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transformed into the Lagrangian description on the spatial domain 10, 1[. In this work
we prove that our problem has a generalized solution for any time interval [0, T],
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1 Introduction

The model of micropolar fluids, introduced by Eringen (e.g. in [1]), has received consider-
able attention in the last two decades. The model has many potential applications (see [2],
p.13) and has become an important area of interest for mathematicians and engineers (see
e.g. [3-7]). From a mathematical point of view, the micropolar fluid model is considered
in two directions-one explores the incompressible and the other the compressible flows.
The incompressible flow has been very well analyzed (e.g. see [8]), but there are still many
open problems. Lately, the incompressible flow of magneto-micropolar fluids is increas-
ingly being explored (e.g. see [9]). The compressible flow of the micropolar fluid has begun
to be intensively studied in the last few years (e.g. see [10-12]).

In this paper we consider the model for the compressible flow of the isotropic, vis-
cous and heat-conducting micropolar fluid which is in the thermodynamical sense per-
fect and polytropic. The described model in the one-dimensional case was first described
by Mujakovi¢ in [13]. This model was analyzed in relation to existence, regularity and
stabilization for different kinds of problems with homogeneous and non-homogeneous
boundary conditions (e.g. see [14—16]). A significant number of results related to this one-
dimensional model has been systematized in the fifth and sixth chapter of [17], but re-
searches concerning the three-dimensional model for this kind of fluid are still at the be-
ginning. Till now the described model of the compressible micropolar fluid in the three-
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dimensional case has been considered just in [18] or [19] by Drazi¢ and Mujakovi¢ in the
spherically symmetric case.

Here, as in [18] and [19], we analyze the motion of the described fluid on the domain

{x: (w1, %2,%3) : X € R®,a < |x| < b, |x| = \/a? + %2 +x§} 1)

We assume that initial functions are spherically symmetric and smooth enough on (1).
Based on this assumption, we analyze the spherically symmetric solution to the governing
system. Because of spherical symmetry, the starting three-dimensional problem becomes
one-dimensional with the spatial domain ]a, 5[ in the Eulerian description or on the do-
main ]0,1[ in the Lagrangian description.

Using the Faedo-Galerkin method in [18] it is proved that the corresponding problem
with homogeneous boundary conditions for velocity, microrotation and heat flux has a
generalized solution locally in time, i.e. on the domain ]0,1[ x ]0, To[, where T > O is suf-
ficiently small. In [19] the uniqueness of the generalized solution for the same problem is
proved. This work is a natural continuation of the research presented in these two papers,
where we prove that the problem has a generalized solution globally in time, i.e. on the do-
main ]0,1[ x ]0, T'[, for any finite T > 0. The proof is based on the local existence theorem
and the extension principle.

To be able to apply the extension principle we first derive a set of a priori bounds with
constants dependent only on initial data and the constant T > 0 (boundary of time do-
main). Let us note that our time domain is arbitrary, but finite. The solution on the de-
scribed time domain ]0, T'[, we call global as in [20] and [16]. Such a solution is analyzed
for a much simpler problem in [21], Chapter 2 as well, but under the name ‘solution in the
whole’

The results from this paper are a generalization of the results from [20] where the one-
dimensional variant of the problem, which we analyze here, is presented. We use here
some ideas from [20], as well as from the book [21] and [22] where a similar problem was
considered for the classical compressible fluid (problem without microrotation).

The paper is organized as follows. In Section 2 we formally present the results from [18]
and [19] which are important for this work and formulate the main result of this paper.
In Section 3 we give the proof of our result-the global existence theorem. We first briefly
explain the extension principle on which the proof is based. After that, we derive the set
of a priori bounds which are needed to employ the extension principle and at the end we

give the formal proof based on the obtained lemmas.

2 Statement of the problem and the main result

Our model is based on the local forms of the conservation laws for mass, moment, angu-
lar (momentum) moment and energy, as was stated in [18] ((1)-(4)), as well as on the con-
stitutive equations for compressible viscous and heat-conducting micropolar fluid with
assumptions that the fluid is perfect and polytropic ((5)-(7), (10)-(11) in [18]). These equa-
tions relate mass density p, velocity v, microrotation w, and temperature 6.

In [18] we introduce the spherically symmetric initial conditions

po(x) = po(r), vo(x)=§vO(r), wo(x)=§wo<r), Bo(x) = 0o (r), @)
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where pg, Vo, wg, and 6, are known real functions defined on ]a, b[,2 X = (x1,%2,%3) € R®,
r = |x|, and we assume that p, v, w, and 6 are spherically symmetric too:

vi(x,t) = ﬂv(r, t), wi(x,t) = Qﬁw(r, t), i=1,2,3,
r r (3)
p(x,t) = p(r, ), 0(x,t) =0(r,t).

Using the assumptions (3), the spatial domain (1) becomes a one-dimensional domain
]a, b[. The governing system in the Eulerian description is given by formulas (16)-(21) in
[18]. As it was stated in the book [21], p.40. when the global estimates are deduced, it
is convenient to use Lagrangian description. The transition from the Eulerian to the La-
grangian description was done in [18], pp.4-5, but for the reader’s convenience we will
briefly describe it here. The Eulerian coordinates (r, ) are connected to the Lagrangian
coordinates (&, t) by the relation

F(S;t)=ro(§)+/0 v, t)dt,  ro(§)=r(§,0)=¢, (4)

where 7(§, ) is defined by ¥(§, t) = v(r(§, £), ). Using the same procedure as in [21] we then
introduce (see [18], (21)-(25)) the new function n by

§
0= [ o) ©)
define the new constant L by
b
n(b) = / s2po(s)ds =L (6)

and introduce the new coordinate x = L™15(£). With this new coordinate the spatial do-
main becomes ]0,1[ and we get the following initial-boundary problem:

ap 1,0,,
m 2 , 7
-1 ") @
ov. R, 0 A+20 4 0 9, ,
gy Y —[p— , 8
PR A i G e (v ) ®)
Jw 4, co+2¢4 5 0 0,5
- — p— , 9
P =TT T T rpax(pax(r v) ©)
30 k d(, 9\ R , 3 ,,. r+2ul 3 ,,. T
= 5, ) - p%p— _
Por = o2’ ox <r P 8x> AL i v e )
dp D, o co+2al B, 1P dea D, o Au
- Lo— — - — ) 10
c,,L'OBx (rv ) " c,L? |:'O ox (r w)] cVL'Oax (ra) )+ Cy @ 10)
p(x,0) = po(x), v(x,0) = vo(x), w(x,0) = wo(x), 6(x,0) = 6 (x), (11)
90 30
W0, =v(L,)=0,  w(0,0)=wl)=0,  —(0,)=—(=0, 12)
X X

considered on the domain Q7 =]0,1[ x ]0, T, where T > 0 is arbitrary. With the boundary
conditions (12) we describe the acting of the solid thermo-insulated walls.
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The positive constant j; is microinertia density. A and p are coefficients of viscosity and
I Co, and ¢, are the coefficients of microviscosity. Because of the Clausius-Duhamel in-
equalities they must have the properties:

s [y Cq = 0, A+2pu>0, co +2¢4 > 0. (13)

By the constant k (k > 0) we denote the heat-conduction coeflicient, the positive constant
R is the specific gas constant, and the positive constant ¢, denotes the specific heat for a
constant volume.

If (7) is considered in the Eulerian description (see (16) in [18]) and by using (5) we can
conclude as in [23], p.169 that

or(x,t) ~ L
ax  plx)r2(x,e)

(14)
Taking into account (14) and (4) we have

ro(x)=<a3+3L/x 1 dy)a, x€]0,1{ (15)
o Poy)

(a > 0 is the radius of the smaller boundary sphere), and

r(x, t) = ro(x) + /t vix, T)dzr, (x,t) € Qr. (16)
0

In this work we consider the properties of the so-called generalized solution to the prob-
lem (7)-(12) which is introduced in [18], p.6 as follows.

Definition 2.1 A generalized solution of the problem (7)-(12) in the domain Qr is a func-

tion
@) > (0, v,0,0)(x,8), (%) € Qr, 17)
where
p € L>(0, T;H'(10,1[)) N H'(Qr), infp >0, (18)
v,0,0 € L*(0, T;H'(10,1[)) N H'(Qr) N L*(0, T; H?(10,1[)), (19)

that satisfies (7)-(10) a.e. in Q7 and conditions (11)-(12) in the sense of traces.

As was stated in [18], Remark 2.1, p.7, from the embedding and interpolation theorems
one can conclude that our generalized solution could be treated as a strong solution.
We assume that the initial data (11) have the following smoothness properties:

100790 GHl(]O,l[), Vo, @Wo EH(I)(]Orl[)r (20)
and that there exists a constant m € R* such that

0o(x) > m, Oo(x) >m forx€]0,1]. (21)
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Because of the embedding H"(]0,1[) — C*([0,1]), for m — k > % from (20) and (21) we
find that there exists M € R, such that

po(x), |vo(x) |, |wo(x)],00(x) <M, «x€[0,1]. (22)

In this work we use the following result which is proved in [18] and [19].

Theorem 2.1 Let the initial functions po, vo, wo, and Oy satisfy conditions (21) and (20).
Then there exists small enough Ty € R* such that the problem (7)-(12) has at most one
generalized solution (p,v,w,0) in Qr, =10,1[ x 10, T [, having the property

0>0 inQr,. (23)
For the function r we have

reL*(0, To; H*(10,1[)) N H*(Qr,) N C(Q7,)s (24)

a _
5 <r=<2M inQg, (25)
where the constant a is from (15) and the constant M from (22).

Using Theorem 2.1 and extension principle in this work we shall prove the following
result.

Theorem 2.2 Let the initial functions po, vy, wo, and 6y satisfy conditions (21) and (20).
Then for any T € R* there exists a generalized solution of the problem (7)-(12) on the do-
main Qr with the property

0>0 inQy. (26)

3 The proof of Theorem 2.2

The proof of Theorem 2.2 is based on the extension principle. The idea of this principle is
explained for example in [24], in the proof of Theorem 2.4, p.233. For the reader’s conve-
nience let us explain it briefly. Theorem 2.1 ensures the existence of a unique solution of
our problem on the time domain ]y, £y + Ty [ with initial functions p(-, ), v(-, to), w(-, to),
and 0(-, £p). So, we have the existence on the time domain ]0, 71 [, where T} = t + Ty. After
we repeat the procedure for k steps, we will have the existence on the time domain ]0, Tx[,
so we can continue this procedure as long as through a priori estimates we can ensure
that p(, %), v(-, t0), (-, to), and 6(-, ty) satisfy the conditions for initial functions for any
to €10, Tx[. We make this principle more formal in the following proposition, as was done
for example in [16].

Proposition 3.1 Let T € R* and let the function
@, ) = (o, v, 0,0)(x,1), (x,8) € Qr (27)

be the generalized solution of the problem (7)-(12) on the domain Qq, for any T' < T with
the property 6 > 0 in Q. Then (27) is the generalized solution of the same problem on the
domain Qr with the property 6 > 0 in Q.
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Asitis explained in the book [21], p.40, to be able to use the Proposition 3.1 it is crucial to
find a set of global 4 priori estimates in which the constants are independent of the length
of time domain from the local existence theorem. The constants can depend on initial data
and the constant T from the Proposition 3.1 only. We shall note these constants by C or
C; where i =1,2,... and in different places they can take over different values.

3.1 Lower bounds for density and temperature

Following the procedure from the book [21], Chapter 2 we first shall derive some proper-
ties of the functions p and 6. To be precise we have to show that these two functions are
bounded from below which is the hardest part of this paper. We will also show the upper
boundedness for the function p and derive some important properties for the function 6.
Apart from the book [21], in this part of the work we also use the ideas from articles [20]
and [22]. In the cases when we will use the results from other papers we will omit the
proofs or details of proofs, but we will refer to them appropriately.

In almost all lemmas hereafter we use the lower boundedness of the function r:

Lemma 3.1 (Lemma 3.1in [19], p.4) The function r defined by (16) satisfies the estimate

l"(x, t) > a, (xr t) € QTJ (28)
where a > 0 is the radius of the smaller boundary sphere of the starting domain.

3.1.1 The energy’ estimate
We first introduce the function

2 2
U(x,t) = v +j1w— +Rw<l> + ¢, (6), (29)
2 2 0
where
Yx)=x—-Inx-1 (30)

is a non-negative and convex function. Let us note that the function U is the generalization
of the energy function. The estimate of the energy function is crucial for obtaining the
estimates and properties of the functions p, v, w, and 0 in the following sections.

Lemma 3.2 There exists a constant C € R such that

2 2

/ Ll(x,t)dx+/ / [Lkz rgf(—) +<A+§M)§(%(r2v)>
2.)2(2 1 dxa <cC. 31
X <C0+§Cd)§(£(r (,())) ] xXat ( )

Proof Multiplying (7), (8), (9), and (10), respectively, by R(—pi2 + %), v, jjwp™t, and ¢, (1 -
91) o7}, after addition and integration over [0, 1] we obtain

19 A+2 ) 2
/ —Udx + hl M/ (VZV) dx
o Ot 2 J, 0|ox

24 [Pp[ 0 >
+ Cor Cd/ L —(rza)) dx
L2 0 01| ox
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k ['rip[ae
+ﬁ/0 2 |:3 ] dx+4,u,/ —dx
4 19 4 19
S S ) de s L 2 (rw?) . (32)
L 0 6 0x L 0 8 0x
Integrating (32) over [0, £], using (14) as well as the equality

9 2 9 3Lv?

L (1) = Zv— () - 22, (33)

x roox pr?

which is also valid for the function w, after some calculations we get

1 2 1 t 110 9 2
/0 U(x,t)dx+()\+gu)§/0 /0 5[5(;"212)} dxdt
t pl 2
+ (co+§cd)é/ / g[;—x(rzw)} dxdz
/ / [ :| dxdt</ U(x,0) dx. (34)

Taking into account (20) we easily conclude the following estimate:

1
/ U(x’ 0) dx = C(l + || (IOO, Vo, 600,90) ”iZ(]O,I[)‘*) = C, (35)
0

which together with (34) immediately gives (31). (]

Lemma 3.3 Let oy and ay be two positive solutions of the equation
¥(x) = Cc,l, (36)

where C is the same constant as in (31), and  is the function defined by (30). Then, for any
t €10, T[ we have

1
o < f 9(?6, t) dx <oy (37)
0
and there exists a function a : [0, T] — [0,1] such that
ay <6(a(t),t) < a. (38)
Proof From (31) we immediately get
1
/ @ -Inb -1)(x,8)dx < Cc;l. (39)
0
As the function v is convex, we are able to utilize the Jensen inequality and conclude that
1 1
/ 0(x, t) dx — ln/ O(x,t)dx -1 < Cc,'. (40)
0 0

From (4.0) we easily get (37) and (38). O

Page 7 of 21
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3.1.2 Some auxiliary constructions

The aim of this section is to derive a useful representation of the function p, which is
known in literature as the representation of the Kazhikov type. We will also list all impor-
tant properties of the functions connected to this representation.

Lemma 3.4 Let A be the constant defined by

L |
4 /0 o (41)

For the function p and for any t €10, T we have

L |
/0 p(x’t)dsz. (42)

Also, there exists a function g, 0 < g(t) <1 such that

p(gt),t)=A"", telo,T]. (43)

Proof In the same way as in Lemma 2.1 in [21], p.43, from (7) we obtain (42) and (43).
d

In the next lemma we use the same procedure as in [21], p.44, as well as some ideas from

[22], p-349 in order to make the aforementioned representation of the function p.

Lemma 3.5 For the function p on Qr we have

po(x) - Y(2) - B, 1)

,0(96, t) = ) (44)
1+ 2= po(®) [y 60(x,7) - Y(2) - Blx,7) d7
where
Y(O) = — { £ [ otetorroteonna } (45)
= ex )T ,T)dt
Apo@®) " Parau )y ¢ g
and
*ort vy, 1)
B(x,t):exp{— / /r‘z ,T) drd } (46)
A+20 Sy Jo “ ot 4
(The constant A and the function g are from Lemma 3.4.)
Proof Let us write (7) in the form
19, 9
Zp—(rv) =——1 47
P TR 47)

and insert it in (8). After we integrate the obtained equality over [0,£], £ €]0, T[, we get

d (A+2 R [t
5( +Lulnp+z/0 ,o(x,r)@(x,t)dr)

A+2u 9 L, ov(x, 7)
- 2 _ : , 4
T 9 n po(x) /o r(x,T) o dr (48)
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Now, we integrate (48) over [g(¢), ], x €]0,1[ for fixed ¢ and get

A+20
L

R t
lnp+—/ ox,1)0(x,7)dt
L Jo

A+2

2 inp(gt) t) + % / p(g(t),7)0(g(®), ) dr

A+2u 0o(x av(yt
1
I “po(gm) / / 0o drdy. (49)

Taking into account (43), (45), and (46) we easily get (44). a

Lemma 3.6 There exists C € R such that for (x,t) € Qr we have

t
v(y,
r2(y,1) v(gz i2 drdy| <C
0 t

where the function g is defined by (43).

Proof In the same way as in [22], p.349, (3.35), with the help of (28) and (31) we obtain
(50). O

Lemma 3.7 The function B defined by (46) has the properties:

Cl<Bt)<C, (51)
OB&D _ i o 1), (52)
0x
where
L 5 Bv(y ‘L’)
o= o f 0.7) (53)

for (x,t) € Qr and C e R*.

Proof Using (50) and (53) from (46) we immediately get (51) and (52). O

Lemma 3.8 There exist constants Cy, C, € R such that for any t €10, T[ we have
C<Y(@)=<C. (54)

Proof In the same way as in [21], Lemma 2.2, p.45, using (37), (42), (51), and the Gronwall
inequality from (44) we get (54). (N

Now we introduce the notations analogous to the one in [21], p.4:6 for the maximal and
minimal values of the functions p and 6 for fixed ¢:

m,(t) = min p(x,t), M, (t) = max p(x, t),
x€[0,1] [0.1]

(55)

my(t) = min 6(x, 1), My (t) = max 6(x, t).
x€[0,1] x€[0,1]

Page 9 of 21
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The following relationships of the functions from (55) are crucial for deriving the bounds

of the function p.

Lemma 3.9 There exist positive constants C, and C, such that

t -1
M,(t) <G (1 +/ ng(‘[)d‘[) (56)
0

and

t -1
mp(t)zC2<1+/o M@(T)d‘[) . (57)

Proof In the same way as in Lemma 2.3 in [21], p.46, using (51) and (54) from (44) we
immediately get (56) and (57). d

To derive the further properties of the function 6 we will need the following result.

Lemma 3.10 (Lemma 2.4 in [21], p.47) For any € > O there exists a constant C, > 0, such
that for any t €10, T[ we have

Mj(t) < eh(t) + Co (1 + (1)), (58)
where
1 2 t
Il(t):/o r‘*,o(%) dx, Iz(t):/o L(7)dr. (59)

Let us mention that we slightly adapted the form of inequality (58) comparing to the one
in [21], as well as the form of the function I, but the proof remains the same.

3.1.3 Lower bound for the function 0

In the proof of the following lemma we used the adapted approach from [21], Lemma 3.1,
p-48, as well as some ideas from Lemma 2.3, p.202 in [20] and Lemma 3.12, p.356 in [22].
Lemma 3.11 There exists a constant C € R* such that for any t €10, T[ we have

my(t) = C. (60)

Proof Multiplying (10) by -972p~! we get
9 /1 k a(, a1 2k pr* (36\> R p 3 ,,
T2) e L (2)) - () 2L 2y
ot \ o ¢, L? 0x ox \ 0 ¢, L2 93 \ ox ¢,L 0 dx
L(a+20 [0 ,, 1 4nd, ,
_92{ E p[ax(r V)} “oram™)

1[er+2ca [0 ,5 ] 4cq d 5 4p, o?
= 2 a9 iy 61
92{ o1z’ |:8x(r o) 1) "o (61)

Page 10 of 21
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which implies the inequality
9 (1 k d(, 9/(1 R?
o)==l 5) )+ ——r
ot \ 0 ¢, L? 0x ax \ 6 de, (M + 510)

pl1 [A+3md ,, R ?
‘ﬁ[i\/ 0wl — 1" (62
v 2\/6_‘, )x+§,bl,

ie.
a1 k 9 a1 R?
HORERYCIE)
ot \ 6 ¢, L? 0x ox \ 0 de, (A + 510)

After multiplying (63) by po~* 1 p > 2, we have
3 (1 kp @ 3 (1 1\ R? 1\*!
()= (o= (2))(2) +—F—n(> (64)
ot \ 67 ¢, L2 9x ax\ 0 6 de,(h+ 3p) \ O

which, after integration over ]0, 1[, gives
d| 1 |° R oyt
AR o
dt 9(t) L2(10,1[) 4CV()L+§/.L) 0 0

After applying the Holder inequality to the right-hand side of (65) we get

d ” 1 p RZp 1 p—l
o ey <———|p® — , (66)
215 |0 = G0 20 1P Olowon [ |y
hence we have
ol e
~ < [0 o 67)
at || 0@ lpgoap ~ 4ev(r + %M) ” ”L”(]OJ[)
Now we integrate (67) over [0,£], £ €]0, T[ and obtain
1 1 R? /«t
90 =3 +———— [ |p(D) dr, (68)
H o(¢) ”u’(]o,u) H 6(0) HU’(]O,I[) 4o, (M +321) Jo ” ”LP(]O’ID

which implies the assertion of the lemma, analogously to the proof of Lemma 3.1 in [21],
p-49. O

With the help of (60) and (56) we immediately get the following property of the func-
tion p.

Corollary 3.1 There exists a constant C € R* such that for any t €10, T[ we have

M,<C. (69)
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3.1.4 Lower bound for the function p

In obtaining the lower bound for the density we were not able to use the method proposed
in [21], p.50 which is used in [20], p.203, for the one-dimensional model, so we adapted
here the idea from [22], Lemma 3.6, p.348.

Lemma 3.12 There exists a constant C € R* such that for any t €10, T[ we have

m,(t) > C. (70)

Proof By using the Cauchy-Schwarz inequality as well as (38), (37), and (28) we get
96

* 1
VO, t)—/6(ale),t §C/ —
| ( )| u(t)\/g 896
1 4 96 2 % 1 ] %
<C / PP g / —dx
0o 0% \ ox o rp
Lrtp (30\2 )7 1
<C / LY iy R . (71)
o 0% \ox /1,
Taking into account estimate (38), from (71) we obtain

14 2
9(x,t)§C<1+(/0 ’e—f(%) dx)mi) (72)
P

which we insert into (57) and get

1 Lttt (90N 1
§C(1+/ / Q(-) dx dr). (73)
m,(2) 0o Jo 0% \ox m,(T)
After we apply the Gronwall inequality to (73) and use estimate (31) we immediately get
(70). O

3.2 Apriori estimates for derivatives
To be able to derive the estimates of derivatives for functions p, v, w, and 6 we will apply

the energy method. Therefore, we will make the estimate of the function

1 1
o= Evz + Ej;a)z +c,0, (74)
adapting the procedure used in the proof of Lemma 2.4 in [20], p.203.

Lemma 3.13 There exists a constant C € R* such that for any t €10, T[ we have
1
/ (d>2 +vh 4 w4) dx+I, <C, (75)
0

where the function I, is defined by (59).
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Proof First we multiply (8), (9), and (10), respectively, by v, jiwp

L and ¢,p7!, and inte-
grate them over ]0,1[. After addition of the obtained equalities, making use of boundary
conditions and (14), we get

1d Yir+2n 00 21 2
¢z(x,t)dx——/ il + =2 - =pbriv+ im)z
2dt 0 L2 x| L L
co+t2cg . A+2u 4 0w
+ I —Ji I or wa
k A+2u\ , 00\ 0P
' (L_ _L—) 8x> ox (76)

which, using the Young inequality, implies

1d
cI>2 1) d
2dt (6,2) dx

1 A+20 (0D k A+20) 960 0D
+/ or* hllales d X + Pl dx
0 L2 \ox

2912 )oxox
8_11

. dw\>
((prz) YW poM2 + (or? ) ot + pr a)z(—w> )dx
0 ox
! P
+2C18/ or*
ax

(77)
where ¢ > 0 is arbitrary.

To simplify (77), using elementary algebraic operations, we derive the following inequal-
ity:

(A=B)a+b+c)?+(C-A)cla+b+c)

_ 2 _ 2
> (C- BB)c2 _ (23 + M)éﬁ _ i[(A _3)2 + w]b{ (78)
4B 2B 2

whereABCabceR andA>B>0In(78)wemserta—v ,b= ]1w c-c‘,aoA-
Aﬁ“, B=2Ce, C= 2 , and choose ¢ such that A — B> 0 and C 3B > 0 For simplicity
reasons we denote D C-3Band

A-2B 2
Cy = max{2B+ ﬁ,
4B
1 A-2B+C)? -2 -2
il (A_B)Z_,_Q +C18_.C18_ .
2B 2 2 2

(79)
We get

1d 1 90\ >
c1>2 D) dx +D =) 4
2dt (e, 0)dx + /opr (ax) ¥

1
< C2/ ((,Orz)_lv4 + p0%2 + (,01”2)_1a)4
0

v\’ dw\*
+ pr4vz(a—v> + pr4w2<a—w> ) dx.
x x

(80)
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Using (69), (70), and (28), from (80) we obtain
1d 1 36\
2 <D2(x, t)dx+D/0 pr4(£) dx

Yoa o 4 aafdV ? 4 of d0 2
<GCs V40V ot +rvi | — ) +rie — dx. (81)
0 0x ax

To be able to bound the terms v* and w* on the right-hand side of (81) we multiply (8)
and (9), respectively, by v* and w3, integrate over ]0,1[ and utilize the Young inequality.
After some calculations and making use of (69), (70), and (28), we get

/ ™ +c/1 2 m)Zd <C(/%4+923d (82)
— | —adx — ) dx v v*) dx,
4 0 at * 0 ox = 0

119 1 '\ 1
—/ :idx+Cs/ 2(—9>¢m§c3/'w%m. (83)
4 Jo ot ox 0

Now, we multiply (82) by C3C;! and (83) by C; C,'. After the addition of the obtained
inequalities with (81), we find

%[/1<<D2(x,t)+c3TC414 C3C_ )dx+2D//pr< )dxdr]
0

1
<2C; / (1+ CsC) (v +0%72) + (1+ G, C5lw?) d. (84)
0

To finish the proof we need the following inequality which is the direct consequence of
(58):

/0192v2dx§Cge/ r,0< ) dx + C, <1+/ / ,or( > dxdr) (85)

which we insert into (84) and use the suitable €. Hence we have
d (! GGl , GGl ‘ 30\’
D2 (x,t) + hal V4+gw4+Df ort| =) dt)dx
dt 2 2 0 ax

! GG, GG L0
< C9/ (CDZ(x, £+ b by 26 0 +D/ ,074(—) dr) dx+1. (86)
0 2 2 0 0x

Using the Gronwall inequality, from (86) we immediately get (75). O

Equations (75) and (58) imply an important property of the function My, which is given
in the next corollary.

Corollary 3.2 There exists a constant C € R* such that we have
1Mol 2q0,mp < C. (87)

Let us notice that (70), (75) and (28) imply

3—9 e L2(Qy). (88)
X
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We will derive the estimates for the first spatial derivatives of other functions (p, v, and w)
in the following two lemmas.

Lemma 3.14 There exists a constant C € R* such that for any t €10, T[ we have

Proof Taking into account (52) and (53), for the derivative of (44) we get
op so1ma] @ (1 RL / t a0
— = -p°Y B | —| — BY|— +0¢ )dt|. 90
ox pe=p dx \ po +)»+2/J, 0 8x+ g)ar (00)
With the help of (51), (54), and (69), after integration over ]0,1[, (90) implies

2 ) 1 1 9 t 1 89 2 t ) )
§C(||<p|| +/ —4(,0(’)) dx+/ / (—) dxdt+/ Mol dr). (91)
0 Po o Jo \Ox 0

Using (28), integration by parts and properties of the initial data, from (53) we obtain

t pl
2 2 4
||(p(t) ” < C<1+ vl +/(; /0 v dxdr). (92)

Inserting (92) into (91), using the properties of the initial data as well as (31), (75), (87),
and (88), we immediately get (89). (I

ap
ox

® H -c (89)

ap
0x

Lemma 3.15 There exists a constant C € R* such that for any t €10, T[ we have

2 ¢ A%
bl + [ 550

2 ¢ w
ol + [ |52

Proof After we multiply (8) by v and integrate over ]0,1[, we get

2
<C, (93)

2
<C. (94)

1d r+2 1 9 2 R (! P
5%||V(t)||2+ ;2'u/0 p(a(ﬁv)) dx:Z/O pea(rzv)dx. (95)

Using the Young inequality, (69) and (70) from (95) we obtain

4 [v(®) ||2 + /1 i(rzv) 2dx < CM? (96)
dt o \dx -
To simplify the left hand side of (96) we use the inequality
d P 1 v\’
)| =-(2) o, (97)
ox 2\ 0x

which can easily be derived using (14), (28), and (69). After inserting (97) into (96), inte-
grating over ]0, [ and using (31) and (87) we immediately get (93).
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Now we prove (94). Let us first notice that (97) is also valid for the function w. After we
multiply (9) by p~'w and integrate over ]0,1[, we obtain

2 co+2cq [! ad 2 4#,
22 ool + e fop(a( ) d / < g (98)
from which, by using (70) and the same procedure as before, we immediately arrive at
(94). O

Lemma 3.15 enables us to derive the upper boundedness of the function r, which is
crucial for the estimates of the second spatial derivatives.

Corollary 3.3 There exists a constant C € R* such that for any (x,t) € Qr we have
r(x, t) < C. (99)

Proof From (16) and (15), using the Gagliardo-Ladyzhenskaya inequality as well as the
Young inequality together with (31), we get

t
r(x,t)§C<1+/ %
N

2
> dx (100)
X

from which, using (93) we obtain the assertion of the lemma. O

Lemma 3.16 There exists a constant C € R* such that for any t €10, T[ we have

v Ha2y |

w 2 Ul 92w 2

a0 > [flae, |?

—(?) +/ —(7)|| dt <C. (103)
ox 0 0x?

Proof Multiplying (8 )by 5 and integrating over ]0, 1[, we get
1d]|adv
‘ (t)

2 1 2
A+2 0-v
_ 2= +J/ 7"4 dx
2dt || 0x L? 0 ax2

R %v a R ! 3%v 90
:—fr@ V'de+—/r2p d —dx
L 0 0x2 9 L 0 0x2 dx

1 92 A+2 L 9p dv 92
+2(A+2u«)/ ZL—de— * ”/ ALY 4y
o r 0

0x2 12 dx 0x 0x2

4()L+2,u)/ v d%v

104
8x ax2 (104)

Using the Holder, Gagliardo-Ladyzhenskaya, and Young inequalities as well as (89) and
(99), we obtain the estimates of the integrals on the right-hand side of (104) as follows:

R (1, 3%vd
_/ 0 _V_'de
LJ 0x2 dx

2
9%y

<e
0x2

0%
0x2

ap

<CM
o ax

+ CM3, (105)
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R (', 9%v 06 v |? 36 |*
/ 2p—V—alx <e e — (106)
LJ 0x2 ox 0x2 ax
Ly 8%y a2y |* )
1 2 a2 s o1 2
e o dnity ) v o iy
L2 J,  0x 0x 0x? x> dx dx?
av |2 a2 |2]a
<cl? v ap
= ax a2 ax
a2y |? 2
<é¢|l— C 108
_8‘ x| " ‘ dx (108)
400 +2 3 32 a%v|? av|?
_M/ LN I L e KA (109)
8x8x2 ox

Inserting (105)-(109) into (104), and by using the small enough ¢ > 0 we get
2 2
+ ‘ ), (110)

from which by integration over ]0, t[ and by using the properties of the initial data, (88)
and (93) we get the assertion (101).
Now we prove (102). By multiplying (8) by p~ —’;’ and integrating over ]0, 1[, we obtain

2 1 2w
co‘+ cd/ r4p dx

iz ) E%)
4p, (Yo d*w co+2¢c [P o Bw
d ———dx+2— _—
jr Jo p ox? Ji o r2p 0x2

821/

? R KL
S S G\ 1+ Mg +IvII® + | —

0x

v
0x

il

2

‘—()

il

2cq [ 40p 0w 9* 4(co +2 ! dw 9w
—CO,+ Cd/ r4_,0_w_wdx_—(co‘+ Cd)/ @ (111)
jL?  Jo  9x 0x 0x2 JiL o Ox 0x2
In the same way as before, we get the estimates
4 9w c|? 20|
{*r/ L8 | < 220 Lol (112)
j1 Jo p ox 0x2 0x2
2 92 2012
gt [fo P | 20l cup, (113)
jr o p ox dx?
1 2 2 2 2 4
——CO,+2Cd/ r48_p8_a)8_a)dx <e Yo o) "] 90 , (114)
jiL*  Jo  0x 9x 9x2 dx2 ox | | ox
4(co +2¢z) 1 Bw B0 20|
_ 4o +2¢0) Cd)/ rell 2 gyl <e| 2|+ Cloo)™ (115)
jiL o Ox 0x? dx?

By inserting (112)-(115) into (111), for small enough ¢ > 0, we get

2
): (116)

2

82a) 2 ow

0x

‘—()

SQO+MW+

il
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from which, by integration over ]0, [, using the properties of the initial data and (94), we

obtain (102).

To prove (103) we multiply (10) by ,o‘1 20 After integrating over ]0, 1[, we obtain

1dlae > &k ', (8%
—— | —( — ) d
Zdt‘ax() +cVL2/0 rp(a;@) *
ak ' 96 3%
= yr— —
oL Jo  ox 0x?
k /1 L 0p 300%0 2R [ Ov 329 / Bv 329
_ AL e 227 =
¢, L? ox0x9x2 ¢, Jo T 8x2 8 ox 2
4(A+M) v 32%0 4n (1 v 829d
rv
Cy 0 rz,o a2 ¢l 0 x dx2
A+2M/ L [Ov\? %0 4(co + cq) /1 w? 9%0
- r dx - ——— _——
al? J, ax) ax2 Cy o r2p 0x?
4co /1 dw 8%0 co +2¢4 /1 . (00> 8%0
ol Jo  x aa? al? Jo ox ) 3x2
du, (*w? 00
e (117)
Cy o P dx?
Analogously to before we conclude the following:
4k [ 06 %0 a6 ||| 826 9% | 36 |*
— | r——dx| <C|—||—=I <e|— Cll— (118)
oL Jo 0x 0x2 ox || || 0x2 ox2 ox
kY ,0p 00 9% AR E AR 30 |2
S ) o 7 DO e 1 s
cL? Jo  0x 0x 0x? ox 0x? ox ox
2R (' 6v %0 29 | 3% ||
L <e| S| a2t <e| |+ oa, (120)
¢, Jo 1T 0x? x>
R [! v 3% 320 || av|? 3% ||
— r? Q—V—dx <eg|—| + g ad <eg|— +CM§, (121)
L Jo dx x> 2 0x?
4 +p) (12 920 326 ||* ) 320 |2
S Nty x| <e| o +C|v || <¢|oz +C, (122)
an (1 9v % el av|° 9% |
— [ rv —V—d — | +cliv®+ kad <e|—| +C, (123)
oL Jo  0x 0x2 0x2 0x 9x2
/\+2u/1 L (3v)* %0 3% | 2v|* |av|®
- ol — ) —dx| <e|—| +C||— —
aL? J, ox /) 0x? 0x2 0x2 0x
3% | v |?
<e|— +C<1+‘@ (124)
4 920 920 *
_Meovea) (Te? 0 | %00 (125)
Cy 0 r2,0 a2 0x2
4y 1 dw 920 20|
- CO/ ra)—w—d <el|l—|| +C, (126)
oL Jo ox 0x> ox?
24 (1, (d0)\"0% 920 |? Do |*
_&F Cd/ rp 9) 2% x| < +Cl1+|—] ), (127)
cl? ox ) 0x2 0
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2

9%6
+C. (128)

ax?

dp, [t w® 8%0
¢ Jo p ox?

<e|

By inserting (118)-(128) into (117) and taking the sufficiently small ¢ > 0, we get

Ldjoo 2 o |28 ' el ]2 2 av|P 0w ]? (129)
——|l— +C|— + M+ || — — —1 )
2dt | ox Hoa2] =72 N PP 32 32
which, after integration over ]0, £[, and making use of (87), (88), (101), and (102) as well as
the properties of initial data, gives the assertion (103). O

In the next lemma we estimate the time derivatives of the functions p, v, w, and 6.

Lemma 3.17 There exists a constant C € R* such that for any t €10, T we have

/t 2 ar <c, (130)
o || 0t -

/Ot %(r) Zdt <C, (131)
/Ot 88—6;)(1) 2dr <C, (132)
fot %(r) zdr <C. (133)

Proof From (7), by integrating over ]0,1[, using (28), (99), and (69) we get
v

ap 2 1 1 . 9 ) 2 ) 9 2
HE _ﬁ/op a(rv) dx<C| |Iv|* + ) (134)

Using (93) and (101) from (134) we can easily conclude (130).
In a similar way, from (8), using estimates (28), (99), (69), (70),(69), (70), and (89), we
get the inequality

2 1 2 2 ) 2 2
20 0 0 0
< C/ Aot ) e (L) () (Y
0 0x 0x r4p? ox ox
v\ > 82v\ >
2f OV 8 2f 97V
+7r (8x> +7°p (8x2> )dx

30 ||

av

at

2
9%y

§C<1+M§+ ﬁ
X

2
). (135)

Using (87), (88), (93), and (101) from (135) we can easily conclude (131).
To prove (132), we multiply (9) by p! and using the same procedure as in (135), we get

w 2
H bo ) (136)

which, using (94) and (102) leads to (132).

+ ‘

5 |0V
+HVIT+ | =
ax

92w

92

w

0x

2 2
< C<1+ lwl? + ’
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Analogously, from (10) we derive
30 ||? Lrra2oN? (00\* [0\’ [90\> .,
— =C|1+ — | +| =) +| = — ] +0%v
at 0 dx? ax x ax
AN av\* [ov)! do\> [do\*
22 (Z) 2 () (L) 02 (Z2) 4 (Z2) )ax). (137)
0x 0x 0x 0x ox

Using (89), (93), (101), (102), and (103) as well as the Gagliardo-Ladyzhenskaya and the
Young inequalities, from (137) we get

30 | , ee > |a%e|> |ae]|a%6|]|ae|
—I| =Cl1+Mp+||— —1 + === lIl=
ot ox? ox || || 02 || || 0
av|? do |® wlPo%v] |oe|?|d%e
ol W+ = el + = =zl | == | 7=
ox ox ox ox ox ox
3%0 > o> | 0w
2
from which, using (87), (101), (102), and (103), we obtain the assertion (133). O
3.3 Final proof of Theorem 2.2
Corollary 3.1 and Lemma 3.14 gives the assertion
p € L2(0, T;H'(10,1[)). (139)
From Lemmas 3.13, 3.15, and 3.16 we have
v, 0,0 € L*(0, T;H(10,1[)) N L>*(0, T; H'(]0, 1[)). (140)

Using inclusion (139) and (14.0) as well as the results from Lemma 3.17 we get
p,v,0,0 € H(Qr). (141)

Now, using Lemmas 3.11 and 3.12 as well as inclusions (139), (140), and (141) in accor-
dance with the Proposition 3.1, we have the statement of Theorem 2.2.
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4 gand b are the radii of boundary spheres from (1).

Received: 20 March 2015 Accepted: 20 May 2015 Published online: 14 June 2015



Drazi¢ and Mujakovi¢ Boundary Value Problems (2015) 2015:98 Page 21 of 21

References

1.
2.
3.

20.

21.

22.

23.

24.

Eringen, CA: Simple microfluids. Int. J. Eng. Sci. 2(2), 205-217 (1964). doi:10.1016/0020-7225(64)90005-9

Eringen, CA: Microcontinuum Field Theories: I. Foundations and Solids. Springer, Berlin (1999)

Lukaszewicz, G: Micropolar Fluids: Theory and Applications. Modeling and Simulation in Science, Engineering and
Technology. Birkhauser, Boston (1999)

. Nowakowski, B: Large time existence of strong solutions to micropolar equations in cylindrical domains. Nonlinear

Anal,, Real World Appl. 14(1), 635-660 (2013)

. Chen, M, Huang, B, Zhang, J: Blowup criterion for the three-dimensional equations of compressible viscous

micropolar fluids with vacuum. Nonlinear Anal. TMA 79, 1-11 (2013)

. Papautsky, |, Brazzle, J, Ameel, T, Frazier, AB: Laminar fluid behavior in microchannels using micropolar fluid theory.

Sens. Actuators A, Phys. 73(1-2), 101-108 (1999)

. Kohl, MJ, Abdel-Khalik, SI, Jeter, SM, Sadowski, DL: A microfluidic experimental platform with internal pressure

measurements. Sens. Actuators A, Phys. 118(2), 212-221 (2005)

. Chen, M: Global well-posedness of the 2D incompressible micropolar fluid flows with partial viscosity and angular

viscosity. Acta Math. Sci. 33(4), 929-935 (2013)

. Borrelli, A, Giantesio, G, Patria, MC: An exact solution for the 3D MHD stagnation-point flow of a micropolar fluid.

Commun. Nonlinear Sci. Numer. Simul. 20(1), 121-135 (2015)

. Qin, Y, Wang, T, Hu, G: The Cauchy problem for a 1D compressible viscous micropolar fluid model: analysis of the

stabilization and the regularity. Nonlinear Anal,, Real World Appl. 13(3), 1010-1029 (2012)

. Zhang, P: Blow-up criterion for 3D compressible viscous magneto-micropolar fluids with initial vacuum. Bound. Value

Probl. 2013, 160 (2013)

. Chen, M, Xu, X, Zhang, J: Global weak solutions of 3d compressible micropolar fluids with discontinuous initial data

and vacuum. Commun. Math. Sci. 13(1), 225-247 (2015)

. Mujakovi¢, N: One-dimensional flow of a compressible viscous micropolar fluid: a local existence theorem. Glas. Mat.

33(1), 71-91 (1998)

. Mujakovi¢, N: Nonhomogeneous boundary value problem for one-dimensional compressible viscous micropolar

fluid model: regularity of the solution. Bound. Value Probl. 2008, 189748 (2008)

. Mujakovi¢, N: One-dimensional compressible viscous micropolar fluid model: stabilization of the solution for the

Cauchy problem. Bound. Value Probl. 2010, 796065 (2010)

. Mujakovi¢, N: The existence of a global solution for one dimensional compressible viscous micropolar fluid with

non-homogeneous boundary conditions for temperature. Nonlinear Anal.,, Real World Appl. 19, 19-30 (2014)

. Qin, Y, Liu, X, Wang, T: Global Existence and Uniqueness of Nonlinear Evolutionary Fluid Equations. Frontiers in

Mathematics. Birkhauser, Basel (2015)

. Drazi¢, |, Mujakovi¢, N: 3-D flow of a compressible viscous micropolar fluid with spherical symmetry: a local existence

theorem. Bound. Value Probl. 2012, 69 (2012). doi:10.1186/1687-2770-2012-69

. Mujakovi¢, N, Drazi¢, I: 3-D flow of a compressible viscous micropolar fluid with spherical symmetry: uniqueness of a

generalized solution. Bound. Value Probl. 2014, 226 (2014)

Mujakovi¢, N: One-dimensional flow of a compressible viscous micropolar fluid: a global existence theorem. Glas.
Mat. 33(1), 199-208 (1998)

Antontsev, SN, Kazhikhov, AV, Monakhov, VN: Boundary Value Problems in Mechanics of Nonhomogeneous Fluids.
Studies in Mathematics and Its Applications, vol. 22. North-Holland, Amsterdam (1990)

Jiang, S: Global spherically symmetric solutions to the equations of a viscous polytropic ideal gas in an exterior
domain. Commun. Math. Phys. 178, 339-374 (1996)

Qin, Y: Nonlinear Parabolic-Hyperbolic Coupled Systems and Their Attractors. Operator Theory Advances and
Applications. Birkhduser, Basel (2008)

Giga, Y, Miyakawa, T, Osada, H: Two-dimensional Navier-Stokes flow with measures as initial vorticity. Arch. Ration.
Mech. Anal. 104(3), 223-250 (1988)

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Immediate publication on acceptance

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com



http://dx.doi.org/10.1016/0020-7225(64)90005-9
http://dx.doi.org/10.1186/1687-2770-2012-69

	3-D ﬂow of a compressible viscous micropolar ﬂuid with spherical symmetry: a global existence theorem
	Abstract
	Keywords

	Introduction
	Statement of the problem and the main result
	The proof of Theorem 2.2
	Lower bounds for density and temperature
	The `energy' estimate
	Some auxiliary constructions
	Lower bound for the function theta
	Lower bound for the function rho

	A priori estimates for derivatives
	Final proof of Theorem 2.2

	Competing interests
	Authors' contributions
	Author details
	Acknowledgements
	Endnote 
	References


