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Abstract

In this paper, a n-dimensional prescribed mean curvature Rayleigh p-Laplacian
equation with a deviating argument, (wp(uim))’ + F(t, U (0) + G, u(t - T(t) = elt),

VARGIE

is studied. By means of Mawhin's continuation theorem and some analysis methods,
a new result on the existence of homoclinic solutions for the equation is obtained.
Our research enriches the contents of prescribed mean curvature equations.
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1 Introduction

In recent years, the existence of homoclinic solutions has been studied widely for the
Hamiltonian systems and the p-Laplacian systems (see [1-4] and the references therein).
For example, in [1], Lzydorek and Janczewska studied the existence of homoclinic solu-

tions for second-order Hamiltonian system in the following form:
q+Vy(t,q) =f(2),

whereg € R"and V € C}(R x R", R), V(t,q) = —-K(t,q) + W (t, q) is T-periodic with respect
to t. Luin [4] studied the existence of homoclinic solutions for a second-order p-Laplacian
differential system with delay

d , d
ﬁ[gop(u (t))] + %VF(u(t)) + VG(u(t)) + VH(u(t - y(t))) = e(t),
where p € (1, +00), @, : R" — R”, @,(u) = (|l |P~2uy, |z P21z, ..., |, |P2u,) for u # 0 =
(0,0,...,0)and ¢,(0) = (0,0,...,0),F € C*(R",R), G,H € C}(R",R), e € C(R,R"),and  (t)
is a continuous T-periodic function with y (t) > 0; T is a given constant.

In the recent past, the prescribed mean curvature equation

we) \'_
( S W))Q) (o),

and its modified forms, which arises from some problems associated to differential geom-
etry and combustible gas dynamics, were studied extensively [5-10]. Also, we note that
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the existence of periodic solutions for the prescribed curvature mean equations has at-
tracted much attention from researchers. For example, Feng in [11] studied the problem

of the existence of periodic solution for a prescribed mean curvature Liénard equation

(”7(”(”)2) +f(u®) (t) + g (tu(t - () = et), (L1)

1+ (o

where 7,e € C(R,R) are T-periodic, and g € C(R x R,R) is T-periodic in the first argu-

ment, T > 0 is a constant. Aiming to apply Mawhin’s continuation theorem, Feng made
W)

(1.1) equivalent to the following system through the transformation v(¢) = Towor

V1@

i u(8) = (u(t) = — 22
V(t) = —f(t, o(v(2)) — g(t, ul(t — T(2))) + e(t).

Li in [12] further studied the existence of periodic solutions for a prescribed mean curva-
ture Rayleigh equation of the form

(s ) /(6 0) wlle=r00) e

and Wang in [13] discussed the following boundary valued problem:

X' (8) / ’ _
((PP(W)) +f(&,x' () + g(t, x(t — T(2))) = e(t), 12)

x1(0) = %1 (), %2(0) = x2(w),

where p >1and ¢, : R — R is given by ¢,(s) = [s|"~2s for s # 0 and ¢,(0) = 0, g € C(R*,R),
e,T € C(RR), g(t+w,x) =g(t,x), f(t+w,x) =f(t,%),f(£,0) =0, e(t+w) =e(t) and T(t + w) =
7(£). By using a similar transformation in [11], (1.2) is converted to the following system:

X\ (t) = P () = —22)_

V122 (0)
x5 ()

—f(t, 22D ) _ o(t,x1 (¢ - T(£)) + elt), (1.3)
x1(0) = x1 (w), %2(0) = %2 (w).

A 1-02(x2(0)

Under the conditions imposed on f and g such as
ft,x) > alx|", Y(t,x) e R
and
g(t,x) —e(t) > —m|x| —my, VteR,x>d,
where a,r > 1; m; and m;, are positive constants, the author found that (1.2) has at least
one periodic solution. It is easy to see from the first equation of (1.3) that the function

@q(x2(t)) must satisfy maxe(o, |¢4(%2(£))| < 1. This implies that the open and bounded set
Q associated to Mawhin’s continuation theorem must satisfy € {(x;;x2) " € X : %100 <
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M;||%2]lse < 1}. Thus, there must be a constant p € (0,1) such that € {(x;;42)" € X :
%1 lloe < M; [|%2]loo < p}. But in [13], the author obtained € = {(x;;%2)T € X : [|%1lloc <
M;; ||%2]lco < Mo} and there was no proof as regards M < 1. A similar problem also oc-
curred in [14].

Inspired by the above fact, the aim of this paper is to investigate the existence of homo-
clinic solution to the following #n-dimensional prescribed mean curvature equation with

a deviating argument:

(‘Pp(\/%))’ " F(t, u'(t)) + G(t, u(t - t(t))) = e(t), (1.4)

where p € (1,+00), ¢, : R” = R", ¢,(u) = (lm|P2us, |2V 1, ..., |[wn|Pus,,) for u # 0 =
(0,0,...,0) and ¢,(0) = (0,0,...,0), F € C(R x R, R"), G € C(R x R%;R"), e € C(R;R"),
7(£) is a continuous T-periodic function and T > 0 is given constant.

In order to study the homoclinic solution for (1.4), firstly, like in [1-4, 15] and [16], the
existence of a homoclinic solution for (1.4) is obtained as a limit of a certain sequence of
2kT -periodic solutions for the following equation:

(gop (%)) FE(Lu () + G(tu(t - 7(8))) = exlt), (1.5)

where k € N. ¢, : R — R is a 2kT-periodic function such that
e(t), t € [-kT,kT - &),
t) = 1.6
ex(t) {e(kT—so)+ %;kpg")(t—kT+so), t € [kT — &9, kT], (1.6)

where gy € (0, T') is a constant independent of k. Obviously, for each k € N, from (1.6) we
observe that ¢, € C(R, R”) with ex(¢ + 2kT) = ex(¢). In this paper, the approach for solving
the 2kT-periodic solutions to (1.5) is based on Mawhin’s continuation theorem [17], which
is different from the corresponding ones in [1-4] associated to critical point theory.

The rest of this paper organized as follows. In Section 2, we state some necessary defi-

nitions and lemmas. In Section 3, we prove the main result.

2 Preliminaries
First of all, we give the definition of the homoclinic solution. A solution u(¢) is named
homoclinic (to 0) if u(¢) — 0 and #/(t) — 0 as |¢| — +00. In addition, if # # 0, then u is
called a nontrivial homoclinic solution.

In the following, we recall some notations and lemmas, which are important for proving
our main result.

Throughout this paper, | - || will denote the Euclidean norm on R” and (:,-) : R” x R” —
R denote the standard inner product.

For each k € N, define

Corr = {ulu € C(R,R"), u(t + 2kT) = u(t)},

Chir = {ulu € CY(R,R™), u(t + 2kT) = u(t)}
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and
Coer = {ulu € C*(R,R"), ult + 2kT) = u(t)}.

If the norm of Cyr, C%kT, and C%kT isdefined by |- lcyr = Il - ll0s ||x||C%kT = max{||xlo, |¥ |0},
and Il cz,, = max{|l«[o, l'llo, Il lo}, respectively, then Cyr, Cyp, and C2, are all
Banach spaces.

Moreover, for any { € Coir, define |||, = (f_kkTT |1/f(t)|’dt)%, where r € (1, +00).

In order to use Mawhin’s continuation theorem, we first recall it.

Let X and Y be two Banach spaces, a linear operator L : D(L) C X — Y is said to be a
Fredholm operator of index zero provided that

(a) ImL is a closed subset of Y,

(b) dimkerL = codimImL < co.

Let Q C X be an open and bounded set, and let L : D(L) C X — Y be a Fredholm op-
erator of index zero. This means that there are continuous linear projectors P: X — X
and Q:Y — Y suchthatImP=KkerL,kerQ=ImL, X =kerL®kerPand Y =ImL & ImQ.
Obviously, L : D(L) Nker P — Im L has its right inverse. Let Kp : Im L — D(L) Nker P be the
right inverse of L : D(L) Nker P — Im L. A continuous operator N : 2 C X — Y is said to
be L-compact in € provided that

() K,(I-QN (Q) is a relative compact set of X,

(d) QN() is a bounded set of Y.

Lemma 2.1 ([17]) Let X and Y be two real Banach spaces, 2 be an open and bounded
subset of X, L : D(L) C X — Y be a Fredholm operator of index zero and the operator N :
Q C X — Y be L-compact in Q. In addition, if the following conditions hold:

(h;) Lx #ANx, V(x, 1) € 92 x (0,1);
(hy) QNx #0,Vx ekerL Nog;
(h3) deg{JQN,Q2NkerL,0} #0, where ] : Im Q — ker L is a homeomorphism.

Then Lx = Nx has at least one solution in D(L) N Q.

Lemma 2.2 ([18]) Let 0 < < T be a constant, t € C(R,R) be a T-periodic function and
maxc(o,r] |T(£)| = &, then for all u € C'(R, R) with u(t + T) = u(t), we have

T T
/ ]u(t)—u(t—r(t))]zdtgzazf |/ (2)|” .
0 0

Lemma 2.3 ([3]) Ifu:R — R is continuously differentiable on R, a >0, u > 1, and p > 1
are constants, then for every t € R, the following inequality holds:

u(®)| < (2a) # (/‘M]u(s)fﬂds>M +a(2a)_}’ (/M\u’(s)\p ds)p.

Lemma 2.4 ([4]) Suppose t € CY(R,R) with t(t +w) = t(t) and t'(t) < 1,Vt € [0, w]. Then
the function t — ©(t) has an inverse u(t) satisfying n € C(R,R) with u(t + w) = pu(t) + o,
vVt € [0,w].



Lu and Kong Boundary Value Problems (2015) 2015:105 Page 5 of 16

Throughout this paper, besides t being a periodic function with period 7, we suppose
in addition that T € C'(R,R) with 7/(t) < 1, Vt € [0, T].

Remark 2.1 From the above assumption, one can find from Lemma 2.4 that the function
(¢ — 7(#)) has an inverse denoted by u(t). Define ¢ = — minejo,71 7'(£), 01 = maxejo,77 7' (£)
and ||t |lo = maxeo,77 |7 (£)|. Clearly, oo > 0 and 0 < 07 < 1.

Lemma 2.5 ([3]) Let uy € C%kT be a 2kT -periodic function for each k € N with
|I/lk|() §A07 |u;(|0 EAI) |M;(/|0 §A21

where Ao, A1, and A, are constants independent of k € N. Then there exists a function
u € CY(R,R") such that for each interval [c,d) C R, there is a subsequence {ui} of {wichken
with u;(j(t) — uy(t) uniformly on [c,d].

Equation (1.5) is equivalent to the following system:

w(t) = p((z) = L1

V1-log o) 21
V() = —F(£,0(v(2)) — G, u(t — T(2))) + ex(2),

=1, v(t) = m%) = o7 (' (£)).

where @,(s) = |s|17%s, 117 +

Define

1
q

-
X =Y ={o = (u(®),v(t)) :ue Cur,veCurl

and the norm |w|x, = l@lly, = max{||u|ar, [V]2¢r}. Obviously, Xi and Yj are Banach

spaces.

Now we define the operator

L:DI)CXi—» Yy, Lo=o =@@®V®),

where D(L) = {w|w = (u(t), v(£)) " : u € Cyipyu € Cyyp}. Let
Zi = {w = (u®), (1)) € Xi:ve CR By},

where By = {x € R” : |x| < 1}. The nonlinear operator

N:QCZ,— Y

is defined as

(B (o, ) )
¢ < T 1@\ I lg P (Bu(t-r@))+eld) )

where €2 is an open bounded subset of Z;. Clearly, the problem of the existence of a 2kT'-

periodic solution to (2.1) is equivalent to the problem of the existence of a solution in
for the equation Lw = Nw.
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By simple calculating, we have ker L = R?" and ImL = {z € Y3, fOZkT z(s)ds = 0}. There-
fore, L is a Fredholm operator of index zero.
Define

1 2kT
P: X — kerL, Pw=—— / w(s)ds
2kT J,

and

1 2kT

1 Y] I X =—
Q:Yr—>1ImQ Qz KT |

z(s) ds.
If we define K, = LlileerD(L), then it is easy to see that

2T
Kp2)(t) = /0 Gi(t,8)z(s) ds,

where

s—2kT 0 S t ES;

G t: 2kT ?
40 {ﬁ, s<t<2kT.

For all € such that Q@ C Z; C Xi, we can see that K,(I - QN (RQ) is a relative compact set
of X; and QN () is a bounded set of Y%, so the operator N is L-compact in .
For the sake of convenience, we list the following assumptions:

(H;) There are two constants 71¢ > 0 and #1; > 0 such that

(x,F(t,x)) <-mplx|> and ‘F(t,x)‘ <mlx|, forall(,x) € R xR".
(Hy) There are two constants « > 0 and 8 > 0 such that

(x, G(t,x)) <-alx)* and |G(t,x)| < Blx|, forall (t,x) € R x R".

(Hs) e e C(R,R") is a bounded function with e(t) # 0 = (0,0,...,0) " and

A= </|e(t)|2dtf)2 + sup}e(t)| < +00.
R teR

Remark 2.2 From (1.6), we can see that |ex(t)| < sup,p le(t)]. So if (Hs) holds, for each
keN, ('l le@)d)? < A.

3 Main results
In order to study the existence of 2kT-periodic solutions to system (2.1), we firstly study

some properties of all possible 2kT-periodic solutions to the following system:

ey L gg)
u'(t) = 2p(v(2)) = Aim, 31)
V(t) = =AF(t, o(v(8))) — AG(t, u(t — T(2))) + rex(t), A €(0,1],
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where (i, vi)" € Zx C Xi. For each k € Nand all A € (0,1]. Let
A={w= )" €X;:Lw=iNw,x e (0,1]}.

This means that A represents the set of all the possible 2kT-periodic solutions to (3.1).

2
Theorem 3.1 Assume that assumptions (H;)-(Hz) hold, lf‘ao > mbylzo1+V2hItlo W, and

[ Bltlodods  mdods +Ado}é | YTdop + VT -01)(mdy + A) _
T2 -o01) 2T 2(1 -o01)

1,

where

do = A1 - 01)(1+ 00)(mo + my) + V2AB T]lo(1 + 50) VI = 01
" amg(l-a1) = m B+ 00)v/T— 01 — V282 llo(1 + 0p)

and

dy = pdo + A
e Wl()«/l—O'l Wl()'

Then, for each k € N, if (u,v)T € A, there are positive constants py, py, p3, Pa, A1, Az, As,
and Ay, which are independent of k and A, such that

llullo < o1, Ivllo <p2<1, ||, < ps, 1V, < par

Il <A, @], <4 Il <As, V], <As

Proof Foreachk € N,if (u,v)" € A, then (u(t), v(¢)) " satisfies (3.1). Multiplying the second
equation of (3.1) by u(#) and integrating from —kT to kT, we have

kT
/ (/(6),v(t)) dt

kT

kT
=—/ (u(®),v' (1)) dt

kT

_ kT M’(t)
[ (40 b
kT kT
+ A/ (u(0), G(t,u(t —T(2))))dt - A/ (u(®), ex(t)) dt
kT —kT
B kT M’(t)
(22 o

A / ) (e - 7©), Gl e - ) e

kT

kT kT
+ A/ (u(t-7®), G(tu(t - (2))))dt - A/ (u(2), ex(t)) dt,
-kT

—kT
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which combining with (H;) and (H;) gives

kT kT
/ ﬂdtﬂx ‘u(t—t(t))‘zdt
k1 /1= g (v(2))]? kT

my (¥ ) KT
< 7/_kT|u(t)||u(t)|dt+/3f_kT|u(t)—u(t_f(t))||u(t_,(t))|dt
kT
o[t eto) e (32)

Furthermore,

kT KT (kT)
/ |u(t—t(t))|2dt:/ s

kT —kr-r(-kT) 1 = T'(1(s))

It follows from Lemma 2.4 that

kT (kT) 1 ) o ) 2
oty O ds = | T [w)| s,
/—kT—r<—kT> 1—7/(u(s)) juts]"ds /_kT 1-7/(1a(s)) (o] ds

By Remark 2.1, we have

LI </](T;|u(s)|2ds< SR (3.3)
L+og >~ Joar L-7/(u(s) Tl-o ¥ '

[v(£)l

Substituting (3.3) into (3.2) and combining with
1-|og (V(£))2

/_Z|v(t)|th+ lf‘ao /_Z|u(t)|2dt
< %(/_]]:Ju(t)fdt)%(/:Z|u’(t)|2dt>% +,3</_Z|u(t—t(t))|2dt>%
x (/_ZW) —u(t- r(t))|2dt>% + <[:Z|ek(t)|2dt)% (/_Z|u(t)|2dt)%.
By applying Lemma 2.2 and (3.3), we see that
/_Z|v(t)|th+ lf‘% /_Z|u(t)|2dt
o[t a) ([ )+ ()

oo 3 KT ) 5/ kT ) 3
([ heora) ([ oot a) ([, pora)”

> |v(£)]9, we get

V2BlIzllo
\/1 — 01

IvilZ + llull3 < %||M||2||M/||2+ laella |||, + Allee]].

1+(7()
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This implies that

15 = 2 oo |, + ‘CM"H o], + Alluls (3.4)
and

o m o V2Bl

m||u||§571||unzuuuz+ \/_"n ulla || '], + Allullz. (3.5)

Multiplying the second equation of (3.1) by #/(¢) and integrating from —kT to kT, we
have

kT kT
O_A/_kT< v (8) dt—/ (' (0),v (t))dt

1 - [ (v(£)? kT

kT / kT
= _x/ <u/(t),F(t, ux(t)>>dt—)\/ (' (), G(t,u(t-1(2)))dt

-kT —kT

kT
+Af (u/(t),ek(t)>dt

—-kT

Combining with (H;), (Hy), and (3.3), we get

kT |, /
_kr\ A A

kT kT
< w/ 1) |t - t(t))|dt+k/ /(0| |ex()] e
kT —kT

_«/1—0'1 2
which results in
A8 AA B A
U, < ———|ulls + — < ————||ul]o + —. 3.6
o], = 5Tl + o = el + (3.6)

Substituting (3.6) into (3.5), we obtain

it} = 3 A P
L M M
1+o0 2= A > moA/1 — o1 > my

fﬁnrno” ”2< p ||u||2+i) + Allul.
\/_ 0«/1—0—1 Mo
N e LI

It follows from 7 >
+0( mo(l-o1)

Al = 01)(1 + 00)(mg + my) + v/2AB]| T lo(1 + 00)v/T =01

amy(l - o1) —mB(L+00)/I— 01— v2B2[T[lo(1 + o)
= dy. (3.7)

llaello <
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Substituting (3.7) into (3.6), we get

Ado AA
+—,

||, < p— e (3.8)

+—=d. (3.9)

Substituting (3.7), (3.8), and (3.9) into (3.4), we have

V2Blzllo
Wi

d()dl + mldodl + Ad() (310)

Iy = S ||, +

fﬁnrno
\/1 o1

Moreover, it follows from Lemma 2.3 that

L[ [T ) 3 L/ [T 5 3
|u(t)| <(2T)2 (/ |u(s)| ds) +T(2T) 2 (/ |u’(s)| ds)
t—kT t=kT
_1 kT 2 : _1 Ko :
=(2T) (/_kT|u(s)| ds) +T(2T) (/:kT|u (s)| ds) ,

which combining with (3.7) and (3.9) yields

lallaf|ad' |, + Allull2

|u(t)| < @T) 2dy + TQT) 2dy = py, forallt€R,
and then

ullo= max |u(t)| <p1. 3.11
llullo te[_kT,kT]‘ ®)| <nm (3.11)

Clearly, p; is independent of k and A.
Multiplying the second equation of (3.1) by v/(¢) and integrating from —kT to kT, in view
of (H;) and (H,), we have

kT kT / kT
/kT|v/(t)|2dt = —A/kT<v/(t),F<t, u)(f)>>dt—A/kT<v/(t),G(t,u(t—r(t))))dt

kT
+Af (v/(t),ek(t))dt

kT

/ |v(t)||u(t)|dt+ﬂ/ vV (©)||u(t - T(@))| de

N / VOlleo]de

By applying the Holder inequality and (3.3), we have

m B
Il =51, + = e+ A
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By (3.7), (3.8), and (3.9), we have

V], = 52 ], + =Nl + 4

B
«/1—0’1

m [ Adofp A B
<) s july 44
A I’I’lo«/l — 01 mo V1 — 0]

=ml(‘i"7ﬁ+i)+ Pty + 4
WZQ\/l—O'l mo 1—0’1

_ dof
= -a

+mydy + A. (3.12)

By applying Lemma 2.3 again and combining with (3.10) and (3.12), we get

t+kT 1 t+kT i
-} “4s)’ -} (5)[*ds)
|v(t)| <27T) (‘/t_kT |V(s)| ds> +TQ2T) (/; |v (s)| ds)

—kT

L/ kT i L/ KT 3
- (2T)71 (/_kT}v(s)r’ds) + TQT)? (/_kT|v/(s)|2ds>

1
3 ; d
< @T) 4 (%dom + mydody + Ado) L TET)? ( 0—/301 +mydy + A)

1
|: Blitllodod: . mydody +Adoi|‘7 . VTdoB + VT (md + A)yT—0y
T2 -07) 2T V2(1-o01)

= 02.

Since

[ Bllodods  mdod +Ado:|‘ll | YTdop + VTmdi + A)yT=0r

+ < 1,
TV2(1-01) 2T 2(1-o07)
we have
Ivio= max [v(®)]<p2<l. (3.13)

te[-kT kT

Clearly, p, is independent of k and A.
Furthermore, it follows from (3.1) that

vt
||u’|| = max |u/(t)| = max Aﬂ
O te[-kT.kT] tel-kTKT) /1 = (0, (V(£)))?
q-1
<P (3.14)

ST e ™
1-p,7

Clearly, ps is independent of k and A.
Define F,; = maxy<p, cfo,7) |F(t,%)| and G,, = maxy<p, refo,77 |G(£,y)], then from the
second equation of (3.1), we get

v, = te[lflﬁ;{im\v/(t)! <Fy+Gp +A:=py (3.15)



Lu and Kong Boundary Value Problems (2015) 2015:105 Page 12 of 16

P4 is also independent of k and A. Therefore, from (3.7), (3.9), (3.10), (3.11), (3.12), (3.13),
(3.14), and (3.15), we know that all the conclusions of Theorem 3.1 hold. O

Theorem 3.2 Assume that the conditions of Theorem 3.1 are satisfied. Then, for each k €
N, system (3.1) has at least one 2kT-periodic solution (u(t), vi(t))" in A C Xy such that

luxllo < o1, lvillo < p2 <1, lui |, < o3, Vel o < oas

lule <A ikl <4s vy <As W], <As
where p1, P2, P3, P4, A1, Az, As, and A4 are constants defined by Theorem 3.1.

Proof In order to use Lemma 2.1, for each k € N, we consider the following system:

gy —o_ %a®)
u'(t) = Ap(v(t)) = A EPRTTITEN (3.16)
V(t) = =AE(t, p(W(t))) — AG(t, u(t — T(2))) + Aex(t), 1 €(0,1),

Z40)
A

where v(t) = (pp(W). Let ©; C Xj represents the set of all possible 2kT-periodic so-
e

lutions of (3.16). Since (0,1) C (0,1], then ©; C A, where A is defined by Theorem 3.1. If

(u,v)T € Q1, by using Theorem 3.1, we have

llzello < o1, ||u’||0 =< p3, Ivllo < p2 <1, ||V/||0 < Pa.

Define €, = {w = (4,v)" € kerL, QNw = 0}. If (,v)T € s, then (1,v)T = (a1,a,)" € R?

(constant vector) such that
kT ¢q(az) dr=0

T Silgq@)?

KT gglar) | ~
f—kT[ F(t, \/W) G(t7 611) + ek(t)] dt =0,

s (3.17)
M =F(2,0) - G(t, a1) + ex(£)] dt = 0. :

Multiplying the second equation of (3.17) by a4; and combining with (H;) and (H;), we

have

kT kT
2kTa|411|2§/ |F(t,0)||a1|dt+/ |ar||ex(2)| dt
T —kT

< 2kT|ay|A.

Thus,

b

la1| < —:=w.

S



Lu and Kong Boundary Value Problems (2015) 2015:105 Page 13 0of 16

Now, if we define = {w = (u,v) T € Xi, |lullo < p1 + @, ||Vl < “% <1}, it is easy to see that
Q; UQ, C Q. So, condition (h;) and condition (hy) of Lemma 2.1 are satisfied. In order to
verify the condition (h3) of Lemma 2.1, define

H(w,p): (QNR?) x [0,1] &> R:  H(w, ) = pow + (1 - w)JQN(w),

where J : Im Q — ker L is a linear isomorphism, /(1,v) = (v,u)" . From assumption (H;), we
have

o H(w,pn) #0, Y(w,p) € dQ2NR? x [0,1].
Hence,
deg{JQN, @ NR?,0} = deg{H(®,0), 2 N R?,0}

= deg{H(»,1), 2 NR?,0}

£0.

Thus, the condition (hs) of Lemma 2.1 is also satisfied. Therefore, by using Lemma 2.1, we
can see that (2.1) has a 2kT-periodic solution (u,vi)" € Q. Clearly, u; is a 2kT-periodic
solution to (1.5), and (u,vx) " must be in A for the case of A = 1. Thus, by using Theo-

rem 3.1, we have

lluello < o1, lvello < p2 <1, luill, < 30 1iello < pas
lul <A (i, <42 vy <A4s, v, <As
Hence, all the conclusions of Theorem 3.2 hold. O

Theorem 3.3 Suppose that the conditions in Theorem 3.1 hold, then (1.4) has a nontrivial
homoclinic solution.

Proof From Theorem 3.2, we see that for each k € N, there exists a 2kT'-periodic solution
(i, vi) T to (2.1) with (ug, )T € Xi and

lluxllo < o1, lviello < p2 <1, lui |y < o3, Vil o < oas (3.18)

where p1, p2, p3, p4 are constants independent of k € N. Equation (3.18) together with
Lemma 2.5 shows that there are a function wy := (g, 4o) " € C(R,R?") and a subsequence
{(uki,vk/)T} of {(ux, vi) Yxen such that for each interval [a,b] C R, ukj(t) — up(t), and
vkj(t) — vo(t) uniformly on [a, b]. Below, we will show that (u(£), vo(¢)) " is just a homo-
clinic solution to (1.4).

Since (ux(t), vi(t)) T is a 2kT-periodic solution of (2.1), it follows that

U (1) = p(vi (1)) = 2L

N G (3.19)
Vi(t) = =F(t, o(vi(2))) — G(&, ux(t — T(2))) + ex(t).
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For all a,b € R with a < b, there must be a positive integer j, such that for j > jo,
[k T, kT - g0l D [a—lTllo, b+ lITllo]. So for j > jo, from (1.6) and (3.19) we see that

‘ﬂq(Vk‘(t))
uy (t) = (1) = —LX—,
(0= 0000 = s

Vi (8) = =F(t, 0y (1)) = G(t, (£ = 2 (2))) + €(0), L€ (a,D),
which results in

Pq(vi (1)) ©q(vo(£))
—

o (2) = (3.20)
s \/1 — log(vi (£)I? V1=l (vo())?
and
V() = =F(t,0 (v () = G (&, iy (£~ (1)) + e(t)
— —F(t,0(vo(2))) — G(t uo (£ — T(2))) + e(t) (3.21)

uniformly for ¢ € [, b] as j — +00. Since ukj(t) — uo(t) and Mk,(t) is continuously differ-
entiable for ¢ € (a, b), it follows that

u}v(t) — uy(t) uniformly for ¢ € [a,b] asj — +00,
which together with (3.20) yields

9q(vo(2))

V1= 10,00 @)%

Similarly, by (3.21) we have

ué)(t) = € (a,b).

vo(t) = —F(t,(p(vo(t))) - G(t, U (t - r(t))) +e(t), te(ab).

Considering a, b to be two arbitrary constants with a < b, it is easy to see that (u(£), vo(£)) T,

t € R, is a solution to the following equation:

1-lpq )2’

W) = p((t)) = —LaD__
V() = =F(t, p(v(8))) - G(t, u(t — (1)) + e(2),

1-lgg(vo@)2 (3.22)

Ul (t) = p(vo(t)) = —2L0®__
Vi (t) = —F(t, 0(vo(£))) — G(t, uo(t — T(£))) + e(?).

Now, we will prove uy(t) — 0 and ug(t) — 0 as [t| - +o0.
Since

+00 iT
| G s @y d = tim [ (o0 + )

iT
= lim lim/ (!uo(t)’2+‘u6(t)}2)dt.

i—>+00j—>+00 J_iT
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By using the conclusion of Theorem 3.2, we have

iT T
[;’Tﬂukj(t),z * |u;(1'(t)|2) at = /k]T(‘”k/(t”Z + ‘”;q(t)|2) dt < A3+ A7

-

Let i > +00 and j — +00, we have
+00 5 )
/ (|o@)|” + |up(6)]") dt < AG + A7,
and then
/I (|uo(®)|” + |uy(2)|?) dt — O
t|>r

as r — +00. So by using Lemma 2.3, we obtain

1 t+T R % 1 t+T %
|u0(t)|§(2T)‘7</T o (s)|" lds) +T(2T)-z</ |ug(s)|2ds>

-T
X . t+T , V@ T , 1
< [(2T)‘7 + T(2T)‘7]|:(/ !x(s)! ds) + (/ |u6(s)| ds) :|
=T =T
— 0 as|t| — +o0,
which implies that
ug(t) > 0 as|t| — +o0. (3.23)
Similarly, we can prove that
vo(t) —> 0 as |t|] = +00,
which together with the first equation of (3.22) gives
uy(t) > 0 as|t| > +oo. (3.24)
It is easy to see from (3.22) that u(¢) is a solution for (1.4). Thus, by (3.23) and (3.24),
uo(t) is just a homoclinic solution to (1.4). Clearly, u((¢) # 0, otherwise, e(t) = 0, which
contradicts assumption (Hs). Hence, the conclusion of Theorem 3.3 holds. O
Remark 3.1 Obviously, the prescribed mean curvature equations studied in [11, 12, 15,

16] are special cases of (1.4). This implies that the main result in this paper is essentially

new.
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