Tatar Boundary Value Problems (2015) 2015:169 0 Boundary Value PrOblemS
DOI 10.1186/513661-015-0432-3 a SpringerOpen Journal

RESEARCH Open Access

CrossMark
Stabilization of a laminated beam with
interfacial slip by boundary controls
Nasser-Eddine Tatar’
“Correspondence:
tatarn@kfupm.edusa Abstract
SD;Z;T;eg;;)l?ha;hjmvaést;ﬁ We consider two identical beams on top of each other with an adhesive in between.
Petroleum and Minerals, Dhahran, A considerable natural slip occurs in the structure and will not be ignored as was

31261, Saudi Arabia done in the previous investigations. In this work we take into account this slip and

prove that we can stabilize the system in an exponential manner using boundary
controls. The model consists of three coupled equations. The first two are related to
the well-known Timoshenko system, and the third one describes the dynamic of the
slip. Our result improves the few existing similar works in the literature.
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1 Introduction
Of concern is a structure of two identical beams of uniform thickness stuck together by an
adhesive. They are placed on top of each other. The structure is subject to a longitudinal
displacement in addition to transversal and rotational displacements. These vibrations are
undesirable, and it is our goal to stabilize the system in a fast way. These structures have
gained much in popularity and are known under the name of ‘laminated’ beams. They are
of considerable importance in engineering. The beams are attached together in such a way
that a ‘slip’ is permitted while they are continuously in contact with each other. In certain
situations the slip is purposively allowed with the objective to obtain some damping. This
damping should be able to restore the system to its equilibrium state. Fastening very tightly
the layers can affect anormally the performance of the structure.

A model based on the Timoshenko theory was derived in [1] (see also [2] for another

one), namely

oWy + G(Y —wy), =0,
Ip (3sy — th) - G(Iﬂ — Wyx) —D(3syx — Wxx) =0,
31,8 +3G(Y — wy) + 4y s +4Bs; — 3Dsy, =0,

where x € (0,1) and ¢ > 0, with initial data

(W’ w,S)(x, 0) = (WO, l/fo, SO): (Wtr wb St)(xr O) = (Wl, 1/f1, Sl)’ S (Or 1)
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and the cantilever boundary conditions. Here w, ¥, p, G, I,, D, y, B denote the trans-
verse displacement, rotation angle, density, shear stiffness, mass moment of inertia, flexu-
ral rigidity, adhesive stiffness and adhesive damping parameter, respectively, and s is pro-
portional to the amount of slip along the interface. It is rather the third equation which
is in the spotlight as when s = 0 we recover the standard Timoshenko system. As is well
known by now, the Timoshenko system has been studied by many authors, and many
results may be found in the literature. It has been stabilized by means of different con-
trols such as internal and/or boundary frictional and/or viscoelastic damping, dynamic
boundary conditions, pointwise damping, distributed damping, heat damping, etc. The
large number of citations cannot fit in this small paper. We refer the reader, however, to
[3-12] for similar boundary controls to the ones used here and also for the interesting
papers [13-15].

In [16] an exponential decay result was proved for this problem with one end fixed
(w(0,£) =¥ (0,¢) =5(0,£) =0, £ >0) and ¥ (1, £) —w,(1,£) = u1(£), sx(1,£) = 0, (38, — ¥, ) (1, £) =
uy(t), t > 0 at the other end. They adopted the boundary control

() =kiwe(L 1), ua(t) = —ka(Bs; — ¥)(1, 1)

and assumed that r; := % # 12 =:ry and k; # r;, i = 1,2. Moreover, they checked that the
P

damping present in the third equation alone is not able to stabilize the structure in an

exponential manner.

Under different boundary controls, namely
W(Or t) - Wx(oﬁ t) = _klwt(o: t) - W(O) t)) 3Sx(]., t) - %(1, t) = _klgt(li t) - é-'(l, t))

the authors in [17] proved an exponential stabilization of the system provided that the
‘dominant’ part of the closed loop system is itself exponentially stable.

Since then, it seems that the subject remained dormant. We would like to bring back to
life this matter of treating, in a more adequate fashion, structures for which the amount
of slip is considerable.

We discuss here the same model and boundary conditions as in [16]. We prove an expo-
nential stabilization result without assuming the conditions r; := % # % =:ryand k; # r;,
i =1,2. These conditions are dropped, and instead we will assume that pG < I,. Our ap-
proach is different from the one used in [16]. Namely, we will consider the system

pWir + G = Wy)x =0,
ToBsu = Yu) = G(Y = wa) = (35 = ¥)xx = 0, @)
Lpysy + GO —wy) + %ys + %,Bst -8 =0

for x € (0,1), ¢ > 0, with the boundary conditions

w(0,t) = ¥(0,¢) =s(0,¢) = 0,
(1// - Wx)(lr t) = klwt(lx t): Sx(l: t) =0, (2)
Bs = Y)x(L,2) = ~ka(3s = ¥):(1,7)

fort> 0.
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The well-posedness follows easily from a slight modification of the arguments in [16, 17]
(see also references in [1]). We have weak solutions in (V} x L?)? and strong solutions in
(V2 x H)?, where

vk= {v:ver(O,l):v(0)=O}, k=1,2.

We shall focus here on the asymptotic behavior of solutions and in particular on the ex-
ponential stabilization of the system.

In the next section we prove that the energy is decreasing, define the different func-
tionals we will utilize later and prepare some useful lemmas. Section 2 is devoted to the
statement and proof of our main result. The last section is a short one containing our

conclusion.

2 Some useful preliminary results
The energy of system (1)-(2) is given by

1 2
E(t) = 5[31;)||S:||2 + 4y IsI” + Bllsell* + I, 13s: — ¥el|” + || (s — ¥ |

+olwil? + Glly —will’], 20, (3)
where | - || denotes the norm in L?(0,1).
Proposition 1 The energy E(t) is decreasing and in fact we have
E'(t) = ~Ghkiw (1) - 4Blls:|I” - ka(3s = ¥); (1), £ = 0.
Proof This follows directly by multiplying the first equation in (1) by w; (the second by

(3s—1); and the third by s;) and integrating over (0, 1). Integration by parts and the bound-
ary conditions will also be used. Indeed, we obtain

od
§E||Wt||2 +G((¥ —wa)ww) =0, t>0
or

d
Wl = GO —wowse) + [GOY —wwe]y =0, £20

N

and by our boundary conditions

o d
5 [well? = G(W — Wi, wie) + lewf(l) =0, t>0.

The observation

Gd
G(Y — Wy, W) = —G(lﬂ — Wy, (Y =Wy — l/f):) = _EE”w - Wx”Z + G —wx, Yi)

leads to

| &

[ollwell? + Gl = well*] = G = wx, ) + Glaw; (1) =0,  £>0. (4)

N =
QU

t
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Working with the third equation of (1) we arrive at

4
(5100 + GO =5 + 27550 + 2 ol — (5050 = 0

or

d 4y 4
Zdt[l I II? +—IISII + [lsxll ] (w_Wx;St)"'?ﬂ”St”z:Oy £>0. (5)

Summing up (4) and (5) gives

Q.|§~

[31 lIselI? + 4y lIsI? + 3lls 1 + pllwell* + Gllyr - wall?]

N =

+ G(Y — wy, 38, — ¥) + 4BlIsc||* + Gkyw? (1) =0, > 0. (6)

The second equation in (1) allows us to write, for £ > 0,

P 2
Ed—nsst Vil
( Tﬁ - Wx) + (35 - w)xx’ (35 - w)t)
= G(W — Wy (35— ¥)e) = (85— Y)r (B35 = W)ar) + (B — ¥)a(3s — ¥)e ]y

=G(¥ —wa Bs—¥)e) — (Bs = V) Bs = ¥)ae) — ka(3s — )2 (1)

or

[1 13s: = Yl + || Bs = )| *] = G(¥ — wa, Bs = ¥):) — ka(3s — ¥)2(1). 7)

N =
&.|Q_

Our assertion follows at once from (6) and (7). O

Although from this proposition we see that the energy is uniformly bounded and de-
creasing, it is not clear how to prove exponential decay from this functional at this stage.
We need to establish a new functional F(t) which is suitable enough to derive an expo-
nential decay. The strategy (which is by now standard) consists in starting with the energy
E(t) and modifying it by adding new adequate terms (functionals) which may be estimated
below and above by similar terms already existing in the expression of the energy (leading
to the equivalence of both functionals) and whose derivatives provide us with the missing
terms in the energy after differentiation. That is, the goal is to obtain an inequality of the
form F'(¢) < —k F(t) for some positive constant «.

We claim that the functional

5
F(t)=E@®) + ) &Li(t), t=0

with

Ll(t) = Ip (SDS) - IO(WDS)7 LZ(t) = Ip (3st - %: 3s - I/f)’
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L3(t) = —pawy, ¥ — wy), Ly(t) =1, (x(35x —¥x), 38¢ — %),

LS(t) = _p(wtf W)’

V\)here
S ] = - r, d’ ] 8

for$;>0,i=1,...,5, to be determined, is an appropriate one.
It is easy to see that F(¢) and E(t) are equivalent. Simple use of the Cauchy-Schwarz
inequality and the Poincaré inequality will do.

Lemma 1 The derivative of L(t) along solutions of (1)-(2) is estimated by

2
0 ,B 9 9 4y 9
Lo=<(1,+—+-= -1 -
1) < ( o+ 2eg * 9 )”St” + (g0 = 1)lsxlI” + (80 3 lIsll

k2G?
+eo||wt||2+(1 WA1), 20,60 >0.

Proof As simple differentiation of L;(¢) and use of the first and third equations in system
(1) yield

L/l(t) =1, (Se:8:) + 1, (822, 8) = p(Wit, S) — p(We, S)

4
=Llis:ll* = G = wy, ) - —|| > —?ﬂ(S:,S) [ENT

+ G((W - Wx)xr S) - p(WbSt)r t Z 0
Observe that

G((¥ W) S) = G[(W — wa)S]y — G — W, S.)
= G~ w)(DSQ) + G(Y — wy,s)

2 k12G2 2
S 80”Sx|| + de Wt (1) + G(W - ers): t 2 0.
0

Therefore
2
o B 4y
L) < (Ip + 4_30 9—) llsell + (g0 = 1) llsxll* + <80 - ?> lIs?
KG?
+eollwell* + ig wi(1), t>0. 0
0

Lemma 2 The derivative of L,(t) along solutions of (1)-(2) satisfies

1 G?
Ly(t) <I,113s: — ¥ll” + (80 - 5) |Bs—v)|” + 5 v - wel|*

k2
+—2(3s—¥)?(1), t>0,80>0.
480
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Proof Using the second equation of (1), we find
1 i(?)s Y, 35 — )
pdt t tr

= L1135, — Yell? + G — w35 — ) + [(Bse — ¥2)Bs — ¥)];, = 138 — Yl
< 1,135 — Y lI® + G — wy, Bs — ) + (0 — D) Bs = ¥).||*

k3 >
+ (Bs—y);(1), t=0.
480

The estimate

1 2 G? )
G —wy, 35— ¥) < E||(3s—1/f)x|| ol —wal

implies that

1 G?
Ly(t) <L,113s: — ¥ell” + (80 - 5) |Bs—v)|” + v - wyl|*

k3 )
+ (SS - 1/f)t (1)1 t Z 0.
480

d
Lemma 3 The derivative of the functional Ls(t)along solutions of (1)-(2) may be estimated
as follows:
P 9p? o + Gk?
Ly(8) < S e = Bsill + gollwiell* + ——llsel* + ———Lwj (1)
2 480 2

G 2
—EHW—WxH , t>0,60>0.

Proof In view of the first and third equations in (1) and the definition of L3(z), we see that

Li(t) = —p (xws, (Y — wa)e) — pawe, ¥ — wy)

—pawe, Ye) + p(axwy, wae) + G(x(‘/f ~Wa)o ¥ — Wx)

2 2
=—pxwg, ¥y — 3s;) — 3p(xwy, s;) + g( ﬂ) + G (x M)

o dx 2 dx

=—p(xwys, Yy — 3s;) — 3p(xwy, s¢) + g[xwf]; + g[x(lp - wx)z];
Ll = Sy - wl?s e20.
Therefore, from our boundary conditions
Ly (8) = —p(aews, Y — 3s;) — 3p(xwy, s¢) + gwf(l)
SO = Dl = S w120,

Next, the estimations

P P
—pxwy, Y, —3s,) < E||wt||2 + Sl - 35>
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and

2 9p° 2
—3p(xwy,s) < eollwell” + —lIs¢|l
480

imply that

P o 9p*
L/g(t) = §||Wt||2 + E”Wt —33t||2 + 80||Wt||2 + E”St”2
0

[ G 2 p » G 2
—wi (D) + — (¥ —w,)"(1) - = - =Y —wy
+2Wt( )+ 2(l/f wx)“(1) 2||Wt|| 2||¢ Wel|

=

N

92

2 2 2

e = 3sell”™ + eollwell” + — el
4-8()

Gk} G
P W) - Sl -l e=o.

Lemma 4 Along solutions of (1)-(2), it holds that

2
Ly(t) < Lk

2 L 2, G 2
(st —¥)"(1) - o 13 = Yell™+ —ll¥ —wll”, £20.
Proof Clearly

Ly(@t)=1, (x(?’sx = V), 38, — Iﬁt) +1, (x(?’sx — ), 384 — th)
_ I_p (x d(3s. — ¥)

B dx ) + (x(gsx - V), G(Y —wy) + (3s - 11b)xx)
I I

= 5"(3» —¥)*(1) - 3” 138 = Yell” + G(x(355 — W)y ¥ — W)
¢ 5GP W) - S I35~ Yl 120,

and therefore

Ly(8) <

[\&) |%\'

1 1
(Bs — ) (1) - Ep”:gst —Yl® + Ell3sx —Yll?
g 2 1 2 1 2
+7”1//_Wx” +§(35x_l[’x) (1)_5||33x_1//x|| ) IZO,

or simply

2
Ly(t) < Lk

I G?
(3s: — ¥)*(1) — Epnsst -yl + v - wel®,  t>0.

Lemma 5 An estimation of the derivative of Ls(t) along solutions of (1)-(2) is given by

3G
L) < —pllwell* + (280 + 7) 1 — wall? + deo[ | (¥ —39). | +9lIsI1?]

212

Gk
+Gllnl® + —Lw2(1), t>0,g>0.
480
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Proof 1t is easy to see, from the first equation in (1) and the boundary conditions, that

Li(8) = —pllwll® = p(wy, w) = —pllwe]|* + G((W - Wx)x’w)
= —pllwell? + G[(¥ — ww], — G(W — wa, ws)
= —plwell* + G —w) (W) - G — wy, wy), £>0. ©9)

The last two terms in (9) may be estimated as follows:

2 G2k12 2 2 2 G2k12 2
G —w)w(1) < eollwl” + 20 (1) = 2&0[| = well™ + 2e0 | I” + ——w; (1)
€0 dey
SO
2 2 2 G2k12 2
Gy —w)Mw(1) < 260 [y — wall® + deo[|| (¥ = 3s)x |~ + 9lIsl?] + 4—50Wt @),
and

1 G G G
GY —wawa) < -Gl ~well® + Enwxn2 =l —well? + 5[2||w —will* + 2019 1?]
3G 9 9
= IV -wl+Glyal?, =0,
Taking into account the previous relations, we find
’ 2 2 2 2 G2k12 2
Li(t) < —plwell® + 280 [ — will® + deo[ || (¥ = 39) |~ + 9lIsII*] + Al
0
3G
+ v ~well® + Gl
3G 2
<-plwel* + (280 + 7) I — wall® + deo[ || (¥ = 39)« ||~ +9lIsII?]
G2k?
+ Gl + —Lw2(1), £ 0. 0
480

3 Main result
Using the previous lemmas we obtain the following result.

Theorem 1 For the energy E defined above, there exist two positive constants K and kg
such that

E(t) <Ke™* t>0
provided that p <1,/G.

Proof In view of Lemmas 1-5, we see that

/ 2 2 2 P’ 4p? 2
F'(t) < -Ghkaw; (1) = 4BIsclI” = kaBs = ¥); (1) + 81| L, + — + —— |15l
4-80 980

2

4-)/ 51/( Gz
+381(g0 — 1)|Is:]* + &1 (80 - ?> lIsII* + o lw||* + ﬁwf(l)
0
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2
I

1 5, G
+820, 1135 — Yrel|* + 82 (80 - 5) |Bs —w)|* + =

k282 P2 902

)
(3—1/1)2(1> —wft Bsil|? + £083llwell? + 2 s,
0

2
. %wﬁ( D=2y -l ¢ @(3& ¥’

1,84

G254
——||3t—1ﬁ:|| t =3 1Y = wll> = 85 pllwell* + Gs | xll®

212

Gk 3G
+ 4501 8sw; (1) + 8 (280 + —)Ill/f wel|® + deods[ || (¥ - 35)x|| +9]s11%]

or, using
IWal® < 2] (W = 39)e||” + 1815 1%,

we find

81k*G? Gk? G*k?
F(t) < [—le P e A | 83 + i &;]wf(l)

480 2
[kz Z—+’ +k254:|(35—1/f) W

2
p* 4B\  9p? 2
—4B +6 s )+ =5
+[ B+ 1( 4 +9€0>+480 3 [llsell
2 4‘]/ 2
+[81(50 — 1) + 18G85 ] lIslI* + | &1 f0- > +36g085 | lIsll

pds 1,8
+[=85p + £081 + €083 ||| +[ 23 "24 +821p}||3st—wtn2

+ [82 (80 - %) +4g085 + 2G85:| || (3s— l/f)x”2

{ G833 G?8, G384
+y-— +

3
5 + 5 +85<280+—>}||1p wel?, £>0. (10)
We shall forget for a moment about the first three terms on the right-hand side of (10) and
focus on the rest of the coefficients. We need

81(g0 —1) +18G85 < 0,

81(g0 — —) +36£¢d5 < 0,

—850 + €081 + €083 <0,
%_1,,54 +3821, <0,

82(g9 — 5) +4epd5 + 2G85 < 0,

2 2
—%+%+%+85(280+%)<0.

Next, ignoring &g as we will take it small enough later, we obtain

18G85 <81,

4 1,8
p73+821p<p74, (12)
2G5 < 2,

(SQG + G34 + 355 < 53.
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Observe that there is only a smallness condition on &5, so we postpone its selection. There

remains

S 1,6
£2 4+ 8,1, < 52, 13)
82G + G54 < 53.

In turn we see that there is only a smallness condition on §;, therefore we need

)083 < 1p84,

14
G84 < 83. ( )

These last relations (14) hold if p <1,/G by taking, for instance, 84 = (p + %” 25739. Now we

go backward and select 8, small enough (in terms of d3) so that the relations in (13) are

satisfied. Next we pick 85 and then §; so that the remaining conditions (12) are fulfilled.

At this stage we may choose ¢y (small enough to satisfy (11)). Finally, we select §3 so small
that the three first coefficients in (10) be negative.

The inequality F'(¢) < —k F(t), t > 0 implies the exponential decay of F(¢). This property

is shared by E(¢) through the equivalence. d

4 Conclusion
Our main goal here is the handling of the interfacial slip and the stabilization of the system.

This has been established using a different way than the one used in the literature and with

much weaker conditions. Indeed, the conditions r; := % 4L —pyand k; #r;,i=1,2, are

Ip

dropped and replaced by pG < I,,.
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