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Abstract

We study the dynamics of a stochastic nonlinear Schrédinger equation with both a
quadratic potential and an additive noise. We show that in both cases of repulsive
potential and attractive one, any initial data with finite variance gives birth to a
solution that blows up in arbitrarily small time. This is in contrast to the deterministic
case when the potential is repulsive, where strong potentials could prevent the
solutions from blowing up. Our result hence indicates that the additive noise rather
than the potential dominates the dynamical behaviors of the solutions to the
stochastic nonlinear Schrédinger equations.
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1 Introduction
In this paper, we are interested in the blow-up problem for the following stochastic non-
linear Schrodinger equation with a quadratic potential

e+ Au+ u|*u+0xPu—-n=0, t>0,xeR"
(1.1)
1(0,%) = ug(x).

Here 6 € R, o >0, and 7 is a complex-valued noise that is white in time and correlated in
space. When 6 < 0, (1.1) describes the evolution of the wave function of a Bose-Einstein
condensation, where the potential |x|?> models a magnetic field to confine the particles
[1]. The additive noise 7 represents the fluctuation effect of physical process in random
media [2].

When 1 =0, (1.1) reduces to the deterministic nonlinear Schrédinger equation with a
quadratic potential

iy + Au+ [ u)u+6|x)u=0,
(1.2)
u(0,%) = uo(x),

which has been extensively studied in the last decade. Employing a Mehler type formula
that is isometric in L2, Carles [1] found the deep relation of solutions between the critical
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nonlinear Schrédinger equation with an attractive potential (6 < 0) and the one without
potential. He presented the similarities as well as differences of the blow-up dynamics of
the two equations. Through decomposing its energy into two suitable parts, Carles [3]
further studied the well-posedness and the blow-up problems for the supercritical equa-
tion with an attractive potential. Especially, he discovered that the singular solution of
the nonlinear Schrodinger equation with an attractive potential blows up earlier than the
one without potential. Subsequently, based on a new decomposition of energy, Carles [4]
showed that in contrast to the attractive case, the repulsive potential (6 > 0) has a tendency
to delay or even prevent wave collapse. For more results on the nonlinear Schréodinger
equation with quadratic potentials, we refer the reader to [5, 6].

If 6 =0, (1.1) is the well-known stochastic nonlinear Schrédinger equation without
potential. In [7] de Bouard and Debussche derived the global well-posedness of H! so-
lution for a defocusing nonlinear Schrodinger equation. On the base of the local well-
posedness theory established in [7], they subsequently investigated the effect of an ad-
ditive noise on the finite time blow-up behavior of the solutions for a focusing nonlinear
Schrédinger equation in [8]. It is usually an interesting question to study the effect of small
noise on a deterministic model. As the additive noise converges to zero, for the nonlinear
Schrédinger equation with a power-type nonlinearity, Gautier [9] established a large de-
viations principle, which demonstrates the rate of convergence to zero of the probability
that paths are in sets which do not contain the deterministic solution. It is worth men-
tioning that if the noise acts as a potential, then a multiplicative noise arises, we refer the
interested reader to [10—12] in this direction.

In this paper, we are interested in the mixed effect of noise and potential on the blow-up
dynamics of the solution. As far as we know, the blow-up problem for the Schrodinger
equations with a potential and a noise was first studied in [13], where Fang et al. showed
that for the initial data with sufficiently negative energy, which is similar to the require-
ment of deterministic equation, the corresponding solutions blow up in finite time with
positive probability. In the current paper, we continue to investigate the blow-up problem
for nonlinear Schrodinger equations under both effects of an additive noise and a poten-
tial. We show that, regardless of the direction of the potential, any initial data with finite
variance gives birth to a solution that blows up in arbitrarily small time, which improves
the blow-up result in [13]. Recall that for the deterministic (1.2) with a repulsive potential
(6 > 0), Carles [4] proved that the potential could prevent the blow-up of the solution.
Thus, our result implies that for the stochastic (1.1) the noise dominates the dynamics of
the solution.

The rest of this paper is organized as follows. In Section 2, we present some preliminary
lemmas and state our main results. Section 3 is devoted to the proof of the main results.

2 Preliminaries and main results

Before proceeding, let us briefly introduce some notation for convenience. (2,.%,P) de-
notes a probability space endowed with a filtration (%;);>0. Let (8;)icn be a sequence of
real-valued independent Brownian motions associated with this filtration. L”(R") denotes
the classical Lebesgue space of complex-valued functions on R”. As in the argument for
the deterministic (1.2), we also need the Hilbert space

%= {f e H'(R") :x > &f (x) € L*(R")}
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equipped with the norm

I3 = 120 + Daf 1%

Let (e);en be a Hilbertian basis of L2(R”) and ¢ denote a Hilbert-Schmidt operator from L?
into . ZF stands for the space of Hilbert-Schmidt operators ¢ from L? into & endowed

with the norm

g1l x = t(¢7¢) = ) ligerll3.

leN

The noise we consider is 1 = %, where the process W is given by

o0
W(t,x, ) = Zﬂz(t, w)pex), t>0,xecR",weQ.
1=0

Then W is a complex-valued Wiener process on L?(R") with covariance operator ¢¢*.
Here ¢* denotes the adjoint operator of ¢.

The integral [, f(x) dx will be abbreviated as [ f(x) for convenience if no confusion is
caused. If I is an interval of R, B is a Banach space, 1 < g < oo, then L%(/; B) is the space
of Lebesgue measurable function g from I into B such that the function ¢ — ||g(¢)||z is in
Li(I). L1((0, T); L"(R™)) will be abbreviated by L%.L". C denotes a generic positive constant
which may change from one line to another.

) 2 2 0 2
=X [ wlioar, &= [ el

leN leN

c}ﬁ = Z/ﬂ |Voe|?, cé = ImZ/n%de)e;.
len VR leN VR

Throughout the paper, we assume that ¢ € .%,*. Thus, the four constants given above are
finite and well defined.
We are now ready to state our main results.

Theorem 2.1 Assume that o > % ifn=12, and that % <o< ﬁ if n > 3. Suppose that
¢ € & satisfyingker ¢* = {0}. Then for any ug € T withug #0andanyt >0 (0<t< 4jj
if 0 <0), we have

P(t*(uo) <t) >0,
where T*(uo) is the existence time of the solution of (1.1) with initial data u.

Remark 2.1 For the deterministic (1.2) with supercritical nonlinearities and repulsive po-
tentials (0 > 0), Carles [4] showed that for fixed initial data uo € X, there exists 6, > 0 such
that for any 6 > 6, the solution of (1.2) is global. Here we show that, in contrast to the
result available for deterministic equations, under the effect of an additive white noise,
any initial data develops a solution that blows up in arbitrarily small time. In this sense,
Theorem 2.1 says that, for the stochastic Schrodinger equation (1.1) the white noise rather
than the potential determines the dynamical behaviors of the solution.
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Before the proof of Theorem 2.1, we need some preliminary lemmas. Set Upy(¢) :=

B+ (7 1) denotes the admissible pair satisfying % =n(3 -1 with2<r<2%
(2<r<ooifn=2,2<r<ooif n=1). We recall the following Strichartz estimates for

Uy; see [3, 4] for detalils.

Lemma 2.1 (Strichartz estimates)
(i) If0 > 0, then for any admissible pair (q,r), (v, p) and any interval I,

H U9 (t)(/) ||Lq(1;Lr) =< Cl "(/)HL2

for every ¢ € L*(R"), and

= C2||F||Ly/(1;L/)’)
LI(LLT)

/ Uy(t —s)F(s)ds
IN{s<t}

forevery F € LY (I;LP"), where C; = Ci(g,r) and Cy = Co(T, q,1,y, p) are positive
constants independent of I.

(i) If6 <O, then the both inequalities stated in (i) hold for any interval I C [0, ﬁﬁ].

To demonstrate the effect of quadratic potentials, we adopt the decomposition intro-
duced by Carles [3, 4]. In the case of @ > 0, set i = /8 and denote

J.(t) := uxsinh(2ut) + icosh(2ut)Vy, K, (¢t) := xcosh(Qut) + L sinh(2t) V,,
m
then

iV, = cosh(Qut)J, (t) — usinh(2ut)K,(t),

x = cosh(Qui)K, (t) — %L(tl

In the case of § < 0, set v = +/—6 and denote

J_(t) := vasin(2vt) — i cos(2vt) Vs, K_(t) := xcos(2vt) + ! sin(2vt)V,,
v

then
iV, = vsin@UOK_(£) - cos@ui]_(6), % = cosuOK_(£) + Sin(f”t) 1.
The operators /1 and K have the following properties; see [3, 4].
Lemma 2.2
J+(t) = £UL(1)iVUy(-t), K. (2) = Up(t)xlp(-2). (2.1)

IfF € CH(C,C) is of the form F(z) = zG(|z|?), then

Jo(OF (u) = 0, F(u)]+(8)u - 0 F W5 O,  if0 <0,t ¢ —7Z,
v 2.2)

Ko (6)F () = 3. F()Ko(8)i — 0. F)Ka(Dm, if6 <0,t ¢ 41 + 212.
v v
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On the base of Lemmas 2.1 and 2.2, Fang et al. (see Theorem 3.1 in [13]) proved the
following local well-posedness result for (1.1).

Lemma 2.3 Assume that 0 <o < L ifn>3o0oroc>0ifn=12, and that ¢ is a Hilbert-
Schmidt operator from L*(R") into E Then for any F measurable random variable uy with
values in 3, there exists a unique solution u(uy, -) to (1.1) with continuous ¥ values paths.
The solution is defined on a random interval [0, T* (1o, ®)). Here T*(uo, ®) is a stopping time
such that

™ (up,w) = +00  or lim Hu(t 1) +00.

t—1*(ug,w) )HE -

As in the deterministic case, to study the blow-up problem, we need to characterize the
time evolution of the following three quantities: the energy

1 0
Hw) == | |VulPdx——= | |x*lu®dx
2 ]Rﬂ 2 Rn

lu|**2dx forue X,

20 +2

the momentum

Gu)=Im | ux-Vudx foruex,
Rn

and the variance
V(u) = / lx|*|ul®*dx forue %.
RVI

By employing the It6 formula given in [14] and a regularization argument, we can derive
the following identities; see [13] for details.

Lemma 2.4 Under the assumptions of Theorem 2.1, for any stopping time t such that t <
t*(up) a.s., we have

H(u(t)) = H(uo) —Im/t/n(Aﬁ + Ol + |ul* i) dx dW

9
__Z// |M|20|¢ez(x)‘ dxdr+—t Py

leN

—O‘Z/ |22 Re(u¢>el(x)))2 dxdt, (2.3)

G(u(9)) = G(uo) —4AtH(u(r)) dr — 46 /:./Rn x| |u|? dx dt

2 _ t
- dadd / lu|* 2 dxdv
o+1 0 JR#
+Re E / (Zitx - Ve, + nuge;) dxdp; — thzj (2.4)

leN
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and
V(u(t) = V(uo) - 4/t G(u(r))dr + ZIm/t |2 dxdW + tc;f. (2.5)
0 0 Jre

3 Proof of Theorem 2.1

In this section we will show Theorem 2.1, by exploring the compatibility of the quadratic
potentials with the space ¥ and by combining the energy decomposition technique [3, 4]
with the framework of showing blow-up [8, 11]. To achieve this, we first revisit the blow-up

result derived by Fang et al. ([13], Theorem 4.1) and present a stronger conclusion.

Lemma 3.1 (Blow-up for special initial data) Assume that ug, o, and ¢ satisfy the assump-
tions of Theorem 2.1.
(i) In the case 0 <0, suppose that for some T > 0,

4
V(o) — 4G(uo)T + 8H (1) T? + C%T + 2c¢2s T2 + g(c;, - 96§)T3 <0, (3.1)

then P(t*(uo) < T) > 0.
(i) In the case 6 > 0, suppose that for some T > 0,

1 1
2V (ug) + [ﬂ(cf — 4G(uo)) + 4_,%3(6;’ - 9c§)j| tanh(2uT)

+ 2—/»L2 [ci + 4H(u0)] tanh®>(2uT) < 0, (3.2)

then P(t*(ug) < T) > 0.

Proof The proofis similar to that of Theorem 4.1 in [11]. For the convenience of the reader,
we present the sketch of the proof here. We first consider the case of 6 < 0. Assume that
the conclusion of Lemma 3.1 does not hold. That is, t*(u0) > T almost surely. Define the

stopping time
Ty = inf{s e[0,T]: Hu(s) ||2 > k} for k e N.

Taking ¢ = 74 in Lemma 2.4, and substituting (2.3) and (2.4) into (2.5), by Fubini theorem,
we obtain the following stochastic version of the variance identity:

V(u(t))

4
= V(ug) — 4G(uo) i + 8H(u0)tk2 + Cgtk + ZCér,f + g(cé> - 965)1’;(3

+ 166 /fk(tk —s)V(u(s)) ds + M /Tk (k= 9) ”u(s)HiZJi ds
0 o+1 0

-89}, /Tk(fk _5)2/ |72 (Re(ager))” dxds
/ 0 R”

T Tk
—42/ (tk—s)zf |u|2”|¢e1|2dxds+2lm/ |25 dx dW
[ R7 0 Jrr
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Tk
—SIm/ (tx = 8)* (A + O1x %@t + |u|* it) dx dW
]RVI

—4ReZ/ rk—s)/ (2ux - Ve, + nupe;) dxdp;. (3.3)

leN

Noting thato > 2/nand 6 < 0, the seventh term to the tenth one in (3.3) are all nonpositive,
we get, for any k € N,

4
V(u(rk)) < V(ug) — 4G(uo) i + 8H(u0)tk2 + ci T+ 2c(2pr,? + §(C<11’ - ch)tkg

+/ (tx, 8) AW/ ( s)+2/ (tx,8) dByi(s) (3.4)
0

leN

where
g(ts,8) = Im/ [2|x|2it —8(ty — S)Z(AIZ +0|x*i + |”|2”17l)] dx,
RVI
h(ty,s) = —4(tx = $) Re/ Qux - Ve, + nupe;) dx.
R}’l

Because 1y — T a.s. as k = o0, and V(u(tx)) > 0, it follows from the assumption (3.1),
that there exist constants § > 0 and k > 0 such that for any k > k,

/ 2Tk, 8) AW (s) + Z/ h(ty,s)dBi(s) >8>0 a.s. (3.5)
0

leN

On the other hand, we will show that these two stochastic integrals are square integrable
and thus their expectations are zero. By the Holder inequality, we have

Tk 2
da
(2] )
SE(;‘/;U( /];{n |X|2|u|2dxv/l\§n |x|2}¢el(x)|2dxds)
= C%]E(/Ofk qu(s) ||i2 dS)

< C;:T sup IE(qu(s) ”iz) < szc(f.
s€[0,T]

/ |x|2izpe; (x) dx
RVI

By the Cauchy-Schwarz inequality and the Sobolev embedding theorem,

IE(Z/O{]{(W(—S)4 i )
sJE(ZfOZ (7% - 5)* (/ Vul? / |V(gen|” +|9|/ o] / I |perl*
< |u|2a+2> e (/ \be; |Za+2> 20+2)d5>

T5
5?( +|9|c¢k +Cy

/ (Au+9|x|2u+|u|2" )(;Seldx
R}’l

k4a+2 4o +2)

1
+ c¢k
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Similarly,
Tk 2
]E(Z / (rk—s)z‘ / [2ix - V(pe)) + niige;] dx d5>
I 0 R7

sE(le/Ork(rk—s)z(nZ /R '”'2/]1@ el +4/W |x|2|u|2/l;n|w¢en|2) ds)

Tk
< E(/ (ti = ) (r lull 725 + 4llxull32cp) dS)
0

3 2
< T—nzkzc0 + ﬂkzcl.
-3 ¢ 3 00

Therefore,

]E(/(; kg(rk,s)dW(s)> + E(Z/O ' h(ti, s) d,Bl(s)) =0, (3.6)

leN

which is in contradiction with (3.5).
We proceed to consider the case of 6 > 0. As in (3.4), we have

4
V(u(rk)) < V(uo) — 4G(uo) i + 8H(uo)r,f + c;f T+ 2c§>r,f + g(c}p - Gcg)r,f’

Tk

+166 /Ork(rk —s)V(uls)) ds + /0 (1, 8) AW (s)

£y /O * e s) dBis).

leN

In view of (3.6) and noting tx — T a.s. as k — oo, we have
E(V(u(T))) < E(V(uo)) — 4E(G(uo)) T + 8E(H (u0)) T* + c T + 2¢ T*

4 1 X 3 ’
+§(c¢—9c¢)T +169/ (T - 9)E(V (u(s))) ds.
0

For convenience, set 2 := ¢} —4E(G(u)), B := ¢ +4E(H(uo)), and € := ¢j, —Ocy . Applying
the theory of ordinary differential equations, we get

E(V((D))

A ¢ B
2 & b
<cosh*(2uT) |:2]E(\/(u0)) + <2M + 4M3> tanh(2u T) + 2002 tanh (ZMT)].

Thus if (3.2) holds, we then have E(V(x(T))) < 0, which is a contradiction. O

We next show that blow-up occurs in arbitrarily small time for any initial data with finite
variance. According to the framework established by [8, 11], there are three key ingredi-
ents to show blow-up: the controllability of the Schrodinger dynamics, the well-posedness
of the perturbation equation and the continuous dependence of the solution on both the

perturbation and the initial data. In this paper, we utilize the compatibility of the potential
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with the natural working space X to get the controllability of the Schrodinger equation
in ¥; and then employ the energy decomposition technique together with the continuity
argument to derive the well-posedness of the perturbation equation and the continuous
dependence of the solution on the initial data in the natural space X. In particular, owing
to the structure of the quadratic potential, we only need the assumption of finite vari-
ance regardless of higher order moments on the initial data which are required in [8, 11].
Analogous to the deterministic equation [4], we define for an admissible pair (g, ),

Y,(0,T) = {f € C([0, T]; =) : A(t)f € C([0, TT;L*) N L((0, T); L")
for any A(f) € {](t),K(t),Id}}.

Lemma 3.2 (Controllability) Foranyuo e X, u € £, 71 >0 (ﬁﬁ >T1>0if0 <0), there
exists a function z € Yp542(0, T1) such that z(0) = 0 and the solution of

{ivt +AV+OXPV+ v+2P (v +2)=0, t>0,x€R”, a0

v(0,%) = uo(x),
exists in Yo,,2(0,T1) and z(T1) + v(z,ug, T1) = u;.

Proof We only consider the case of n > 3 since the case of n < 2 is similar and easier.

Consider a linear parabolic equation

w(0,%) = up(x), (3.8)

: we+ (Aw+ x| *w=0, t>0,xeR"
where k > [5] + 1 is a positive integer. Denote by S(¢) the semigroup on X associated to
(3.8). Define

T, -

t t
M(t) = Tl S(t)uo + fS(Tl - t)lftl.

Obviously, #(0) = 1o and u(T;) = u;. We shall investigate the regularity of u. First it is easy
to see that u € C([0, T1]; ). Multiplying (3.8) by w, integrating the resultant equation over
[0, T1] x R" gives

lx/*u € L*((0, T1);L?) and ueL? (o, Ty); H). (3.9)
Because k > [%] +1> 2, it follows from the Sobolev embedding theorem that

e L*((0, Ty); Wh's).
We take n satisfying

1 n-2)n 1-n 1-79
= +

20+2 2 2

+

’

NS

o .

R |-

Clearly n = % <1 since o < nZTz Noting that u € L>((0, Ty); HY) N L*((0, T}); WL%),

applying Holder’s inequality in space and then in time, we have

40 +1
u e L1((0, Th); WH*2) - with g = ©+1) (3.10)
on
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We next estimate xu. When k > [5] + 1, since HF <> [* and H! — L%, by Holder’s

inequality, we obtain

ﬂ
2n 2 2n
lleze|l 20 < locze| 52 dx + |xut| 72 dx
Ln=2 %<1 =1

nz;Z
2 4 n

= (/ Jul w2 dx+/ o g |ua] 72 dx)

R” R”

2 n=2
< Cllullp + Cllaell e | Il ue] 13

Thus,

xXu 2
Il 2,

T 1/2
§C||u||L2«o,Tl>;Hl>+C</O o) ] 2 | el HLZ dt)

k
< Cllull 20, ryypm) + C||u||L2 e [ u||L2 T2y

which in combination with (3.9) yields

xu e I2((0, Ty); Li2).

Noting that xu € C([0, T1]; L?), as in (3.10), we get xu € L1((0, T1); L***2). Thus

A(Ju e C([O, Tl];LZ) qu((O, Tl);L20+2),

We proceed to estimate ||’ u. If 0 < o < 1, by Hélder’s inequality,

[zl <] || Hlull? ith ! ARl
ul| 40 u u wi ==+ —
Lho 22 40+2 2
from which it follows that
Qo+1) Ti )20 +1)
2 o+
|| |1/l| Uu”LI((O,Tl);LZ) —_ ” ”C [0 Tl]Lz) A || ||Hk dt

B (20 +1)
< CT ||M||C [0 Tl LZ)Hu”LZ( 0, Tl)Hk)

(3.11)

(3.12)

for some 0 < B < 1, where we have used the embedding H* <> L* and the fact that 0 <

1-2)Q20+1)<2.Ifl<o < 22, using the inequality

. 1 n-2)A 1-4
ll2ell pao2 < [latl kllullk with = + )
= 4o +2 2n 00

and the Sobolev embedding H! «— = , we similarly have

(20+1)
12 u] 1, OTI)Lz)_CnunC[OTﬂHl [l ||Lz 0T "
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Thus, using (3.9), we derive
lul*u e L'((0, Ty); L?).

By Holder’s inequality,
Vil gy = € [ i 9t

T
2
< Clllleqoijam) / [, ) e e
0
If 0 < o <1 (noting that when n > 4, 0 < ﬁ <1), by Holder’s inequality in time, we get
112 Vat]| 10,7115y = CT Ntleo,rypam 1052 iy (3.13)
Ifn=3and1l<o < ﬁ = 2, it follows from Gagliardo-Nirenberg’s inequality that
1 l 1
llll 60 < C||M||2 22 Nl 557 (3.14)
Thus observing that H? < W® when # = 3, it holds that
|1 V| 1 < CIVaullgs )72, < Cllulifpllulgs'.
Since o <2, u € C([0, T11; HY), and |V(|u|*° u)| < C|u|?** | Vu|, we obtain
V(lul*u) € L'((0, Ty); L?).
We next show that x|u|>*u € L1((0, T1); L?). As in (3.13), if 0 < o0 <1, we have
o s g =€ [ Dt
h 20
< Cllullcqomx) / Jutt, ) “Hk dt
0
< Cllulleqo sz 12l 720 7,110
Ifn=3and1<o <2,by(3.14),

ol gz = [ e et ) |2

o+l

= Cv”xu”L2 ((0,T7);L®) ”u”c ([0,T11;HY) ” ”L2(0T1 sH2)*

This inequality together with (3.11) implies x|u|?° u € L'((0, T1); L*). Therefore, we obtain
lul*u e L'((0, T1); T). (3.15)

Now we define

v(t) := U (H)ug + i/t Up(t — 8)|u|* u(s) ds,
0
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and z(z) := u(t) — v(t). Clearly, v(z, uo, t) := v(t) is the solution of (3.7). By (2.1),

t
HOME) = Us(0iVun +1 [ Us(e =76 uts)ds,
0
t
K()v(t) = Up(t)xug + i/ Uy (¢ — $)K(s) || u(s) ds.
0
It thus follows from (3.15), Strichartz estimates and (2.2) that v € C([0, T1]; £) and that

”A(')V||Lq((o,T1>;L20+2> < Cluoliz +C|| |“|20””L1(<0,T1);z)’

which implies A(-)v € L1((0, T1); L>**2). Finally, by (3.12), z = (u — v) satisfies A(-)z €
c([o, Tl];LZ) N L4((0, Tl);Lz‘”Z). o

Lemma 3.3 (Local well-posedness of (3.7)) Assume that uy € X. Then for any z satisfying
Z € Y9542(0, T%), there exist T > 0 with 0 < T < T* and a unique solution v(z, uy,-) of (3.7)
satisfying v(z, uo, ) € Y2542(0, T).

Proof Step 1. Existence. Define the set

Xrr = {f € Y25.12(0,T): ||A(')f||L0<>((o,T);L2) + “A(')f”Lq((O,T);Lz”*Z) =M

for any A(¢) € {](t),]((t),]d}}
equipped with the distance

d(f,g) = Ilf = gllz=qo,me2) + If = &llrago, rys20+2)-

It is easy to see that (X7 4, d) is a complete metric space. Consider the mapping H defined
by

Hv(¢) := Uy (t)ug + i/‘t Uyt —s)|v+2%° (v +2)(s) ds.
0

We shall show that there exist T and M satisfying (i) H maps (X, d) into itself; (ii) H is
a contraction in (X7, d). By (2.1),

J(&)Hv(t) = Up(2)iVug + i/t Uy (t = 8)](s)|v + 2> (v + 2)(s) ds. (3.16)
0

Thus, by the Strichartz estimates, (2.2), and Holder’s inequality, we have

OB 2 + OB 902
= ClIVuol2 + Clllv+ 2T + D] 1y 0p.ay

< ClIVitollzz + CT' v + 23 20,2 [T OV + 2 19 1200

< ClIVitollzz + CT' " (M + 11213510 ) (M + [T Oz g 120-2)
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where §(0) = —) <1 since o < —, and we have used the Sobolev embedding H' —
L?°+2, Applying similar arguments to operators K(¢) and Id, we get

||A(')HV||L°°L2 + ||A(')HV||LqL20+2

< Clluolls + CT™O (M + |12l 7 0) (M + [AC)2] 1 120.2)- (3.17)
On the other hand, for any w, v € X1 1, we have
t
Hw(t) — Hv(¢) = i/ Up(t - s)(lw+21* (w+2) = [v+2]* (v +2)) ds
0
A simple calculation yields
||w+z|2"(w+z) - |v+z|2"(v+z)| < C(|w+z|2" + |v+z|2")|w— V|

for some constant C > 0. This inequality, in combination with the Strichartz estimates and
Holder’s inequality, leads to

(ITHw — IHIV”L‘%OLZ + || Hw - HV”L‘%L%HZ
1-8(0
<CTr (”W + Z||LOOL20+2 + ”V + Z”LOCL2L7+2) ”W - V”L‘%,LZ(TQ
< CT™O(M* + ||z||LocH1)d(w, V). (3.18)
Now choosing

M= max{ ||](')Z||L‘;L20+2’ ||I<(.)Z||L?L20+27 ”Z”L‘%LZU+2} + 2C||u0||2

and T small enough such that CT'*@)(M?* + || L”Hl) < 3, we get from (3.17) and
(3.18) that ||A(')HV||L°T°L2 + ||A(-)Hv||LqTL2(,+2 < M and d(Hw,Hv) < %d(w, v) which verify
(i) and (ii). Applying the contraction mapping principle, we see that there exists a solution
vz, ug, -) to (3.7) and A()v(z, uo, -) € C([0, T1; L*) N LI((0, T); L?>°*2). Moreover, we have the

estimate
||A(')V||L%0Lz + ||A(')V||Lquo+z <C(lluollx + 121l 2 w2042 + ||xz||LqL2d+2) (3.19)
Step 2. Uniqueness. Suppose that there are two mild solutions w and v satisfying w,v €

C([0, T]; ) N L4((0, T); L**2). Applying the Strichartz estimates and Hélder’s inequality,
as in (3.18), we get for any ¢ € [0, T],

”W - V”Lq O,t);L2"+2)

<ce (”W”LOOHI + ”V”LOOHI + ”Z”LOOHI)”W_ VliLa((0,0;120+2)-
Thus if v € [0, T] is small enough such that

1-5(
Ct “>(||w||LmH1 VI + 12l ) <1,
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we then have ||[w — V|| 14((0,1),120+2) = 0, which gives w = v on [0, 7]. Set
T:= sup{‘r € [O, T], ”W - V”Lq((o,r);]}aﬂ) = 0}

Clearly, T > 0. Suppose T < T, then we can take T as the initial time and deduce ||w —
VL4 (0,2 +e);120+2) = O for some € > 0, which contradicts the definition of 7. Therefore, 7 = T,
and we complete the proof of the uniqueness part. d

Lemma 3.4 (Continuous dependence) Letitg € T, T > 0. Assume thatz € Yy,.,5(0, T) and
that the solution v(z, 1y, -) of (3.7) exists on [0, T]. Then there exist neighborhoods V of z
in Ya542(0, T) and W of tig in T, such that for any (z,ug) € V x W, the solution v(z, uy, -)
of (3.7) exists and is unique in C([0, T; X). Moreover, the mapping (z,uo) > v(z,uo, ") is
continuous from V x W into C([0, T]; Z).

Proof Step 1. Let r,R > 0 and take uy, z satisfying

”u()”E =r ”Z“C([O,T];Hl) = R and HA(')Z||L‘I((O,T);L2U+2) = R

for any A(¢) € {J(¢), K(¢),1d}. Owing to Lemma 3.3, there exist 77 = T1(r, R) and a unique
solution v(z, ug, ) of (3.7) on [0, T1] such that v(z, ug, ) € Y25.2(0, T1).

We next show that the solution map (z, ug) — v(z, ug, -) is continuous on [0, t] for some
0 < 7 < T1. To do this, we take {uj},>1 C £ and {z,},>1 C Y20+2(0, T) satisfying ufj — uo
in ¥ and A(-)z, — A(-)z in C([0, T];L*) N L1((0, T); L*>°*?) for any A(t) € {J(¢t), K(t), Id}.
Noting that

lus]s <2uollz, Nzl < 2llzliemn,

”A()ZVI ||Lq((0,T);L25+2) S 2 ||A(.)Z||Lq((O,T);L2‘7+2)
for n sufficiently large, according to Lemma 3.3, (3.7) has a unique solution v, correspond-

ing to (zy, ug), and there exists 7 = 7(r, R) such that v,, and v exist on [0, t] C [0, T7]. More-
over, owing to (3.19), v, satisfies

“A(')Vn “C([O,t];LZ) + ”A(')"n ”Lq((o,r);ﬂw)

< C(lluolls + 121l zaqo, rywizo+2y + 162l 1o, Tyz20+2))- (3.20)

We shall show that v,, — v in C([0, 7]; £) as # — o00. Since

t
Vp—V= i/ Up(t = 8)(Iv + 2ul* (v + 2) = [v + 2177 (v + 2)) ds
0
+ Uy (t) (ug — o) (3.21)
as in (3.18), we have

lvi - Vllgeor2 + [V — V||L;IL20+2

1- 2 2
<Cr 5((,)(”1/” +ZYI||L(§CH1 + ||V+Z||L(§OH1)“VH —V+zy _Z”L¥L20+2

+ C”u’g - Up ||L2. (3.22)
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Using (3.20) and choosing 7 = 7(r, R) small enough, it follows that
v — V”L‘,’OL2 + [lvy - V||L?L2L7+2 = C””g —Up HLZ +Cllz, - Z”L‘{Lz‘”z' (3.23)
Analogous to (3.17), applying J(£) and K(¢) to (3.21) and setting F(u) := |u|* u, we get

[AOVn =) e 2 + [AO©s = V)] 1275010
< CAC)(1Vn + 2a* (v + 2) = [V + 21> (v + 2)) ”mzm/ + Cllug —uo
< Cl0uF Wy + 2n)AC) Vi + 20) = 0 (v + DAC)V+ 2| 7 00y
+ C|| 0 E Wy + 2)AC) Wy + 24) — 3F (v + z)m” Los2y

+ Cllug —uo

=L +L+Clug—uo| . (3.24)
I; can be estimated as follows. By Holder’s inequality,

h = C0uF(vn + 20)AC)n = v+ 20 =2)| g 2y
+ C||[0uE W + 24) = 3, F(v + 2) JA() (v + 2) ||Lq Loy

= Crl 3 ”VVI +2Zn ”LOOH1 (”A()(Vn - V) ||LqL2rr+2 + ||A()(Zn - Z) ||L?L2(7+2)

+ C| [0uF (v +2) = 0uF W + DJAOW + 2 ¢ 0.2y
Similarly,

[2 =< Ctl il ”Vn t 2y ”LOOHI (HA()(VH - V) HLqL20+2 + HA()(ZVI - Z) HL?LZ‘”'Z)
+ C||[02E (v + 24) = 0aF(v + 2)|JA()(v + 2) HL,, L2y
Substituting these two inequalities into (3.24), using (3.20) and choosing t = t(r, R) small
enough, we have
JAC 0 = D)o + [AOGn =90
= Clug—uo |5 + ClAO @ = D) 19,200
+ C||[0uE (v + 24) = 0 F(v + 2)|JA() (v + 2) ||L3,L(2M>,
+ C||[0aE (v + 2) = aF (v + 2)|JA() (v + 2) ||L,§,L(M>,
= Cllug — o + ClAC) 21 =2 ja,2000 + 15 + 1 (3.25)
To show that v, — v in C([0,7]; X) as n — oo, we only need to verify that I} + I} — 0.
Otherwise, without loss of generality, there exists ¢ > 0 and, up to a subsequence, I > ¢.
It then follows from (3.23) that there exists a subsequence, still denoted by {v,},>1, such

that v, — v a.e. in [0, 7] x R”. Moreover, there exist w,w € L1L?**? such that v, < w and
z, < @ a.e. Noting that |[0,F(v, + z,) — 3,F(v + 2)]JA(-)(v + 2)| < C(Iw|** + | |*)|A(-)(v +
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z)| € L”T]/L@“Z)/, by the dominated convergence theorem, we see that I§ — 0, which is a
contradiction.

Step 2. Now we obtain the solution of (3.7) denoted by v (z, ug, -) on [0, 7] with T = ©(r, R).
Set

r=1+ | vz i, ‘)HC([O,T];E)’

R=1+ ”‘%HC([O,T];Hl) + max{ “A(')‘%||Lq((0'T);L20+2)rA(t) € {](t),[((t),]d} }‘

By the continuity of v1(z, uo, -) with respect to (z, o) on [0, 7], we see that, for 0 < &; K 1,
there exists 0 < §; < 1 such that

if luo — ttolls + 112 = Zlle(o,cpe) + 112 = Zll a0, ), wr20+2)
+ ||x(Z - 2) ||Lq((0,t);L2‘”2) = 81;

then |vi(z, uo, ) — v(Z, fko, ") ||C( <eén.

[0,7):%)
Set u; = v1(z, ug, T), then

lulls < ||V do,7)|| 5 + &1 <1
Asin the argument of Step 1, the solution of (3.7) denoted by v, (z, 13, -) exists and is unique

on [7,27], and v5(z, u1, -) is continuous with respect to (z,u;) on [7,27].
By iteration, for every 1 <j < [%] and 0 < g; K 1, there exists 0 < §; < 1 such that

if lj = dolls + 1z = Zlle(-1ye jeprt) + 12 = 2l Laq(joye joywizos2)

+ ||x(z - Z) Lr(((/—l)r,jr);L2”+2) f 8/7

then || vi(z, uj1, ) — V(& tho, - =¢

Meqg-esers <&
Setu; = vi(z, uj_1,j7), then ||yl < [v(Z, B0, jT)| £ +¢; < r. By Step 1, the solution of (3.7) de-
noted by vj.1(z, u;, -) exists and is unique on [jz, (j+1)7]. Moreover, every v;,; is continuous
with respect to (z, ;) on [j7, (j + 1)T].

Step 3. Without loss of generality, we can take ¢; < ¢j,; < 1 and §; < §;,; < 1in Step 2.
Now we take V and W to be the balls in Y5,,,(0, T) and ¥ centered at zZ and 7y with radius

&1 and 8;. We define the solution of (3.7) on [0, T'] by
v(z, U, t) = Vi (z, v(z, ug,jT), t) on [jl’, G+ 1)7,'].

Then v(z, uy, -) is the solution of (3.7) on [0, 7] and is continuous with respect to (z, uo).
Since (z,uo) is arbitrary, we obtain the desired result. O

Proof of Theorem 2.1 Let uy € ¥, and T; > 0 and M > 0 be two constants. We choose a
function U € X satisfying

M
0<G(LI)<?

1 1
and —/ VU % dx < /|LI|2‘”2dx. (3.26)
2 R~ 20 +2 R~
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Taking U,p(x) = aU(Bx), with o and B being positive constants to be determined later, we
get

V(Uep) = 2" V(WD)
G(Uap) = 2”7 G(U),
-4
H(Uaﬁ):azﬂzn[l/ |VL[|2dx—%/ x| U|* dx
2 R7 2 R7

0120,3_2
20 +2

|U|2(7+2 dxi|'
R7

If we take o and B satisfying &>~ = L{ and let B large enough, we then have
M MV (U
G(Uyp) = > and  V(Uyp) = ﬂ2G—(U()) —0 asB— oo. (3.27)

For H(U,p), since o > %, by (3.26), we see that

M
H(Uap) - fG(u)[ vuPds _ 0P / WU P dx
ﬁna—ZMa 2049
T RGP 2o +2) Ju d’“}
< IBZM 1 2 ,3 ana - 2042
_2G(u)[ f w21 /n'”' ]

— —00 asf — oo.

Thus, for any constant H > 0, when 8 is large, setting u; = U, by (3.27) we obtain

V() < and H(w) < -2H. (3.28)

M ) M
M =
2 D)

By Lemma 3.2, there exists 2 satisfying A(-)z € C([0, T1]; L?) N L9((0, T1); L>°*?), z(0) = 0
and z(T1) + v(z, uo, T1) = u1. By Lemma 3.4, there exists a ball B centered at Z in Y5,,2(0, 1)
such that for any z € B, the solution v(z, u, -) of (3.7) exists and is continuous with respect
to (z,up). Set u = z + v(z, uo, -), then by (3.28),

V(u(Tl)) <M, ‘G(u(Tl))’ <M, H(u(Tl)) < —H. (3.29)
Noting that the solution of (1.1) is given by u = z(¢) + v(z, uo, -), where z(¢t) = fo Uy(t -
5)dW (s). By Lemma 3.1 in [13], z satisfies A(-)z € C([0, T1]; L*) N L7((0, T); L>*?) almost
surely. Because ker ¢* = {0}, we see that z is non-degenerate and P(z € B) > 0. Now we set

Qo = {a) € Q:1t*(ug) > T and u(T)) satisfies (3.29)},

then P(€,) > 0. We choose H large enough such that

_ _ - 4
M+4MT1—8HT12+05T1+2C$T12+ g(c;—ecq%)T13<0 ifo<0
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and

i ¢y + aM cy—0cy - 4H )
2M + + tanh(2uT)) + ——— tanh*(2uT7) <0 if 6 > 0.
20 4u3 202

By Lemma 3.1 with u, replaced by u(T1)|g,, we have P(t*(u) < 2T7) > 0. This completes
the proof of Theorem 2.1. d

4 Conclusions

In this article, we study the mixed effect of additive noise and potential on the blow-up dy-
namics of solutions to a stochastic nonlinear Schrodinger equation, which could describe
the evolution of the wave function of a Bose-Einstein condensation in random media. Our
findings show that, regardless of the direction of the potential, any initial data with finite
variance gives birth to a solution that blows up in arbitrarily small time with positive prob-
ability, which improves the result of [13].

Furthermore, our results show that, under the effect of an additive white noise, any initial
data develops a solution that blows up in arbitrarily small time. This indicates that, for the
stochastic Schrédinger equation, the white noise rather than the potential determines the
dynamical behaviors of the solution.
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