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Abstract

In this article, we establish higher-order regularizing rate estimates of solutions to
generalized magneto-hydrodynamic equations in Morrey spaces with initial data
(Ug, dg) in Besov-Morrey spaces N;j\’oo X N,’lj\m, wheren>2,1<r<oo0,0<A<n,
r>n-A 1+t <o <1+ 2% and s=20 - 1- =% for which under some smallness
condition, the solution of the Cauchy problem is analytic in the spatial variable. Our
class of initial data contains strongly singular functions and measures and extends the
ones in early work.

MSC: 76B03; 76D03

Keywords: magneto-hydrodynamic equations; Besov-Morrey spaces; regularizing
rate estimates; Morrey spaces

1 Introduction and main results
In this article, we investigate the generalized magneto-hydrodynamic equations in the
whole space R”,

ug+u-Vu+(-A)u—-d-Vd+Vp=0 inR" x (0, +00),
V.-u=0, V.-d=0,
di+u-Vd+(-AN)°d-d-Vu=0 inR" x (0, +00),

(u, d)|s=0 = (0, do).

Here u is the velocity field of the flow, d(-, £) is the magnetic field. p(-, £) : R” — Rrepresents
the pressure function. V - # = 0 and V - d = 0 represent the incompressible conditions.
(110, dyp) is for given initial data with V - 4y = 0 and V - dj = 0 in the distribution sense.

When o =1, the equations of system (1.1) become the usual MHD equations, which
govern the dynamics of the velocity and magnetic fields in electrically conducting fluids.
The system plays a fundamental role in applied sciences such as astrophysics, geophysics,
and plasma physics. The first equation of system (1.1) reflects the conservation of momen-
tum, the third equation of system (1.1) is the magnetic induction equation and the second
equation of system (1.1) specifies the conservation of mass.

For general o, system (1.1) is a generalization of the usual incompressible MHD sys-
tem. As observed in [1], a fractional power of Laplacian can, in principle, be used as a
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mild dissipation in MHD equations. Besides their physical applications, system (1.1) is
also mathematically significant.

According to Duhamel’s principle, the mild solution (i, d) for system (1.1) can be repre-
sented as

{ u=e"Cuy— [PV - (u@u-d @d)(-s)ds, 12)

d=e"dy~ [, e IPV - (u®d-d® u)(,s)ds.

Here P is the Leray projection operator, which can be expressed as an n x n matrix:
P = {Pxh<jk<n = {8k + RiRg}1<jk<n with §;x being the Kronecker symbol, R; = Bj(—A)‘%
being the Riesz transform. £ := (-A)? denotes the fractional Laplacian, which is defined
as [(CA)S1(E) = 15177 (&).

To give a clearer introduction to our results in this article, we first note that system
(1.1) enjoys scaling properties. Clearly, if (u(x, ), d(x, t)) is a solution to system (1.1), then
(u*(x,£),d*(x, 1)) is also a solution of (1.1) corresponding to the initial data (u{;, d5), where

u(x,8) := Aza’lu(kx,kz" t), d*(x,t) = Aza’ld(kx, pd t),
1.3)
ué (%) := 22 Ly (), dé (x) := 221y (Ax).

We say that the solution (u,d) is self-similar for system (1.1), if («*,d") = (u,d) for each
A>0.

A function space Y is called a critical space for (1.1) if it satisfies invariance under the
scaling [|u(-, )|y = ||u* (-, )|y forall u € Y.

Before going further, we recall the functional spaces we are going to use. Let .¥ be
the Schwartz class of rapidly decreasing functions and .’ be the space of tempered
distributions. Here F and F~! denote the Fourier and inverse Fourier transforms of L'
functions, respectively, defined by Ff = f(£) = (27)"% Jen €5 f(x) dx and F'f = Flx) =
(2r) 2 Jan e f(&) d&. More generally, the Fourier transform of any f € . is given by
(Ff,g) =(f, Fg), for any g € .. First, we recall the definition of Morrey space introduced
in [2]: for 1 < p < oo and 0 < A < n, the Morrey space M, = M, ,(R") is defined as

My = {f € Lioe (R"), If 1. < 00},

with the norm given by

xp€R” r>0

1
_% r
lfllps := sup supr p{ ( )[f(y)|pdy} , (1.4)
B(xg,r

where B(xo, r) denotes the ball in R” with center x( and radius r. The space M,,, endowed
with the norm || - ||, is a Banach space and has the following nice scaling property: for
n>0,

)], =07 @],

Set S, = {¢ € .7, 0*Ff(0) = 0} for any multi-index & € Ny := N” U {0}, N is the set of all
positive integers. The dual space of Sy, is given by S} = /P, where P is the space of poly-
nomials. We now introduce a dyadic partition of R”. Let ¢ € .# be a radially symmetric
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function with support in {§ e R”: % <|&| < %} and such that

> |1, ifg eR"\ {0},
k;oosﬂk@)— 0, ifé=o0.

Furthermore, we define ¢ = ¢(27%&) for every k € Z.
Forany f € S, setting Ayf = ((p;f)v, k=0,£1,%2,...,and Sjf =} ;_; ; Axf. We have the
Littlewood-Paley decomposition,

f=Y" A
k=—00

In [3], Kozono and Yamazaki introduced the homogeneous Besov-Morrey space N;,x, ”

Recall that the space N;,A, , 1s defined by

Nysg = {f €SWR) :Ilf g, <0},

where
1
e = O iz ¥ INAKf )07, fl<p<o0,1<g<ooseR,
Noing SUDey, 2’“||Akf||p,,\, ifl<p<oo,g=o00,seR.
When A =0, N;’qu = ';_q, where B;'q is the homogeneous Besov space (see [4]).

If o =1,d =0, system (1.1) is the well-known Navier-Stokes equations (NS), Foias and
Temam [5] proved spatial analyticity for solutions in Sobolev spaces of periodical func-
tions in an elementary way. The analyticity of solutions in L” for NS was first shown by
Gruji¢, and Kukavica [6] and Lemarié-Rieusset [7] gave a different approach based on
multilinear singular integrals. In a very interesting paper [8], Kahane established the spa-
tial analyticity of weak solutions in Serrin’s class LZLI with n/q + 2/p < 1. In cylindrical
domains, Komatsu [9] showed that the solutions have global spatial analyticity up to the
boundary. Using iterative derivative estimates, in [10], Giga and Sawada considered the
regularizing rates of the higher-order derivatives and analyticity for the NS for the ini-
tial velocity in L”. Similar results for the Navier-Stokes equations have been established
by Sawada [11] when initial value u, € H2Y(R") and by Miura and Sawada [12] when
uo € BMO™. Recently, Bae et al. [13] obtained the analyticity of the solutions of NS for the
sufficiently small initial data in critical Besov spaces ]'3;,1,;3/'7 , and Huang and Wang [14]
showed the analyticity of the local solutions of NS with large initial data in critical Besov
spaces B;i;n/p and modulation spaces M.}

For general o and d = 0, the equations of system (1.1) reduce to generalized Navier-
Stokes equations (GNS). Dong and Li [15] showed that solutions are analytic in space
variables for 1/2 < o < 1 with initial data in L"/?°~D. Huang and Wang [14] showed the an-
alyticity of the solutions of GNS in critical Besov spaces B},Y_qz 7P and modulation spaces
M, 2 for 1/2 < o <1. When o = 3, Huang and Wang [14] showed the analyticity of the
solutions of GNS in critical Besov spaces BZ,/{? and modulation spaces M, ; N BY, ;.

When o =1, Liu and Cui in [16] show the analyticity of the usual MHD with initial data
in L", H2™' and BMO™. When 1/2 < o < (1 + 2)/4, Liu et al. in [17] show that the solution
is analytic in the spatial variable of system (1.1) with the initial velocity in PM"~2°*1,
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In [18], Yamamoto considered the regularizing rates and analyticity for the drift-
diffusion equation for the initial data in L7 (1<6 < n) and extended the results to Besov-
Morrey spaces and Triebel-Lizorkin-Morrey spaces.

Inspired by the interesting work above, especially [10-12, 16—18] and motivated by the
work of Mazzucato [19], and Kozono and Yamazaki [3] on the Navier-Stokes equations and
a particular class of semi-linear heat equations with initial data in a certain Besov-Morrey
space, our goal in the present article is to establish regularizing decay rate estimates and
show space analyticity of mild solutions of system (1.1) with initial data in certain Besov-
Morrey spaces. For more information on Besov-Morrey spaces, we also refer to [20—22].
The question of the largest Besov-type spaces on initial data for which the solutions of
(1.1) have well-posedness and analyticity is still open.

We give our main results in the following theorem.

Theorem1.l Letn>2,1<r<o00,0<A<n,r>n-— A—+ <(7<1+ ,s—2a 1——,
a=21 2L y.y,=0,V-dy=0, (uo,do)eNMooer’i,oo,qe[r,oo],Assumefurther

that there exist positive constants My and My, such that the solutions (u,d) to system (1.1)
exist globally in time and satisfy

”(uo’dO)”N;ioo < M < +00, supt2 [ (s, d) ||2M < My < +00 (1.5)
forany t >0 and M sufficiently small. Then there exist positive constants Ky, K, such that
|(v7a,v7d) |, < Ka(Kal f1)*"e 5727 2o, (1.6)

where § € Ny is a multi-index and 1Bl =

Remarks (I) The assumptions in Theorem 1.1 are natural. Indeed,let1 <r<o00,0 <A <n,

r>n-—2»A, 1 + 2 <0<1+%,a— %—%,s—ZG 1—— The Banach spaces E are
defined by E= {u :V-u=0,ue€ BC((0,00), N;i o) t2u € BC((0, 00), Myy.3)}, which are

Banach spaces with norms given by ||u||g = sup,. [l u(z )”N—s s+ SUPLo t3 l26(2) || 2r,5.- Let ug
and d be divergence free vector fields and (uo,do) € NM oo X Nrf\ oo With [[(z0,do) 5=
sufficiently small. Following a similar method to Theorems 3 and 4 on p.967 in [B]V’%g;
Navier-Stokes equations, then there exists a globally in time solution (#(x),d(x)) € E x E
to (1.1) that satisfies (1.5). The proof of this is standard by making minor modifications
with Theorems 3 and 4 on p.967 in [3], and we will outline its proof in the Appendix for
completeness.
(II) When % <8 <1, Ky > 2, the estimate (1.6) is equivalent to (see [10])

| (V"0 v7d) |, < K (Kl BI)2" "¢ 325 Com1-12),

”q,)»

+

(II) From Remark 1.4 of [23], we get PM"~27*1 C B ¥ for 5 (see

[3], p-964) that the space leool s strictly larger than Bpmm , when p = 723 > 0.
The pseudomeasure space PM* (a > 0) introduced in [24] is defined as PM* := {f € & :
f € LIOC(R”) If Il pas = ess supgeRn |& |“[f| <00}.In view of the continuous inclusions above,
n— A}, A > 0) defined in Theorem 1.1

we see that the initial spaces N3 _ (r > max{Z=

7,,00 20— 1’
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is larger than pseudomeasure space PM"~2°*! in [17]. In [17], the authors considered the
regularizing rates of the higher-order derivatives for system (1.1) for the initial velocity in
PM-20+1

(IV) In particular, when o =1, d(x, £) = 0, system (1.1) becomes the usual Navier-Stokes
equations. We also notice that BMO™ may be regarded as the largest critical space for
initial data, where well-posedness and spatial analyticity of the Navier-Stokes equations
can be constructed (see [25]). In [12], Miura and Sawada considered the regularizing rates
of the higher-order derivatives for the Navier-Stokes equations for the initial velocity u, €
BMO™, The space BMO™ is the space of tempered distributions that can be written as
divergence of a vector with components in BMO, where BMO is the space of functions of
bounded mean oscillations. The norm on BMO™ is given by

E }
_ 2
Wisios= s sup(r [ [Tlesof)
xg€R? r>0 B(xg,r) /O

But the initial data N3 __ (o = 1) given in Theorem 1.1 is not included completely with

7,A,00
the space BMO™. Using the characterization from Lemma 2.3 below, we obtain (see [19],
p-1314)
. noh g .
Nr,)t,oo CBMO?: 722,n22,0§k<n,r>n—)\,

and, for0 <A<mn>2,
N € BMO™,  BMO™ ¢ N

Thus we note that even for the Navier-Stokes equations, our result in Theorem 1.1 is also

new.

Notation Throughout this article, we denote vector fields u = (uy, uy, ..., uy), d = (d1, ds,
...,dy). For a functional space X, we denote by || (&, d)||x,

ldllx =Y ldilx, — lulx =Y luilly,  [@od)], = lullx + dllx.

We use ¢ > 0 to denote a constant independent of the main variables, which may be
different from line to line. We will employ the notation a < b to mean that a < ¢b for a
universal constant ¢ > 0 that only depends on the parameters coming from the problems.

2 Preliminaries
In this section, we prepare several tools from harmonic analysis to be used in the proof of
Theorem 1.1.

Lemma 2.1 Assume that1 <pj,q<ocforallj=1,2,3,and1<p <00,1<r<00,0=<A,
Ai<nforalli=1,2,3.

(1) Ifp1>p2, 51— % =8 — %; s1,82 € R, then
J52 J51 \JO0 g0
sz:k,q s prw and N, > M, = N, ..

(2) fl1<r<r<oo,seR,then N;,A,r - N;,x,r
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B) f1<p1<pr<00,0=<A,Aa<n, % = %: then Mp, 5, C My, 5,

1 _1 .1 M _J, kg >
(4) pr3 = T Tt o hi € My, fori=1,2, then
Imhalipsns < 1hallpya 18211 py,0, -

Proof For the proof of Lemma 2.1, we refer to [2, 3, 19, 26, 27]. O

From the Calderén-Zygmund operator theory, the Riesz transform R; is continuous on
M, for 1 <r<oo and 0 < v < n, thus P is bounded on M,,,,. By the estimates for the
multiplier operator, we can also see that Pisboundedon N, - forl <p,q <00,0 <i<n,
and s € R.

Lemma 2.2 Let >0 and Nj 3 a = (a1, 01,...,0,) be a multi-index with |a| = u, s; < 53,
1<g<00,1<p; <py<00,0=<A<mn,forallf €., then there exist cy, c1, ¢, ¢y, C1, ¢, and

¢ depending only on n such that

_ _ 1 (n=A_n-2
%1, <2 2 I (2.1)
a8 B dr o (=)
|o%e ~f||p2,A§CO(61M)2”t 2w 2|l (2.2)
[l et ® F R f 2:3)
Np2a Noria
HAsp=sy 1 n=h_
Jo%e g <G@wE e 7 TR | (2.4)
P20 DLk

Further, if s < p, the estimate
—te ~ 5L .
le*f <2 W, (255)
holds for every t > 0.
Lemma 2.2 still holds true with (—A)* in place of 9.

Proof We first prove (2.1) by proceeding in the following way. Forall1 <p < 00,0 <A <n,
g€M,;, ¢ € L', in Morrey spaces we have

g * Pllpa < @12 11€llp,a- (2.6)

Note that (2.6) implies

”e—tEf

|y = IKe % fllp < IK 2 1f N

According to Lemma 2.1 of [28], we have K; € L? for 1 < p < oo, where K(x) :=
n g _|E|20 _n 0 -

(%)2 fR" e 1™ de and K, =t ZUK(é)' Thus we get ||e thllpz,)\ <cllfllpyn-

—-n-20

From Lemma 2.1 of [28], we have the point-wise estimate |K(x)| < ¢(1 + |x])
Holder’s inequality yields [e*“f|”! < ¢K; * |f|"'. Therefore, one has

|e—t£f(x)ipl 52/ lf()/)|pl (1+ |x—y|t‘%)_"_2“ dy
R"

n

+00
<ct 2 / lf(y) |p1 ds, (1 + rt_%)_n_wr”_1 dr
0 dB(x,r)
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_ _n oo 1 \-n-20
<ct 2% (1 +rt 20 ) dp(r)

(=]

. o0 _Ll\-n-20
<ct (-p(r)d(1+rt2)
- 1 1 oo A L \-n-20-1
<ct @t 2 |fll,, / 7 (1 + rt‘Zo) dr
0
<atw||fIP,. 2.7)
Using the definition of Morrey spaces in (1.4), we get

p(r) = / )| dy < 112

Then from the interpolation inequality it follows that

1o = 1€ 1 1 b

< “e—tﬂf‘” pz ||67t£f||p)hrp2 (2.8)

Combining (2.7) and (2.8) gives

e

o = 1A e |2,
0

1 _1
<t % R ||flpy0.

Thus, we complete the estimate (2.1).
To estimate (2.2), application of the commutativity of the semigroup and derivatives
gives the following estimate:

0%t = ]‘[ ¢ S) e b, (2.9)

Then, by (2.6),

20
pM—TNf (igge 07 [T e 5 %7, - (210)

With the aid of the Hormander-Mikhlin type estimate in [29], we obtain

|7 (ige 2 07) |y = (o) 2. (2.11)

Applying (2.10) and (2.11), we get

M1 (n=h_n-h
”801 —tEf”p W< < colerpn) i £ 2 AN TR )"f“ﬂl')»‘ (2.12)

Thus, one obtains the estimate of (2.2).
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To estimate (2.3), we apply the frequency projection operator A; to e”** and take the
M, norm, then by (2.1)

|82, < et R aebEr] (213)

For every j € Z, it follows from (2.13) that

1 (n=h_n=h
|8 5f ], < e R | a2,
L (A _nhy  spos o o
<ct’ 2 n T 2 A (2.14)

By the definition of Besov-Morrey spaces, from (2.14) we get (2.3) immediately.

For (2.4), using the estimate of (2.2), we can prove (2.4) exactly in the same way as de-
riving (2.3). Here we omit the proof of (2.4).

Assume that s < p, applying (2.3) with g = oo, we obtain

le*F o <& Wflxe, (2.15)
and
lef ke, <l - (2.16)

Using (2.15), (2.16), and the interpolation relation (N> %, N¢

- N”°
7,A,007 r,)\,oo)%,l - Nr,A,l (see PI‘OpO—

sition 2.12 of [3]), we get the desired estimate (2.5). Thus, we complete the proof of
Lemma 2.2. O

Following the method used by [4], we give the proof of Lemma 2.3.

Lemma 2.3 Supposel <p,q <00,5>0,and 0 <o < 0o, then one hasf € N;ifq if and only

if

s 1
(S o e f )T %)a, if1<q<ox,
SUpyo L@ (”e_tgf”p,)»)r Urq = 0.

Proof Let C={§:0<r <|&| <ryr >0,r, >0} be an annulus, there exists a positive
constant ¢ > 0, such that for any 1 < p < oo and any couple (¢, 1) of positive real numbers,
from the same ideas from Lemma 2.4 of [4], we have

220

Suppa c AC = ||e_t2u||p,/\ <ce ™ ullpas (2.17)
here, we omit the proof (2.17).
In the following, we only show the case 1 < g < 00. For g = co we have the same process.

Note that, by (2.17),

|67 8¢5, < ct7 e NAL (219)

Page 8 of 19
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Then, in virtue of f = } ;5 Ajf, we deduce that

s _ S ~92is —ct2Ye
|t7e ‘£f||m < C|[f||N;2Asq ZtaZz’se e (2.19)

27X Aif llpa

where {c,; = T }jez € 11. Note that | c,jlls = 1, the change of variable 7 = 122
phq

yields

+00
s o _o02jo s _402lo
§ :t022lse ct2 S/ tUZZISe ct2 dl

—00

+oo s T g 1
= / to|—) e"————dr
0 ct ct229!(20 log 2)

d
(r = 1227, 5 920 [og(227) dl)

JEZ

ct

+oo s T g _r 1 T
\a) ¢ Tomiaeigy Tt \E o
0 92lo g

1 AR E 4 g 1
| e () e ta
26c5/°10g2/0 (t) ez

1 +00
= —_— / o le T dr
20¢57log2 Jy

1
-~ I(s/o), 2.20
20 ¢5/7 log 2 (s/r) (220

which is based on a technique developed in [30] (see (2.59) on p.27 in [30]), where I'(s) =
Jo 7 xte™ dx is the T function for s > 0.

Therefore, Hélder’s inequality with weight ¢52%5¢%>*" | Fubini’s theorem, (2.19), and
(2.20) imply that

oo dt
s e

| e

0 t
+00 R AN o 2o dt
. 2 52se ct2 < 52jse ct2 a |\
Sd[f”N;iﬁq/o (Zt 2 ) <Zt 2 Cr,j ¢

jEZ je€L

q s 2js —ct2H dt
scllfllz, Docly | e —
jez 0

+00 s
< cllfllg-2s / to e dt
g 0
< -
N||.f||Np,2)iq'

Since I'(Z +1) = f0+°° t e”t dt, by the definition of the Fourier transform, we thus get

-1 pr+o0
Af = FG - 1) /0 to (=) e P NS dt. (2.21)
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Taking the M, , norm on (2.21), in view of (2.17), one easily sees that

-1 pto0
S : . t 02jo A
IAfllps S r(_ + 1) / 5 0Ys+2o p=G 27 He%f
o 0

|m dt. (2.22)

The change of the variable x = 2" implies that

—2jsq 9 < T x —tL |4 2o _%’221'(r dt
ALl s [ e et (o2 e ) T

JEL JEL

</mt¥||e‘t2fq /+002_xe_x L)%
~Jo P \Jy ¢ oxIn2 t

+00 S e ond dt
<[ F e, T

Thus, we complete the proof of Lemma 2.3. d

Lemma 2.4 Forall § € (%, 1), then there exists a constant ¢ > 0 such that

> (T)W'-“w — |7 < |y V17
o

a<y

holds for every y € Z", (&1,@y,...,8,) =& < ¥ = (Y1, Y2,-.., Vu). Note that & < y means
a; <y foralli=12,...,nand (}) =" Wk

j=1 5(/'()//76(/)' :

Proof For the proof of Lemma 2.4, see [8]. d

Lemma 2.5 Let Yo be a measurable and locally bounded function in (0,T). Let {Wih5
be a sequence of measurable functions in (0,T). Assume that @ € R and u,v > 0 sat-
isfying w + v = 1. Let B, > 0 be a number depending on n € (0,1), and assume that
B, > 0 is nonincreasing with respect to n. Assume that there is a positive constant 0 such
that

0=<vo(t) =Byt +0 /t (t —$)"() " Yols) ds

(1-nt

and

t

0 < Wyui(t) < Byt +6 / (E=5)(9)" () ds

(1-n)t

forallj>0,t>0 and n € (0,1). Let ny be a unique positive number such that I(ny) =
min{%,l(l)} with I(n) = f(ifn)t(t —8)*(s)™""*ds. Then

V;(t) < 2Bjt™
forallj>0,0<n<ng,and0<t<T.

Proof For the proof of Lemma 2.5, we refer to [10]. O
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3 Proof of Theorem 1.1
Before proving Theorem 1.1, we first follow the ideas from [10, 12] and prove a variant of
Theorem 1.1 under some additional regularity assumptions.

Proposition 3.1 Suppose that the assumptions of Theorem 1.1 are satisfied. Assume fur-
thermore that

¢33 2010 (984, 08 d) € 1°°((0, 00); M) 3.1)

forallr < q < oco. Then given % < § <1, there exist constants K1 > 0, K, > 0 (depending only
on n, My, M», 8, and o), such that

B B m _ 1 n-»x
|(87,08d) |, < Ka(my=2¢ #2212 52
forall r < q < oo, where || = m.

Proof For1l <p <ooand 0 <X < n, by Lemma 2.2, note that (2.6), there exists a constant
¢ > 0 such that

|e=PYf],, < et Il (3.3)

In fact, the proof of (3.3) is essentially the same as the proof of ||e‘mIF’Vf||p < ct? f1l,-
The process of proving |le*2PVf]|, < ct % fll, can be found in [2, 29].
Using Lemma 2.2 and (3.3), for 1 < p; < p, < oo and 0 < X < n, a straightforward calcu-
lation yields the following elementary estimates:
Lo _a N7 2 S Wl N Y
|~8) 5 PVf |, <eole)tre 2 2 = m ), (3.4)
We use an induction argument with respect to m.

Step 1. We first shall prove (3.2) for m = 0. Taking the M, norm to the first term of (1.2),
for some € € (0,1),

(1-€)t
o), = e Sl + [ e PV u-dea],, dr
0

t
+ / e @ PV u-dod)|,,dr
a '

—e)t

= Bl + Bz + Bg. (35)

We shall estimate each term. To estimate the first term B; on the right side of (3.5), we
note that, by (3.4),

(3.6)
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It follows from (4) of Lemma 2.1, (1.5), and (3.4) that
(-e) S a1l
By < / (t=7)" 2% 0d (1wl + 1dI3,,) de
0
(1-€)t ol 1
SM%,/ (t-7) 2 2 gy
0
1 n-\ 1 nm2rc1l 1

<CM2t P e ), (3.7)

By Lemma 2.1, (1.5), and (3.4), similarly we can derive

n=k (q+2r _1

(1-e)t 1
B; s/ (t-0)> % 5T D u@utd@d| 2y , dr
0 q+2r’

(1) _L_ma g1y
E/ (t-1) 2 % 20 (ullgallullars + |l galldllars) dr
0

n=h (q+2r 1

(1-€)t 1 N
< CM2/ (t-1) 2% a8 || (u,d) I, 47 (3.8)
A :

1 _n-rcl_1
Note that o = 221 — 22 denoting B. = CM; + CM%E_W_W(;W), and combining (3.6),

(3.7), and (3.8), one obtains

o], = B0
(=€)t 1 _n-h (@42 1) g
+CM2/ (t-7)2 % e wd)| , dr. (3.9)
A :

Similarly, we can get the desired estimate of ||d||,,,

1 n-»A
5 (20-1- T)

@], =Bt

n-hq+2r 1

(1-e)t 1 N
+ CMZ/ (t-1)% % D d)| , dr. (3.10)
| :

Thus, by (3.9) and (3.10),

| (ue),d®)]),, < Bt 5277

1 _n—hg+2r_1

(1-e)t .
comy [ (- EEE D wd)], dr.
i ,

Therefore, according to Lemma 2.5, we get (3.2) for || = m = 0.

Step 2. We next consider the case m = 1. The proof of (3.2) is essentially contained in
Step 3. Thus here we omit the details.

Step 3. Assume that m > 2. We suppose that (3.2) holds for g € [r, oo] and all 18] <m-1.
We need to prove that (3.2) holds for |B| = m. Then, for |B| = m and some € € (0,1), we
see that

[0*u@],, < 9% uol,,

(1-e)t .
[P u-dal,, ar
| ,
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t ~
o[ e u-doal,, dr
(1-€)t '

=:A1 +A2 +A3.

Page 13 of 19

We shall estimate each of the above terms A;, A, A separately. Note that % <2m -4,

since m > 2 and 0 < § < 1. Observe that by (1.5), and Lemmas 2.2 and 2.3

2 NE
ap(3) le ol

2
~ o~ m_ 1 _1_h=A
S CUCm % 33 T |
7,A,00
m 1 n=i
S C1M1(C2Wl)2m_8t72?72?(20717 1 ).

To estimate the term A,, we note that, by Lemma 2.1, (1.5), and (3.4),

m+l _n-x
20

o - (1-e)t 1
A2§C3(C4m)7/ -0 B FCD g u-dedl,dr
0

~ m+l n—h(] 1)

B . (1-€)t
< C3(Com) M2 / -1y B
0

—_

1 —A 1 —A(l
< Cy(Cam) B M2 =001 B )

m _ 1 n=»\A
- g Loo1-nk) -
< C3(Cam)?" S M2t 20727 20 ) e

We now calculate V”(u ® u — d @ d) by Leibniz’s rule. Lemma 2.1 and (3.4) yield

t
A; <2C /( (=0 (|7l i+ [ 97 )
1-€)t

¢ 1
+ C/ (t-t)2
(1-€)t

B i 5
S (5) ozl ol oz, 1o )
0<y<ﬁ

=: A31 + A32.

X max
|Bl=m

(3.11)

(3.12)

(3.13)

Here, y < B means y; < f; and |y| < |B| for the multi-indices B = (B, B, ..., Bn) and y =

(31, ¥25+++»¥Yn), Where i =1,2,...,n.

In order to estimate the first term on the right hand of (3.13), according to Step 1, we

1-20
note that there exists ¢5 > 0 such that || (#,d)||co = ||, d)|| 10 < C5Kit 720, then

t (t-1)°

1-20

v (V7] + [ V7d],;) de

8=

Az < C5K1/

(1-€)t

t
< c51<1/ (t-7) %% | (V"'u, v7d) |, dr.
(1-e)t ’

(3.14)
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By the assumption of the induction, we obtain

t 3 ~ B_v|— 1Byl 1 n-»
Az < C6/ (t—T)_% max Z <IB)I<1(K2|,3 —J/|)2“3 VI8 g (20-1-2G0)
(1-e)t |Bl=m FAV4
O<y<pB
5 Iyl
x K (Kaly )™ e % -2 20D g

- B\ 5 liyi-s. 2lyl-
< CoRPKT™™ (y |B =y PPy

0<y<ﬁ

¢ .

1 B-yl_ 1 — 1

x/ (t-7)y 2 B 3o g o) gy
(1-€)t

< CKHG™ S <ﬂ>|/§—ylz’g‘y"‘slylz'y"at%%(2"1"*?”
0<y<f§ Y

1
X / (l—t)_%fﬁfﬁ(“*%%)dr.
(1-e)t

Applying Lemma 2.4, it follows that
m 1 n—h
Asy < CoK2KY" P m?m=3¢ 30720 2012530 (), (3.15)

m 1 n-»x
where I(¢€) := fll_g(l — 7)o p 23 W) g
Note that we set

bg = CIMI(sz)Zm—S + Cg(C4,WZ)2m_6M%€_ 20 20

+ CeKEKZ™ 2 m> = [ (€). (3.16)

Combining the above estimates for (3.11), (3.12), (3.13), (3.14), (3.15), and (3.16), we obtain

— ¢ —40
v, b 5D e [ ey (v, dr
) 1 ’

(1-€)t

Similarly, from a computation it follows that

t
V7], =b E T a0 (), e
, a Y

—€)t

Thus, we have

1(V™"u(t), V™d(2))

H q,A
t

b BB G [ b | (9 ),
(1-e)t

Applying Lemma 2.5, we see that there exists €,,, € (0,1), such that for any 0 < €,,, < €,,,,

we have

| (V7ul0), V" d(®)], < 2b, 7572 2,
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where I(¢,,,) = min{ 2le< ,I(1)}. Let ¢, = 12(, , since I(¢€) is nonincreasing with respect to €.

We can choose m > 2 sufficiently large such that I( 2(,) < 2C T for all m > mgy. Hence,
we obtain
n A
[(v7ute), vrd@)],, <2b 4 ¢ B2 Qo110 (3.17)

By (3.17), we can choose K; and K sufficiently large such that (3.2) holds for all | Bl < my.
Finally, it is enough to show that 219% < Ky (K| B1)*#1- for any m > mq > 2 with constants

K; and K; sufficiently large.
Next, we compute [ (ﬁ),

1 ! _m 14 o nh
1< 2 )5/ (1-1) 3 3 w250 gy
m=° -1

m20
1 —m — oL (40-2-1h)
1 1 20 1 20 q
5/1 X 1-1) Zadr(l—ng) (1_m2”)
4
1
2% ml-20 1 S (4o -2)
<ot (1 )
1
20y, 2% 1\ w2
< —2 e 20 1—- —
20 -1 220
< C(o). (3.18)
Since8§2m—% (%<8§1,m22,%<0<2),r>n—k —+—<o<1+ % <2, and

mb*t2 < 8.2 /m < 8-22"% we thus have

m+l n—k(l_l)
roq

1 20 " 20
2b 1 < {C1M1C2V”5 +C3M2C42"m2<7( )

20 mZJ

+ C6C(a)1<31<22m-25m2’"-5}

< 2 CM Y & CMECE s ™17 T
+ CoC(o)KT K™ m*"°}
< 2{CM CF" P m" + ML CY" ™" m®? + CoC(o)KT K" m™ )
<2{CM CT" P m®" ™ + CMECF P w08 - 220
+ CoC(0)KI K" m*™ =}
<2{CMC3" + CsMZCY" 022" + CoClo ) KKy 2 ™.

We choose the constants K := 4C; M + 4C3M%. We take K; large enough, such that K >
2Cy + Cy and C4C(0)K K5 < % Then we obtain (3.2) immediately. O

Proposition 3.2 Suppose that the assumptions of Theorem 1.1 are satisfied. Then the mild
solution (u,d) of (1.2) satisfies (3.1), and there exist constants Ky, Ky > 0 such that

m _ 1

|(0Fu,9d)| < Ky(RymyPme 33720145 (3.19)

I

forall r < q < oo, where |B| =
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Proof The proof is now standard, we refer the reader to [10-12]. a

Now Theorem 1.1 follows immediately from Proposition 3.1 and Proposition 3.2. We

thus complete the proof of Theorem 1.1.

Appendix

In this Appendix, we will show the global existence of solution for system (1.1) men-
tioned in Theorem 1.1 or (I) of Remarks below Theorem 1.1. We note that, similarly to
the Navier-Stokes equations ([3], Theorems 3 and 4, p.967), the proof of global existence
can be obtained by making minor modifications to Theorems 3 and 4 on p.967 in [3].
Here, we give a brief argument of this proof for completeness and for convenience of the
reader.

We say (u,d) € E© x E if (u,d) € E x E and ||(&,d)||gco = ||(&6, d)||g = sup,sq || (w(2),

d(t))”NZi,oo + SUp,. t3 1(u(2), d())]l2,,. < Cep. The definition of E can be found in (I) of
Remarks below Theorem 1.1.
LemmaA.l Letn>2,1<r<o00,0<A<mr>n—2A, %+% <o <1+%,s=20—1—%,
o= % - ’2’%, V.uy=0,V-dy=0, (uy,dy) € N;j\,oo X N;f\,oo, q € [r,0]. There exists a
constant M > 0, such that (uy, dy) satisfies (1.5), then we have (o, do) € Enr, X Epry, where
o = e Cuy and do = e'%d,.

Proof From (2.3) of Lemma 2.2, we thus obtain

(2o, do) ”N?iw < || (0, do) ||N;SMO- (A1)

Note that ao + % =5+ @, it follows from Lemma 2.3 and a Sobolev-type embedding

of Lemma 2.1 that

supt? | Gro,do) |, , = | (uordo) || geer < || (05 o) | s - (A.2)
t>0 ’ 27,1,00 7,4,00
Hence, the proof of Lemma A.1 is now completed. d
Define

®,(u,d) = —fot e IPY (@ u—dQd)(,s)ds,

A3
Oy (u,d) = —fot e IEPY (@ d—d @ u)(-,s)ds. (A-3)

LemmaA.2 Letn22,1§r<oo,0§A<n,r>n—k,%+%<o<1+%,s:2a—1—”;r*,

o =21 _ 1 o and O, were defined by (A.3), respectively. It holds true that

o 2ro

2
£

Sug” (q)l(u’d); CI)Z(M’ d)) ||N—i 5 ”(I/l, d)
t> 74,00

supt? [ (@1(,d), 2| ,,, 5 G D]
t>

forall (u,d) e E x E.
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Proof From Lemmas 2.1 and 2.2, it follows that

t
@100, - ,<Vf(t-s)‘z%lHIPV-(u@u-d@;m!)(-,s)HN,1 ds
,A,00 O ,A,00
t
5/(t—s)%”(u@u—d@d)(-,s)HNok ds
0 ,A,00
t
< [e92wou-doacs], s
0
‘ 1 2 2
< [€-95 (lueoll,, + lae13,,)
0

t
s—1
5] (t-9)7 s ds(llulz +1dI12)
0

S lwal;. (A4)

By Lemmas 2.1, 2.2 and 2.3, we obtain the estimate £3 || @y (u, d) lora S £5 || Dy (u, d) ||N3 . <
£3 )| @1 (1, d)”NZq—ll—ac. We thus obtain

t
z:%n<1>1(u,al)”mgt%/(z:—s)%”W-(u@u-d(gmz)(.,s)”N_lx ds
0 1,00

t
gt%/ -9 |Pu@u-dod(.5|q ds
0 I,A,00

N

t
8 [ 697 (913, + a9, ds
0

t
a a2 _ 2 2
<t f (t-9)Ps ds(lull2 + 1d]12)
0

< | a);. (A5)

In the following, in a similar way to the derivation of (A.4) and (A.5), we have

2
| @2 )]s Slulleldlle S | d)]
e , (A.6)
2| VOs(ud)|,,, Slluleldlle < [ d)|
Thus, we complete the proof of Lemma A.2. d
LemmaA.3 LetnzZ,l5r<oo,0§k<n,r>n—k,%+% <o <1+%,s:20—1—@,
o = % - %, V-uy=0,V-dy=0, (uydy) € N;SMO X N;}jm, q € [r,00). Given a constant
M, > 0 small enough, let (i, 21) € Enm, X Eny, and (uo,dy) satisfy (1.5), then (u,d) € Ey, X
Epr,, where

t
u=euy— / e PV (@i -d®d)(,s)ds,
0

t
d=e"d, - / e PV . (4 ®d-d Q) (,s)ds.
0
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Proof We will prove (u,d) € Ep, % Eyr,. Due to Lemmas A.1 and A.2, one thus has

|d)|, < [ (e uo e do) |, + sug)” (®1(2,d), ©(11,d))
>

le -

+ su([)) t3 || (fbl(it, 67): D, (i1, ‘Ai)) ||2r,,\
t>

< CiM; + CzM%

< CMs,, (A7)
provided 0 < M; < M, is chosen to be sufficiently small, where we have used the estimate
CiMy + CoM5 < My(Cy + CiM,) < My (Cy + Cy) = CM,

in the last step. Therefore, we obtain (u,d) € Err, X Epg,.
Hence, the proof of Lemma A.3 is finished. 0

Lemma A.4 For all My > 0 small enough, let (u,d) € Eyp, x Ey, and (i, d) e Epm, x Ey,
with the same initial data (uy, dy), then ® = [y, O] defined in (A.3) is a contractive map.

Proof Let u=u— iz and d = d — d, repeating the proof as Lemma A.2, it holds true that

[@10d) - @160, < (s, + N1l iz, + (e + Iy, ) IRl

< CMy(lullgy,, + 101z, ).

Meanwhile, similar to the proof of Lemma A.2, we have

| @206 d) = @2, d) |, < (Ilrs, + 2ty ) 1RlErs, + (1L, + NdllEy, ) ey,

< CMy(lullzy,, + 1101z, ).
Taking M; > 0 small enough, there exists 0 < 0 < %, such that
| ®160d) - 1@ )| g, + [ @ad) - o@D, < O(Id =y, + =iz, )-

Therefore, ® = [®;, P,] is a contractive map and we complete the proof of Lemma A.4.
O

Applying Banach’s fixed pointed theorem, we finish the proof of global existence, it fol-
lowing directly from Lemmas A.1, A.2, A.3, and A 4.
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