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Abstract

In this paper, we study the existence and uniqueness of solutions for impulsive
multi-orders Caputo-Hadamard fractional differential equations equipped with
boundary and integral conditions. The Banach, Schaefer, and Rothe fixed point
theorems and degree theory are used to establish our main results. Examples
illustrating the main results are presented.
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1 Introduction

During the last years, fractional calculus has gained considerable importance due to the
applications in almost all applied sciences. It was pointed out that fractional derivatives
and integrals are more convenient for describing real materials, and some physical prob-
lems were treated by using derivatives of non-integer orders. For details, and some recent
results on the subject we refer to [1-9] and the references cited therein.

It has been noticed that most of the work on the topic is based on Riemann-Liouville
and Caputo type fractional differential equations. Another kind of fractional derivatives
that appears side by side to Riemann-Liouville and Caputo derivatives in the literature is
the fractional derivative due to Hadamard introduced in 1892 [10], which differs from the
preceding ones in the sense that the kernel of the integral (in the definition of Hadamard
derivative) contains a logarithmic function of arbitrary exponent. Details and properties of
the Hadamard fractional derivative and integral can be found in [1, 11-15]. However, this
calculus with Hadamard derivatives is still studied less than that of Riemann-Liouville.

On the other hand, integer order impulsive differential equations have become impor-
tant in recent years as mathematical models of phenomena in both the physical and the
social sciences. There has a significant development in impulsive theory especially in the
area of impulsive differential equations with fixed moments; see for instance [16—20].

Recently in [21], Wang et al. studied existence and uniqueness results for the following
impulsive multipoint fractional integral boundary value problem involving multi-order
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fractional derivatives and a deviating argument:

Diul®) =f (&, u®)uO®), 1<ox <2,
Aulty) = I(u(t)),  Au'(t) =L (w(t)), k=L2,...p, (11)
u(0) =% )\'ks7t+ u(ne),  w(0)=0, t <Nk <t

where CDZ:" is the Caputo fractional derivative of order oy, jt‘gk is Riemann-Liouville frac-
tional integral of order g > 0, f € C(J x R x R,R), It, I} € C(R,R), 0 € C(J,]),] = [0, T]
(T>0),0=ty<tp<-- <t < - <ty<tyn =T, Aulty) = ultf) — u(ty), and Au'(t) =
u' () — u' (&) where u(t}), u'(t}) and u(f;), #'(¢;) denote the right and left hand limits
of u(t)and u'(¢) att =t (k=1,2,...,p).

In 2015, Wang et al. [22] established the existence of solutions for a class of nonlin-
ear impulsive Hadamard fractional differential equations with initial condition of the

form

HD%M(If) =f(t, M(t)), [eAS (O, 1),t S (1,6] \ {tl,tg, ooy tm},
Au(ty) = plj7u(t}) — W)is*uty) =pi, pieR,i=12,...,m, (1.2)

wu) =ug, uo €R,

where yDf, is the left-side Hadamard fractional derivative of order o with the lower limit
1and H]1+ “ denotes left-side Hadamard fractional integral of order 1 — «. The existence re-
sults were obtained by using the Banach contraction principle and Schauder’s fixed point
theorem on the weight spaces of piecewise continuous functions.

The Hadamard and Riemann-Liouville fractional derivatives have one similar prop-
erty, which is the fact that the derivative of a constant is not equal to zero. It is caused
by the definitions of them containing the usual derivative outside the integrals. In 2012,
Jarad et al. [23] presented the modifications of the Hadamard fractional derivative into a
more suitable one having physically interpretable initial conditions similar to the Caputo
sense. In 2014, Gambo et al. [24] proved the fundamental theorem of fractional calcu-
lus, some interesting results and also semigroup properties of Caputo-Hadamard opera-
tors.

In this paper we are concerned with the existence of solutions for boundary value prob-

lems of impulsive Hadamard fractional differential equations of the form

“Difa(t) = f(t,x(t)), t €k Clto, Tt #
Ax(ty) = oi(x(tr)), k=1,2,...,m, (1.3)
ax(to) + Bx(T) = Yo viT %(ti),

where CDpk is the Hadamard fractional derivative of Caputo type of order 0 < px <1 on
intervals Ji := (¢, tg1], k=1,2,...,m, with Jo = [t0,t1], 0 <tg < <by < - - <l <+  <ly <
tms1 = T are the impulse points, J := [£y, T], f : ] X R — R is a continuous function, ¢, €
C[R,R), jt’fi is the Hadamard fractional integral of order g; > 0, i = 0,1,...,m. The jump
conditions are defined by Ax(#) = x(£;) — x(t), x(t}) = lim, o+ x(tx + €), k =1,2,3,...,m
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The paper is organized as follows: Section 2 contains some preliminary notations, def-
initions and lemmas that we need in the sequel. In Section 3 we present the main results
for the problem (1.3), where existence and uniqueness results are proved by using Banach
and Rothe fixed point theorems, Leray-Schauder alternative and degree theory. Examples
illustrating the obtained results are also presented.

2 Preliminaries
In this section, we introduce some notations and definitions of Hadamard fractional cal-

culus (see [1]) and present preliminary results needed in our proofs later.
Definition 2.1 For an at least n-times differentiable function g : [a,b] — R, a,b > 0, the

Caputo type Hadamard derivative of fractional order « is defined as

c 1 £ £\t ds
Digt) = —— log - 8"g(s)—, m-l<a<mn=[a]+],
Frn-a)/, s s

where § = t%, t € [a,b], and [«o] denotes the integer part of the real number « and log(-) =
log,(-).

Definition 2.2 The Hadamard fractional integral of order « is defined as
Toa(t) = ) /t AN 0% 0
= —— og - s’—, a>0,
a8 o) J, gs £ s

provided the integral exists on [a, b].

Lemma 2.1 [23] Let x € AC{|a, b] or C}[a,b] and a € C, where X{[a,b] = {g:[a,b] — C:
8" 1g(t) € X[a, b)}. Then we have

n-1 k
o (Comat 8*x(a) t
Ji( D“)x(t):x(t)_kg . log<;) :

The key tools for proving of our results are based on the following fixed point theorems.

Theorem 2.1 [25] Suppose that A : Q — E is a completely continuous operator. If one of
the following conditions is satisfied:
(i) (Altman) |Ax —x||2 > ||Ax||? = ||x||?, for all x € 3,
(ii) (Rothe) ||Ax|| < ||lx|l, for all x € 0%2,
(ili) (Petryshyn) || Ax|| < ||Ax — x|, for all x € 02,
then deg(I — A, 2,0) =1, and hence A has at least one fixed point in Q2.

Theorem 2.2 [25] Suppose that A : Q — E is completely continuous operator. If
Ax #rx, VxedQ,r>1,

then deg(I — A, 2,0) = 1 and A has at least one fixed point in Q.
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Theorem 2.3 [26] Let E be a Banach space. Assume that T : E — E is a completely con-
tinuous operator and the set

V={ueE:u=1Tu,0< A <1}
is bounded. Then T has a fixed point in E.

Lemma 2.2 Assumethat®=a+p-Y %ﬂt’ql # 0. Then the solution of the prob-

lem (1.3) is equivalent to the following integral equation:
k-1
x(t) = -Zikf t X t) + Z z+1yx(ti+1)) + Qi (x(tm)))
i=0

+— |:Z viJ, ql pl l+11 x( z+1)) jpmf(T x(T))

m-1
-B Z(%f’f(tnbx(tml)) + @i (%(821)))
i=0
+ Z(M> 21: F(tv5(520)) + @ (x(651))) 21)
- F(q, i 1) pn ]+1: j+1 (/)/+1 j+1 . .

Proof By Lemma 2.1, the solution of (1.3) on interval J; can be written as
x(t) = TEf (£, %(2)) + o,

where % € R. For ¢ € J;, by using Lemma 2.1 and the impulse condition Ax(¢;) = ¢1(x(£1)),
we obtain

x(t) = (t x(t)) + x(tl)
= \7t11 (:x(0)) + TEf (11, 5(1)) + @1 (%(82)) + %0.

Again, for ¢ € J,, we have

x(t) = TS (6,x(0)) + x(tﬁ )
= T f (62(0) + T3S (2 2(82) + 02 (x(2)) + T (11, 5(80)) + 1 (x(81)) + 00.

Repeating the above process, for ¢ € /, we obtain

k-1
x(8) = TS (6, x(2)) + Z f (ti1, (1)) + @ist (%(821))) + xo. (2.2)
i=0
Applying the boundary condition of (1.3), it follows that
ax(to) + fx(T) = (o + B)xo + BIL"f (T, %(T))

m-1
+B Z(jt, f( i1y X (tz+1)) + Qi (x(t,-+1)))
i=0
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and

m
Z Vij;?ix(tm)

i=0

(log(t;1/t;))%
Z)’l 19:+% ,+1,x(t,+1) +xOZM

~ T+l
(log(tin /)% (< 1
+ Z(M) ]+1,x(t/+1)) + Qa1 (x(tj+1))) )
p=y I(g: +1 =
which leads to
1| < i
Xo =3 |:Z VTP f (b, (t01)) = BTErf (T, %(T))
i=0
m-1
/3 Z("Zl f( i+1) X! (tl+1)) t Qiv1 (x(ti+l)))
i=0
" yilog(ti /6))T0\
+ Z(y(g;—:l))> ( j’ (G, 2(E)) + @i (x(f/+1))))i|-
i= g j=0
Replacing the constant xy into (2.2), we obtain (2.1), as desired. O

3 Main results
Let PC(J,R) = {x : ] — R;x(t) is continuous everywhere except for some #; at which x(t;)
and x(t;) exist and x(;) = x(fx), k = 1,2,...,m}. Obviously, PC(/, R) is a Banach space with
the norm ||x|| = sup{|x(¢)|; £ € J}. A function x € PC is called a solution of the problem (1.3)
if it satisfies (1.3).

In this section, we investigate the existence and uniqueness of solutions for the problem

(1.3) via a variety of fixed point theorems by defining an operator K : PC — PC as

k-1
K:.’)C(t) = + Z u7tl i1, % l+1)) + Qi (x(ti+1)))
i=0
+ é |:Z VTP (b, 5(tia1)) — BT f (T, x(T))

i=0

Z(jpf( i+1>% l+1)) + ¢l+1( ( l+1)))

m . i-1
+ (M) (Z(\Zf]f(tﬁbx(tju)) + §0j+1(x(tj+1)))>j|'

i=1 Flgi+1) j=0

Clearly, the boundary value problem (1.3) becomes a fixed point problem x = Kx.
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For convenience, we set the notations of constants, thus

_ (log(t/t)y* R (log(tua /)
YT T+ 1) +Zo F(p; +1)

1 lyi|(log(ti.1/t;)) %P (log( Hl/t )”l
+— Bl
|©|{Z C(g; +p; +1) Z I'(p; +

(log( T/tm) P Zn e [ (og(tia /)P ( yil(log(ti /6:))%
TSI +ZO( T+ (R )}

=l j

A2:k+

(log(t/t)yPx 1 2yl (log(ti /t:)) % (log(T /t,,))Pm
T(pk +1) * _[m'nﬁ Z [(g; +1) +1Al (P +1) }

i=0

Theorem 3.1 Assume thatf:] x R— Rand ¢ : R — R,k =1,2,...,m, are continuous

functions which satisfy the following conditions:

(Hi) f&x) —f& )| < Lilx—-yl,Vt €],L1 > 0,x,y € R;
(H2) lox(u) — (V)| < Lalu—v|, Ly >0, forall u,v e R,Vk =1,2,...,m

IfLi A1 + Ly Ay < 1 then the problem (1.3) has a unique solution on J.

Proof We define a closed ball B, by B, = {x € PC; ||x|| <r} where r > (M A; + MaAy)(1 -
LAy — Ly Ay)™!, where My = sup,; |f(¢,0)] and M, = max{|¢;(0)],i=1,2,...,m}.
We will show that IC: B, — B,. For any x € B,, we have

k-1
’ICx(t)| < «Zik V(t,x(t))! Z(jt, V( i1 X (tH-l))‘ + “Pm (x(ti+1))|)
i=0
|<I>| |:Z |Vl q,+p, l+1’x(ti+l))| + |lg|t7tl:,,m lf(T’x(T))|
m-1
+ Bl Z(Zﬂf(tuhx(tm)ﬂ + | @i (x(£1)) )
i=0

o 3 (5P )+ et |
< T (f(6.20) - f(£,0)] + [f(£,0)])
+ i (TEf (tivrsx(ti1)) = f (ti01, 0)| + |f (811, 0) )
n
+ |@i1 (¥(ti41)) — 941(0)] + | 9241(0)])
* [Z Vil TP (I (B, %(8i1)) = f (81, 0)| + [ (821, 0)])
+ 11T (If (T,%(1)) = £(T,0)| + |f(T,0)])

+|ﬂ|Z T (i1, %(8i11)) = f (Eis1, 0)] + | (8241, 0))
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+ | @i (%(£31)) — 9:41(0)| + |0is1(0)])

i 1 +1/4 a -
Z(M)(; o x(1)) —F(0,0)

i=1 Fgi+1) j=0

+ (41, 0)|) + |91 (¥(541)) — 911 (0)] + |§0j+1(0)’))i|

k-1

)(log(t/tk))”k s Z{(Llr_,_Ml)(lOg(tm/ti))pi

<(Lir+M
! Tpe+l) 4 T(p; +1)

+ (Lzr + Mz)}

(log(ti /)4 i (log(T /)P
|c1>| |:Z lyil(Lir + Ml)m + |/3|(L1V+M1)W

m-1 .
+ 18l Z{(L17+M1)M + (L27”+M2)}
i-0

[(pi+1)
" (vl Gog(tin )%\ (log(t1/5))"
+ ;{ <W) (;}:(Llr +M1)W + (Lyr + M>)

< (LiAr+ LoAo)r + (My Ay + MaAz) <7
Then KB, C B,. Next we will show that K is a contraction mapping. For x,y € B,, we get
IKCx — Kyl
k-1
< jfzk If (&:2(2)) - f (£:y(@®)| + Z(jfff If (£, %(Ei01)) = f (£i42, ¥ (xi01) ) |

i=0

+ @i (5(6i21)) = @i (9(E01))])

1 | .
+ 1®] |:Z Vil TP f (L 2 (Ei1)) = f (B0, Y (Ei0)) |
i=0
+1BITL [ (T,2(T) £ (T, (D)) |

m-1
11 Y (TN (b1, 2(ti11)) = f (101, ¥ (E0)) | + |11 (2(2202)) = @2 (9(2is1))])
i=0

[ lyil(log(tin /)% (o
+ Z(W) (Z \7t/ t,+1,x(t]+1)) f(tj+1’y(tj+l))|

i= j=0
+ |§0j+1 (x(tm)) - ¢j+1(y(tj+1)) D)i|
< (LiAr+LaAg)|lx -yl

Since (L1 A1 + Ly Ay) < 1, the operator K is contractive. Hence K has a unique fixed point
on B,. Therefore the problem (1.3) has a unique solution on J. d

Theorem 3.2 Let f and ¢, k =1,2,...,m, be continuous functions. Assume that there are
two positive real numbers Ny and N such that:
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(Hs) [ft,x)| <Ny and |px(x)| <Ny, fort e, xeRand k=1,2,...,m

Then the problem (1.3) has at least one solution on J.

Proof Define a ball B, = {x € PC; ||x|| < w}. The proof is divided into 3 steps.
Step 1. We will show that K is continuous. To prove this, we let {x, } be a sequence in PC
such that x,, — x as # — 00. Then we have

|Ian(t) - ICx(t)|
< T (& xa(0)) —f (£,2(2)) |

+ Z \7t l+1’x}’1 l+1)) f(ti+1:x(tz+1 )| |(/)l+l(xn( l+1)) (Pz+1( ( l+1))|)

|<I>| |:Z Vil TP (i1, 00 (8i31)) = f (i1, 2(E20)) |
BT (T x(T)) = f(T,2(D) |
m-1
+ Bl Z( Df (ters %n(ti1)) = f (Bia1, 2(E01)) |
i=0

+ ’(pi+1(xn(ti+l)) — Qis1 (x(t,-+1)) ‘)

i-1

= i1 (log(ti41 /)%
+ Z(%) (Z(\Z:] [f( ]+1:xn(t}+1)) f(tj+1’x(tj+l))|

i1 j=0
+ |§0j+1 (xn(tjﬂ)) — Yj+1 (x(t/+1)) |)> :| .

Using the continuity of f and ¢y for k =1,2,...,m, we have |[f(¢,x,) — f(¢t,x)| and |@k(x,,) —
@k(x)| vanish as n — oo. Therefore ||Kx, — Kx|| — 0, which yields the continuity of the
operator K.

Step 2. K maps a bounded set into a bounded set. For each x € B,,, we have
k-1

Kl < TRV (@) + D (T (1, 2(ti)) | + @i (2(Ei0) |)

i=0

|(D| |:Z |Vl| qﬁpl z+1r ( l+1))‘ + |,3| V(Trx(T))|

+ 1Bl Z(Z’f” lf(ti+1,x(ti+1))| + |¢i+l(x(ti+1))|)
i=0

|yillog(ti1 /)% ”

i=1 ;:0

< AIN7 + ANy,

which yields the boundedness of KB,,.
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Step 3. K maps a bounded set into an equicontinuous set. Let 11, 7o € (¢, fxs1), for each
k=0,1,2,...,m, we have

|ICx(11) = /Cx(fz)| = \75’( lf(flrx(fl)) —f(szx(Tz)) |

The continuity of x and f implies that Kx(t;) — Kx(t2) as 1 — 12. Consequently K is
completely continuous by applying the Azeld-Ascoli theorem.
Let V = {x € B,; uKx = x for u € (0,1)}. For all x € V, x = uKx, we have

lx| < ulKx| < ANy + AN,
Hence V is bounded. By Theorem 2.3, the problem (1.3) has at least one solution on J. [J

Theorem 3.3 Assume that

f(

(Hg) limy_,g =0andlim, o %2 =0 fork=1,2,.

Then the problem (1.3) has at least one solution on J.

Proof From (Hy), choosing € = 1/(A1 + A3), there exist constants 81,8, € R* such that
[f(t,x)| <é€lx| where |x| <8 and |g0(x)| <€lx| where |x| < 6.

Now, we define an open ball @ = {u € PC; ||u|| < min{d,85}}. By Theorem 3.2, the operator
K : Q — PC is completely continuous. For any x € 32, we have

k-1

Kl < TR (60) | + Y (T2 | (tins 2(80)) | + @i (x(20)) )

i=0

|(D| |:Z |V;|«7zll+pl Lis1;% ( l+1))‘ + |‘3|ij V( (T))|

m-1
+ 18] Z(lei lf(ti+l:x(ti+l))| + |§0i+1 (x(ti+1))|)
i=0

0Bt/ < 1

i=1 1:0

< (Are + Aqe)|lx|l = [1x|l.
It follows from Theorem 2.1, case (ii), that the problem (1.3) has at least one solution on J. (]

Theorem 3.4 Let f and ¢k for k =1,2,...,m, be continuous functions and satisfy the fol-
lowing inequalities:

(Hs) [f(t,x)| < alx| + b, V(t,x) € ] x R and |px(x)| < clx| +d, Vx € R, k =1,...,m, where
constants a,c >0 and b,d > 0.

Then the problem (1.3) has at least one solution on J.
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Proof Define a unit ball as O = {x € PC;||x| < 1}. It is straightforward to show that the
operator K : O — PC is completely continuous. Suppose that there is x* € 0. Then we
choose A = (a + ¢)A1 + (b + d) Ay + 1 such that x* = Ax*. By taking the norm in both sides

of |KCx*|| = ||Ax*||, we obtain ||IC|||l«*|| > A|lx*||. Then we have
1Kl = sup [Kx|
[lxll=1

llxll=1

k-1

= Sup{Jtik (t,x(t))’ Z(jt, lf( i+ X (tz+1))‘ + }<Pi+1(x(ti+1))‘)
i=0

|d)| |:Z |Vl| q,+p, l+1’x(ti+1))| + |13|t7t1:nm lf(Trx(T))|

m-1
+ Bl Z(Zfi[f(tm,x(tmm + |<Pi+1(x(ti+1))|)
i=0

i-1
+ Z( ly:|(log(tis1/8:))% ) ( ,+1,x(t/+1))| + |¢’1‘+1 (*(5:1)) ‘))] }

i=1 Flgi+1) j=0

<(@+c)A+b+d)Ay =1 -1,

which contradicts ||[KC|| > A. Hence the assumptions of Theorem 2.2 hold. Therefore the
problem (1.3) has at least one solution on /. O

4 Examples

In this section, we present four examples to illustrate our results.

Example 4.1 Consider the boundary value problem for an impulsive multi-order
Hadamard fractional differential equation of the form

SR () = o (IR ) p e 1,80\ (1)

8(£2+24) * |x(t)[+3
Ax(ty) = SR, g =ted e =1,2,...,7, (4.1)

12+51+2

%x(l) + %x( 869+1 _ ZZ:O(I _ e—i)tjtii2+4i+3 x(tm).

Herea =3/2,8 =4/5,m="7,pi = (k+1)/(k+2), yx = 1—e X, g = (k* + 5k +2)/ (k> + 4k +3)
fork=0,1,...,7. From the information, we find that ® ~ 2.0961081, A; ~ 3.2804:45, and
Ay~ 13.552466. The functions f and ¢ are given by

10— [/(jx| +2)? sin ||
Jen =50 +24)( ] + 3 ) @ = s p

which satisfy

2 1
|f(t»x) _f(try)| = glx_ﬂ and |<Pk(x)—<ﬂk(y)| = %'x_ﬂ’ Vk=1,2,...,7.

Then we get L; =2/25 and L, =1/20, which implies L1 A; + Ly A &~ 0.940059 < 1. There-
fore the problem (4.1) has a unique solution on [1, (8e + 1)/9] due to Theorem 3.1.
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Example 4.2 Consider the boundary value problem for an impulsive multi-order
Hadamard fractional differential equation of the form

CplpE 0y 71;’5,(1’;(”'*“ 2, telf2m)\ (uh
Ax(ty) = e i cos(kx(ty)) + et sin(kx(t)), k9 m,k=1,2,...,8, (4.2)

5
i

—e 2x(%) + e x(2m) = ¥ (=2) (2 + I)Jt i x(tm).

Hereo = —e 7?2, =, m=8, p; = log(zk”(l/(l + 1)), yx = (=2)F(k% + 1), qx = |5k —
4|/(k + 1) for k =0,1,...,8. We find that ® &~ -1.422922 # 0. The functions f(t,x) = (2 —
e log(lx| +1)/(Jx| +2) — 2 and @i (x) = e cos(kx) + et sin(kx) are bounded as

[ft,x)| <4 and |gr(x)] < Vet +et

Hence the assumption (H3) of Theorem 3.2 holds. Therefore the problem (4.2) has at least
one solution on [7/2,27].

Example 4.3 Consider the boundary value problem for an impulsive multi-order

Hadamard fractional differential equation of the form

2k+2

( % voks peor
e y(y) = EVsiatistt) 23]\ (1),
_ kx3 () _ k+8 _ .
Ax(tk) m tk—%,k—l,z,...,9, (4 3)
V3x(%) Z,g 0(52:;) mmnix(tm)-

Here o = +/3, 8 =3/5,m =9, py = 2(k + 1)/ (k> +1), yx = (k* + 1)/(k* + 2), gi = arctan(k) for
k=0,1,...,9. We find that ® ~ 2.003684 # 0. The functions f(¢,x) = e®(sinx — x)/(2¢ + 1)
and i (x) = kx3/log(|x| + 2) satisfy

t, et i
lim?E® _ i <ﬂ_1):0

x—0 X x—=02ft+1 X

and

k 2
im &9 i — Ko ko109,
x>0 x—0 log(|x| + 2)

Thus the condition (Hy) of Theorem 3.3 holds. Therefore, we conclude that the problem
(4.3) has at least one solution on [4/3,3].

Example 4.4 Consider the boundary value problem for an impulsive multi-order
Hadamard fractional differential equation of the form

CDm (t) = ¥ smx(t)+tx(t)cosx(t) +2, teld 3]\ ),
Ax(t) = kx(t) — log(lx(ti)| +2), t=3- 25t k=1,2,...,10, (44

4,03 3 10 (-1 k+ Z)
§x(§)_ Z‘x(g) Zz 0 i+l k7tL2 ’ (tl+1)
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Here o = 4/3, B = =3/4, m = 10, py = /1 —sin®(k +1), yx = (-1)*/(k + 1), qx = 3k +
2)/(2k + 3), for k = 0,1,...,10. We find that ® ~ 0.605503 # 0. The functions f(t,x) =
e sinx + txcosx + 2 and @(x) = kx — log(|x| + (3/5)) satisfy the inequalities

[f(t,%)| < tlxl + (2 +e%) <3lx|+(2+¢?)
and
3 3
@] = etk + 1) + = < 11l + =

Therefore (Hs) holds. According to Theorem 3.4, the problem (4.4) has at least one solu-
tion on [3/2,3].
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