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Abstract

In this paper, we discuss two kinds of Riemann type boundary value problems for the
operator D;, where A is a comp|e~>< number. Furthermore, we establish the Almansi
type expansion for the operator D, where k € N. As applications of the expansion,
we investigate the Riemann type boundary value problem and the generalized
Riquier problem for the operator Dﬁ.
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1 Introduction

The uniqueness and existence theorems for the solutions of boundary value problems for
systems of partial differential equations are sufficiently well known. Such problems have
remarkable applications in mathematical physics, the mechanics of deformable bodies,
electromagnetism, relativistic quantum mechanics, and some of their natural generaliza-
tions. Almost all such problems can be set in the context of Clifford analysis (see [1, 2]).
Clifford analysis is centered around the concept of monogenic functions, i.e. null solu-
tions of a first order vector valued rotation invariant differential operator called the Dirac
operator which factorizes the Laplace operator (see [3, 4]). As to the mathematical study
of boundary value problems in Clifford analysis, there are several different approaches
known in the literature. Without claiming completeness, we mention some of them. First
of all, we have the approach originating with Bernstein, whose approach is to translate
boundary value problems to the corresponding singular integral equations, then use the
properties of the Fredholm operator to discuss the solvability of singular integral equations
(see [5]). Another important approach is based on complex analysis. In this case, first we
use analytic function theory to solve these kinds of boundary value problems, then we use
the results of boundary value problems to solve singular integral equations (see [6, 7]).
The advantage of this method is that the explicit representation of solutions can be ob-
tained, but in the higher dimensional space there still exist many obstacles to generalize
this method. In this paper, we continue to use the method in [6, 7] to solve boundary value
problems for the modified Dirac operators.

The paper is organized as follows. In Section 2, we review some results on the theory
of Clifford analysis. In Section 3, applying the Plemelj formula for the modified Dirac op-
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erator [6], we consider Riemann type boundary value problems for the operator D;.In
Section 4, using the Euler operator in Clifford analysis, we obtain the Almansi type ex-
pansion for the operator 5’/{ In Section 5, as applications of the expansion, we investigate
the Riemann type boundary value problem and the generalized Riquier problem for the
operator 5’/{ .

2 Preliminaries

2.1 Clifford analysis

Let Ry, be the real associative Clifford algebra generated by {ey, ey, . .., e,,}, where the basic
vectors e, ey, ..., ey, satisfy the relations e;e; + eje; = —23;;, i,j = 1,...,m. Let &; = —e1e;, i =
1,...,m, then the universal Clifford algebra Ry 1 for R"™ s generated by {¢1,¢€2,...,&m},
where the vectors €1, €3, ..., &, satisfy the following relations:

a6, =¢i61, i=1,...,m,

8i€j+€j8i:_23i,j: i,]':z,”',m'

Each of the elements in Ry ,,; may be writtenasa = ) _ , a4€4, where a, are real numbers
and &4 = €4, 8q, * * * £, With A = {a, ..., a5} C {2,...,m}. We define the norm of 4 as |a| =
Q4 |aA|2)%. If there exists b € Ry,,_1 such that ab = ba = ¢, then b is called the inverse
of a, which is denoted as a™L.

A typical element of R” is denoted by x = x161 + X263 + - - - + %,,,6,, With x; € R. We define
X = X181 — X2&y — - - - — XypE, then xx = %x = |x|2. Obviously, for x # 0, we have x7! = %

One of the main aims of Clifford analysis is to construct a first order operator, the
so-called Dirac operator, factorizing the Laplace operator and to study the function-
theoretical properties of the null solutions of this operator. When working over R, this

Dirac operator is defined by

D= i einl. (1)
i=1

Then the modified Dirac operator is defined as
m
D=Y &, 2)
i=1

When studying the modified Dirac operator in this setting, we consider functions f
which are e.g. elements of spaces such as CK(Q2) ® Ry,,,_; with Q some open domain in R”.
This means that f can be written as

=) falx)ea (3)
A

with f4 (x) € C¥(2). Denote by |f| = >4 [fA(x)|)% the norm of f € CK(Q) ® Ry,,,_1.

3 Boundary value problems for the operator Dy
3.1 Riemann type problem for the operator D,
Let
1 x
E(x)=——, (4)

m %]
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m
2 2

%

where w,, =
tion 5f =0.
Let f be a Holder continuous function on 92 and take its Cauchy transform

is the surface area of the unit sphere in R”. Then E(x) satisfies the equa-

f(x):Ai/mE(y—x)daxf(y), x€R"\ 0Q. (5)

Then f(x) satisfies the equation 5f =0in R\ 92 as was proved in [6].
In [6], the following Plemelj formulas hold for s € 9:

F+(S):x€g’r;1_>sf(x)= %f(s)+Ai/mE(y—s)dayf(y) (6)
and
F)= fim  fl)=—of(s)+ — / Ely—5)dorf () @)
X€RM\Qx—>5 2 Am Jag '

where © = QU IQ.

In order to obtain the main result in this section, we need the following lemma.

Lemma 3.1 Let x; be a nonzero finite real number and A € C. Then

kerD; = & ker D, 8)
where ker D;, = {f|f € CY(R) ® Rom_1, (D — 1)f = 0}, and ker D = ker D;_for A = 0.
Proof Letting f € ker D, we have

D, (e)"‘lf) =(D- r)eHLf
= AeMIf + M Df — AeIf

=0,

which implies that e** ker D C ker D;.
On the contrary, for f € D, , we can see that

5(e_kxlf) =e™(D- Af =0,
which means that ker D, C e** ker D. O
Therefore, we obtain the conclusion.

Theorem 3.2 Let f be a Holder continuous function on 02 and let G € Z(Ry,,,-1) be in-
vertible with inverse G™*. Then the Riemann type problem

D, ®(x)=0, x€R™\JQ,
Ot () = GO (1) +f(t), tedL, @
®(00) =0,
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has a solution ® given by
X
O(x) = ﬁ / e“‘E(y —x) dayG_lf(y), 9)
A Jag
where
G, € Q,
X(x) = * _ (10)
1, xeR™\Q.

Note that the center Z(Rg ;1) of Ry ,,,_1 is the set of elements in Ry ,,,_; which commute
with all elements of Ry, (see e.g. [6])

Proof First, it follows by Lemma 3.1 that the function ®(x) determined by (9) satisfies the
equation

D; ®(x) =0.
Secondly, let G € Z(Ry,,,_1) be invertible with inverse G™L. It follows by (6) and (7) that
D (s) - GD(s)

= ()%(S) G (s) + Aim /asz eLE(y —s) dayGlf(y))

X-
_ G<— 2(5) G_lf(S) + Aim '/89 ekxlE(y —3) dayG"lj’()/))

=f(s),

where s € 0€2.
Finally, it is obvious that the function ®(x) vanishes at infinity.
Thus, we obtain the conclusion. O

3.2 Riemann type boundary value problem (ll)
In this section, using the Plemelj formulas, we consider the following Riemann type
boundary value problem (II).

Suppose that f is a Holder continuous function on 9. Find a function ¥ € CY(Q) ®
Ry, ;-1 that satisfies

D,W(x)=0, xeR™\JL,
WH(ta- V- (O)b=f(t), ted, (I1)

: W(x
llm‘x‘_>+oo ‘ |X(|l)| <400,

where

W*(t):lin}llf(x), xey U (f) =lim¥(x), xeR™\Q.

x—t

a, b are given Ry ,,_1 valued constants whose inverses are a™!, b™L.

Page 4 of 11
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Lemma3.3 Let Zy = xye1—x16x, where 2 < k < m. Then we have the polynomials of order p

1 ~
Vkl---kp =- Z Ly ka e kerD,
p: 7 (ki-kp)

where the sum runs over all distinguishable permutations of all of (ki, ..., k).
The proof of Lemma 3.3 is similar to Proposition 11.2.3 in [3].
Theorem 3.4 The boundary value problem (11) has a solution.

Proof We will prove the function

([0 €M E(y =) doyf (y))a™
! _
_ + szl Zn(kl---kp) Vkl...kpe’\xlu 1 xeQ,leN,
(f,0 @M E(y — %) doyf ()b
Yt Lonthyky) Vi€ b7, x € RMQ,LEN,

W (x)

is a solution of the boundary value problem (II).
Denote

O) = {\Il(x)a, x€Q, B
W (x)b, xeR™\NQ.
Then

O (t) =Wt (t)a, tedq,
O () =V ()b, teodq,

1

where a, b have the inverses a™!, b7}, respectively. The boundary value problem (II) is

equivalent to
D () - D (t) =f(2), ted.
Note that

(TT) ) = / FHE(y - 2)doyf(7)

aQ

for x € R”\32 is meaningful and satisfies the boundary properties
(TU) @ - (TU) () =f(@), teoe

Thus
() - (T[F) O =2 @) - (Tf]) (1), tedQ,

which means that ®(x) — (T[f])(x) = g(x) € kerD; in R” by the Painlevé theorem. By
Lemma 3.3, we put g(x) = Zﬁgzl Dl ky) Viy...k, €. Thus we have the conclusion. 0
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4 Almansi type expansion for the operator 5’;

In 1899, the Almansi expansion for polyharmonic functions was established, which was
equivalent to the Fischer decomposition for polynomials (see [8]). One can find impor-
tant applications and generalizations of this result in the case of several complex variables
in the monograph of Aronszajn et al. [9], e.g. concerning functions holomorphic in the
neighborhood of the origin in C”. Also for the case of a Clifford analysis, one can refer to
[10, 11]. But all these cases are limited to star-like domains. In this section, we consider the
difficult case that 2 is some open domain in R” not limited to star-like domains.

Definition 4.1 We define the generalized Euler operator by

m
E;=sI+E=sI+ inaxi,

i=1
where s is a complex constant, I is the identity operator, and E is the Euler operator.
Lemma 4.2 Let Q be as stated before. For f(x) € C*(Q) ® Rg,—1,

DE.f (%) = Es.1Df (x), (11)
wheres € C.

Proof For s = 0, from Definition 4.1 it follows that, for f(x) € C2(Q) ® Ro -1,

DEf(x) = ) _ i, (Z xjax/(x)) = e f(x) + ) &:d v Df (x) + EDf (x).
i=1

i=1 j=1 ij=1 o W
This implies that DE =E,D. Fors #0,
5Es = 5(5 +E) = sD + E11~) = Es+11~).
This completes the lemma. O

Note that the proof of Lemma 4.2 is inspired by Ren in [11].

Lemma 4.3 Iff € ker(D,), then
CiDFELf = f, 12)
where Cy = ﬁ and k € N.
Proof Note that f € ker Dy For k = 1, Lemma 4.2 implies that
D,E,f =D,E,f
= DE,f - AE,f

= E; 1 Df - AE,f
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= E)\Jrlbf — }"E)dlf + )\.f

=EaD-0)f +Af
-,

Suppose that, for k =/,
CDLE,f =f,

where C; = ﬁ.Fork:l+1,

~ ~ ~ 1~
DYELf =D, DLELS = aD}‘f =0.
We calculate
DI'ELYf - DD, E, ELf
= Bi(E)ﬁlBA + )\)Eéf
= D'E; D, ELf + ADLELf

i~ o~ A
= DI'DyEs D ELf + of
1

~ ~ 2A
= DZ[IEMQD%EV + af

~ [+ 1)
D s LD
G
1
Cl+1 '
which implies the conclusion. g

Denote ker DX = {f|f € CK(Q2) ® Ro 1, (D — A)*f = 0,k € N}.

Theorem 4.4 If f(x) € kerl~)’§, then there exist unique functions fo, ..., fi-1 € ker D, such
that

S6) =folx) + Bafix) + ER ) + - + B fea (x), (13)
where fy, ..., fi-1 are given as follows:

Jo) = (1= GED)(A - GEDY) -+ (1= GaB{ DI (),
fix) = CiDy (1 - GEZD?) - - - (I - G ES DI (w),

: (14)
fiea®) = Cia Dy (1= Gea DI f (),
fir@) = CGaDf7f ),

1
and Ck = Tk
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Conversely, if functions fy,...,fr-1 € kerD,, then the function f(x) given by (13) satisfies
the equation DXf = 0.

Proof 1f we let the operator 5],{’1 act on (13), then by Lemma 4.3, we have
by )

k-1
=Dt (fo @+ Eﬁfi(x))

i=1

= DA ES fia ()

1
= aﬁ(—l(x)'

Thus,

Ji-1(x) = Ck-llNDI,{_lf (x).

Similarly, if we let the operator 5],{‘2 act on f(x) — EXfi 1 (x), we have
Dy [f @) ~ E{ i ()]

k-2
= Dk2 (fo (®)+ Y _Eif (x))

i=1

D (BN fin ()

1
= afk-z(x)

Therefore, we have
fia(®) = Cea D2 (1= G ES DAY f ().
By induction, we have

fialx) = ck_lfgﬁ-lf(xx ~
froa(®) = CraDX2(1 = G EXIDENf (),

: (15)
£i@) = GD (- GERDY) - (- G Ef D f (),
fo) = 1= GE;,Dy)(I - GEZD?) - - (I - Cr EFIDAY)f ().

Conversely, suppose that the functions fy, ..., fi1 € kerD;. Applying Lemma 4.3, we obtain

k-1
Dif(x) = Df [fo(x) +y E%(x)] =0,

i=1

which completes the proof. O
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5 Boundary value problems for the operator 5§
5.1 Riemann type boundary value problem (llI)

Now we consider the following Riemann type boundary value problem (III).

Page 9 of 11

Suppose that g(¢),/=0,...,k—1, are Holder continuous functions on 2. Find a function

veCkQ)® Ry ;1 that satisfies

Dfw(x)=0, xeR™\JL,
W (t)a— W (t)b = go(t),

~

[D,W]*(Ha - [DyW]~ ()b = &i(2),

(DA (f)a — [DEIW]- ()b = g (), t €0,
[W(x)]
||!

limpy - 100 < 400,

where

Ut(t) =limx, xe, \I!"(t):limtx, x e R"\Q,
X—>

x—t
and a, b are given Ry, valued constants whose inverses are a~!, b!.
Theorem 5.1 The boundary value problem (111) has a solution.

Proof We will prove that the function
@ (x) = Fo(x) + ExFi(x) + -+« + Ef Fa (),

where

(fy0 €M E(y — x) doygi(y))[a] ™
+ 21[7:1 Zn(/q---kp) Vig..k,€lal™, xeQ,leN,
(foq €M E(y — x) doygi(y))[b] ™
Y Y ntgty) Vi -k € [b17, € RM\Q €N,

Fi(x) =

for0<i<k-1,and

k—i-1
F(t)=C; [gim - D} ZEiH(t)} tedQ,

I=i+1

is a solution of the boundary value problem (III).

(I11)

(16)

17)

(18)

From Theorem 3.4, we can see that F;(x) € ker D;. It follows by Theorem 4.4 that ®(x) €

kerﬁf{.
Then, applying Lemma 4.3 and (18), we can see that
1 k=i-1
[DiF]"(H)a - [DLF] (t)b = cFi+D; > E F(t) =git),
14

I=i+1

which completes the proof.
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5.

. - Nk
2 Generalized Riquier problem for the operator Dy

Page 10 of 11

In 1936, Nicolescu established Riquier problem for polyharmonic equations (see [12]). In

2003, applying the 0-normalized system of functions with respect to the Laplace operator,

Karachik obtained a solution of the Riquier problem in harmonic analysis (see [13]). In

this section, we will study the generalized Riquier problem for the operator 5',{ by the

expansion (13), as follows:

Find a function ® such that l~)j\<1> cC(Q)® Rou-1,fori=0,...,k—1,and

Do -0, xeQ,
5;\([)“9 =gi(t), tedq.

(Iv)

Theorem 5.2 Suppose that the functions f;(x) € C() ® Ro_1,i=0,...,k —1. Then prob-
lem (IV) has a solution given by

k-1

D(x) =folx) + »_Eifi®),

i=1

where the functions f;(x) satisfy

lND;\fi(x) =0, x€9, ‘
fi®laa = Cilgi®) - DL B f@)sel, e 0Q.

Proof First, by Theorem 4.4, we can see that

Dfo(x) = 0.

Then, for 0 <i <k -1, Lemma 4.3 implies that

k-1 k—1-i
Didox) =D (fo (x) + ZEV,(x)) = %ﬁ(x) +D] ) Ef@.
j=1 i j=i+l

(19)

(20)

Letting x — t, the formulas in (20) give 5§LCI)|(’~)Q =gi(t),i=0,...,k — 1, which implies the

conclusion.
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