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Abstract

We study the existence, multiplicity, and nonexistence of convex solutions for systems
of Monge-Ampere equations with multiparameters. The proof of the results is based
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1 Introduction
In this paper, we consider the existence, multiplicity, and nonexistence of convex solutions
for the following boundary value problem:

((ui(r))N)/ = A‘lNrN_l,fl(_ub —U2s.. .y _un):
((M/Z(r))N)/ = )LZNrN_lfz(_ulx —U ey _un):

(@, (MN) = AuNFN " (—uy, —hy, . .., =),
ui(0)=u;(1)=0, i=1,2,...,n,0<r<],

where N > 1. Let R, =: [0, 00). Throughout this paper, we assume that /* € C(R”,R,) (i =
1,2,...,n). Such a problem arises in the study of the existence of convex radial solutions
for the following Dirichlet problem of the Monge-Ampére equations:

det(D?uy) = M (~ur, o, ..., —hy),

det(D%uy) = M (—u1, —uto, ..., —tty),

. (1.2)
det(D%u,) = AMf™(~u1, —thz, ..., —ty),

u;=0 onodB,i=12,...,n,

where D?y; = (Ea?ing/) is the Hessian matrix of u; and B = {x € RV : |x| < 1} is the unit ball
in RN,

For the scalar equation, Kutev [1] obtained the existence of a unique nontrivial convex
radially symmetric solution of

det(D*u) = Af(—u) in B,

1.3)
u=0 onadB,
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with f(#) = u” based on the Schauder fixed point theorem for positive, compact operators.
Hu and Wang [2] established several criteria for the existence, multiplicity, and nonexis-
tence of strictly convex solutions for (1.3) with or without an eigenvalue parameter based
on the fixed point index, due to Krasnoselskii. For systems, the problem (1.2) has been
studied by Wang [3]. They considered the existence, multiplicity, and nonexistence of
nontrivial radial convex solutions with superlinearity or sublinearity assumptions based
on Krasnoselskii’s fixed point theorem in a cone. Therefore, it seems to be interesting to
consider the convex radial solutions when the problem has multiparameters.

For the multiparameter problem, Dunninger and Wang [4, 5] considered the existence

and multiplicity of positive radial solutions for the elliptic systems

Au + Mk (|x))f (w,v) = 0,
Av+ pko(lx))g(u,v) =0 in €, (1.4)
u=v=0 onde2,

where Q@ = {x € R": Ry < [x| < Ry}, Rj,Ry > 0, >3, (A, ;) € R2\ {(0,0)}, k; € C([Ry, R>],
R,), not vanishing identically on any subinterval of [R;,R,] and f,g € C(R?,R, \ {0}).
In particular, Dunninger and Wang [4] considered problem (1.4) for the case f(0,0) > 0,
£(0,0) > 0 and the following two conditions are satisfied:

(A;) fand g are nondecreasing on R?, i.e.,
g g T

Slu,v1) <f(ug,v2) and  g(us,v1) < guz,va)

whenever (u1,v1) < (ug,v,), where the inequality on Rf can be understood compo-
nentwise;

(AZ) foo =: lim(u,v)em% =00, goo = 1im(u,v)—>oo % =

They proved for the case A = u that there exists A* > 0 such that problem (1.4) has at least
two, at least one, or no positive radial solutions according to 0 < 1 < 1*, X = A*, or A > A™.
Among other results, they considered the same problem for the case £(0,0) = g(0,0) =0
in [5]. They proved under the assumptions f; = go = 0 and f5, = goo = 00 that problem (1.4)
has at least one positive radial solution for all A, i > 0, where

. fwv) . glu,v)
= lim s = lim .
fO (uv)—0 U+ VvV 8o (uv)—»0 U+vV

Lee [6] considered the multiplicity when the problem (1.4) has multiparameters for the
first case and also when the problem has a perturbed boundary condition for the second
case. Yang [7] proved the existence of positive solutions for Dirichlet boundary value prob-
lem of 2m-order nonlinear differential systems with # different parameters based on the
method of upper and lower solutions and the fixed point index theory. Inspired by these
references, we will study the existence, multiplicity, and nonexistence of convex solutions
for systems of Monge-Ampere equations with multiparameters.

The paper is organized as follows. In Section 2, we introduce the upper and lower so-
lutions method for systems and the fixed point index theory. In Section 3, we state and
prove the existence, multiplicity, and nonexistence results.
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2 Preliminaries
A nontrivial convex solution of (1.1) is negative on [0,1). With the simple transformation
v; = —u;, (1.1) can be written as

(= @) = NN (v, v, v),

(V4O = LNV 2 (v, v, ., Vi),

. (2.1)
(=V,(IN) = AuNEN T (1, v,y V),

vi(0)=v;(1)=0, i=12,...,n

Therefore, throughout this paper we shall study the positive concave solution of (2.1).

Let o(¢) =tN, t > 0. For v = (v, vs,...,V,), define the operators T, and T) as
1 s
T,,v(t) :/t ! (/(; AiNrN_lj‘i(v(t)) d‘L’) ds, i=12,...,n,
Tyv(t) = (Thv(t), T, v(t),..., Txnv(t)).
Problem (2.1) is equivalent to
T,v(t) =v(t), te[0,1].

It implies that

t r-1
vé’(t)z—%( /0 xiNrN-lff(v(r))dr) (LNEU (v(D)) <0

for t € (0,1). Thus each component #; must be convex.
Let X be the Banach space C[0,1] x --- x C[0,1] with the norm |v|| = Y7, |lv;|| and

n
llvill = max;epo, 1 [vi(£)], i=1,2,...,n. Let K be a cone in X defined as

n
. 1
K= {v: (v, v2,...,vy) € X:vi(t) > 0,t €[0,1] and min_ E vi(t) > ZHVH .

1
F<t<2 7
t= i=1

4

It follows similarly from [4, 5], we can get the following lemma.
Lemma 2.1 T,(K) C K and T, is completely continuous on X.

Consider the following boundary value problem:

((_x/l(t))N)/ = Fl(t’xhxb oo 7x}’1)1
((_x/z(t))N)/ = Fz(trxler’ (XX 7xr1);
(2.2)
((_x;q(t))N)/ = Fn(t: X1, %2500 xxn);
x(0)=x;(1)=0, i=12,...,n

where ¢ € (0,1), F': D — R is continuous with D € [0,1] x R", i=1,2,...,n.
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Definition 2.1 Leta; € C*([0,1],R),i=1,2,...,n, wesay (o, &y, ..., a,) is alower solution
of (2.2) if (t, 01 (¢), a2 (2),...,a,(¢t)) € D for all t € (0,1) and

(2.3)

(( l/(t)) ) (t o1, 02,. ¢an)r
@;(0) =0, a;(1)<0, i=12,...,n

Definition 2.2 Let 8; € C*([0,1],R), i=1,2,...,n, we say (B, B2, ..., B,) is an upper solu-
tion of (2.2) if (¢, B1(2), B2(t),..., B.(t)) € D for all £ € (0,1) and

i (“BIOWY = Fi(t, B, Bay .., Bu), o)

;31,(0):0: ﬁz(l)EO, i=12,...,n

Let D? = {(t,1,%2,...,%,) € [0,1] x R" : () < &; < Bi(£),i = 1,2,...,n}. We give a fun-
damental lemma of upper and lower solutions method.

Lemma 2.2 Let (o (t), az(2), ..., a,(t)) and (B1(t), B2(t), ..., Bu(t)) be lower and upper solu-
tions of (2.2), respectively, such that

(hl) ((Xl(t), Olz(t), e Ol,,(t)) =< (,Bl(t)r ﬁ2(t)! LRES] ﬂn(t))» Vt e (O, 1):
(h,) Df C D;
(h3) Fi(t,x1,%,...,%,) is nondecreasing on R” for fixed t € [0,1], that is,

Fi(t;xl)xZ;"')xn) =< Fi(ttyl;yZ)"~1yn)1 i= 1; 2,...,1’!,

whenever (x1,%2,...,%,) < V1, Y25+ > Vn)-

Then problem (2.2) has at least one solution (x1(t),x,(£),...,x,(t)) such that for all t €
(0’ 1)’

(al(t)’OQ( ) 7an(t)) (xl(t) x2(t) )xn(t)) = (ﬂl(t)’ﬁZ(t)w“rﬂn(t))~

Proof 1Tt is easy to verify that problem (2.2) is equivalent to the following system of integral

equations:

1 s
xi(t) :/ ! (/ Fi(r,xl(r),xz(r),...,xn(r)) dr) ds, i=12,...,n,
¢ 0
where ¢ € [0,1]. Define the function series {xgk)(t)},fio by
X (t) ai(2),
k” )= [L o (o Fir, o (), (0), ..ol (2) dr) ds, (2.5)
k— O,l,...,z =12,...,n
The inequalities in (2.3) are equivalent to
1 s
a;(t) < / ! (/ F'(t,00(1),a2(1), ..., (7)) dr) ds,
t 0

€[0,1,i=1,2,...,n (2.6)
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It follows from the above inequalities that
@) =20, tel0,1],i=1,2,...,n
By induction, assume
@) =2 @), tel0,1,i=1,2,...,n

Then for k > 1 and by (hs3) and (2.5), we obtain

1 s
#”ma&m=/(w{/ﬁ@%Wm#hwwﬁ%»m)
0

t

—g ! (/ Fi(7,2%(0), a8V (2), .., 2%V (2)) dr)) ds
0

>0, tel0,1],i=12,...,n,
which implies that
ait) =20 <Py < <Py <.

Since (B1(2), B2(t), . .., B4(t)) is an upper solution of (2.2), we have

1 s
i(£) > -1 Fi(z, , yeros B d)d
ﬂm>£w(ﬁ (€ Bi(0), Bal) s o)) dt ) dis
1 s
2| For, ) — d)d
E/t @ (/0 (T a1(1), aa (1) oe(t)) T )ds
> o;(t) =x(2), t€[0,1],i=12,...,n.

Assume S;(t) > xgk)(t), t€[0,1],i=1,2,...,n k € N, then by the definition of xEk)(t) and
the above inequalities, we obtain

1 s
ﬂ@—&”@z[(w(ﬁﬁ@mmﬁm»wmmwﬁ

—p! (/: F"(t,xgk)(r),x;k)(r), ... ,xE,k)(t)) dl’)) ds

>0, tel0,1],i=12,...,n

which implies that {xﬁk)(t)}ﬁo is bounded above by B;(t), hence the limit x/(t) =
limy_, o0 xl(.k)(t) exists and satisfies

o;(t) <x[(t) < Bi(2), tel[0,1],i=1,2,...,n
Moreover, by taking the limits in both sides of (2.5), we obtain
1 s
x5 (¢) =[ @ (/ F (T, (1), %5(1), ..., %5(T)) dr) ds, tel0,1],i=1,2,...,n,
t 0

which implies that (x] (£),x5(¢),...,%(£)) is a solution of (2.2). O
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The following well-known results of the fixed point index are crucial in our arguments.

Lemma 2.3 [8] Let X be a Banach space, K a cone in X and Q2 bounded open in X. Let
0eQand T:KNQ— K be condensing. Suppose that Tx # Ax for all x € K N 32 and all
A >1. Then

(T, KNQK)=1.
Lemma 2.4 [8] Let X be a Banach space and K a cone in X. For r > 0, define K, = {x €
K : ||x|| < r}. Assume that T : K, — K is a compact map such that Tx # x for x € K. If
llx|l < || Tx|| for all x € K, , then

i(T,K,,K) = 0.

3 Main results

Theorem 3.1 Assume foralli=1,2,...,n,

(Hl) ()‘-1: )\2» ey )‘-n) € R}z \ {(01 0; veey 0)};
(Ha) f*e C(R",R,) is nondecreasing on R, that is,

fi(ul,uz,...,u,,) §fi(vl,vz,...,v,,), if o, e . ty) < (V1, V5.0, V)

and there exists at least one j € {1,2,...,n}, such thatfj(O, 0,...,0)>0;
(H3) there exist constants m; > 0 such that

i) = migp (Z w);
i=1

. fiv)
D oY vi)

Then there exists a bounded and continuous surface I' separating R” \ {(0,0,...,0)} into
two disjoint subsets Q1 and Q0 such that problem (1.1) has at least two convex solutions for
(A, A2, ..., Ap) € 2, at least one convex solution for (1, Xy,..., 1) € T and no solution for
(A1, A2y .. .s Ap) € Qo. Moreover, let T', U Ty be the parametric representation of I, where

Coidy = XA, A2, 0005 A1) > 0, Cot Ay =Xy, X2, Ap1) = 0.

Then on T, the function A, = Ay(A1, Ao, ..., ky_1) is continuous and nonincreasing on R"~1\
{(0: 0; ceey 0)}; th(lt iSr lf()‘-lr )\2; R )‘-n—l) 5 ()\i; )\./2, LR )‘-;,_1), then

Mn(h, A2, hnc1) = An (AL Ay ees i)

and on Ty, the function A, 1 = Ay_1(A1, A2, ..., y_2) is continuous and nonincreasing on
R”2\ {(0,0,...,0)}.
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We need some lemmas to prove Theorem 3.1. The following lemma is a prior estimate
for solutions of problem (2.1).

Lemma 3.1 Assume (H;)-(Hy) hold. Let ¥ be a compact subset of R” \ {(0,0,...,0)}. Then
there exists a constant Cy > 0 such that for all (A, Ay, ..., A,) € X and all possible positive
solutions v = (vy,va,...,v,) of (2.1) at (A1, A3, ..., 1y), one has

vl < Cs.
Proof Suppose by contradiction that there exists a sequence {(V§ ,V(Zm), ,V,, )}% , of
positive solutions of (2.1) at (A", A", ..., 1% such that (A", 24", ...,2%) € = for all
m and

(m) _ (m)

1™ vy, V) | — oo

Then v = (VY”),V({”), ., """ € K and thus
(m) (m)

min v, (t) v (3.1)

min (S70) = S 1)
Since ¥ is compact, the sequence {()L(m (2”’) Y )loo, hasa Convergent subsequence
which we denote without loss of generality still by {(/\Y”), A(zm>, S )} _, such that

lim A" =A%, i=1,2,...,n

m— 00

and at least one A; > 0, hence for m sufficiently large, we have )\}(.m) > 2;/2>0. Then from
(H4), we may choose R; > 0 such that

n n
I(v) > Lip (Z V,-) for all Z Vi > R;, (3.2)
i=1 i=1

where L, satisfies

1 A 3 s
—o Y LI, / ! f NN dr )ds>1.
4" \27) )3 7\

Combining (3.1) with (3.2), we get

[Vl

| v |

v

max | T, im v (¢) |
te[0,1] /

/; ! (‘/()Skfm)Nerj‘j(v(m)(r)) dr) ds
i /14¢1(/15 A AN 11 (v)(7)) dr) ds

4 4

3
T )‘1 N-1 m)
2/1 17 (/1 —Nrt L(p(XI:V )dt)d
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3 *

LY A Ly BN 1y om
= ["o (/ N L1g0<4||v”‘H dv ) ds

4

1 A;Ll i -1 S N-1 (m)
() [T (ANT de)ds- ¥

4
> v

for m sufficiently large. This is a contradiction. O

Lemma 3.2 Assume (Hy)-(Hy) hold. If (2.1) has a positive solution at (A1, Ay, .., A,). Then
(2.1) also has a positive solution at (A, Ay, ..., Ay) for all (A1, Ay, ..., hy) < (A1, A2y ..y hp).

Proof Let (v1,7s,...,7,) be a positive solution of (2.1) at (A, As,...,A,) and let (A1, Ay,
s hn) €R7N {(0,0,...,0)} with (A, A2, ..., An) < (A1, Ay ..., A). Then (9, ¥s,...,7,) is an
upper solution and (0,0, ...,0) is a lower solution of (2.1) at (A1, A2,..., A,), respectively. It
is easy to see that (1, vy,...,v,) #(0,0,...,0) and (1, v3,...,V,) > (0,0,...,0). By (Hy), we

obtain (0,0, ...,0) is not a solution of (2.1) at (A1, Ay,...,1,), Lemma 2.2 implies that (2.1)
has a positive solution at (A1, A,...,1,). O

Lemma 3.3 Assume (H;)-(Hs) hold. Then there exists (Af,15,...,A%) > (0,0,...,0) such
that (2.1) has a positive solution for all (A1, Ae,..., %) < (AT, A5, .., A%).

Proof Let B;(t) = ftl e (fy NtV dr)ds = 1(1-1%),t€[0,1],i=1,2,...,n, be the unique
solution of

(V@)Y =NNY, i=1,2,...,1,
vi(0) = v;(1) = 0.

Let M; = maxse(o1)f (Bi(£), Ba(t),. .., Bu(2)), then by (H3), M; >0, i = 1,2,...,n, and at
1

(AEAS, A8 = (57,

E,M—2,...,M—n),weget

(=B1®)™) = AN (Bi(e), Ba(e), .. BulD))
= N = ANECS (Bu(0), BaD), - Bu8))
= =N A (Bu(), Bo(0), . () ~1]
>0, te(0,1),i=12,...,n.
This shows that (8, (£), Ba(£), ..., Ba(£)) is an upper solution of (2.1) at (A%, A%,...,1*). On
the other hand, (0,0, ...,0) is obviously a lower solution and (0,0, ...,0) < (81 (¢), B2(2), ...,

Bu(t)). Thus by Lemma 2.2, (2.1) has a positive solution at (A}, A}, ..., 1%),and by Lemma 3.2
we complete the proof. d

Define

S= {(Al,kg, cooAg) RN {(0,0, . ..,O)}: (2.1) has a positive solution at

(AbA2seenhn) )

Then by Lemma 3.3, S #{J, and it is easy to see that (S, <) is a partially ordered set.



Gao and Wang Boundary Value Problems (2015) 2015:128 Page 9 of 12

Lemma 3.4 Assume (Hy)-(H3) hold. Then (S, <) is bounded above.

Proof Let (A1,A2,...,Ay) € S and v = (v1,v,...,v,) be a positive solution of (2.1) at
(A1,A2,...,Ay). Then by (Hs), we get

1 s
vl =/(; 90_1</0 )LiNTN_ljfi(V(r))dr> ds

! ! (/ls ANTN (v(T)) dl’> ds

= [
> /f ot (/: MNTN i (i v,»(r)) dt) ds

4
4 i=1

3
3 . .
> / w‘l( / AiNrN-lmiw(van) dr) ds

4 4

3
1 z $
= Z(p’l(kimi)fl <p1</1 NN-1 dr) ds - ||v]|.
I p

)r<—<p< 4vill )<_ i=1,2,...,n
= mi % N s N1 — Wll', 1Ly e lhy
e (JE NTN de) dsiv|

4
d:<p< 3 )
I ‘/’_1(/; NtN-ldt)ds
i

Therefore S is bounded above by (A1, Ay, ..., A,) = (L, 4 4 O
Similar to Lemmas 2.6-2.8 in [7], we can prove the following lemmas.
Lemma 3.5 Assume (H;)-(Hs) hold. Then every chain in S has a unique supremum in S.

Lemma 3.6 Assume (H;)-(Hs) hold. Then there exists i; € [)\;‘,)_\i] such that (2.1) has a
positive solution at (0,...,0,A;0,...,0) forall 0 < A; < L and no solution at (0,...,0,x;,0,
...,0) forall »; > X

Lemma 3.7 Assume (Hy)-(Hs) hold. Then there exists a continuous surface I' separating
R%\ {(0,0,...,0)} into two disjoint subsets ¥, and X, such that ¥, is bounded and %, is
unbounded, (2.1) has at least one solution for (A, Ay,...,Ay) € X1 UT and no solution for
(A, A2y .. os Ap) € By. The function Ly, = dy(A1, Ay, ..., Ay_1) is nonincreasing, that is, if

()\'l) )\-2) e )"}'I—l) = ()\-i; )"/2; cee ))\';1_1) = (Xl, 5\'27 ey X1’1—1)7
then

)"n()"lr)‘Q; ey }‘-}171) = )‘-rl()‘-/p )\-/21 ey )‘-;1,1)-

Moreover, if L, = 0, then the function A,_1(A1, X, ..., y—2) is nonincreasing.
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Lemma 3.8 Assume (Hy)-(H3) hold and let (A1, 1o, ..., 1,) € Q1. Then there exists gy > 0
such that (vi + &,v3 + €,...,V5 + ¢€) is an upper solution of (2.1) at (A1, Ay,...,Ay) for all
e € (0,e0l, where (v{,v3,...,v}) is the positive solution of (2.1) corresponding to some
(A, A3,..., X)) € T satisfying

(s h2s s hn) < (AT, A3, ., A%).
Proof From (Hj), there exists a constant M > 0 such that

0<M< rr[lin]fi(vf(t),vé(t),...,Vf,(t)), i=1,2,...,n.
tel0,1

Then by the uniform continuity of f on a compact set, there exists o > 0 such that

MQF - &)

[Fr(vi +evh+e,.. v+ e) = f (Vi vs... V)| < y
12

forallt€[0,1],i=1,2,...,nand 0 <& < &y. Let ¥} (¢) =v{(£) + &,i=1,2,...,n, then ¥7'(0) =
0, vf(1) >0 and

(=77 O)Y) = LN (5(0), 750, ..., (D))
= JENENT (0, v5(0), .., Vi) = WNEVTYFL (5(0), 5(0), ., P2(8))
= LNV, Vi), VE®) =L (750, 7500, ., 7(8))]
+ (A = LN (v (0, v5(0), .., v (D)
> =NEVTM(M = 2q) + (AF = A NEV (v (0),v5(8), .., Vi (8))
= (4 = k)NE [ (0,30, v, () - M]
>0,

i=12,...,n

forall t €[0,1], i =1,2,...,n. Hence (v{(¢),V;(t),...,V:(t)) is an upper solution of (2.1) at
(A1,A2,...,A,) forall & € (0, 50]. 0

Proof of Theorem 3.1 Because we have proved the above lemmas, we only need to
prove the existence of the second positive solution of (2.1) for (A1, 43,...,4,) € €. Let
(A, A2,...,A,) € 1. Denote

Vi) =vit)+e, i=12,...,nte[0,1],
where ¢ is given in Lemma 3.8. Define the set
D= {v: (v, V2. V) € X i —e <vi(t) < Vi(t), L € [0,1],i:1,2,...,n}.

Then D is bounded open in X and 0 € D. The map 7, : KN D — K is condensing, since it is
completely continuous. Let v € K N 9D, then there exists ¢y € [0,1] such that v;(¢y) = v} ()
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for some i € {1,2,...,n}. Let v¥ = (v{,75,...,V}), then by (H;) and Lemma 3.8, we have

1 s
T,\iv(to):/ w‘l(/ LNTV (v(T)) dr) ds
0

to

< /lgo_l (/OS)\TNIN_vi(V*(r)) dr) ds

< V(o) = vi(to) < Ovi(to)
forall ® > 1. Thus v #0v for allv e KN 3D and all > 1. Lemma 2.3 implies that
i(T;,KND,K) = 1.

For some A; > 0, it follows from (H,) that there exists R; > 0 such that

fiv) = Lyp (Z Vi): v Z Vi = R, (3.3)
i=1 i=1

where L, satisfies

3
1 7 s
E(O_l()\iLZ)/; @ </1 NN d‘L’) ds > 1.
i i

Let R* = max{Cyx,4R;, ||V"||}, where Cy is given in Lemma 3.1 with ¥ a compact set in
R\ {(0,0,...,0)} containing (A1, A3,...,A,). Let

Kpe = {veK:|v| <R},
then by Lemma 3.1,
T\v#v, VveiIKps.

Furthermore, if v € dKg+, then

n
1
min vi(t) | = =Vl = R;.
(500)=;

1
tE[Z,%

Thus by (3.3),

F(0) = Lo (Z v,-(t>>, vie E ﬂ

i=1

Therefore

|| T,v(t) H > max |TAiv(t)|
te[0,1]

> /1 o ( /1 ANTN (v()) d‘[) ds

4 4
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3 n
1 s
2/ g /MNTN_ILW E vi(t) | dt | ds
1 1

4 4 i=1
3
4 -1 : N-1 1
> ¢ MNTY T Lyo| vl ) dT | ds
1 1 4
1 i s
= E(D_l()\iLZ)/; o </; NN dT) ds-||v||
4 4
> v.

It follows from Lemma 2.4 that

i(T;, Kz, K) = 0.

Consequently by the additivity of the fixed point index,

(=}
|

= i(T), Kg+,K)

i(T,,KND,K) +i(T,,Kg« \ KN D,K)

1+i(T;,Kp« \ K N D,K),
which implies
i(T,,Kg« \KND,K) =-1.

Thus T, has at least one fixed point in K N D and another in Kz« \ K N D. This implies that
(2.1) has at least two positive solutions at (A1, Ay, ...,A,) € ©1. Thus (1.1) has at least two
negative solutions at (A1, Az,...,1,) € Q1. O
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