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Abstract

In this paper, a class of fourth-order impulsive differential equations depending on
two control parameters is investigated. The existence and multiplicity of solutions are
obtained by means of the variational methods and the critical point theory. Finally, an
example which supports our theoretical results is also presented.
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1 Introduction
In this paper we will investigate the existence of infinitely many solutions for the following

Sturm-Liouville boundary value problem:

u™(t) =" (t) + ult) = M (£ u®) + ng(t,u(t)), t+#, ae.telo,T], (L1)

o [t .
with impulsive conditions

Au'() =L (1), —ou" () = Li(u®), j=12,...1 (1.3)

where X and p are two real parameters; o, oz, B1, B2 are positive constants, f,g :
[0,T] x R— R are LZ-Carathéodory functions, fjj, I : R — R are continuous functions,
j=L12...,L0=t<ti<th< <<ty =T, Au"(t) = u/”(t].*) - u’”(tj‘), Au'(t) =
u”(t;r) - u”(tj‘), where y(tj*), y(tj‘) denote the right and left limits of y(¢) at ¢ = t;, respectively.
We refer to the impulsive problems (1.1)-(1.3) as (IP).

In recent years, the existence and multiplicity of solutions for Sturm-Liouville bound-
ary value problems (for short BVPs) have been studied extensively in the literature (see, for
example, [1-10] and references therein). Some classical tools have been used to deal with
such problems in the literature, such as the method of upper and lower solutions with the
monotone iterative technique, the coincidence degree theory of Mawhin, and some fixed
point theorems in cones (see [1-7]). Recently, many researchers [11-16] have studied the
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existence and multiplicity of solutions of impulsive problems by using variational meth-
ods and critical point theory. Moreover, among the papers where impulsive differential
equations are investigated by using variational methods, most are for a second-order dif-
ferential equation, whereas the ones for a fourth-order are mostly about Dirichlet bound-
ary conditions and Neumann boundary conditions. In [13], the authors obtained sufficient
conditions that guarantee the existence of at least one solution or infinitely many classical
solutions of the following equations:

u™(t) + Au"(t) + Bu(t) = f(t,u(t)), t#t, ae.tel0,T],
=Au"(4) = Ly (), j=1,2,....1

-Au" () = Lj(u(y), j=1,2,...,1

u(0) = u(T) = u”(0%) =u"(T7) = 0.

Cabada and Tersian in [17] considered the existence and the multiplicity of solutions for
the following fourth-order differential equations:

U™t = au’(t) + bO)ut) = c@)|ulP?u, tel0,T],t+t,
Au"(t) = Ly (1)), Au'(t) = -Lju(t)), j=12,...,1
u(0) = u(T) = u”(0) =" (T) = 0.

By using the minimization, the mountain-pass and Clarke theorems, they obtained the
existence of at least one or infinitely many nonzero solutions.

However, to our knowledge, besides [8, 18—20] for second-order impulsive differential
equations subject to Sturm-Liouville boundary conditions, the study of solutions for a
fourth-order Sturm-Liouville boundary value problem with impulsive effects using vari-
ational methods has received considerably less attention (see, for example, [21-23]). In
[19], Tian and Ge studied the following Sturm-Liouville boundary value problems with
impulsive effects:

—(pO)pp( (1)) +s()pp(u(t)) = f(t,u(t)), t#¢, ae.tela,b],
-Ap,(p(Ou' (1) = (), j=12...,1 (1.4)
oyula) — p1u'(a) = A, aru(b) + pou'(b) = B.

They essentially proved that when f and J; satisfy some conditions, the problem (1.4) has
at least two positive solutions via variational methods.

By means of the mountain-pass lemma and the linking theorem, Tian and Liu [23] stud-
ied the Sturm-Liouville boundary value problems:

() —u"(t) + ut) = f(t,u(®)), t#t, ae.tel0,T], (L5)
with boundary conditions (1.2) and impulsive conditions

-0 (4) = Ly (4' (1)), AU () = Lj(u()), j=1,2....L (1.6)
where f € C([0, T] x R,R). The main result is as follows.

Theorem A ([23], Theorem 3.1) Suppose that the following conditions hold.
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(C1) There exist constants i > 2 and r > 0 such that for |&| > r,

0 < uF(t,&) SSf(t"i:)

(C2) The impulsive functions I»; satisfy sublinear growth, that is, there exist constants
a;>0,b;>0,and y;€0,1),j=1,2,...,1 such that |L,j(u)| < a; + bj|u|".
(C3) The impulsive functions I, j = 1,2,...,1 are bounded.
(C4) f(t,u) = o(|ul), Lj(u) = o(|ul), I;(u) = o(|u|) as |u| — 0, =1,2,...,L
Then the problem (1.5), (1.6), and (1.2) has at least one nontrivial solution.

Based on the knowledge mentioned above, the purpose of the present paper is to estab-
lish some new criteria for (IP) to have infinitely many weak solutions via variational meth-
ods and critical point theory. We will prove the existence of an interval A C (0, +00) with
the following property: for each A € A there exists u* > 0 such that, for each p € [0, u*),
the problem (IP) admits infinitely many solutions when the primitive F of f satisfies a suit-
able oscillatory behavior either at infinity or at the origin, and the primitive G of g exhibits
appropriate growth (see Theorems 3.1 and 3.6).

2 Preliminaries

Hereafter, let X := {u € H*(0, T)|o;u(0) — B124/(0) = 0, 02u(T) + B2t (T) = 0} be endowed
with the inner product

T
(u,v) = / ' (@EV'(@E) + OV () + ult)v(t)dt, Yu,velX,
0
which induces the norm
T ) ) , A\
lluellx = (/ (&) + |/ @) + |u(@)| dt) )
0

Since X is a closed subspace of H2(0, T), (X; ||u|lx) is a Banach space. Define the usual
norms of C*([0, T]), L*(0, T), respectively, as

T 1/2
], ||u||L2:</0 |u(t)|2dt> .

Lemma 2.1 ([23], Lemma 2.5) Let u € X. Then |ullo < M| ul| x, where

Jaalo = max| max [s(6)], max |u (0
tel0,T] ]

tel0,T

M=%+ﬁ.

According to Lemma 2.1, we have

T 9 1/2 T 1/2
||u||Lz=</0 u(®) dt) 5(/0 Mznunidt) — L+ D) ullx. 2.1)

Throughout the sequel, let f,g : [0, T] x R — R be two L2-Carathéodory functions. Re-
call that a function ¢ : [0, T] x R — Ris said to be an L2-Carathéodory function, if
(Al) t — ¢(¢t,u) is measurable for every u € R;
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(A2) u — ¢(t,u) is continuous for almost every ¢ € [0, T];
(A3) for each p >0, the function /,(t) := sup, -, [¢(¢, u)| belongs to L*(0, 7).
In order to study (IP), we consider the functionals ®, ¥ : X — R defined by

1 ) ! u/(tj) ! Lt(t]')
D(u) := §||u||x + 121:/0 Ly(t)dt + 121:/0 Ly(t) dt
+ ;‘—ﬂll(u(O))2 + ;“—IBZZ(M(T))Z, (2.2)
T T
W) = f F(tu(t)) dt + % / G(t,u®) dt, (2.3)
0 0

where F(t,u) = [ f(t,x)dx, G(t,u) = [} g(t,x) dx.
It follows from the properties of f, g and the continuity of Iy, I;, j = 1,2,...,/, that ®, ¥
are Géteaux differentiable functionals whose Géteaux derivatives are given by

I

T
' (u)(v) = /0 (" @)V (©) + u/' )V (8) + u(@)v(t)) dt + lej(u/(t,))v/(t,»)

j-1

!
¥ ;12/(u(t,))v(t,-) + %M(O)V(O) + o uT)

and

T T
W (1)(v) = /0 fleu®)ode+ 5 /0 g(t,u®)v(®dt

for everyv e X.
By a classical solution of (IP), we mean a function

ue{zeC([0,T1) : 2l s, € H ([t tja])j = 0,1,2, ..., L = L2l g1y € C*([8, T1) }

that satisfies (1.1) a.e. on [0, T], the boundary conditions (1.2) and the impulsive condition
(1.3). If f, g are continuous on [0, T] X R, therefore each classical solution u € CS([t}-, tii1l),
j=1,...,1, and satisfies (1.1) for all £ € [0, T] \ {t1,..., 4}

Definition 2.2 A function u € X is said to be a weak solution of (IP) if « satisfies

l

T !
0= /0 (W'Y (@) + 1 OV (&) + u(@)v(©)) dt + > Li(u )V (&) + D Loy(u(t)v(t)

Jj=1 Jj=1
T

T
—2 /0 FEu®)vOdt - /0 g(t,u®)v(t)dt + %u(O)V(O) ¥ %M(T)V(T), (2.4)
for any v € X.

Arguing as in Lemma 2.4 of [23], one obtains the following result.

Lemma 2.3 The function u € X is a weak solution of (IP) if and only if u is a classical
solution of (IP).
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Put
Ey,i=Pwm) - AV (y), YueX.

By standard arguments, one infers that the critical points of the functional E, , are the
weak solutions of (IP). Hence, in view of Lemma 2.3, the critical points of (IP) are the
classical solutions.

Our analysis is mainly based on the following critical points theorem of Bonanno and
Molica Bisci [24], which is a more precise version of Ricceri’s variational principle [25],
Theorem 2.5:

Lemma 2.4 ([24], Theorem 2.1) Let X be a reflexive real Banach space. Let &,V : X — R
be two Gdteaux differentiable functionals such that ® is sequentially weakly lower semi-
continuous, strongly continuous, and coercive and \V is sequentially weakly upper semicon-

tinuous. For every r > infy ®, put

. SUP e p-1(—00,r) W (v) - W(u)
o(r) = inf
ued-1(-o0,r) r—®(u)

and

y:=lim inf ¢@(r), §:=lim inf  ¢(r).
r—>+00 r—(infy ®)*
Then

(a) Forevery r>infy ® and every A € (0, ﬁ) the restriction of the functional ® — A\ to
®Y(~00,r) admits a global minimum, which is a critical point (local minimum) of
O -2V inX.

(b) Ify < +oo then, for each A € (0, %), the following alternative holds: either the
functional ® — AV has a global minimum, or there exists a sequence {u,} of critical
points (local minima) of ® — AV such that lim,,_, ,oc P(u,) = +00.

(c) If 8 < +oo then, for each A € (0, %), the following alternative holds: either there exists a
global minimum of ® which is a local minimum of ® — A\, or there exists a sequence
{u,} of pairwise distinct critical points (local minimum) of ® — AV, with
limy,, 400 P (1) = infx O, which weakly converges to a global minimum of ®.

3 Main results and proof
In this section, we will state and prove our main results.

For convenience, put

F(T) - 0(1/32+0l2/31 + 6(1?T—8ﬂig) + 60[3T—8,83 + Z,
6a1ay 3o1(4B1 + o T)?  Bay(4By +axT)?2 3
8oy By 8aa B2

1
(T, M) :=T(T) + + E(kl + ko) M?,

(4B + a1 T)? " 4By + apT)?
M, =1 (ki + ko) M?, (3.1)

3774
WTM) e [ Fee)ar
A HMSUPe_, o T < 400,
A i= { limsupz_ o0 %—
3T/4
. . F(t,¢)dt
0, if limsup;_, , o Jra FeE) A 52( dt _ +00,
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M
)\.2 = *

fOT max | <¢ F(£,x) dt ’

2M? - liminfe_, o0 o

Throughout this paper, we assume that
(HO) there exist two positive constants k; and k; such that

1
/ Iji(s)ds
0

Theorem 3.1 Let f:[0,T] x R — R be an L?>-Carathéodory function. Furthermore, as-
sume that

(HY) {t,t,..., 11} S [L,2L] and (ky + ko) M? < 1;

(H2) F(t,u)> 0 for all (t,u) € ([0, £]U [%, T]) x R;

(H3)

k;
< 5”2’ foralln eR,j=1,...,land i =1,2.

T 3T/4
max,,<¢ F(¢, u) dt M, F(t,&)dt
liming o MWt FE0 AL limsup Jru FBE)dE
E—>+00 .’;—'2 2M2h(T,M) £—>+00 %'2

Then A < Ay and for every arbitrary A € A := (A,A2), and for every arbitrary L?-
Carathéodory function g : [0, T] x R — R such that

G(t,u)>0 forall(t,u)€[0,T] xR,

T
max,, < G(t, u) dt
Goo := limsup Jo lu‘; (&) < +00,
E—>+00

and for every p € © := [0, ), where

T
. . F(t, w)dt
1 <M - Timin Jo_ Mzt FG10) >

o=\ =R £2

With j1, = +00 when Goo = 0, then the problem (IP) has an unbounded sequence of weak

solutions in X.

Proof From (H3) and the definitions of A1, X, it follows A1 < Ay, and p* > 0 if A1 < Xy. Now
fix A and pu as in the conclusion, g satisfying our assumptions. Our aim is to apply part (b)
of Lemma 2.4 to (IP). To this end, consider the functionals ®, ¥ defined in (2.2) and (2.3),
respectively.

Let {u,} C X, u, — u in X, then it converges uniformly to # on [0,7] and

liminf, oo |2 ]|x = [lullx. Thus

M;,‘(tj)

! ! .
1 uﬂ(t/)
liminf ®(u,,) = liminf<§||u,,||§( + E / Lj(s)ds + E / L(s)ds
n— 00 n—0o0 1:1 0 ]:1 0

o 2 O3 2
+ z—ﬁl(un(O)) + 2—/32(14,,(T)) )

1 , l o' (8) ! u()
> | Sl + Z/ Lj(s) ds + Z/ Ly(s)ds
j=1 70 j=1 Y0
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o] 2 o 2
+ 2—}91(14(0)) + 2—’32(u(T)) )

= O(u).

Therefore @ is sequentially weakly lower semicontinuous.
For any u € X, it follows from (HO) that

ki
<=1 max |u’(t,»)|2
2 je{1,2,...0)

Lo rd@)
Z/ 11/‘(8)615
j=1 0

and

Thus, by Lemma 2.1 we obtain

1 k1 2 kz 2
o= g, 7] s
() = Slully - 5 Tnax A 5 jeg,lgi“}u(,)l

M,
[1- (k + k)M ]l = == Nl % (3.2)

> =
- 2

So @ is coercive.

On the other hand, if #, — u in X then compactness of embedding X — C([0, T]) im-
plies u#, — u in C([0, T]) i.e., u, — u uniformly on [0, T]. Thus there is r > 0 such that
llety]lo < r for any n € N. Since F(t, u) and G(t, u) are differentiable with respect to u for
a.e. t € [0,T]. Then F(t,u,(t)) — F(t,u(t)) and G(t, u,(t)) — G(t,u(t)) a.e. t € [0,T]. It
follows from the assumption (A3) on f and g that

F(t,u,)) <riD(t) and G(t,u,(0)) <19 (),

where ly)(t) := supy, <, lf (¢, )| and lig)(t) := supy, <, 1g(¢, )| belong to L%(0,T). By the
Lebesgue convergence theorem

T T
Y(u,) = /0 F(t,un(t)) dt+%f0 G(t,un(t)) dt
T T
N / F(tu()dt + & / G(t,u®)) dt = W (w),
0 A 0

which implies W is a sequentially weakly continuous functional on X. Hence the function-
als ® and W satisfy the regularity assumptions of Lemma 2.4.

Let {&,} be a sequence of positive numbers such that lim,,_, « &, = +co and

lim Jo maxju=e, F(t,u) dt limin [ maxy, < F(t,u) dt

n—+00 %'3 §—>+00 %-2
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My
2M2

Put r, := g2 for all n € N. Then, for every v € X with ®(v) < r,, according to (3.2),

one has

Wiy <[220 20 G
- M, “\M, M

which implies

vilo < & (3.3)

Note that ®(0) = ¥(0) = 0. Thus, forall» ¢ N

o(r,) = inf (SUP -1 (o0,r) W (V) — W ()
n ued-1(—o0,ry) Tp— fb(u)

SUPyeqp-1 [0,r] v (V)

T'n

T T
- Jo maxy<e, F(t,x)dt + £ [ maxy <z, G(t,x)dt

N AT
2M? { ST maxpy<e, F(t,0)dt [, maxiy<c, G(t,%) dt}

= + = .
M, g2 A &

Hence
y < liminfe(r,)
n—>+00
2M? T max s <¢ F(t,x) dt
< liminf Jo MXwi<e FOX)dE e
M* E—+00 52 A

< +00,

when G, > 0. It follows from the assumption p € [0, i) that

T
2M? maxiy <z F(t,%) dt 1
y < liminf Jo_M&Xixizt F(6%) ML YEN
M » Py

* E—+00 %‘2

When Go, =0, by A € (A1, 13), one has

M? Lo fOTmaxwgg F(t,x)dt 1
liminf <—-.
M, -+ g2 A

Hence, A € (0, %).
Next we shall show that the functional E; , is unbounded from below. Let {1,} be a
sequence of positive numbers such that 1, — +00 as # — +00. For all n € N define v, € X

by setting
ez (B + o), for £ € [0, ),
V() := 3 0,y forte [%, % , (3.4)

e (Tay + o - ast), fort e [3L, T,
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For any fixed n € N, a direct calculation shows that

1 ) ! V() ! v (t))
d(v,) = S vl +121:/0 Lj(s) ds + ;/O Ly(s) ds

(1(0))” + —2 (v,(T))*

(241
il
28 2B,

1 s ki+ke , o 48 ? 9 O 48, 2 9
=lvallx + Wallg+ o\ —— ) i+ \ —— ) ™
2 2 2,31 OllT + 4-,31 2/32 OlzT + 4,32
. ki+ky . . 8ar1 B1 . 8ara B2 9
2 (Apr+ouT)?  (4Ba+axT)?) ™"
= (T, M)n>. (35)

=

On the other hand, by applying condition (H2), the definition of G, and the nonnega-
tivity of G, one infers that

T
V() = / (F(t,v,,(t))+%G(t,vn(t))> dt
0

T
3/ F(t,va(0)) dt
0
T/4 4n, T an (T -
:/ F(t, n (0!2+061t))dt+/ F(t, Na(T By + B2 ﬁlt))dt
0 arT +4ay 37T/4 BT +4p
37/4
+/ F(t,n,)dt
T/4
37/4
> / F(t,n,) dt. (3.6)
T/4
Therefore,
3774
Eul0n) = @) = 200s) <M = [ Fn) (37)
T/4

At this point, put

3T/4
Qs := limsup M
oo 1= .

3.8
E—+00 52 ( )

Then we have the following two cases:

Case 1. If Q, < +00, there exists ¢ that satisfies
T, M)

0<e<Qx— T

From (3.8), there is N > 0 such that

3T/4
0<(Qx — s)nfl < / F(t,n,)dt, Vn>Nj.
T/4



Zhao et al. Boundary Value Problems (2015) 2015:150 Page 10 of 17

So
Epu(va) < [T, M) = M(Qos — &)

for every n > Nj. According to the choice of ¢, one has lim,,_, .o Ej ,, (v,;) = —00.
Case 2. If Q4 = +00, take
AT, M)

o> .
A

Then there exists N(o) > 0 such that

3T/4
/ F(¢, nn)dt>anﬁ, Vn > N(o).
T/4

Hence
Eju(n) < [(T, M) = o |
for every n > N(o). By the choice of o, one infers that

lim E; ,(v,) = —o0.
n—+00
Therefore, the functional E,, is unbounded from below. By using the case (b) of
Lemma 2.4, the functional E; ,, has a sequence of critical points such that lim,,_, ;o0 |Vl x =

+00 and the conclusion is obtained. O

Theorem 3.2 Letf : [0, T] x R — Rbean L2-Carathéodory function and (H1) be satisfied.
Furthermore, assume that:
(H4) There exist a € L*([0,1]), b, d, and 0 € [0,1) such that

ft,u) > a(t)-blul’, forevery(t,u)e ([0, g] U [%, T:|> x |d, +00);

3T/4
e M. . SR, 8) dt
liminf < -lim sup )
E—>+00 & 20+ T)MMT, M) i £2

where l¢(t) = supy, ¢ [f (¢, u)|.

Finally, let 11 be as in (3.1). Then A < and for every

.
A
201+ T)M-liminfy o0 %

) M,
re N = )\1, A ,
2(1+ T)M - liminf;_, o Zﬂ

and every L*-Carathéodory function g : [0, T] x R — R such that

G(t,u)>0 forall(t,u) € [0,T] xR,



Zhao et al. Boundary Value Problems (2015) 2015:150 Page 11 of 17

) max < G(t,u) dt

G := limsup

3 < +00,
E—+00 i:

and every u € [0, n.), where

M=o IM2 M £—+00

1 <M* AQL+T) .. ”l§”L2)
-liminf ——— |,
Geo

With [1, = +00 when Goo = 0, then the problem (IP) has an unbounded sequence of weak
solutions in X.
Proof Assume that {&,} is a sequence of positive numbers such that lim,,_, &, = +00 and

l l
1/ E—

n—+00 %’n E—+00 S

It follows from (3.3) and condition (A3) that

u(t)
/ lg,(s)ds
0

By the Holder inequality,

T
< [ luto).
T ) )1/2 ( T ) >1/2
d . l d
< ([ morar) ([ paof

= @+ Dllullx - Mg, llz2-

|F(t,w)| < = |u@)| - |le, ().

lg, (t)| dt

VOTF(t, u(t)) dt

By the same argument as given in Theorem 3.1, one has

su - Y(v)) -V (u
y <liminf]  inf (SUPyeo-1 oo ¥ (V) ~ W)
1=+ | yed=L(-o0,ry) rn— ®(u)

< liminf
n—+00

{ SUP,co-1[0,1, ] (V) — W(u) }
7y — ®(u)

200+ T)M ] 2M? I max . <¢. G(t,x)dt
a+7) liminf I, .2 + K lim sup fo <t G(£,%)

* n—>+00 ” M, n—i00 53

204 DM . el 2MPp
= lim inf +
M., gE—>+00 & AM.,

20+ DM . el 2M, 1
liminf + Gy = —
M, E>+00 & MM, A

Goo

when G, > 0 and u € [0, iy). When G, = 0, it follows from A € A’ that

20+ )M . el 1
y < ——— liminf ——— < —

M* &E—+00 é )\,

Therefore, A € (0, %).
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On the other hand, if A € A’, then there are a constant ¥ and a sequence of positive

numbers {n,} with lim,_,  1,, = +00, such that

3T/4 3T/4
E(t,n,) dt F(t,€)dt
AT, M) <k <X lim M =Alim sup M. (3.9)
n—>+00 ’)n E—+00 %-
According to assumption (H4), we have
b 1+0 T 3T

E(t, > : - - AL, v = u(2=, 7.
(t.100) = || )] - -2 o] )] - 1], Ve [o 4) ( : ]

From the Holder inequality and Lemma 2.1, we get

T/4 3T/4
/ F(t,u(t)) dt + / F(t,u(t)) dt
0 0

b(L+ TV T |ulli?
1+6 ’

>~ + T)(lallz2 + llall2) lullx — (3.10)

It follows from (3.5), (3.10), and the nonnegativity of G that

T
Eulwn) < WT, M0 [ Fleuto) e
0

3T/4
< (T, M)n;, - » / F(t,u(t)) dt

T/4
QA+ DNVTh, 1,

+A(L+T +Z —
@+ D) (lall2 + Nallz2) lullx 1+0 llaellx

< (KT, M) - «)n?

A+ TVTh, .
+A (1+T)(||a||Lz+||ld||L2)||u||x+1+—9||u||§(" .

Since 6 € [0,1) and n,, — oo as n — 00, (3.9) implies that the functional E; ,, is unbounded

from below and the conclusion is obtained. d
The following results are three special cases of Theorem 3.1.

Corollary 3.3 Let f:[0,T] x R — R be an L*>-Carathéodory function. Assume that hy-
potheses (H1), (H2) in Theorem 3.1 hold and

[ max < F(t,w)dt M,

fminf g2 Rvel
3T/4
E(t, &) dt
lim sup M > (T, M).
E—>+00 g

For every arbitrary L*-Carathéodory function g : [0, T] x R — R such that

G(t,u)>0 forall(t,u) € [0,T] xR,
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) max < G(t,u) dt

Goo :=limsu < 400,
> §ﬁ+oop &2
and every | € [0, j,), where
1 M, L. fOTmaX\u\gg F(t, Lt)dt
My = — | ——= — liminf ,
Goo \2M?  t—+00 £2

with (., = +00 when Gy, = 0, the equation

U () —u"(t) + ult) = f(t, u®) + ng(t,ult)), t#t, ae tel0,T],

with boundary conditions (1.2) and impulsive conditions (1.3) admits an unbounded se-
quence of weak solutions in X.

Corollary 3.4 Let f:[0,T] x R — R be an L*-Carathéodory function. Assume that hy-
potheses (H1), (H2) in Theorem 3.1 hold and

T 3T/4
max F(t,u)dt EF(t, &) dt
liminf J e F(t 1) =0 and limsup M = +00.

E—+00 52 £—+00 ‘§2

Then for every nonnegative continuous function g : R — R satisfying the condition

&
d.
Goo:= lim M < +00
E—+o0 %'2

’

and for every u € [0 ), the equation

M*
7 IM2Goo
U™ @) - () + u(t) = f(t,ut)) + ng(u®), t#t, aetel0,T],

with boundary conditions (1.2) and impulsive conditions (1.3) has an unbounded sequence
of weak solutions in X.

Let g : R — R bea nonnegative continuous function and p € L2([0, T]) such that p(t) > 0
a.e.t € [0, T] and p = 0. Furthermore, put

3T/4

Qu) := / q(x)dx, forallueR, Po = / p(t)dt.
0 T/4

Then we have the following special situation of Theorem 3.1 when p = 0.

Corollary 3.5 Let f : [0,T] x R — R be an L*-Carathéodory function. Assume that hy-
pothesis (H1) in Theorem 3.1 holds and

QE) _ poM, Q®)

liminf < - lim sup .
>r00 E2 T 2JTM|pll 2 (T, M) t—i00 &7

Then for every

. < T, M) M, ),

polimsup;_, , % 2V TM?||p|| 2 liminfs o %
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the equation
u(iv)(t) —u"(t) +u(t) = Ap(t)q(u(t)), t#t, a.e. t€[0,T],

with boundary conditions (1.2) and impulsive conditions (1.3) has an unbounded sequence
of weak solutions in X.

In the following, using case (c) of Lemma 2.4 and arguing as in the proof of Theorem 3.1,
we can obtain the existence of infinitely many solutions of (IP).

For convenience, set

3T /4
MT.M o1 F(t.£)dt
M , if limsup,_ fmiz < 400,
J714 F@)dt §
)Lg = { limsupg_, o+ B
3T/4
e F(t,&)dt
0, 1f11msup§_>0+ ENoL s Licd 52( dt _ +00,
M
)\.4, = * T P .
. . <& F(¢, t
2M2 - liminfs_ o- W

Theorem 3.6 Letf :[0,T] x R — R be an L*-Carathéodory function and (H1), (H2) hold.
Furthermore, assume that

(He)
fOTmastg F(t, l/l)dt M* ;/Z/‘LF(LS)dt

- gy
o £ SWEHT,M) et &

Then A3 < Ay, and for every arbitrary A € A’ := (A3, Aq), and for every arbitrary L2-
Carathéodory function g : [0, T] x R— R such that

G(t,u)>0 forall(t,u) €[0,T] xR,

[ maxy, < Gt u)dt

Gy := limsup < +00,
E—>0% 52
and for every | € [0, i), where
T
1/ M max F(t,u)dt
P i —A-liminffo e (1) ,
Go \ 2M? E—0% 52

with W, = +00 when Gg = 0, the problem (IP) has a sequence {u,} of weak solutions such
that u, — 0.

Proof From (H6) and the definitions of A3, A4 it follows A3 < A4, and ), > 0 if A3 < A4. Now

fix 2 and p, as in the conclusion, g satisfying our assumptions. Our goal is to apply part (c)

of Lemma 2.4 to ® and W defined in (2.2) and (2.3), respectively. As has been pointed out

before, the functionals &, W satisfy the assumptions of regularity required in Lemma 2.4.
Let {¢,} be a sequence of positive numbers such that lim,,_, o, ¢, = 0 and

T T
max,, <. F(t,u)dt max,, <, F(t,u)dt
i Jo max \Zc; (¢, u) =“giof}ff° \ |;§ (¢, u) ‘
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According to (3.1), we get infy ® = 0. By the definition of §, one has

8= lim(i)nfw(r). (3.11)
r—>0+
Put r,, := 2’1\'{;‘2 2 for all n € N. Then, for every v € X with ®(v) < r,,, in view of (3.1), one

has ||v|lo < ¢,. Moreover, working as in the proof of Theorem 3.1, it follows that § < +00,
and also A’ C (0, %).
Now it remains to show that the functional E; , does not have a local minimum at zero.
Let {n,}:2; be a sequence in (0,7) (7 > 0) such that n, — 0 as n — +oo. For all # € N

define {w,} € X as follows:

oq?ﬁﬂl (B + azt), forte[0,1),
wn(t) =Y s forze [%’ % ’
4nn
a2T24ﬁz(Ta2+ﬁ2_“2t)’ fort e [%,T].

For any fixed n € N, it follows from condition (H2), the definition of Gy, and the nonneg-
ativity of G that (3.4) holds.
Put

T/4

. v F(t8)dt
Qo :=limsup =——=————. (3.12)

£E—07 '§>:2
Suppose that Qy < +00. Then we can choose ¢ such that

T, M)
0<e<Qo— T

From (3.12), there is N5 > 0 such that

3T/4

0<(Qo- e)ni < / F(t,n.)dt, VYn>Ns.
T/4

So

Esu(@n) < [T, M) = 1(Qo — &) ]2

for every n > N,. According to the choice of ¢, one has lim,,_, ; Ej (@) = E;, ;,(0) < 0.
Similarly, for case Qo = +00, one also has lim,,_, ;o E; ,(w,) < 0. Therefore, we find that
zero is not a local minimum of the functional £, ,. Since ®(0) = infx ® = 0, we deduce that
the energy functional E, ;, does not have a local minimum at the unique global minimum
of ®. So, by Lemma 2.4(c), there is a sequence {u,} of critical points of the functional E; ,,
which converges weakly to zero. Because X is compactly embedded in C*([0, T1), it turns

out that the critical points converge weakly to zero, and the conclusion is obtained.  [J

Finally, we present an example to illustrate our main results.
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Example 3.7 Consider the following boundary value problem with impulsive effect:

U™ @) — i (8) + ult) = M (& u(t)) + ng(t,u(®), ae.tel0,1],
Au'(t) = 354 () cos(u (11))? AU () = ut), h=
2u(0) - 34/(0)=0,  ju(l)+u'(1) =0,

2u(0) - 3u(0) = 0, ') +u”(1) =0,

1
z (3.13)

where T =1,01 =2, 0, = %, Bi= %, By =1;I11(x) = %xcost,Izl(x) = ﬁx;f: [0, T] xR —

Randg:[0,T] x R — Rare L*-Carathéodory functions defined as follows:

S(&x) = 0 (t,x) € [0,1] x {0},
,X) = tx(37 — 36sin(In |x|) — 18 cos(In |x|)), (¢,x) € [0,1] x {R - {0}},
and
255 4 §t2x%, (62) € [0,1] x (=00, 1],
g(t’x) = 9 1 2
%ﬁxz + %(% +cos(ln |x|) — % sin(In |x|)), (¢%) € [0,1] x (1, +00).

Then, for every A € (0.1816,0.4812) and 1 € [0,1.0829 —2.251), BVP (3.13) has a sequence
of weak solutions which is unbounded in

Y = {u e H2(0, 1)‘2u(0) - %u’(o) -0, %u(l) (1) = 0}.

1

In fact, let k; = = 57

ky then condition (HO) holds. Moreover, one has

L
320°

0, (t,x) € [0,1] x {0},

Fltx) = {txZ@ ~18sin(in[x))), (%) € [0,1] x (R {0},

5,8 90 4
2 + 2t°x3, t, € 0,1 X _Ooyl)

3t gt £2x3 + %(% +cos(In |x])), (t,x) €[0,1] x (1, +00).

IS

It is easy to show that

1 3/4
max,, <t F(¢, u)dt F(t,&)dt
liming Jo Mzt PG AL 025, limsup Jug FEE)E
§—+00 gZ E—+00 %_2

9.125,

G = limsup fol maxu<¢ Glt, ) dt = 1
OO £—+00 %'2 9

It is easy to calculate that M = 2, M, ~ 0.9626, I'(T) ~1.0660, i(T, M) ~1.6573, and

A= T, M) ~ 0.1816
. S F@eE) de
lim Sup§—>+cx> T

M,

<Ay = ~ 0.4812,

fé max|y| <g F(t,x)dt

2M? - liminfe_, o
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which implies that condition (H3) holds. Obviously, conditions (H1) and (H2) are satis-
fied. Thus, by Theorem 3.1, for every A € (0.1816,0.9626) and u € [0,1.0829 — 2.254), the
problem (3.13) has an unbounded sequence of solutions in Y.
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