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Abstract

We study the vertex conditions of local Sturm-Liouville operators on metric graphs.
Our aim is to give a new description of vertex conditions defining the self-adjoint
Sturm-Liouville operators and to clarify the natural geometric structure on the space
of complex vertex conditions. Based on this description, we give the self-adjointness
results for local Sturm-Liouville operators on finite graphs and the
Povzner-Wienholtz-type self-adjointness results for local Sturm-Liouville operators on
infinite graphs.
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1 Introduction

A graph I" we consider in this paper is an ordered pair of disjoint sets (V, E), where V is a
countable vertex set and E is a countable edge set. Moreover, the graph is connected and
each edge e, has a positive length |e,|.

A Sturm-Liouville operator on the graph I is actually a system of Sturm-Liouville op-
erators on intervals complemented by appropriate matching conditions at inner vertices
and some boundary conditions at the boundary vertices. The matching conditions and the
boundary conditions are collectively called vertex conditions. The Sturm-Liouville oper-
ators on L2 (T, C) are generated by the expression

Lf(x) := 1 (~(p)f =) +q@)f &), «xel, 1.1)

w(x)

where 1/p,q,w € LIIOC(F,R) andw>0a.e.onT.

If V and E are finite sets, then the description of the self-adjoint vertex conditions can be
treated as the description of the boundary conditions in self-adjoint multi-interval Sturm-
Liouville problems. (The results about multi-interval Sturm-Liouville problems can be
found in [1].) For example, in [2], Harmer described the self-adjoint boundary conditions
for the Schrodinger operators on the finite graphs in terms of a unitary matrix. When the
graph has infinitely many vertices, the general treatments for Sturm-Liouville operators
on intervals and Sturm-Liouville operators on finite graphs are deficient.

For regular Sturm-Liouville operators defined on (4, b), in [3], Kong et al. clarified the

natural geometric structure on the space of complex boundary conditions, which provides
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the basis for studying the dependence of Sturm-Liouville eigenvalues on boundary condi-
tions. But for Sturm-Liouville operators on graphs, the geometric structure on the space
of complex vertex conditions is not clear. Carlson provided a description of the domains
of local essential self-adjoint differential operators on weighted directed graphs with the
coefficients of the operators smooth enough [4]. And there are several other descriptions
of the vertex conditions that one can add to the Schrédinger expression in order to create
a self-adjoint operator on graph I (see, e.g., [5-7] for details). Based on the methods in
[4] and [3], we give a new description of all vertex conditions defining the domains of lo-
cal (essentially) self-adjoint Sturm-Liouville operators on weighted directed graphs. The
new description allows us to clarify a natural geometric structure on the space of vertex
conditions.

The paper is organized as follows. Some results of the differential operators on graphs
are introduced in Section 2. In Section 3 we give some properties of self-adjoint vertex con-
ditions for local Sturm-Liouville operators on the graph I'. Based on these properties we
get the necessary conditions for local Sturm-Liouville operators to be self-adjoint. More-
over, we prove that each self-adjoint complex vertex condition at vertex v has a normal-
ized form and all the normalized forms are contained in a finite set with cardinal number
2°0) where 8(v) denotes the degree of the vertex v. In the fourth section we give the suffi-
cient conditions for local Sturm-Liouville operators to be self-adjoint, which are Povzner-
Wienholtz-type self-adjointness results for Sturm-Liouville operators on graph. In the fi-
nal section, we give an example to show how to obtain the proper self-adjoint restriction

of a given Sturm-Liouville operator by using the results obtained in Section 3.

2 Notation and prerequisite results

Assume that the graph I' is connected and each vertex in I" appears in only finitely many
edges. A metric graph I' may be constructed from the graph data as follows. For each
directed edge e, let (a,, b,) be a real interval of length |e,| with a, < b,, then we could
see e, as (ay, b,). Define the distance between two points in the graph as the length of
the shortest path connecting them. For a function f € L2 (T, C), f,, denotes the restriction
f | en. Let L2(T", C) denote the Hilbert space @,L2, ((a,,b,), C) with the inner product

bn
(0= [ few=3 [ fgamis
n Yan

In this paper, we restrict our considerations to local Sturm-Liouville operators, so that
we could describe the adjoint and self-adjoint extensions of Sturm-Liouville operators on
the graph I in terms of appropriate conditions on each single vertex of the graph. The
definition of local operator is given by Carlson in [4]. Let ¢ : ' — C denote a C* function
which has compact support in I' and is constant in an open neighborhood of each vertex.
An operator L is a local operator if for every ¢, ¢f is in the domain of £ whenever f is.

Fix the vertex v, and let §(v) be its degree. Identify interval endpoints as «,, if the cor-
responding edge endpoints are the same vertex v, in which case we will write «,, ~ v,
m=1,...,8(v).Since 1/p,q,w € L} (T, R), for any solution f of Lf = Af, f and pf’ are locally
absolutely continuous in each edge e, in I". Hence, for every vertex v, f () and (pf”) (o),

am ~ v, can be defined via appropriate limits. We define the maximal operator L,y as
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follows:

1 /

Luaxf =Lf = ;(_(Pf/) + Qf)t

Dom(Lyax) = {f e L2(,C):f,pf € ACIOC((an,b,,),(C)
foreachn,ne N,Lf sz(F,(C)}.

For f € Dom(Lax), let f‘, € C»® be the vector with the (2k + j — 1)th component defined
by

FEAID = (), j=0,1,k=1,...,8(v),
where f1%(x) = f(x) and f (x) = (pf")(x). The vector f, € C*) is called the boundary value
of fatv, oy, ~v.
It is easy to verify that the expression L is symmetric. Suppose f,g € Dom(L.x), with

the support of g in an open ball containing at most one vertex v. Then integration by parts
leads to

(Lf’g)w - (f’Lg)w = [f’g]v;

where [f,g], is a nondegenerate form in the boundary values of f and g at v, i.e., there is
an invertible 28(v) x 28(v) matrix S, such that

[frg]v = gjsva
A maximal independent set of vertex conditions at v may be written as viv =0, where B,

is a K(v) x 28(v) matrix with linearly independent rows.

Denote the local Sturm-Liouville operator £ as follows:
Lf =Lf forfeDom(L), (2.1)
with domain Dom(L) C Dom(L ), and functions in Dom(L) satisfy the vertex conditions
vi‘, =0 at each v € V. By working on one edge ¢;, using the classical theory in [8], pp.169-

171, and the results given in [4], we can get the following lemmas.

Lemmal Suppose that the operator L defined by (2.1) is self-adjoint and local. The vertex
conditions at v annihilating the domain of L are written as

B,f, =0,

where B, is a K(v) x 28(v) matrix with linearly independent rows. Then each B, is a §(v) X
28(v) matrix, and

B.[S]7(87) = 0.
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Lemma 2 Suppose that inf,, <t le,| >0, w=1, p € ACioc(I,R), |p| = C >0, p' and q are
uniformly bounded. The §(v) x 28(v) matrix B, is given with linearly independent rows and
satisfies

B[S (B) = 0
at each v € V. If the operator L induced by L has the domain
Dom(L) = {f € Dom(Lax) < f has compact support on F,viv =0,ve V},

then L is essentially self-adjoint. Conversely, every local self-adjoint operator L, formally
given by L is the closure of one operator L.

3 Spaces of vertex conditions

A single vertex condition at v can be written as ) _ b;f 0(cx) = 0. A maximal independent
set of single vertex conditions at v can be written as Bvﬁ, =0, where B, is a K(v) x 28(v)
matrix with linearly independent rows. In the following, we will call such an independent
set of single vertex conditions at v a vertex condition at v. We introduce the notation

X
F,(x;) = Sx) , X; € e;,vis an endpoint of e;,
(] ;)
and write the matrix B, into the block matrix (B; | - -+ | Bs()), in which B; are K(v) x 2

matrices, i = 1,...,8(v). Then the vertex conditions at v, B,,ﬁ, = 0 may be rewritten as

F,(a1)
(Bil -+ | Bsw)) =0, (3.1)
Fv(aﬁ(v))

and will be denoted by (B; | - - - | Bs()). The systems

F,(ay) F,(ay)
(Bl | Bsw) =0, (A1l 1 Asw) =0
Fv(aé(v)) Fv(aé(v))

represent the same complex vertex conditions at vertex v if and only if there is a matrix
T € GL(K(v),C) such that

(Bi |-+ |Bsw) = (TA1 | -+ | TAs())s

where GL(§(v),C) is the set of K(v) x K(v) invertible matrices over C. Denote the space
BC of complex vertex conditions at vertex v as the quotient space

M50 (C),/GL(8(v), C),

where Ms)x25)(C) stands for the set of §(v) x 28(v) matrices over C, and Mg, »5,,(C)
stands for the set of matrices in Msq)x2s)(C) with rank é(v). We give the space
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Mis()x250,)(C) the usual topology on C3*280) | then M;k(v)x%(v)((C) is an open subset of
Ms()x250:(C). In this way, the quotient space B inherits the quotient topology.

The complex vertex condition Bvﬁ, =0 in BY could be represented by the §(v) x 28(v)
matrix B, with rank 8(v). Up to the elementary row transformations, the §(v)-dimensional

column vectors

1 0 0
0 1 0
0 0 1

28(v)
8(v)

coordinate systems on the Grassmann manifold of §2(v)-dimensional complex subspaces

in C**® through the origin [3], where (266((‘/1;)

are §(v) columns in B,.. Then the space ‘B‘VC can be divided into ( ) canonical atlas of local

) is the binomial coefficient

28(v)\ _ (28()!
(5@)) S sW)Is()!

Theorem 1 The space B of complex vertex conditions at vertex v is a connected and
compact complex manifold of complex dimension §*(v). The space BC is a connected and
real manifold of dimension 28%(v) over the number field R.

Proof The proof is similar to Theorem 3.1 in [3]. O

For each edge e, let (a,, b,) be the corresponding real interval. Consider the operator

Linax o0 (ay, by,) with f,g € Dom(Lax), we have

by -
f @Lf - fLg) = ~[fM (bn)g®,) —f(b)gM ()] + [[M(an)g(@n) —f(an)gM(an)]-

n

Then if f,g € Dom(Lnax) and g vanishes outside of a small neighborhood of v, we have

/F @Lf ~/T2) = > (-1 [V (@n)glen) — f(en)gM )] e~ v, (3.2)

with

iL Ay = by,
Om =

0, o,=an,.

For f,g € Dom(L,,x), define [f,g], as the right-hand side of equality (3.2).
Assume that e; = (ax, by), k =1,...,8(v), are the edges in which v is one endpoint, i.e.,
v =ay or v = by. For a,,, ~ v, assume that o, ..., o, are by in the corresponding edges e =

(ax, bi) respectively, k =1,...,s, and a,1,...,050) are ay in the corresponding edges e; =
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(ak, by) respectively, k =s +1,...,8(v). Through a direct calculation we can obtain that

E,
E,
0 -1

S, = . ,  E= : 3.3
v —E2 2 <1 0 ) ( )

_E,

—_—

25(v)-2s 26(v)x28(v)

Based on Lemma 1, we know that for the vertex condition (B; | --- | Bg(V))ﬁ, =0 of a self-

adjoint operator £, the coefficient matrix is a §(v) x 28(v) matrix and satisfies the condition
B,[S}]7'B: = 0. Since S, is the matrix given in (3.3), the condition B,[S}]™ B = 0 is equiv-

alent to
s 3(v)
Y "BiEyB; =) BEB;. (3.4)
i=1 j=s
If B, = (By | --- | Bs() is a §(v) x 28(v) matrix with linearly independent rows and satisfies

equality (3.4), the vertex condition B‘fv =0 is called a self-adjoint vertex condition at v.

Obviously, the elementary row transformation on B, does not change the vertex con-
ditions at v, while the column transformations on B, change the vertex conditions. But
there is a class of column transformations that would not change the self-adjointness of
the vertex conditions.

Lemma 3 For the local operator L defined by (2.1) and
sz (Bl | |Bs |Bs+1 | |B5(V))Y
viv = 0 is a self-adjoint vertex condition at v if and only if for any matrix A in the set

{A 1A= (BI(EZ)i] | tee | BS(EZ)iS | Bs+1(E2)iS+1 | e | B(S(v)(EZ)ia(V));

ik=1lorix=0,k=1,..,6(n}, 3.5)
Afv =0 is a self-adjoint vertex condition at v.
Proof Since Ej = —Es, (E2)? = —I,, where I, = ((1) ;’), then we have
(BiE2)Ex(BiEs)" = (B)E2(By)".
Therefore, the matrix operation-multiplication by E; does not change the rank of B;, and

for A in the set (3.5), Afv = 0 is a self-adjoint vertex condition at v whenever Bvﬁ, =0isa
self-adjoint vertex condition. O
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Definition 1 The column transformations used in Lemma 3 are called the self-adjoint

column transformations.

Theorem 2 For the local operator L defined by (2.1), up to the elementary row transforma-
tions and the self-adjoint column transformations, the coefficient matrices of self-adjoint
vertex conditions at v are

1 cn 0 C12 - 0 C15()
0 1 1 C2 - 0 C28(v)
, (3.6)
0 com-m 0 cowm-n2 -+ 0 CEw-nsw)
0 cenp 0 ez - 1 csppw

where the complex matrix (cjj)s)xs(v) consisting of the even numbered columns of matrix
(3.6) has the following properties:

(1) fori=j,cjeR,

(2) fori<j<sors<i<j, c;j=Ccj,

(3) fOI” i<s <j’ (Cij)Ofigs,sq‘gB(v) = _(Cji)35555,5<1'55(v)~

Proof For (a;) = (A | --- | Ag | Agir | -+ - | Asy)) is a coefficient matrix of self-adjoint vertex
conditions at v, there must be one of the elements a;; and a5, i = 1,...,5(v), that is not
zero. Through the elementary row transformations and the self-adjoint column transfor-
mations, the matrix (a;;) becomes

1 an e a125(v)-1) ai2sw))
0 an e aA2(25(v)-1) aA225(v))
(3.7)
0 aAEw)-12 0 AEW-DsW)-1)  AB((1)-1)(25(v))
0 asw2 - AsmEsw-1) A5()(25(v))

For the convenience of writing, the elements changed are still written as a;;, 1 <i,j <§(v).
Since (a;;) is a matrix with rank 8(v), up to the elementary row transformations, the §(v) -1

column vectors

0 0 0
1 0 0
0], 1], e 0 (3.8)
0 0 1

are (8(v) — 1) columns in (3.7). Then (3.7) could be written as

1 an 0 ai as e ai25(v)
0 o 1 o ass e a2(25(v))
0 apw-2 0 aw-vs aew-v5s - AEE)-DE50)

0 aswe2 O aspua aswys o Asw)2sv)
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otherwise, matrix (3.7) is in the following two cases. (1) The elements a;3 and a;4 are all zero
forall1 <i < §8(v). (2) One of the elements a3 and a14 is not zero, the rest of the elements
in the third and fourth columns are zero. Then up to the elementary row transformations,
the first two vectors in (3.8) appear in one block A;, i > 3, of (3.7). In these two cases, (a;)
could not be the coefficient matrix of a self-adjoint vertex condition at v. Then (a;) could

be changed into
1 a 0 C12 - 0 C15(v)
0 c 1 ) - 0 C25(v)
(3.9)
0 csw-m 0 com-2 -+ 0 Ccie)-nsm)
0 conp 0 csp2 - 1 csppw

The matrix (a;) is the coeflicient matrix of a self-adjoint vertex condition at v, (3.9) is the
coefficient matrix of the same self-adjoint vertex condition at v, then (3.9) must satisfy
(3.4), i.e.,

S8(v)
XS: BEyBf =) BEyB;.
i=1 j=s

After a direct calculation, we get that the matrix (c;)s()xs() has the following properties:
(1) fori=j, cj=cj ie,c; €R;
(2) fori<j<sors<i<j,c;=cyie,

Rec; = Recj;, Imc; = —Imcy;

(3) for i <s <}, the block matrix (cj)o<i<ss<j<s(v) is equal to the s x (§(v) — s) matrix

_(Cﬂ)Ogiss,s <s) In other words, the matrix (c;j)sw)xsw) has the following form:
o €1 ot Cq
€1 €22 . .
(i) i<s<j
Cs2
Cs1 Cs2 o Css

Cs+1)(s+1)  C(s+2)(s+1) " °° C5(v)(s+1)
C(s+2)(s+1)  C(s+2)(s+2) " Cs(v)(s+2)
(ci)i<s<j
C5(v)(s+1) C5(v)(s+2) te C5(1)8(v)
8(v)-s O
Write matrix (3.6) into the block matrix and denote it as (C; | - - - | Cs(,)), then the set

S={A: A= (CUED" |-+ | C(E2)" | Cona(Ba)s*1 |-+ | Csy(Ea)0),

ik=1orix=0k=1,...,8(v)} (3.10)
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is a set of matrices transformed from (C; | --- | Cs()) through the self-adjoint column
transformations. For A € S, we call the columns which are even columns in (C; | - - - | Cs())
the unnormalized columns in A. And we call the elements in the set (3.10) normalized
forms. If (Cy | --- | Cy)) is the coefficient matrix of a self-adjoint vertex condition at v,
then the 2°") elements in the set S are also the coefficient matrices of self-adjoint vertex

conditions.

Theorem 3 If we only allow the elementary row transformations on the matrix B, =
(Bi] -+ | Bsw)), where viv =0 is a self-adjoint vertex condition, then B, can be normalized
to one of the 2°Y) forms in (3.10), and the complex matrix consisting of the unnormalized
columns has the properties (1)-(3) in Theorem 2.

Proof From Lemma 3 we can obtain that the vertex conditions in (3.10) satisfy (3.4) if and
onlyif (Cy | - - - | Cs()) satisfies (3.4). According to the proof of Theorem 2, we could reach
the conclusion. O

Definition 2 The 2°") elements in the set (3.10) with (C; | - - | Cs(,)) that have the prop-
erties (1)-(3) in Theorem 2 are called the normalized forms of the coefficient matrices of
self-adjoint vertex conditions at v.

The elementary row transformations on the coefficient matrices of self-adjoint vertex
conditions allow us to bring them into their corresponding normalized forms, and the
self-adjoint column transformations on these matrices give us simple one-to-one corre-
spondences between the coefficient matrices in different normalized forms.

Theorem 4 For the local operator L defined by (2.1), the space GC of self-adjoint complex
vertex conditions at vertex v is a connected, closed and analytic real submanifold of B
and has dimension §*(v) over the number field R. Therefore, &C is also compact.

Proof For an arbitrary complex vertex condition (B; | --- | Bsy)) at vertex v, it is in one
equivalence class of quotient space M;“(V)XM(V)((C)/GL((S(V), C). The set & of self-adjoint
complex vertex conditions at vertex v is a subset of B which can be divided into 2°)
canonical atlas of local coordinate systems. The proof of the analyticity and the connec-
tivity of &F is similar to Theorem 3.11 in [3]. Thus &€ is an analytic real submanifold of
BT and has dimension §2(v) over the number field R. The canonical atlas of local coordi-
nate systems of GC is internal connected and &€ is connected.

Next we prove that the space Gi/c is closed. Let {(BY') [+ Bf;('l))};i‘f be a sequence in Gi/c
that converges to B = (B} | - -- | By, € BC. Without loss of generality, we can assume that
B has the normalized form (3.9), i.e.,

1 h - 0 C/IS(V)
0 o o 0 C/za(v)
B =
0 hw-m 0 Cswnsw
0 Gy 0 1 Cupe

Denote the matrix constructed by the even numbered columns of B as D. Then we will
show that D has the properties (1)-(3) in Theorem 2.
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For sufficiently large 1, BY” = (B | --- | Bf;(ll),)) € O, and hence
1 CY;) 0 Cg;)(v)
0 C(zri) 0 C(z?(v)
B = :
0 ity 0 s)-1sm)
0 Cg’z‘)/)l e 1 C(s}zv)a(v)
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Denote the matrix constructed by the even numbered columns of B as D" . The matrix

D™ has the properties (1)-(3) in Theorem 2, and
D" — D, asun— +00,
under the norm || - || on Ms)x260,)(C). Therefore,

(B |- |Bj,) €65

O

Example 1 When §(v) = 2, s = 1, the canonical atlas of local coordinate systems of %(‘,C is

as follows:
O = <(1) ZZ (1) ZZ) sa12,d32,b12,by3 € (C} )
0, = (Zi _01 (1) ZZ) san, da, bz, by € (C} ,
O; = <(1) ZZ Z; _01) ;a12,d22,b11, b1 € (C} ’
Oy = (Zi _Ol Z); _01) san, a1, bu, by € (C} )
05 = ((1) (1) Z; ZZ) 3b11, b1, bia, by € (C} ,
Os = (:; ZZ _01 _01> ;d11, 421, 412, 422 € (C} .

The canonical atlas of local coordinate systems of G is as follows:

1 0 -a;
Oi= “ % ;a1,as3 GR,LZQE(C ,
0 a) 1 as
1 0 -a
05 = “ & sa,az €R,a,€Cy,
a 0 1 ag
1 -a; O
O§= “ % ;ul,ageR,age(C ,
0 ay as -1
-1 —-a;, O
022 = & ;al,age]R,aze(C .
ay 0 as -1
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4 The self-adjoint Sturm-Liouville operators
Assume that the graph I' has a finite vertex set V = {vy,...,v,} and a finite edge set E. The
vertex conditions at v; are written as BV.AVZ. = 0. Then, for the local operator £ defined by

(2.1), the vertex conditions on I' are

BvLﬁl =0, atwy,
BV?ﬁ’z = 0, at vy, (4 1)

BMA’V” =0, atv,.

Denote Br as Br = (By,,...,B,,), where B,, is a §(v;) x 28(v;) matrix with linearly indepen-
dent rows. In the following, Br represents (4.1), i.e., the vertex conditions on I". Define
BE as

By = ® B
i=1

Then the complex self-adjoint vertex conditions space of the local operator £ on the graph
I is denoted as &F,

SF = ® (S
i=1

Corollary 1 The space BE has dimension Y ., 8*(v;) over the number field C, and has
dimension Y, 28*(v;) over the number field R. The space SF is a connected, closed and
analytic real submanifold of BE with dimension Y ., §2(v;) over the number field R.

For x,y € T, denote the distance between x and y as d(x, y).

Lemma 4 Suppose that the graph I has finitely many edges and

sup d(x,y) < 00,
xyel

the operator L defined by (2.1) with domain
{f € Dom(Lnax) :viv =0,B, € Gi,c, forallve V}
is self-adjoint.
Proof The proof is based on Theorem 3.4 in [4]. O

Theorem 5 Suppose that the graph U has infinitely many edges and vertices,
SUp, e d(x,y) = 00, and there is no finite accumulation point in V.

If the operator L defined by (2.1) satisfies the following two conditions:

(1) p>0, p € ACioc(I', R),

(2) %, @)’ o Lioc(T, R), £ is essentially bounded on T,

w
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and L is lower bounded with domain
Dom(L) = {f € Dom(Lmax) :f has compact support on F,Bvﬁ, =0,B,e6C,ve V},

then L is essentially self-adjoint. Conversely, every local self-adjoint operator L, formally
given by L is the closure of one of the operators L.

Proof Using the theory in [9] on one edge e;, we can get that the operator £ is symmetric
and the domain of £* is contained in Dom(L,x). By Theorem 3.1 and Corollary 3.2 in [4],
we get that f € Dom(L*) satisfies the same conditions BVfAV = 0 at the vertices. Then

Dom(£*) = {f € Dom(L pax) :B,f,=0,B,e6C,ve 43
Without loss of generality, we assume that £ > I. Next we need to show that the equation

~(f)® +qt)f® =0, teT\V,feDom(L*) (4.2)

has only a trivial solution (derivative is understood in a distribution sense).

Fix a point 0 € ", we define a sequence of functions {x,}, x, € ngmp(r) such that

1, 0<d(o,t) <ty

nlt) =
Xn(?) 0, d(o,t)>t,+1,

and
|X,;| <2, %, (v) =0 forall vsatisfies ¢, <d(o,£) < ¢, +1,

where the function space cggmp(r) contains the functions belonging to C*°(I") and having

compact support on I'. Assume that f # 0 is a solution of equation (4.2). Since f satisfies

the conditions
B,f,=0 forallveV, (4.3)
then for each v and g := f x,,,
B,g,=0 forallveV.
Since p € ACjoc(T"), one verifies that
l[—(p(f’x )) +a(fxa)] = L LoxlF -2 ol (4.4)
w " " w w w ' '
Let I'), be a subtree of I" containing allx € ', |x| < m.

1 / N\27 N\27
[ 2P = 16 Pl [ S0
Cepe1-Tty Tepe1-Tty

w

<00,
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£ 2

2
w “ (Xi;/) ||L°°(I‘tn+17rzn)

Loo(rtnﬂ—rty,)

X / wf?dt < oo,
rty,+1—rty1

1 -
/n P O e =106 L or

1 2~
/ —p* (%) fPde <
Ty1-Tey

w

7 1
X ” (Pf’)2 ||L°°(Ftn+1—an)/ —dt < o0,

Tt41-Tr W

and then the right-hand side of equality (4.4) belongs to L2(T",C). Then we have f Xn €
Dom(L£) and

(LFxn) Fxn)),, = /F[—p’x;f—pxlﬁf— 201, Vo dt
_ N2 72 _ / 2”2£
) /rfn’fl_rin (Xn) pf dt ~/Ftn+1—rm W(Xn) f w dt
> () Fn)), = /r P @wd. (45)

On the other hand,

/ w(x,) L dt <4 H P / Pwat. (4.6)
Ceyi1-Tty w Wil Loo(r) JTs,41-T,
Combining (4.5) with (4.6), we obtain

fz(x)wdtf/rfﬂ(x)xf(x)wdtféLH%

/ Fwdt.
L) YTy 41-Tyy

Since f € L2(T, C), f = 0. This completes the proof. O

Ity

Let L be the operator defined by (2.1). Assume that the functions in Dom(£) are contin-
uwouson [, ie.,

Sfla) =fla) = =flaswy), i ~v,i=12,...,8(V),
at each vertex v € V. We get the following result.

Corollary 2 Suppose that the local operator L defined by (2.1) is self-adjoint, with func-
tions in Dom(L) continuous on I'. For a vertex v, let oq,...,a5 ~ v be by in the corre-
sponding edges ex = (ax, bi), k=1,...,s, and a1, ..., be ay in the corresponding edges
ex = (ar, bi), k=s+1,...,8(v). Then the functions f in Dom(L) satisfy the condition

s 8(v)
Y @)@+ Y (D)) =rfv), reR,
i=1 j=s+1

at each vertex v.
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Proof All the functions f € Dom(L) satisfy the continuity conditions, that means

flawm) + (-1)f(asp)) =0, m=1,...,8(v) -1,

ateach vertex v € I'. For a fix vertex v, B, is a §(v) x 28(v) matrix with linearly independent

rows. Then

(=3

oS O

(=]

oS O

= O O
[l ]

| |
— =
oS O

/ /
Casm-1 - €250/ 50)x250)

and (¢hy(,) 1) + (Chyyy)® # 0. If chy,) # 0, we can rewrite the vertex condition as Af, =0,

where
1 0 0 0 0 O 0 -1 0
0O 0 1 0 0 O 0 -1 0
A, = 0O 0 0 0 1 O 0 -1 0
0 ¢ 0 ca 0 ¢ -+ Cpw-2 Cosw-1 5()x28)
Therefore we can get that A, € {(C; | C; | - - - | Cs()E2)}, where the matrices (C; | Cy | - - - |

CswE,) are introduced in (3.10). Since B, € &%, the complex matrix

0 O 0 -1
0 O 0 -1
0 O 0 -1
C2 €4 -0 C5(w)-2  C28(v)-1

S(v)x28(v)

has the properties (1)-(3) in Theorem 2. Then we have

62:C4:"':c2521y
Cos42 = Co544 = -+ + = Cos(w)—2 = —1,
casv)-1 € R,

s 8(v)
Y )@)+ Y (D(f) ) =1f), reR.
i=1

j=s+1
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If f/Zé(v) =0 and ¢y, , 70, throughA the elementary row transformations, the condition
B,f, =0 is equal to the condition A,f, = 0, where

Cy 0 Cqy - 0 C25(v)-2 0 0
0 Co 1 Ca cee 0 C25(v)-2 0 0
0 Co 0 Ca s 0 C25(v)-2 0 0
A, =
0 Cy 0 [ 1 C25(v)-2 0 0
0 Cy 0 Cqy - 0 C25(v)-2 1 0
Then we have A, € {(C; | Cy | - - - | Cs())}, the matrix (C; | Cy | - -+ | Csqy)) is introduced in

(3.6). Since B, € Gi(,:, the complex matrix

Cy 0 Cs(v)-2 0
¢ - Casw—2 O
¢ 0 w2 O

S(v)x8(v)

has the properties (1)-(3) in Theorem 2. Then we have
Cy=C4=-"=Con-2=0.
Therefore the vertex conditions Bvﬁ, = 0 are the conditions

flon) =f(aa) =+ =f(asp)) =0, o ~v.

That is, corresponding to the conditions

flar) =flag) = - = flasw),
YL (D) + 00 (o )ey) = 1 (v),

for r = oco. O

Remark1 For the complex self-adjoint conditions B, including the continuity conditions,
the space consisting of B, is a real submanifold of B¢ with dimension 1.
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