize and improve Theorem A. For
example, we can replace (Al) by a weaker one (L,):

(L)) There exists a constant v < 2 such that

liminf[|t|”‘2 inf (L(t)x,x)] > 0.

[t|—+00
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We also relax (A3) and (A4) in Theorem A to two of the following weaker assumptions:

(W3) There exist constants by, by > 0 and max{1,2/(3 — v)} < y5 < y4 < 2 such that

bylx|™,  |x] <1,

V(t,x) € R x RY;
h2|x|}’5, |x| ZL

2W(t,x) - (VW (t,%),x) > {

(W4) There exist constants bz, by > 0 and max{1,2/(3 —v)} < y7 < ¥s < 2 such that

bslxl’e, |x| <1,

V(5 x) € R x RY;
b4|x|y7, |x| = 1’

W (t,x) > [

(W3') There exist constants bs > 0, bg > 0 and max{1,2/(3 — v)} < Y9 < ¥s < 2 such that
2W (t,x) — (VW (%), x) > bs|x|"® — bglx|”®,  V¥(t,x) € R x RY;
(W4') There exist constants by > 0, bg > 0 and max{1,2/(3 —v)} < y10 < y11 < 2

W(trx) Z b7|x|V10 - b8|x|7/11, V(tyx) € R X RN;

(W4") limy—o ‘Xf,ﬁ;") = 0o uniformly int € R.

Our main results are the following four theorems.

Theorem 1.1 Assume that L and W satisfy (L,), (W3), (W4) and the following conditions:
(W1) There exist constants max{1,2/(3 —v)} < y1 < ¥» < 2 and a1, a; > 0 such that

|W(t,%)| < a1l + aslx?, V(%) € R x RY;
(W2) There exists a function ¢ € C([0,+00), [0, +00)) such that
VW (t,2)| < ¢(lxl), V(tx) eRxRY,

where o(s) = O(s”™1) as s — 0%, max{1,2/(3 - v)} < y3 < 2.

Then system (1.1) possesses at least one nontrivial homoclinic solution.

Theorem 1.2 Assume that L and W satisfy (L,), (W1), (W2), (W3), (W4) and the following
condition:

(W5) W(t,—x) = W(t,x),V(t,x) e R x RN,
Then system (1.1) possesses infinitely many nontrivial homoclinic solutions.

Theorem 1.3 Assume that L and W satisfy (L,), (W1), (W2), (W3') and (W4). Then sys-

tem (1.1) possesses at least one nontrivial homoclinic solution.

Theorem 1.4 Assume that L and W satisfy (L,), (W1), (W2), (W3'), (W4') and (W5).
Then system (1.1) possesses infinitely many nontrivial homoclinic solutions.

Corollary 1.5 The conclusion of Theorem 1.4 also holds if (W4') is replaced by (W4").
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Remark 1.6 Our results can be applied to the following potential functions:

W (t,x) = (1 +sin® £) (Ja]>* = 32> + x]7*) (1.4)
and
m-1
W (t,x) = dy|x|™ = dilx|™ + dolx| ™, (1.5)

i=2

where m>4,1<11<Ty<---<1,<2andd; >0 fori=1,2,...,m. Note that the above
potential functions are with indefinite signs, and hence Theorem A is not applicable. See
Examples 4.1 and 4.2 in Section 4.

The remainder of this paper is organized as follows. In Section 2, we first define a Hilbert
space E and describe its space structure. Then we state the critical point theorems needed
for the proofs of our main results. The proofs of our main results are given in Section 3.
Some examples to illustrate our results are given in Section 4.

Throughout this paper, we denote the norm of L?(R,RY) by |lu||, = (Jx |u|* de)? for
p > 1, and positive constants, possibly different in different places, by C;, Cy, ....

2 Preliminaries
In this section, we first make the following weaker assumption on L(¢):
(L) The smallest eigenvalue of L(t) — +oo as |t| — +00, i.e.,
|t\lg£loo[|}cr|1:f1(L(t)x’x)] - oo

In order to establish our existence results via the critical point theory, we first describe
some properties of the space on which the variational functional associated with (1.1) is
defined.

In what follows L(¢) is assumed to satisfy assumption (L). We denote by Iy the identity
matrix of order N, I the identity operator. Let {£(1) : —00 < A < +00} and |.A| be the spectral
family and the absolute value of A, respectively, and |. 4|2 be the square root of |.4|. Set
U =1-£(0)—&(0-). Then U commutes with A, |A| and |.A|"?, and A = U|A| is the polar
decomposition of A (see [22, 23]). Let E = D(].A|"/2), the domain of |.4|/?, and define on
E the inner product

(,v)o = (A", |A["?v), + (,v)2, Vu,v€E
and the norm

lullo =/ (u,u)o, Vue€k,

where, as usual, (-, -); denotes the inner product of L2. Then E is a Hilbert space. Clearly,
C® = C°(R,RY) is dense in E.
By (L), L(¢) is bounded from below and so there is [, > 0 such that

) +1ly>1, VieR, 2.1)
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where, and in the sequel,

I(t)= inf (L(t)x, x) (2.2)
xeRN |x|=1
Set
E, = {u € WI’Z(R,RN) : / [|L't|2 + ((L(s) + ZOIN)u,u)] ds< +oo},
R

(u,v)y = /R[(ll, V) + ((L(s) + ZOIN)u, v)] ds, VYu,v€E,

and

1/2
lull = {/R[w% ((L(s)+101N)u,u)]ds} . VucE..

Then E, is also a Hilbert space with the above inner product (-, -), and the norm || - |,.

Lemma 2.1 ([15]) Foru € E,,

1 L 112 + ((L NG ds " 2.3
< -
Il < = . 2{ [0+ (269 + o)) } , (23)
00 1/2
|u(t)| 5{ : m[mh ((L(s)+lolN)u,u)]ds} , VteR (2.4)

and

1/2
|u(t)| < { [Iitl2 + ((L(s) + ZOIN)u,u)] ds} , VteR. (2.5)

t
1
/:oo VI(s) + 1o
Lemma 2.2 Suppose that L(t) satisfies (L). Then E is compactly embedded in 17 (R,RN)
for2 <p <oo,and

(2-p)/2
lullz < 22972 ], f Ju(o)|” dt <

——|ul?, VT >O0. (2.6)
|t>T mln\slzT[l(S) +1o]

Proof In fact, the first part of Lemma 2.2 was proved in [21]. Here, we give the proof of
the second part. From (2.1), (2.2) and (2.3), we have

= ||u||‘;;2/R|u(t)|2d‘5 ”u||1;;2/R((L(t)+[0[N)u,u) dt < 2092y 2.7)
and
-/1&|>T|u(t)|pdt < llulfs? /”>T|u(t)|2dt
) (L(®) + loIn)u, 1)
< ||u||€oszﬁdt
lllse” o 20, 0

- mil’l‘SBT[l(S) + 1] mianT[l(s) + 1]
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By (L), there exists a constant « € R such that
(L), x) > alxl?, VxRN \ {0}. (2.8)

Analogous to the proof of [24], Lemma 2.4, we can prove the following lemma by using
Lemma 2.2.

Lemma 2.3 Suppose that L(t) satisfies (L). Let
E~ =E£(0-)E, E°= [5(0) - 5(0—)]E, E*= [5(+oo) - 5(0)]E. (2.9)

ThenE=E-®E°®E*, and E-, E° and E* are orthogonal with respect to the inner products
(+,-)o and (-,-), on E. Furthermore, the following hold:

dim(E(M)E) < +oo0, VM =0, (2.10)
E°=Ker(A), Au =-|Alu, Aut = |Alu*, VYueD(A) (2.11)
and
u=u +u’+u*, Vuek, (2.12)
where
u =E0-)uek, u® = [8(0) - 8(0—)]u e E°,
(2.13)

u' =[E(+00) - £(0)|u € E*.
In view of Lemma 2.3, we introduce on E the following inner product:
(t,v) = (|A|1/2u, |.A|1/2v)2 + (uo,vo)2
and the norm

lull® = Gy ) = 1A ]2 + 0]

where u =u” +u +ut,v=v + 0 +v* € E- @ E* @ E* = E. Then it is easy to check the
following lemma.

Lemma 2.4 Suppose that L(t) satisfies (L). Then E~, E® and E* are orthogonal with respect
to the inner product (-,-) on E.

Analogous to the proof of [24], Lemma 2.1, Lemma 2.6, we can prove the following

lemma.

Lemma 2.5 Suppose that L(t) satisfies (L). Then the norms || - |lo, || - |+ and || - || on E are
equivalent. Hence, there exists 8 > 0 such that

llull« < Bllull, VuekE. (2.14)
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By virtue of (L,), there exist two constants T > 0 and My > 0 such that

[6°2H) = 1¢"2 inf (L(©)%,x) = Mo, YIt] = To,

which implies
|£]""2 (L)%, x) > Molx|*, V|t| > To,x € RV, (2.15)

Lemma 2.6 Suppose that L(t) satisfies (L,). Then, for 1 < p € (2/(3 —v),2), E is compactly
embedded in LP (R, RN); moreover,

K
/ lu()]” dt < #uun{;, Yu€eE,T>T, (2.16)
[t|I=T
and
» e\ K@) »
flaellfy < [l(t) + lo] de + T ll?, VYu€E, T > Ty, (2.17)
[t|<T
where
B-v)p-2 202-p) 17
s + 50, K(p)= [ﬁ] M. (2.18)

Proof For1<pe (2/(3-v),2),wesetr=[(3-v)p—2]/(2-p). Thenr>0. For u € E and
T > Ty, it follows from (2.15) and the Holder inequality that

1—’7’ %
/ |u(®)|” dt < ( / ||~ p2p) dt) ( / o2 |uo) dt)
e1=T lt1=T [EVY

2 17% 1 177
= (m> [ATO /It ‘ET(L@)u(t),u(t)) dt]

2@2-p)/2 K
< ————|ulf = Mllull’io
Mlg/zr(2—p)/2 T«

TK

From (2.2) and (2.16), one has

llelp = /t|<T|u(t)‘pdt+/|t>T|u(t)|Pdt

e g\ 5 K(p)
S(/ltg[l(t)ﬂo] pI2 p)dt) </t|5r[l(t)+lo]|u(t)‘2dt> + T(f llu)l?

1-5 K
< ( / [1(¢) + 1] 7 dt) hat? + X,
lt|<T T*

For1 <p € (2/(3 - v),2), applying (2.16), we can prove that E is compactly embedded in
LP(R,RN) by a standard argument. d

Lemma 2.7 ([25]) Let X be real Banach space, Q and S be two closed subsets of X, and S
and 3Q link. Suppose that f € C1(X,R) satisfy the (PS)-condition, and that
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(i) there exist two constants n > ¢ such that sup,cyo f(x) < ¢ <n <infyesf(%);
(i) sup,cqf(x) < +00.
Then f possesses a critical value ¢ > 1.

Lemma 2.8 ([21], Lemma 2.4) Let X be an infinite dimensional Banach space and f €
CHX, R) be even, satisfy the (PS)-condition, and f(0) = 0. If X = X; ® Xo, where X, is finite
dimensional, and f satisfies
(i) f is bounded from below on Xy;
(ii) for each finite dimensional subspace X C X, there are positive constants p = p(X)
and o = o (X) such thatf|3pm~( <0 andf|33pm~( <-o,where B, ={x € X : ||x|| = p}.
Then f possesses infinitely many nontrivial critical points.

Lemma 2.9 ([26]) Let X be a real Banach space and f € CHX,R) satisfy the (PS)-
condition. If f is bounded from below, then ¢ = infy f is a critical value of f.

3 Proofs of theorems
Lemma 3.1 Assume that (L,) and (W1) hold. Then, for u € E,

_/]R|W(t,u)|dt§¢>1(T)||14||’/1 + o (Dul, T =Ty, (3.1
where
-4
y1/(27]/1) 2 K(n)
¢(T mﬁm[(/WT dt) e } (3.2)
-2
$o(T) = azﬁ”z[( / o [1(6) + o] ”““”dt) +KT(’K/22)] (3.3)
tl<

and

B-v)n-2 B-v)y,-2
K= ——"—) K= ————
2 2

Proof For T > Ty, it follows from (2.14), (2.17), (3.2), (3.3) and (W1) that

"1 Y2
/R|W(t,u)|dt§a1/R|u(t)| dt+a2/R|u(t)| dt

-3
< al[(/l‘ T[l(t) + lo]_yl/(Z—Vl) dt) + I(Y(-'le)il”ullzl
1-
R az[( / IRCET dt) . Kz(f)} a2
=5
<ap” [(/ﬂq[l(t) + lo]_n/(z_m dt) + K;?]II [

13
+a B [(/lth[l(t) + lo]fyzl(zfn) dt) + KT(J’;Z)] |22

= u(D)lull™ + G2 (T) el . O

S

=
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Analogous to the proof of [17], Lemma 2.2, we can prove the following lemma.

Lemma 3.2 Assume that (L,), (W1) and (W2) hold. Then the functional f : E — R defined
by

@) = 3 (| |~ ) - /R W(t, u)de (3.5)
is well defined and of class C*(E,R) and
(@@, v) = |ut|” = || - /R (VW& u),v) de. (3.6)

Furthermore, the critical points of ® in E are classical solutions of (1.1) with u(+oo) = 0.

Proof of Theorem 1.1 In view of Lemma 3.2, ® € C'(E,R). In what follows, we divide the
rest of the proof of Theorem 1.1 into four steps.

Step 1. ® satisfies the (PS)-condition.

Assume that {u,},en C E is a (PS)-sequence: {®(u,,)}ken is bounded and || ®'(u,)|| — O
as n — +00. In the sequel we write for any u € E

o) {u(t) i (o) <1, 20 - :0 i (o) <1, 32)
0 if |u(t)| = 1; u(t) if |lu)|>1.
Then, by (3.5), (3.6), (3.7) and (W3), we get
(9 (16), ) — 2011 = /R [2W(t,10,) — (YW (6 10,), )] dt
zb1/|u}q|y4dt+b2/|uﬁ|ysdt
R R
= b, |}, + ba 7.
It follows that there exists a constant C; > 0 such that
biflu, |7 + b2l ]|77 < CiL+ ual)).- (3.8)
Since dim(E- @ E°) < +00, there exists a constant C, > 0 such that
[ + i = + ),
= (u;, + uy,uy), + (u, + upy107,),
< oz +aiul Joaall,, + o + 26l [l
= Gl +un (], + [, (3.9)

where y; = y4/(ya — 1) and ¥{ = y5/(ys — 1). Combining (3.8) with (3.9), one has

|ty + ul|* < Csluty + 2] < Call + el ®7* + Nl |275). (3.10)
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Choose T, > Ty, it follows from (3.1) that
/ W (t, u,) dt < ¢1(To)|un || + po(To) ||| (3.11)
R

From (3.5), (3.10) and (3.11), we obtain

e T e 1
= ||u;+u2||2+2<1>(un)+ Hu;||2+2/ W (t, u,)dt
R

< 2C4 (1 + llunl*™ + Nuu*75) + 2D (u)
+ 201 (T) || + 2602 (T2) |14 || 7

< Cs(L+ llutnll™ + Nt 7 + Neanl*7* + N1a,1275). (3.12)

Since 1 <y < y3 <2, 1< y5 < y4 <2, it follows from (3.12) that {||z,||} is bounded, and so

{ll, 1%} is bounded. Choose a constant A > 0 such that

1
2ty lloo < E”un”* <A, nmelN (3.13)
Passing to a subsequence if necessary, it can be assumed that u,, — o in E. Hence u,, — ug
in LY (R, RN); moreover, it is easy to verify that {u,(t)} converges to u(t) point-wise for
all £ € R. Hence, (3.13) yields that ||ug|lcc < A. By (W2), there exists M3 > 0 such that

VW(tx) <Ms|x|?*7, VxeRN |x] <A. (3.14)
For any given number ¢ > 0, we can choose T5 > Tj such that

K(y3)[(W2A)7 + [luol1P]

I <e. (3.15)

Hence, from (2.16), (3.13), (3.14) and (3.15) we have that

/| . ‘VW(t, u,) - VWI(, uo)“un —upldt < 2M3/ (|uk(t)|y3 + !uo(t)’y?’)dt

£1>T3

2M3K (y3)
< (Il + lluoll?)

=T e
2M3K
< 2RO [ aaye + o]
T,
<2Mze, neN. (3.16)
On the other hand, since u,, — ug in L{%.(R, RYN), it follows from the continuity of V W/ (¢, x)
that
T3
/ |VW (£, 1) = VW, 10) ||y — o] dE = 0(1). (3.17)
_T3
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Since ¢ is arbitrary, combining (3.16) with (3.17) we get
/R(v W (t,1,) = VW (&, o), ty, — tho) dt = o(1).
It follows from (3.6) that
(9 (2t2) = @' (0), 0 = o) = ot = 5 |* = 1, — w5
- /R(VW(t, ) = VW (8, ), — tho) dt.
Since (@' (u,) — @' (o), uy — o) = 0(1), it follows from (3.18) and (3.19) that
= w5 ]” = [, = 5]” = 0(0):
Since u, — ug in E and dim(E- @ E°) < +00, it follows that
= 3] + itz - w5 ]” = 0.
Combining (3.20) with (3.21), we have
it = wioll” = [, = w5 |* + | = i | + 5, = 5| ” = 0(0).
Hence, ® satisfies the (PS)-condition.

Step 2. ®(u) - +oo as |lu|| - +oo and u € E*.
It follows from (3.1) that

/ W (t,u)dt < g1 (To)|ull™ + ¢o(To)|lu||”*, VueE.
R
Hence, for u € E7, it follows from (3.5) and (3.22) that

D(u) = —IIMIIZ—/RW(t,u)dt

> ~lull® = pu(To) |ul|” = o To) |u]|> — +00

N= N

as ||u|| > +ooand u € E*, since 1 <y < y» < 2.
Step 3. Taking e € E* with ||e|| =1, there exist so € (0,1) and oy > 0 such that

D(u) < -0y, VueS,:=E ®E® sge.

Set X =E~ @ E® ® Re. For u = u~ + u® + se € X, by (3.5), (3.7) and (W4),

D(u) %(Ilsell2 — | ||2) —/RW(t, u)dt

s> 1|76 21177
5 = sl = ba

Page 11 of 17

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)



Lin and Tang Boundary Value Problems (2015) 2015:111 Page 12 of 17

On the other hand, one sees that

s”|lell5 = (se, se)y = (se,u)y = (se, u'), + (se,u”), < |S|(||e||yé u' ||y6 +lelly lu? ”w)’
where y/ = y6/(ys —1) > ys and y5 = y7/(y7 — 1) > 7. Hence,
s < Co(||u! ”ye + min{ || s> ||y7,1}), Vs € (0,1). (3.25)

Combining (3.24) with (3.25), we have
) < S2 b 1||Ye b 2|¥7
() = 5 = bs|u' |72~ ba] ]
s i .
< = minfba, b2 + (i 7], 1)

= 2 mint, il [a ], + (min{ 4], 1)

IA

2
s _
— — 21" min{bs, by} C, 0570

IA

S2

=5 —Cys’, VYu=u +u’+seeX,se(0,1),

which implies that there exist so € (0,1) and o > 0 such that (3.23) holds.

Step 4. If E- ® E° = {0}, then Lemmas 2.9 and 3.2, Steps 1-3 imply that ® has a minimum
(< 0) which yields a homoclinic solution for system (1.1).

If E- ® E° #{0}, by Step 2, one can take Cg > 0 and r > s large such that

®(u)>-Cs, VYuckE*
and
®(u) >0, VYueE" with |u|| >r.

Let Q =B, NE". Since S, and 9Q link, by Lemma 2.7, —® has a critical point #* € E with
®(u*) < —0p, which is a nontrivial homoclinic solution of system (1.1). O

Proof of Theorem 1.2 Set X = E, X; = E- @ E° and X, = E*. In view of Lemma 3.2 and
Steps 1 and 2 in the proof of Theorem 1.1, X = X; ® X,, dimX; < +oc0, ® € CY(X,R), ®
satisfies the (PS)-condition and is bounded from below on X;. Obviously, (W1) and (W5)
imply ®(0) = 0 and @ is even. Next, we prove that assumption (ii) in Lemma 2.8 holds.

Let X C X be any finite dimensional subspace. Then there exist constants ¢y = cX)>0
and ¢, = ¢(X) > 0 such that

collull < llellys latllyys Nutlloo < cullull,  Vu € X. (3.26)
Since yg > y7, it follows from (3.7) and (3.26) that
ez = a0 + o? (76 < Nudt g + NaellZe™ [,

< ||u1||)}:z + ||u2||Z, Vu e X, cllull < 1. (3.27)
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From (3.5), (3.7), (3.26), (3.27) and (W4, one has

1
0w = (| |*~ | 1) - [ weewar
1
= Slull® = bsfut |12 = bafu?| 7
< 2l ~ minbs, b} el
< 2l = minfbs, b, Vie Koc il <1

Since 1 < y4 < 2, the above implies that there exist p = p(bs, bs, o) = p(X) € (0,¢c;1) and
o =0 (b3, b, co) = o(X) > 0 such that

®(u) <0, YueB,NX;  ®u)<-o, YuedB,NX.

Hence assumption (ii) in Lemma 2.8 holds. By Lemma 2.8, ® has infinitely many (pairs)
critical points which are homoclinic solutions for system (1.1). O

Proof of Theorem 1.3 In the proof of Theorem 1.1, assumption (W3) is used only in Step 1
to prove that a (PS)-sequence {#,},en C E is bounded. Therefore, we only prove that any

(PS)-sequence {uy,},en C E is also bounded by using (W3') instead of (W3). From (3.5),
(3.6) and (W3'), we have

(dﬂ(u,,), un>—2¢(un) = /[ZW(t,un)— (VW(t, u,,),un)] det
R

= b [ J]™ de b [ e
R R

= s lun 78 - bsllu 122
It follows that there exists a constant Cy > 0 such that
bs 178 = b llall?3 < Co(1+ ). (3.28)

Since dim(E- @ E°) < +00, there exists a constant Cj > 0 such that

””; + ”2 ”3 = (u; + ug’”")z = ””Z + W ll#tnllys < Cro ””Z + U, ”2””””)’8’ (3:29)

where g = y3/(ys — 1). Combining (3.28) with (3.29), one has

|ty +ul|* < Cullu + u2]5 < Cra(L+ Nl ¥ + 11| 75775). (3.30)
From (3.5), (3.11) and (3.30), we obtain
II*

- 012 +112
laall® = [ + 6] + s

= ”u;+u2H2+2¢(uV,)+ Hu;||2+2/ W (t,u,)dt
R
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< 2Cn (1 + [l 1?78 + st |7°778) + 20 (us,,)

+ 201 (T |l + 2¢2(T2) |||

2/ 2y9/
< Cis(L+ llunll™ + llutall” + g |75 + 122, | *7778).

Since 1 < y1 < 2 <2, 1< y9 < y3 <2, it follows that {||z,]||} is bounded. The proof is com-
plete. g

Proof of Theorem 1.4 Set X = E, X; = E- @ E° and X, = E*. In view of Lemma 3.2 and
Steps 1 and 2 in the proof of Theorem 1.1, X = X; @ X,, dimX; < +00, ® € CY(X,R), ®
satisfies the (PS)-condition and is bounded from below on X;. Obviously, (W1) and (W5)
imply ®(0) = 0 and @ is even. Next, we prove that assumption (ii) in Lemma 2.8 holds.

Let X C X be any finite dimensional subspace. Then there exist constants ¢y = cX)>0
and ¢, = c(f() > 0 such that

collll < lullygy el gy < cullull,  VueX. (3.31)

From (3.5), (3.31) and (W4'), one has

o = 5 (|~ ) - [ wiewa

A

1
2
= S llul = by l|ull}o + bsllul

IA

1 -
EIIMII2 = bycg® lull " + bscl™ ul ™, Yu e X.

Since 1 < y10 < y11 < 2, the above implies that there exist p = p(b7, bg, o) = o(X) > 0 and
o =0 (by,bs,co) = o(X) > 0 such that

®(u) <0, VueBpﬂf(; ®(u) < -o, VueaBpﬂf(,

Hence assumption (ii) in Lemma 2.8 holds. By Lemma 2.8, ® has infinitely many (pairs)

critical points which are homoclinic solutions for system (1.1). O

In the proof of Theorem 1.4, (W4’) is used in the last part to verify assumption (ii) of
Lemma 2.8. It is easy to see that it also holds by using (W4”) instead of (W4’). So we omit
the proof of Corollary 1.5.

4 Examples

In this section, we give two examples to illustrate our results.

Example 4.1 In system (1.1), let L(¢) = (|t|*® — 1)Iy, and W(¢,x) be as in (1.4). Then L(t)
satisfies (L, ) with v = 6/5, and

5 9 7
VW(t %) = (1+sin*t) (Z oo 7 — 5 |2 + Z|x|”‘*x),

(W(t,x)| <5(1x1°* + [x["*), V(t,x) eR xRN,
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5|4 + 18]x] V2 + 7|«
VW (,%)| < ] |2| il V(t,x) e R x RY,

1
2W(tx) — (VW (%), x) > E|x|7/4 —31x>2, V(t,x) e R xRN

and

W(t,x) > |x|°'* — 6|x>%, V(t,x)eR xRN,

Thus all conditions of Theorem 1.4 are satisfied with

7

5 3
— = = = = = — = = ; = = 5;
4 VM=V3=Yi0<Vo=VYu 5 <Vs=12 4 ay = ay

1 5 1/4+18 1/2+7 3/4
b5:1$ b6=3; b7=1) b8=6; (P(S = u ; 5

Hence, by Theorem 1.4, system (1.1) has infinitely many nontrivial homoclinic solutions.

Example 4.2 In system (1.1), let L(¢) = (|£|® — 1)In, let W(t,x) be as in (1.5). Set

T — T T, —T T —Tj
=L e ——1 g=T i=2...,m-1j=3,..,m-1;
Tm— T Tm-1—T1 Tm— T2
m-1 m-1
a = dl + Z)\,’di, ay) = dm + 2(1 - )\i)di}
i=2 i=2
m-2 ( y
1-pi)/ 1
b = (2= Ty t)dyr + (2= Tpdi[m(2 = )di(1 = )] |
i=3
and
m-1
bs=dy+ Y 6 [ma;(1-6)]" 7",
j=3
Note that

el < g™ + A=A, i=2,...,m—1,
;lxrfl + Mz[”’l(z — Ti)di(l — /;_i)](l_“")/uilerm’l, i= 2; R (e 2
WI(Z - 'L'L‘)di

%% <

and

e 1
1417 < 6,[mdi(1 - )]l + — 5™, j=3,...
md,-

,m—1.

Then L(t) satisfies (L,) with v =2 — 0 < 3 —2/7, and

m
(W(t,0)| <arlxl™ +axlx|™,  |[VW(x)| < ndixl",  V(t,x) e R xRY,
i=1

2W(t,x) — (VW (£,%), %) > (2 = Ty |x|™ — bglx| ™2, V(t,x) € R x RN
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and
W (t,x) > dilx|™ - bg|x|2,  V(t,x) € R x RV,
Theorem 1.4 applies with

N=N=V3=Y100<1 =<V =Tyu-1<Y8=V2=Tm

bs=Q2-Twdw,  br=di  s)=) Tmds,
i=1
and system (1.1) has infinitely many nontrivial homoclinic solutions.
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