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Abstract

The paper studies the existence problem of periodic solutions of the nonlinear
dynamical systems in the singular case. We prove a certain generalization of the
Andronov-Hopf theorem. This generalization is based on an application of the
theorem on a modified p-factor operator. It also uses some other results and
constructions of the p-regularity theory. Moreover, we prove theorems on the
solution’s uniqueness. We illustrate our results by the example of a nonlinear
dynamical system of ordinary differential equations. Our purpose is to find periodic
solutions of such system with fixed period 27r. This is a new research in relation to
previous work, where the authors were looking for periodic solutions with period
near 27.
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1 Introduction

In this paper we study the structure of periodic solutions of dynamical systems and bi-
furcation problems associated with such systems, i.e., we consider a nonlinear system of
differential equations of the form

u=f(u u), u(0) = u(7), @

where f € C3(R x R",R"), 7,1 € R, u € C}(R,R”), and f (11, 0) = 0. Writing it as

d
F(u,u) = d_’: —f(u,u) =0, ()

we apply to it the p-regularity theory [1-4].

Our applications refer to Andronov-Hopf bifurcations, which were considered by
Buchner et al. [5], and by Tan [6]. In our paper the p-regularity theory will be applied
to finding periodic solutions with the fixed period t = 27. In the cited works the period is
near 27.

The issues related to the so-called Andronov-Hopf bifurcation involve the study of the
bifurcation of periodic solutions of the dynamical systems (1), where f(u, %) = 0 for some
u € R” and any p € R. By the changing of variables © and u in (1), the above problem
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reduces to a study of the solutions in a neighborhood of the point (0, 0). Then the system
(1) has a family of equilibrium solutions {(u,0) : © € R}. Let Ly := %(0, 0). The question is
whether (0, 0) is a point of bifurcation. In this case, the sufficient conditions for bifurcation
is the Andronov-Hopf result, which we can formulate as follows (see [5—8]): a bifurcation
of periodic solutions of system (1) (i.e., (0,0) is a bifurcation point) in a finite dimensional
case occurs under the following assumptions:
1. i are algebraically simple eigenvalues of Ly and %ki do not belong to spectrum of
Lo fork=0,2,3,...;
2. if @ is an eigenvector of Ly with eigenvalue i, then there exist C? functions B(u) and
2(1) defined by 2 (11,0)z(1) = B()z(1), B(0) = i, 2(0) = o satisfying the
Andronov-Hopf condition

Re f(0) #0, 3)

i.e., the eigenvalues cross the imaginary axis transversally.

It means that the conditions 1 and 2 are sufficient for (0, 0) to be a point of bifurcation.

Our problem is to find periodic solutions of (1) with fixed period t = 2. We do not use
the classical Andronov-Hopf condition. Looking for methods of solving nonlinear equa-
tions we will show how we can modify the p-factor operator to provide sufficient condi-
tions for the existence of nontrivial solutions. It turns out that the apparatus of p-regularity
theory gives us the ability to construct a wide class of p-factor operators, by means of
which one can describe the tangent cone to the sets of solutions and consequently get the
solutions (see [9, 10]). We will call such operators modified or generalized.

In this paper we prove a new theorem on the modified p-factor operator which is some
generalization of the Andronov-Hopf theorem. In this generalization we do not require
that the Andronov-Hopf condition Re 8(0) # 0 holds, i.e., we weaken this classical theo-
rem. Essential is the fact of surjectivity of the p-factor operator. Note also that the method
of proving will be based on the multimapping contraction principle. Moreover, the new
theorems on the solution’s uniqueness will be proved too. These results we can consider as
a contribution to and a novelty in nonlinear differential equations theory that we represent

in our paper.

2 Structure of the paper

The organization of the paper is as follows. We begin with some notations. Then we recall
the main concept of p-regularity theory and some important lemmas which will be used
later. In the next section we formulate and prove the theorems on solutions uniqueness.
The main result of the paper is a theorem, which we called a generalization of Andronov-
Hopf theorem. It is based on some modified (generalized) p-factor operator which allows
us to introduce a new method of solving differential equations. We illustrate the theorem

by an example including a nonlinear dynamical system of ordinary differential equations.

3 Notations

Suppose X and Y are Banach spaces and denote the space of all continuous linear op-
erators from X to Y by L(X,Y). Let p be a natural number and let B: X x X x --- x
X (p copies of X) — Y be a continuous symmetric p-multilinear mapping. The p-form
associated to B is the mapping B[-]? : X — Y defined by B[x]? = B(x,x,...,x) for x € X.
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Alternatively we may simply view B[-]” as a homogeneous polynomial Q : X — Y of de-
gree p, i.e., Q(ax) = & Q(x). Throughout this paper, we assume that F € C?(X,Y), i.e., the
mapping F : X — Y is p-times continuously Fréchet differentiable on X and its pth-order
derivative at x € X will be denoted as F®(x) (a symmetric multilinear mapping of p copies
of X to Y) and the associated p-form, also called a pth-order mapping, is

FP(x)[h)? = FP(x)[h, h, ..., h).

In this paper we will write the vector / as the row or column vector, depending on the
situation.

We also use the notation
Ker” F?)(x) = {h € X : FP (x)[n]? = 0}

and refer to it as the p-kernel of the pth-order mapping. Note that this set is a (non-convex)
closed cone.

The set M = M(x*) = {x € X : F(x) = F(x*) = 0} is called the solution set for the map-
ping F. We call /1 a tangent vector to the set M C X at x* € M if there exist ¢ >0 and a
function r: [0,e] — X with the property that for ¢ € [0, ¢] we have x* + th + r(¢) € M and
[Ir(&)]| = o(t). The set of all tangent vectors at x* is called the tangent cone to M at x* and
is denoted by T+ M (see [1]). A mapping F : X — Y is regular at x* € X if InF'(x*) = Y. In
the regular case, the tangent cone to the solution set coincides with the kernel of the first
derivative of the mapping F. Recall the following theorem.

Theorem 1 (Classical Lyusternik theorem [1]) Let X and Y be the Banach spaces and let
the mapping F : X — Y be regular at x* € X. Then

T«M = Ker F'(x*).
The notion of regularity is generalized to the notion of the so-called p-regularity.

4 Elements of p-regularity theory
Consider the nonlinear problem

F(x) =0,

where F is a sufficiently smooth mapping between Banach spaces X and Y. If a solution
x* of this equation is regular, i.e., the operator F'(x*) is surjective, then the above equation
describes a regular submanifold of X near the point x*.

The p-regularity theory [1-4, 11-14] deals with irregular cases. In [4], it was shown that
the notions of nonlinearity and irregularity are strongly connected. The main idea of our
p-regularity construction is to replace the operator F'(x*) (which is not surjective) with
another linear operator (constructed by means of the first- and higher-order derivatives)
which is surjective. The latter operator is denoted by W, (x*, #). Here the vector / belongs
to the tangent cone to the set {x € X : F(x) = 0} atx* and p is taken so large (if it ever exists)
that the operator W, (x*, &) turns out to be surjective (the so-called p-regularity condition).

Assume that x* € U C X, U is a neighborhood of the element x*. Let a mapping F : U —
Y be p-times Frechet differentiable in U (p > 1) and Im F'(x*) # Y (the regularity condition
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does not hold). To define the notion of p-regularity, let us first define the so-called p-factor
operator (see [1]). Assume that the space Y is decomposed into a direct sum

Y=Y®---DY,, (4)

where Y7 = cl(Im F’(x*)) (the closure of the image of the first derivative of F evaluated at x*)
and the next spaces are defined as follows. Let Z; be a closed complementary subspace to
Yy, thatis, Y = Y, @ Z, (we assume that such a closed complement exists), and let Py, : ¥ —
Z, be the projection operator onto Z, along Y;. Let Y» = cl(spanIm Pz, F" (x*)[]*) C Z, (the
closed linear span of the image of the quadratic mapping Pz, F”(x*)[-]*). More generally,
define

Y; = Cl(span ImPZiF(i) (x*)[~]i) CZ, i=2,....,p—1,
where Z; is a closed complementary subspace to Y, @ --- @ Y3, i = 2,...,p with respect
to Y, and Pz : Y — Z; is a projection operator onto Z; along Y1 @ --- ® Y;_1, i =2,...,p
with respect to Y. Finally, let Y, = Z,. The order p is chosen as the minimal number (if it

exists) for which the above decomposition (4) holds.
Now, let us define the following mappings:

fi:U—Y,;, filx) =TI;F(x), i=1,...,p,

where I1; : Y — Y is a projection operator along Y1 ®--- @ Yi.; ® Yi1 ® --- @ Y,,. Then
the mapping F can be represented as

Fx)=fix) + -+ fo(). (5)

Sometimes it is more convenient to represent ¥ as a product ¥; x - -- x Y}, instead of the
sum Y1 @ --- @ Y,. Then

F(x) = (fl(x),...,];(x)).

Let us recall some important definitions of p-regularity theory for the further considera-

tions.
Definition 2 The linear operator mapping X to Y,
Wy (h) = Wy (x*, k) = £ (x%) + fy () U] + -+ + £ (%) [}
such that
Wy (k) = Wy (x*, h)x = f; (6% ) + f3 (6%) [l + - + £ (6% [P 'x, x € X,
is called p-factor operator.

Here, by definition, f; (x*)[#]x = f; (x*) [}, %], etc.
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Sometimes it is convenient to use the following equivalent definition of p-factor opera-
tor:

W00 = Wy () = (5 () 5 () Vi S () )
= (I F' (x*), T E" (%) (), ..., TL,F®) (x*) [1]P )

forhe X.
We say that F is completely degenerate at x* up to the order p if F?(x*) = 0,i=1,...,p—1.

Remark 3 In the completely degenerate case the p-factor operator reduces to
F® (x*)[h]P-1,

Remark 4 For each mapping f;, i =1,...,p we have ([1], p.145):

@) =0, k=1,...,i-1LVi=1,...,p. (6)
Remark 5 According to the Remark 4 the expressions

FO) )t = FD () )Y, i=1,...,p,

are i-factor operators corresponding to completely degenerate mappings f;. So the general
degeneration of F can be reduced to the study of completely degenerated mappings f;.

Sometimes we will be write round brackets (-) instead of square ones [-].

Definition 6 The p-kernel of the operator W, (k) is a set

H,(x*) = Ker’ W,(h) = {h € X : W,(h)[A] = 0}
= {h eX :ﬂ(x*)[h] +f2”(x*)[h]2 NI +];(P) (x*)[h]p _ 0}'

Note that the following relation holds:

p
Ker” W, (h) = iﬂ I(erifl.(i) (x*) }

i=1

Again, this set is a closed cone, in general non-convex.
Furthermore p-kernel of the operator F®(x*) in the completely degenerate case is a set
Ker? FO)(x*) = {h € X : FP) (x*)[h]? = 0}.

Definition 7 A mapping F is called p-regular at x* along h (p > 1) if In W, (h) = Y (i.e., the
operator W, (/) is surjective).

Definition 8 A mapping F is called p-regular at x* (p > 1) if either it is p-regular along
every h € H,(x*)\{0} or H,(x*) = {0}.

The following theorem gives the description of the tangent cone to the solution set M
in the degenerate case.
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Theorem 9 (Generalized Lyusternik theorem [1]) Let X and Y be the Banach spaces and
let the mapping F € CP(X,Y) be p-regular at x* € M. Then

T=M = Hy,(x"),
where Ty+M denotes the tangent cone to the set M at the point x*.
The above apparatus of p-regularity is a new tool for studying nonlinear problems.

5 Some important lemmas
In this section we present some lemmas which play important roles in the further consid-
erations and will be used later.

Lemma 10 ([10]) Let A1, As,...,A, € LIX,Y), Y =Y1®---®Y,. Let InT1 Ay = Yy, where
g : Y — Yi is a projection operator from the space Y onto Yy along Y1 @® --- @ Y1 @
Yin @ ® Y, k=1,...,p,and I11Ay = Ay. Then

p-1
(A + ThAy + -+ TLA)X =Y & (HpAp)(ﬂ Ker HiAi> =Y,

i=1

Let X and Y be Banach spaces. By the mapping ® : X — 2! we mean a multivalued map-
ping (multimapping) from X to the set of all subsets of a space Y. Let p(x,y) = ||x — y|| be
the distance between elements x and y in a Banach space and let p(x, M) = inf{||x — z|| :
z € M} be the distance from element x to subset M in this space. By disty (M3, M;) =
max{sup{p(x, M3) : x € My}, sup{p(x, M;) : x € M,}} we denote the Hausdorff distance be-
tween the sets M; and M,.

Lemma 11 (Multimapping contraction principle [15]) Let Z be a Banach space. Assume
that a multimapping

@ : U, (z9) —» 27

is given on a ball U,(z9) = {z € Z: p(z,20) < €} (¢ > 0), where the sets ®(z) are non-empty
and closed for any z € U, (zo). Further, assume that there exists a number 6,0 < 0 <1, such
that

1. disty(P(z1), P(z2)) < O0p(z1,22) for any z1,zy € Ue(2p),

2. p(z9, ©(20)) < (1 -0)e.
Then, for every number & satisfying the inequality

p(z0, P(20)) < &1 < (1 - O)e,
there exists z € Bgj0-9)(20) := {0 : p(w,20) < &1/(1 - )} such that
z € O(2). (7)

Moreover, among the points satisfying (7), there exists a point z such that

p(z,20) < %p(z(), ®(20)).
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For a linear surjective operator A : X — Y we denote by A™! its right inverse, that is,
A71:Y — 2%, which takes an element y € Y to its complete inverse image of the mapping
A, Ay ={x € X: Ax =y}, and of course AA™! = Iy. We set | A~y = inf{|lx|| : x € A7ly}.
By the ‘norm’ of such a right inverse operator we mean the number

o~ = sup a7y ®)

By the Banach theorem on surjective linear operator, we have || A~}|| < co. Note that if A
is one-to-one, then || A7!|| is the usual norm of the operator A~!. In our considerations,
by A~! we shall mean just the right inverse multivalued operator with the norm defined
by (8).

Lemma 12 ([16]) Let X and Y be the Banach spaces, F : X — Y nonlinear operator, F €
CPX,Y). Let Y =Y1 @ --- ® Y, where Y;, i = 1,...,p are the Banach spaces. Let y € Y,
Y=y1+- -+ Y, Wherey; €Yy, i=1,...,p,and let h € X, ||| = 1. Assume that

H{E (%) + T F" (x*) (1] + -+ + I,F® (x*)[h]”‘l}_1 [ :=c< o0,

where Iy are as in Lemma 10. Then for all nonzero a; € R, i =1,...,p, and all nonzero
t € R we have

” {alF/(x*) + azl'IzF”(x*)[th] 4ot apl'[pF(p ( )[th 1P- 1} 1+ -+ ”

<2 Il ! vl ! (57 )
c|l — +— Fod —— .
T\ & ot 72 aptp_l ”

Lemma 13 (Mean value theorem [15]) Let X, Y be Banach spaces, U an open subset of the
space X, [x,x + A) a closed segment in U. IfF: U — Y and F € C}([x,x + A)), then for any
A € L(X,Y) we have

|V@+M—F@—AA“5;?NF@+OM—A”MAW (10)
€[0,1

Lemmal4 Let X, Y bethe vector spaces, B[-]? : X — Y be the homogeneous p-form defined
on the space X associated to a continuous, symmetric, p-multilinear mapping B: X x - - - x
X (p copies of X) — Y. Then

@mw=p$mw, (11)
Plnpt = (- DY(BIAYPY), (12)

where h € X and BY) denotes the pth-order derivative of the mapping B[-]?.

The proof of this lemma follows from the properties of a homogeneous p-form (see
[2,17]).

Lemmal5 Letforanys € (0,8), where § > 0 is sufficiently small, the linear operator A + sB
be a surjection, then the linear operator A + Py, 41 B is a surjection.

The proof of the above lemma is in [9].
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6 Theorems on solution’s uniqueness

The generalized Lyusternik theorem ensures the existence of a tangent line from the
p-kernel of the p-factor operator W,(x*, /1), which determines a solution of the equation
F(x) = 0.In the completely degenerate case, where F%)(x*) = 0 fork = 1,...,p—1, we under-
stand it in the following sense. If the element / € Ker” F®) (x*), then there exists r(t) such
that ||r(2)|| = o(t) and x* + th + r(t) € M, i.e., F(x* + th + r(t)) = 0. However, the guarantee
of the existence of a solution does not mean that the solution is unique. Below we show
that under additional conditions we can consider the problem of the solution’s uniqueness.
So, let us take into account the completely degenerate case and begin with the following
important remark. In this section will be considered only the finite dimensional case, i.e.,
X =R", Y =R"1, and F € CP*{(R",R""1).

Remark 16 Let /1 € Ker” F®) (x*). If the curve x(t) = x* + th + r(t) is a solution of the equa-
tion F(x) = 0, i.e., F(x* + th + r(¢)) = 0, and ||[r(¢)|| = o(¢) for t € (-¢,¢), € > 0, then r(¢)
always can be regarded as an element belonging to the orthogonal subspace to the space
{th:teR}.

Now we introduce the definition.

Definition 17 We say that a solution (or curve) x(£) = x* + th + r(t) of equation F(x) = 0 is
unique for some vector / € Ker” F®) (x*), if there exists exactly one curve x(t) = x* + th + r(t)
(exactly unique function r(¢)), such that F(x* + th+r(¢)) = 0 and r(¢) L &, where ||r(¢)|| = o(t)
for t € (—¢,¢) and ¢ > 0 is sufficiently small.

We shall prove the following lemma.

Lemma 18 Let F € C?*'(R",R") and F(x*) = 0, FO(x*) = 0 for k = 1,...,p — 1,
FO (x*) [P {(R") = R", where h € Ker” F®)(x*). Then there exists a unique curve x* +
th+rt), r(t) Lh te(-¢¢), >0 such that

F(x* +th + r(t)) =0, ||r(t) H =o(t). (13)

Proof Assume that & € Ker” F?(x*). Moreover, suppose that there exist a sequence
{ti}ken, tx — 0 and two solutions x* + il + ri(tx), x* + th + ro(f) such that F(x* +
tih + () = F(x* + tih + ra(t)) = 0, where r1(£x) # ra (&), ni(2), 2(€) L b, I (&)1l = o(tx)
and ||r2(t)ll = o(tk), k = 1,2,.... Next, for the sake of simplicity, let us denote r; := (),
ry := 1y(t), where t := .

We apply an expansion of the F(x* + th + rp) by the Taylor formula. We have

0=F(x*+th+r)
=F(x* +th+r)+F(x" +th+n)(r-n)
+ %F”(x* tthtr)(ra =)+ + ;F@ (" + th+11) (o — 11)?
+E(r 1), (14)

where £ : R” — R and ||£(ry — )| = Ogn-1(]|72 = 11 ||1P*1) (Opa-1(2) denotes O large in the
space R" 1),



Medak and Tret'yakov Boundary Value Problems (2015) 2015:91 Page 9 of 24

Moreover,

F(& + thoen) = F (&) + /() @+ ) + SF (<) eh+ )

1

- 1)‘1-"(”) (") (th + 1P + Opna (£) (15)

oot

and

F/(&* + thoen) = F' (&) + () @+ ) + SO 0hos )

1

- 2)‘F(p) (") (th + 1P + Ogua (£771), (16)

oot

and continuing
FP(x* + th + 1) = F? (x*) + Ogn1 (2). 17)

Substituting (15), (16), and (17) into (14) and applying the conditions FX(x*) = 0 for
k=1,...,p—1, we have

( L_po (%) (¢h + 1)~ + Ooa (tp)>(r2 -n)

(p-1)
+ (2(1}1_ 2)!1-"(”) (x*)(th +71)772 + Ognt (t"_l))(rz —r)+e-
+ (}%F(p) (x*) + ORn—l(t)>(r2 —r)lP +&(rp—1)=0.

Dividing two sides of this equation by #7}||r, — 1|, and introducing the notation A4, we
obtain

= (O 8 )M
4 ((P—l)!F () ek e ¥+ 0w () ) o

+ (LP@” (x*)(th + 1)’ + Ognn (tp—l)) _(n-n)®
2(p-2)! 1 ry — |

+ (lp(p) (x*) + O]RV!—I(t)) (r2 = ra)? + §(r —n)

p! A ry =il 7y -l

We can represent the above equation as

1 (ra—m)

FO(x")(th+ ) ' ————— + w(t) = 0, (18)
(p- 1) Ty
where w : R — R", w(f) = 0 as t — 0.
This yields
L po ey =2 v -0, (19)
(p-1)! t?ry =l

where g : R — R" !, o(t) > 0 as t — 0.
We need to consider two cases.
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1. Assume that F@ (x*) ()P ”Z 2” — 0ast— 0,where r; =r(t), rp = r2(2).

This implies that there exists an element 7, such that ||| =1 and
®)(x*) (P 7 =0

Moreover, 77 L span{#}.

This is contrary to the fact that the operator F)(x*)(/)?~! is a surjection, since the kernel
of F¥(x*)(h)?~! is one-dimensional. More precisely, we obtained two elements / and 7,
for which F® (x*)(h)?~'h = 0 and F® (x*)(h)?~17 = 0, then the kernel is two-dimensional,
which contradicts the surjectivity of F® (x*)(h)?~1.

2. Assume now that F® (x*)(h)P1 27, 0 a5 £ — 0.

llra=r1ll
Therefore there is a subsequence ({t}ien of the sequence {ti}ien, such that

ro (tr.)-r1(t,
| F®) () (h)P~ 1%” >M>0ast, — 0.

Note that the conditions o (ty,) = 0 and w(ty,) — O give

1 (ra(ta) — r) ()

||}"2(tk,) — rl(tki)” U(tki) + a)(tkl.)

0 = [lAl = HF@(x*)(h)P-

(ra(ti,) — r1(tx,)) M
pyp L D — #0,
)Wt |~ 17 = et |25 7
which is impossible and the lemma is proved. 0

The above lemma can be generalized as follows.

Lemma 19 Let F € CP*}(R",R™), F(x*) = 0, and W,(x*,h)(R") = R", where W, is
p-factor operator and h € Ker” W, (x*). Then there exists a unique curve x* + th + r(t) such
that

F(x* +th+ r(t)) =
and ||r(t)|| = o(t), r(t) L h forall t € (—¢,¢), where € > 0 is sufficiently small.

Proof Note that according to the definition of the p-factor operator, i.e.,
W, (x*, 1) = (ILF' (x*), TLF" (x*) [A], ..., TL,F® (x*) [1]P7),

and Remark 5, the assumptions of Lemma 18 hold for the mapping of the form
IFO () [hY : R" 2B R, j =1,...,p. Each coordinate [T;F(x) is completely degener-
ate at the point x* and the p-factor operator is a surjection. Then analogously to the
completely degenerate case one can prove that there exists a unique element r(¢) L .

Therefore Lemma 19 is true. O

Remark 20 The curve x* + th + r(t) determined by the element / from the p-kernel of the
p-factor operator W, is a unique solution of the equation F(x) = 0, i.e., for a given /, such
a curve is unique.

7 Generalization of Andronov-Hopf theorem
We will prove Theorem 21 on a generalized (modified) p-factor operator, which is certain
generalization of Andronov-Hopf theorem [5].
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Theorem 21 Let X and Y be Banach spaces, F € C3(X, Y). Assume that there exists x* € X,
such that F(x*) = 0, F'(x*) = 0 and there exist vectors h and h in X, such that Y1 := Im F' (x*)
is closed and has a closed direct complement Y-, Y, := Im HYILF//(?C*)[]’I] is closed and has

a closed direct complement Y3, and

— 1
Y = Im Py gy, <F”(x*)[h] ; Ep///(x*)[hf),
Y=Y, 0Y,0Y;.
Moreover, assume that

My, F(x* + th + tzﬁ) = o(tz),
My, F(x* + th+*h) = o(£%),

PYZLF(x* +th + t°h) = o(t*),

ast— 0.
Assume that the operator

Wy (th, £h) = Ty, F'(x*) + My, F" (x*)[¢h]

+Pyy (F” (x*)[£h] + %F/” (%) [th]z), t#0,

is surjective. Then there exists a curve x* + th + t*h + x(t), such that F(x* + th+ t*h + x(£)) = 0
and || x(t)|| = o(t?) (hence h € Ty M).

Remark 22 The operator W,(th, t>h) will be called the generalized or modified 2-factor

operator.

Proof Define a multivalued mapping

®:U(0,8) > 2", (20)
Vx € U(0,g), ®(x)=P(tx)=x— {\112 (th, tZE)}_lF(x* +th+t*h+ x), (21)
where t € (=§,5)\{0}, § > 0. We will show that, for any ¢ small enough, there exists an

element r(¢) such that ||7(£)|| = o(t?) and () € ®(r(t)), i.e., (t) is a fixed point of the map-
ping &. It follows that

0 € {~{ Wy (th, 2h)} " F(x* + th + £ + 1(2)) ).
From this relation we will obtain F(x* + th + 2k + r(¢)) = 0 and ||7(¢)|| = o(¢2), hence & €

Ty M.
First we will prove that

0(0,2(0)) = | @(0)| = o(£?).
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Let us note that
®(0) = —{ Wy (th, *h) ) F(x* + th + £°h)
—{W,(th, tZE)}_l(l'[ylF(x* +th + °h) + Ty, F(x* + th + £*h)
+ PY%F(x* +th + £°h)).
From this, Lemma 12, and from the assumption we obtain
[®@0)| < c|TnE(x* +th+2h)| + ;” My, F(x* + th+ £h)||
+ [Py + th+ 2B)[| < o) + So(£) + So(e") = o).
We next show that for all x1,x, € U(0, &(t)), £(t) = 20(¢%) the following estimate holds:
disty (P (x1), Px2)) <Olx1 —xal, 0<6<1. (22)
Note that
Wy (th, 1) D (x1) = Wo (th, P h)xy — F(x* + th+ £l + x1),
Wy (th, ) D (x3) = Vo (th, h)xy — F(x* + th+ Pl + x3).

Let z; € ®(x1), 2, € ®(x,). Then we have

distyy (D (x1), D ()
=inf{llz1 — z2]| : zi € D), i = 1,2}
=inf{l|z1 — 2ol : Wa (th, 1) (z1 — 25) = Wy (th, £21) (%1 — x2)
x [F(x* + th+ h+x1) = F(x* + th+ h + x2) ]}
= inf{||z]| : Wa (th, £21) (2) = Vo (th, 1) (x1 — x2)

{ (

[F(x +th+t h+x1) F(x*+th+t2E+x2)]}

inf{||z]l : Wy (th, 1) (2) = Vo (th, 1) (%, — x3)
)-

—[HYI(F(x +th+t2h+x F(x* +th+t2h+x2))

+ My, (F(&* + th+ h+x1) — F(x* + th+ h + x5))

+Pyy (F(x* + th+ h+x) — F(x* + th+ h + x,)) ]}
= inf{ llzll : z € \llz(th, tzﬁ)l{ [HylF’(x*)(xl —X2)

TP )[th](xl—x2)+PY2L(F”(x)[ T L )[th]2>(x1—x2)j|

— [y, (F(x* + th+ 2h + 1) = F(x* + th + £+ x,))

+ HYZ(F(x* +th+t2E+x1) —F(x* +th + t2E+x2))

+PY2l(F(x* +th+2h +x) - F(x* +th+tzﬁ+x2))]”
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W (th, ﬂﬁ)-l{nylp/(x*)(xl ~x)

:inf”

— (O (F(x* + th+ Ph+x) - F(x* + th+ *h + x5))]

+ I"IYZF”(x*)[th](xl — %)
- [Hy2 (F(x* +th+t*h +x1) —F(x* +th+t*h +x2))]

o (F,, () [€H] + S () [th]2> (1~ )
[Py (F(x* + o+ PT) B+ ths £+ xz))]} H }
Further, by Lemma 12 we give the following estimate:
distyy (P (x1), P(x2))
<c|My, (F(x* + th+ h+x1) = F(x* + th+ £h + x5)) = Ty, F'(6%) (v — %) |
¥ j | Ty, (E(x* + th + 27+ 31) - F(x* + th + 2T + x3))

— My, F" (x*) [th] (%, — x5)

Cc

t 3 PYZL(F(.?C* +th+ t2E+x1) —F(x* + L‘h+tzﬁ+x2))

s (F” (&) [H] + () [th]Z) (61— )

Now we apply the mean value theorem and the Taylor formula. We have

distyy (P (x1), P(x2))

<c sup || l'IylF’(x* +th+2h+x1 + 0 (%, —xl)) - l'[ylF’(x*) ” [l — 22 |
0¢€l0,1]

+ ; sup || My, F'(x* + th + 21+ %1 + 0 (x, -x)) - HYZF”(x*)[th] H lloer = x|
0€[0,1]

+ % sup PYLF’(x* +th+2h+x +0(x, — xl))

 Gefo)
s (F”(x*) (7] + 3P () [th]Z)

=c sup || l'lylF/(x*) + l'lylF”(x*)[th + 2+ % +0(xy — xl)] + Oy(tz)
0el0,1]

[loer — 22|l

— Ty, F' (x*) || %1 — 2|

+ ; sup || I"IYZF’(x*) + HYZF”(x*)[th + 20+ %+ 0(xy —xl)] + Oy(tz)
6€[0,1]

~ Ty, F" (x*) [th] || 11 — 2|

c
+— sup

Pyle’ (x*) + PYZJ_F” () [th+ Eh+x1 +0(x3 —x1)]
0el0,1]

+ %PYZLFW (&) [th+ h + %1 +0(xy — xl)]2 + Oy (%)
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— 1
— Py F'(x")[£°h] - 5zﬁyzuf”’(ac*‘)[th]2 1 = %2 |

=c sup [Ty, F"(x*)[th + £2h + %1 + 0(x — x1) ] + Oy (£2) | 1 — %2
0el0,1]

+ ¢ sup || HYZF”(x*)[tZE +x1 + 0 (%2 —xl)] + Oy (tz) || [l — 2o ||
t@e[o,u

c
+— sup

PYZLF” (x*)[eh] + PYZLF” (x*)[£R] + PYZLF” (%) [#1 + 0 (32 — x1)]
0elo,1]

1 1 — _
+ EPYZJ_FW (x*) [th]? + 5PY2LFW (x*) [tzh +x1+0(xp — 9c1)]2

— 1
+ Oy (£) = Py F'(x*)[£°h] - EPyzuf’”(x*)[th]2 lla1 —

c c
< <C0(t) + Ekltz + t—2k28(t)) ller — %2l < 6() [l — %21,

where 0(t) — 0 if t — 0, t € (0,8), and § > 0 is sufficiently small. Moreover, ||s(2)|| = o(¢).
Consequently the mapping & is a contraction on the set L/(0, 20(£2)).
According to the multivalued contraction principle we will next prove that

0(0,®(0)) = | @(0)|| < @ -0)e(®),
where () — 0 and &(¢£) = 20(¢?). Indeed if t — 0 we can take 6(t) < %, and then
[®0)] =0(?) < (1 -6(2))20(£*) = (1 - 6(2))e(t) (since () — 0),

and this is the desired conclusion.

Therefore we have proved that the mapping ® satisfies the conditions 1 and 2 of the
multivalued contraction principle (Lemma 11). For zy = 0 this principle implies that there
exists an element z = r(t), such that ||r(¢)|| < ﬁ”@(O)H < 4||®(0)|| < 80o(£?) or ||r(t)]| =
o(t?) and r(t) € ®(r(¢)). Then r(¢) is a fixed point of the mapping ®. Hence

0 € {—{ W, (th, t2ﬁ)}_1F(x* +th+ Ch+r(t)}.

Thus we get F(x* + th + t*h + r(£)) = 0 and ||r(¢)|| = o(£?) or h € Ty«M and this finishes the
proof. d

In the next section, we apply the above theorem to a nonlinear dynamical system.

8 Applications of generalization of Andronov-Hopf theorem to nonlinear
dynamics

In this section we consider the following nonlinear dynamical system of ordinary differ-

ential equations:

in —ty + o + (U + @) (u + v + U3 + ug)? 0
du iy ur + pts + 1+ w)(un + g + Uz + ug)? 0
—+fu)=| 7|+ 5 | = ) (23)
dt i3 ug + puz + (1 + w)(uy + Uy + uz + uy) 0

ity —us + ptig + (1 + ) (U + vy + U3 + ug)? 0
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where
u; fi —uy + i + L+ )y + g + s + ug)?
Lo | Flu) = L uy + puy + (1+ @) (uy + uy + us + ug)?
us fs ug + puz + (1 + w) (U + vy + us + ug)®
Uy 4 —us + pug + (1 + 1) + vy + us + ug)®

and u(0) = u(27), u € R.

An equivalent representation to the above system is

i =ty + oy + U+ ) (U + v + us +ug)® =0,
i+t + iy + (L + ) (g + s + us + ug)® = 0, 24)
i3 + tg + pus + (L+ ) (g + g + us + ug)® =0,

itg —uz + ity + (L+ ) (e + iy + 1z +1u4)® =0,
where 1; = %, u;(0) = u;(27), 1 =1,2,3,4, u € R is the parameter. The problem is now to
find periodic solutions of the above system with period 2.

Note that this example was studied by Tan in [6] by an algebraic geometry method. It is
a particular case of the equation

% + T(u) + AL(u) + HO, u) + K, u) = 0, (25)

where (A, %) € R x C}_(R,R*) and

w1 (2) -1 -1 0 0 1 000
- 0 sl 10 0 |0 100

us(e) |’ o 0o -1 1} 001 0}

1 () 0 0 -1 -1 0 0 0 1

(g + Uy + us + ug)®

H(u) = A K u)=0.

w

)

(1 + s + us + ug)®

(U1 + uy + Uz + ug)
)

(1 + Uy + us + ug)®

Taking A = + u =1+ u, we turn to the equation

% #T() + (1 + L) + HOL+ 1,10) = 0,

or, considering the linearity of the mappings 7" and L, to the equation

% +(T +L)(w) + uL(u) + HL + p,u) =0,

in ~u iy (1 + up + Uz + us)®

I:l2 u y2a7%; (Lt] + Uy + U3z + M4)3
o+ + +(Q+p) ;=0
i3 Uy w3 (w1 + Uy + Uz + ua)

iy —u3 Wity (w1 + gy + Uz + ug)?
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Note also that for the parameter & = 1 the matrix

0 -1 0 O
1 0 0 O
T+L=
0O 0 0 1
0 0 -1 0
has twice eigenvalues %i. This is also an equivalent of the matrix Ly = i 2()?4,0) in Buchner et

al. [5] and in the present work, because further we will also denote the matrix T + L by L.

Therefore,
Ker(Lo — il) = span(wy, ws), (26)
where
1 i
—i
wy = and wy=|
—i
i 1

are linearly independent eigenvectors corresponding to the eigenvalue i [6].

It is worth to emphasize that the authors of [5, 6] search periodic solutions with period
near 2. Our purpose is to find solutions of the system (24) with a fixed period which is
equal to 2.

Below we prove the following theorem.

Theorem 23 For sufficiently small o € (—¢,¢) the system (23) has nontrivial solutions of
the form
x(ot,t) = (—48a” + ry(a), 20 cost + ra(ar, £), —2asin £ + ra(at, £),

—2a sint + r3(o, t), 2c cost + r4(a, t)),
where ||ri(a)|| = o(e?) and || ri(«, £)|| = o(a?), [ = 2,3,4,5.
Proof The system (23) can be considered as

F(x) = F(u,u)
= F(p, 1, 42, u3, Ua)
= (L't1 —uy + pug + (L + o) (g + vy + us + 1),
iy + 1y + g + (1 + ) (g + g + sz + ug)®,
iz + ug + pus + (1+ w) (g + uy + us + ug)?,
g —us + pug + (1 + p)(uy +u2+u3+u4)3) =0, (27)

where F € C3(R x CH(R,R*),C(R,R*)) and ;(0) = u;(27), { = 1,2,3,4. Note that x* =
(0,0) =(0,0,0,0,0) is a trivial solution of this system. Let us evaluate the first derivative
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of the mapping F at the point (0, 0),

0 £ -1 0 o0
01 £ o0 o d
F'(0,0) = dr =(0,— +Lo ), 28
©O=1y 0 o 4 1 <dr °> @8)
00 o -1 4
where
0 -1 0 0
3f(0,00 |1 0 0 0 d du
= = d —+L = — + Lou.
0 T 0 0 o 1| M \ggrho)u= g it
0 0 -1 0

From this we can describe the kernel of the first derivative:

d
KerF'(0,0) =R & Ker(d— + L0>.
T

The problem is now to find the space Ker(% + Lg). To this end, one has to solve the
following system of equations:

du L 0
— +Lou=0,
dr 0

with condition #(0) = wk, k =1 or 2 (see (26)). The solution of the above system is the
following:

u(t) = e 07 4(0) = e u(0).

Thus we obtain
d
Ker - + Lo | = span(¢y, ¢2, P3, Pa),

where ¢or_1(7) = Re(e ™ wy), dor(t) = Im(e~"wy), k = 1,2 (see [6]).
Hence for the vector /1 = [y, hyy, My, Bug, 1y, ] € R x CH(R,R?), taking into account that
0 - &1, = 0 and solving the following system of differential equations:

dhy,
dr

dhy,
dr

dhy,
dr

F’(0,0)[h]:( iy, 22 +hu4,%—hu3)=o, (29)

dt

subject to the conditions 4,,(0) = h,,(27), [ =1,2,3, 4, we obtain

Ker F'(0,0) = R x span(¢, ¢2, ¢3, ¢a) = R x Ker F,(0,0), (30)
where
coST —sint sint CoST
o T A o A v B

sint COST CoST —sint
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Define now the space Y7 = Im(% +Lg) = (Ker(d% +Lo)*)*. Note that the adjoint operator
has the form (d% +Lo)* = —% +L§ = —% +LJ . Abasis {1, ¥z, V3, ¥4} of the space Ker(% +
Lo)* can be found with (Y, ¢;) = 8;, where (g, 1) = 02” (g(r),h(r)) dr and (g(7), h(t)) is the
standard scalar product in R*. Then

Y1 ={g€Conr (RRY) : (g,¥) =0,1=1,2,3,4}

2
= {geczﬂ(R,R‘*):/o (g(r),l/ll)dr:0,1:1,2,3,4}. (32)

Easy computations show that v, = = ¢, for [ = 1,2,3,4, and we have the following iden-
tity of subspaces:

span(yr1, Y2, Y3, ¥a) = span(ey, ¢, $3, ha).

Therefore, we obtain the relation

Y: = ImF'(0,0) = (Ker F,(0,0)*)" = (Ker F,(0,0))” and

Y1 ={g€Cor(RR): (g,y) =0,1=1,2,3,4} (33)
2
= {g € (3 (R, RY) :f (g(r), 1) dr =0,1= 1,2,3,4}.
0
Now choose the vectors

h=1[0,¢1 + Py + 3 + ¢pg] = 2[0,cos T, —sinT,—sinT,cos 7],

h=1g,0,0,0,0].
We proceed to show that all assumptions of Theorem 21 hold, i.e.,

My, F(x* + ah +a’h) = o(a?),

o(a3),

PYZLF(QC* +ah+a’h) =o(a?),

My, F(x* + ah + o*h)

where

Yi=ImF'(x"), Yo =ImI F"(x")[A],

Y3  =ImPy, gy, (F“(x*)[ﬁ] + %F’”(x*)[hf), Y=Y0Y,8Y;".
Note that

F(ah + azﬁ)
= F(aze, 20 coS T,—2a 8in T, —2a sin T, 2¢ cOS 7,')

= (2a3£ cost +A,—203%esint + A,—2a3esint + A, 203 cos T +A),
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where A = 6403(1 + a®¢)(cos T — sint)3. Therefore, F(ah + «2h) = o(e?) and from this, we

have Iy, F(ah + ah) = o(a?).
Next we show that

PYILF(Olh +0’h) = o(a*)

for i = [-48,0,0,0, 0], where Y;- = Ker F.(0,0).
The projection PYILF (ah + «®h) has the following form:

PyllF(OlZS, 200 €cosT,—2a sinT,—2a sin T, 2¢¢ COS r)
4
= Z(F(azs, 20 cos T, —20sin T, —20 sin T, 20 cOS T ), i )s
i=1
2w
= ¢1/ [(2¢ccost +A)cost + (—2a’esinT + A)(-sint)
0
+ (—20[38 sinT + A) COST + (20[38 COST + A) sin r] dt
2w
+ ¢>2/ [(20(38 CoST +A)(— sint) + (—20[38 sint +A)(— COST)
0
+(-2aesinT + A)(=sint) + (22®s cos T + A) cos T dt
2w
+ ¢3/ [(2eccost +A)sinT + (—2a’esint + A) cos T
0
+ (—20[38 sint + A)(— sint) + (20[38 COoST + A) cos r] dr
2w
+ ¢y f [(20[38 COST +A) COST + (—20[38 sint +A)(— sinT)
0
+(—2aesinT + A)(~cos7) + (20’ cos T + A)(-sinT)] d.
The last expression can be represented as
PY#F(aZS, 2acos T,—2a sin T, —2a sin 7, 2 cOS r)
2
=¢ / [20[38 + 640> (1 + ozzs) (2 cos* T + 6 cos? 7 sin® ‘E)] dt
0
2w
+ ¢ / [20®e + 640 (1 + a®e)(2sin* T + 6 cos® T sin’ 7) | dT
0
2
+ ¢3/ [20535 + 64013(1 + aze) (2 cos* T + 6 cos? T sin? ‘L')] dt
0
2w
N / [20®e + 640 (1 + a®e)(2sin* T + 6 cos® T sin’ 7) | dT
0
and condition (34) holds, if

2
b1 / [20[38 + 640> (2 cos* T + 6 cos? T sin® r)] dr
0

2w
+ ¢y / [20s + 64a®(2sin* 7 + 6 cos® Tsin’ 7) ] dt
0

(34)
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2w
+ ¢3 / [20[38 + 6408 (2 cos* 7 + 6 cos? t sin? r)] dr
0
2w
+ ¢4f [20’e + 64a®(2sin T + 6 cos® Tsin’ 7) | dt = o).
0

Therefore, we have to solve the following equation:

3T T
4dre+64(2— +6— ) =0,
4 4

and we obtain ¢ = —48. From this we have % = [-48,0,0,0,0] and condition (34) is satis-
fied.
By Y, C Yi* (while Y;* = Ker F/(0,0)), we have
HYZF(O(]’I + aZE) = o(ozg)
and
PYZLF(O[]’I + a2ﬁ) =o(a*).
In the next step we verify that the operator
\IIZ(h’ E) = HYIF/(O) 0) + HYZF”(O’ 0)[h]

— 1
+ Py (F”(O, 0)[h] + §FW(O’ 0)[h]2)
is a surjection. Of course, this operator is

Wy () = F'(0,0) + Ty, F"(0,0)[4]

+Py1 (F”(O, 0)[A] + %F”’(O, 0)[h]2>. (35)

Let us note that a consequence of Lemma 15 is the following remark. If, for any s €
(0,8), where 8 > 0 is sufficiently small, the operator Iy, F”(0,0)[/] + SPYILF//(O,O)[E] isa
surjection, where Iy, : Y — Y, is the projection operator from the space Y onto Y, along
Y7 and PYIJ_ is the projection operator from the space Y onto Y- along Y3, then the operator
Iy, F"(0,0)[A] + PYZJ_FH(O, 0)[#] is a surjection too.

To begin, note that for the vector H = [h,, 1, My, By, 1y, ] We obtain (see Lemma 14)

F"(0,0)[H1* = 2W(h,huy s by, b, Byh,),

and, in matrix form, we get the following representation of the operator F”(0,0)[H]:

By hy O 0 0

By O hy, 0 0
F'(0,0)[H] = | ™ .

By O O hy O

By O 0 0
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It follows that

2cost 0 0 0 O

—28i 0 0 0 O
F'0,0)h=| 0"F

-2sint 0 0 O O

2cost 0 0 0 O

and
0 -48 O 0 0
— 0O O -48 0 0

F"(0,0)[n] =

0O O 0 -48 O

(VI 0 0 -48

We apply Lemma 10 to examine the surjectivity of operator (35) on the kernel of the first
derivative at the point (0, 0).
Take an arbitrary vector [X, vy, vo,vs,v4] € Ker F'(0,0). We have A € R and

n acosT —bsint +c¢sint +dcost
Vs —asint —bcost +ccosT —dsint
V3 acosT —bsint —csint —dcost
V4 asint +bcost +ccost —dsint

where a, b, c¢,d € R. From this, we obtain

A A
COST
1 1 .
—sint
F'(0,0) | vy | =0, F'(0,0)[h] | vy | =21 int
V3 V3
COST
V4 V4

Next we have

2cosT
" -2sint
HYzF (O, 0)[h] ()\) V1, V2, V3,V4) = 47.[)\(451 + ¢2 + ¢3 + ¢4) =47 _2sint

2¢c0ST

(the calculations are analogous to (34)).
Note that the element

2cosT

-2s8int
47 )\ .

—-2sinT

2C0ST

belongs to Ker F,(0,0) = Y;*.
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Py F"(0,0)[1) (3, v1,v2,v3,v4) = F"(0,0) (1] (A, v1, V2, V3, v4)

and HYZFN(O! 0)[h] ()\,, V1, V2, V3, V4) = F”(0,0)[h]()\., V1, V2, V3, V4)r because Y2 - Yll

Consider now

A
—481/1
" 48v.
F'O,00A] | v |=| 7
OO o | =|
V3
—48V4
Va
Obviously
A
Vi
F'(0,0)[A] | v, | € KerF/(0,0) = Yi".
V3
V4
Hence
A A
Vi Vi
PYILF”(O,O)[E] vs | =F"(0,0)[A] | vy
V3 V3
Va Vg

Therefore the operator

My, F"(0,0)[A] +sPy1 F"(0,0)[A]

COST
= F"(0,0)[/] + sE”(0,0)[h] = | ~>"F
—SINntT

COST

48s 0 0 0
0 48 O 0
0 0 48 O
0 0 0

is a surjection onto Y;- and the operator My, F"(0,0)[A] + PYZLFN(O, 0)[] is also a surjec-
tion. From this and by Lemma 10 the operator (35) is a surjection. Note that the examina-
tion of the operator PYZL(%F/ ”(0,0)[4]?) is not necessary.

We verified all assumptions of Theorem 21. Hence there exist nontrivial solutions of
system (23). We can write them in the form x(a, t) = x* + ah + &*h + r(a), with ||r(a)| =

o(a?), ie.,

x(o,t) = (—48a” + ry(a), 20 cost + ra(ar, £), —2asin £ + ra(at, £),

—2asint + r3(a, t), 20 cos ¢ + ra(a, ),

where ||71(a)| = o(e?) and ||r(, £)|| = o(?), [ = 2,3, 4,5, which proves Theorem 23. [
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Remark 24 For p = —48a? + r(«) such that ;< 0 and |71 ()] = o(«?) the solutions can
be written as follows:

1 1
u(p, t) = (5,/—%cost+71(u,t),—5,/—% sint + 7 (u, £),
1 1
—5 /—%sint+73(u,t),§ /—%cost+74(,u,t)>,

where ||r;(u, )| = o(u), 1=1,2,3,4.
From Theorem 23 it follows that there are no solutions in the case u > 0.

9 Comparison with other results

In the literature many publications are known where the authors consider the classical
Andronov-Hopf theorem (see, for example, Marsden and McCracken [8] or Kielhofer [7])
and describe the bifurcation of periodic solutions from the equilibrium point of a nonlin-
ear differential equation (or nonlinear dynamical system)

u=f(w u) u(0) = u(r), (36)

where f : R x R” — R”. The Lyapunov-Schmidt reduction is often applied to this case
(see Golubitsky and Langford [18], and Buchner et al. [5]). The authors seek a periodic
solution near the point (0,0) with period 2= for small 7. Golubitsky et al. in [19] apply
the so-called constrained Liapunov-Smidt procedure to study the bifurcation structure
of periodic orbits near k : [ resonance for both reversible and Hamiltonian systems. The

authors assume that £ki and +/i are simple eigenvalues of the matrix Ly = ¥ g(:o) (0<k<l
are coprime integers) and %mi is not an eigenvalue of Ly where m # k, [ is any nonnegative
integer.

In our paper the p-regularity theory (see the work of Izmailov, Tret'yakov and Marsden
[1-4]) is applied to find periodic solutions with the fixed period 27 and we do not use
the classical Andronov-Hopf condition. Moreover, the problem of multivalued eigenval-
ues of matrix Ly is studied. For example, the Hopf bifurcation at multiple eigenvalues was
studied by Tan in his work [6] by algebraic geometry method. Our article presents some
generalization of Andronov-Hopf theorem to solve a similar problem but in a different
way. It is a continuation of work by Medak and Tret’yakov [20], where the authors pre-
sented a different modification of the theorem, which gives an effective method to analyze
the existence of periodic solutions of nonlinear dynamical systems. The article is also a
continuation of work by Grzegorczyk et al. [21]. Compared with the latter paper, where
only special cases of boundary value problems were studied, the results of the present pa-
per allow one to study the general case of a nonlinear dynamical system. It is also worth
noting that the p-regularity theory can be applied to the study of periodic solutions in the
case of k : / resonance.

10 Conclusion

The paper is devoted to the problem of the existence of periodic solutions of a dynamical
system which can be investigated by means of p-regularity theory. Important results of
this theory are Lemmas 18 and 19. They allow us to study the existence and uniqueness of
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solutions, each of which is determined by a vector belonging to the p-kernel of the p-factor
operator. The main result is Theorem 21, on the modified p-factor operator, which is a
certain generalization of the Andronov-Hopf theorem. We illustrate our results by finding
periodic solutions of the dynamical system of ordinary differential equations with period
2.
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