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Abstract

In the paper, a delay-differential equation modeling a bidirectional associative
memory neural networks (BAM NNs) with reaction-diffusion terms is investigated, for
which the input and output variables are varied with the time and space variables. By
taking advantage of the inequality techniques, some Lyapunov-Krasovskii functional
candidates are introduced to arrive at the novel sufficient conditions that warrant the
passivity of spatially and temporally BAM NNs with mixed time delays. Moreover,
when the parameter uncertainties appear in spatially and temporally BAM NNs, the
criterion for robust passivity is also given. Novel passivity criteria are proposed in
terms of inequalities, which can be checked easily. A numerical example is provided
to demonstrate the effectiveness of the proposed results.
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1 Introduction
Since NN related to BAM had been proposed by Kosko [1], the BAM NN s have been one
of the most interesting research and extensively studied topics due to their potential ap-
plications in pattern recognition, etc. This class of NNs have been successfully applied to
pattern recognition, signal and image processing, and artificial intelligence due to its gen-
eralization of the single-layer auto-associative Hebbian correlation to a two-layer pattern
matched hetero-associative circuits. Some of these applications require that the designed
network has a unique stable equilibrium point [2]. Recently, these two-layer hetero asso-
ciative networks called BAM networks with axonal signal transmission delays have been
studied in [2, 3], which have been used to obtain important advances in many fields such
as pattern recognition and automatic control. Recently, studies on neural dynamical sys-
tems not only involved a discussion of stability properties, but they also involved many
dynamic behaviors such as periodic oscillatory behavior, bifurcation, and chaos [2-10].
Stability problems are often linked to the theory of dissipative systems, which postu-
late that the energy dissipated inside a dynamic system is less than that supplied from
an external source. Passivity is part of a broader and a general theory of dissipativeness
[11, 12]. The passivity theory originated from circuit theory and plays an important role
in the analysis and design of linear and nonlinear systems. It should be pointed out that
the essence of the passivity theory is that the passive properties of a system can keep the
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system’s internal stability. The passivity theory was first proposed in the circuit analysis
[13], and since then it has found successful applications in diverse areas such as stability
[14, 15], signal processing [16], complexity [17], fuzzy control [18], and synchronization
control [19]. These are the main reasons why passivity theory has become a very relevant
topic across many fields, and much investigative attention has been focused on this topic.
It is noted that research on passivity has attracted so much attention, little of that had been
devoted to the passivity properties of delayed NNs until [20] derived the conditions for
passivity of delayed NNs. Recently, considerable attention has also been paid to the passiv-
ity analysis of NNs with time delay [20—24]. For example, some passivity conditions have
been proposed for continuous-time NNs with time delay in [20]. Considering this, some
delay-dependent conditions guaranteeing the passivity of NNs with time-varying delays
have been proposed in [22] by use of an LMI approach. The results on passivity analysis
of discrete-time NNs with time-varying delays can be found in [23].

In fact, one remarkable feature of passivity is that the passive system utilizes the prod-
uct of input and output as the energy provision, and it embodies the energy attenuation
character. A passive system only burns energy, without energy production, i.e., passivity
represents the property of energy consumption of the system. In addition, the passivity
analysis for NNs can help us understand the complex brain functionalities. It is worthy
pointing out that, in most existing works on the passivity of delayed NN, the diffusion
effects were not discussed. The reaction-diffusion NNs (RDNNs) were firstly introduced
by Chua in order to study passivity and complexity in [17]. What is more, in man-made
NN, strictly speaking, the diffusion phenomena cannot be ignored when electrons are
moving in asymmetric electromagnetic fields, thus we must consider the space is varying
with time [3, 8-10, 17, 24, 25]. It is also common to consider the diffusion effect in biologi-
cal systems such as immigration [26, 27]. The stability of NNs with diffusion terms, which
is expressed by partial differential equations, are discussed in [3, 8-10, 25]. Furthermore,
the input and output variables are also dependent on the time and space in many practical
situations. To the best of our knowledge, few authors considered the passivity problem
for delayed RDNN:Ss. It is interesting and important to discuss the passivity of RDNNS, in
which the input and output variables are varied with the time and space variables. In NN,
besides the diffusion phenomena, there might also be some uncertainties due to the ex-
istence of modeling errors, external disturbance, and parameter fluctuation, which might
lead to undesirable dynamic network behaviors such as oscillation and instability [24, 25].
Therefore, it is important to consider robust passivity of RDNNs against these uncertain-
ties.

Based on the above discussion, there are many results as regards the passivity problem
for delayed NNs. To the best of our knowledge, a passivity analysis has seldom been re-
ported for the class of delayed BAM NNs with reaction-diffusion terms. In the theory of
partial differential equations, Poincaré integral inequality is often used in the deduction
of a diffusion operator [28]. This paper will investigate the passivity problem for the class
of BAM RDNNs with mixed delays and Neumann boundary conditions, which is very
important in theories and applications and also is a very challenging problem. Several suf-
ficient general conditions are derived for the robust passivity of delayed BAM NNs with
reaction-diffusion terms by using Lyapunov functional method and Poincaré integral in-
equality, which are very convenient to verify. Finally, a numerical example is illustrated to
show the usefulness of the proposed criteria.
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2 Model description and preliminaries
In this paper, we consider the BAM NNs model described by the following partial differ-

ential equations:

Tt = Dker g (D) = pivi(t,2) + 37 byfi vy (6,)
+ 271buf V](t 0;i(t), %)) + Z] lb]lf kii(t — s)fi(vi(s, x)) ds + oi(t, %),

3 s
V, Zk 1 a (D Bxk) qvj(t, x) + 2 digi(ui(t,x)) M
+25 1dt1gz it = 7(1), %)) + 377 1duf kij(t — $)gi(ui(s,x)) ds + (£, %),
yi(t, %) = au;(t, x) +Ci0i(t,x),

zj(t, %) = avi(t, x) + ¢;9;(t, %),

where x = (x1,%,...,%)7 € Q C R, Q is a compact set with smooth boundary 9 and
mes 2 > 0 inspace R u = (ug, g, ..., )T € R, v=(v1,v2,...,v,)T € R", u;(t, x) and v;(t, x)
represent the states of the ith neuron and the jth neuron at time ¢ and in space x, respec-
tively. bj;, b,,, b},, dyj, 0_1,»}-, and ;i,',» are known constants denoting the synaptic connection
strengths between the neurons, respectively; f; and g; denote the activation functions of
the neurons and the signal propagation functions, respectively; o;(¢, x) and (¢, x) denote
inputs of the ith neuron and the jth neuron at time ¢ and in space ¥, respectively; p; and g;
represent the rate with which the ith neuron and the jth neuron will reset its potential to
the resting state when disconnected from the networks and external inputs in space, re-
spectively; 7;;(t) and 0;(¢) represent continuous time-varying discrete delays, respectively;
Dy > 0 and D].*k > 0 stand for the transmission diffusion coefficient along the ith neuron
and jth neuron, respectively; y;(¢,x) and z;(t, x) denote outputs of the ith neuron and the
jth neuron at time ¢ and in space x, respectively. Finally, i = 1,2,...,m, k =1,2,...,] and
j=12,...,n
System (1) is supplemented with the following boundary conditions and initial values:

aui <8ui 3%5 aui>T
— ==, ., — ] =0,

on 0x1 0o 0x;

3 v, 0 v\ * ?
Do ( 22 20 Lo, t>0xe09,

on 0x1 0 0x;

u;(8,%) = ui(s, %), vi(s,%) = @ij(s,%),  (s,%) € (-00,0] x 2 3)

foranyi=1,2,...,mandj=1,2,...,n where 7 is the outer normal vector of €2, ¢ = (w:) =

(@uts -+ s Pums Pty -+ -»@um) T € C are bounded and continuous, where

_ _ [P . (_OO’O] X R™ m+n
S

It is the Banach space of continuous functions which map (((:sjg]]) into R™*" with the

topology of uniform convergence for the norm

m n
Pu 2 2
= su loui|“dx | + su / l@yi|“ dx |.
()] s LS mrar] o [ [5m

For system (1), the following assumptions are made for each subsystem in this paper:

el =‘
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(A1) The functions 7;(¢), 0;(¢) are piecewise-continuous of class C' on the closure of

each continuity subinterval and satisfy

0= rij(t) = Tij» 0= ejl(t) 11: iij(t) < pr< 1, Gji(t) = Mg < 1,
= max {1}, 0= max {0;},
1<isml<j<n 1<i<mi1<j<n

with some constants 7;; > 0,6; > 0,7 >0,6 >0, forall £ > 0.
(A2) The activation functions are bounded and Lipschitz continuous, i.e., there exist
positive constants Lf and Lf such that for all 1,7, € R

fiom) =) | <Eim-mal,  |gm) —g(m)| < LSIm = nal. (4)

(A3) The delay kernels Kj,«(s),f(i,(s) : [0,00) = [0,00) (i =1,2,...,m,j=1,2,...,n) are
real-valued non-negative continuous functions that satisfy the following Condltlons.

() [y Ki(s)ds=1, [ Kj(s)ds =

(ii) fo sKji(s) ds < 00, [, sK(s) ds < 00.

Definition1 A system with inputs o (¢, x), ¥ (¢, x) and outputs y(t, x), z(¢, x) where o (¢,x) €
R™, 9(t,x) € R", y(t,x) € R™, z(t,x) € R™ is said to be passive if there are constants y > 0
and B € R such that

(i T T
2/0 /;Z(y(t,x) o (t,x) + z(t,x) ﬁ(t,x)) dx
z—ﬂz—V/tp/(G(t,x)Tcr(t,x)+19(t,x)Tz9(t,x)) dx (5)
0o Ja

for all £, > 0, where Q2 is a bounded compact set.

Remark 1 According to passivity property, the authors in [29, 30] addressed the passive
stability, control, and synchronization of complex networks, in which the input and output
variables are only dependent on the time. However, the input and output variables in many
systems are varied with the space and time variables. To the best of our knowledge, for this
case, there are few results of passivity that have been proposed [24]. As a natural extension
of the definition of passivity in [20, 24, 31], we propose Definition 1, which extends the
definition of passivity in [20, 24, 31].

Lemma 1 [28] (Poincaré integral inequality) Let Q be a bounded domain of R™ with a
smooth boundary 32 of class C* by Q. u(x) is a real-valued function belonging to H)(S2)
and

ou(x)
on

Q2

Then

/‘u(x)’zdxfl/wu(x)fdx,
Q A Ja
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in which X, is the lowest positive eigenvalue of the Neumann boundary problem

ot (6)

-Ap(x) = Mex), x€L,
FH |aQ =0, xe 092.

3 Passive analysis
Theorem 1 Under the assumptions (Al)-(A3), system (1) is passive if there exist constants
Wi, Wiaj > 0 and y > 0 such that

( = W"‘“")fo, )
wi—a; -y -— 20,'
and
O Wi @) Jg ®)
WWH_]' - 611' -y - 261'
in which
n n 5 n _ n
B = Wi (—2Dm ~2pi+ Y bl + Y IBul + Y |b,~i|> FLE Y Wl
j=1 j=1 j=1 j=1
1 n n
2\2 y g\2 7
+ 1- 0, (Li) Zwm+j|dij| + (Ll‘) Zwm+j|dz’j|’

j-1 j-1

m m
@ = ()" Y wilbyl + L " wilb
i=1 i=1

m m m
+ Wm+j (—ZD]*)\l — 2q1 + Z |d,}|lf§r + Z |dl'/| +2 Z |dl}|)

i=1 i=1 i=1

1 roxe s
A (L) gwﬂbﬁl,

i=12,....mj=12,...,n, LJ; and L‘f are Lipschitz constants, D; = min<x<; Dy, D;‘ =

minlfkilka, A1 is the lowest positive eigenvalue of problem (6).

Proof Multiplying both sides of the first equation of (1) by u;(¢,x) and integrating over Q2

yields
1d )
—— (t,x)" d
T Qz,t( x)°dx
l
d du; (L,
:/ Zui(t,x)—<Dik i x)>dx—pi/u,»(t,x)2dx
Q P 8x1< an Q

+ / > bt x)fi(vi(t,x)) dx+ Y / bjiui(t, %)f; (v (¢ — 0(t), %)) dx
Q3 19

Bl‘j, tk‘i_",dd (¢, i;d. 9
+12=1:/Q 1u(tx)/_oo it — s)fi (vi(s, %)) ds x+/9u(tx)g(tx) x 9)



Zhang Boundary Value Problems (2015) 2015:174 Page 6 of 18

It is easy to calculate by the Neumann boundary conditions (2) that

el i(t’ )
/QZu(tx ( ik Maxkx>dx

k=1
ou;(t,x)
/Qle:u(tx ( 3, )dx
2
/Q;u(tx)le /s;kXI:le< Bxk )dx

! aui(t,x) 2
:_kZ:; /Q Dik< - > dx. (10)

Moreover, from Lemma 1, we can derive

—Z/ lk(a” (”‘) dx < - Z/ (‘”““ ’”) dx <D w60’ QD)

From (9)-(11), we obtain

d 2
E/Q|u,'(t,x)| dx

5—2Dik1/ |ui(t,x)|2dx—2pif |ui(t,x)‘2dx
Q Q

+2/ Z|b,,-||u,-(t,x)|L{|v,(t,x)|dx+22/ 1Byl [us(t, )| |f; (v (¢ — 6:(0), %)) | dx
Q'3 e

2 b;; ¢ kit — )| uilt, (s, Jed

. ]ZI/Q| A/_w (03|l £ (5, )| d

+2/ u;(t,x)oi(t, x) dx. )
Q

Multiplying both sides of the second equation of system (1) by v;(t,x), similarly, we also
have

d
d—[|v/(t,x)|2dx§—2D;‘)q/\vj(t,x)|2dx—2qj/.|v/(t,x)|2dx
tJa Q Q

2 / S gl st )|yt )|
Q

i=1

+2 Z/Q \djl| @i (i (£ = 7 (8), )| [v;(t, )| dx
i1

m _ t _
+22/Q|d’7|/ kij(t—s)|gi(ui(s,x))"v,'(t,x)’dsdx
i=1 -

+2/§2V,'(t,x)z9j(t,x)dx. (13)
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Let us construct the following Lyapunov functional:

V(t)—/zwz["ﬂ(t x) +Z|b]z|—/ [f(v](“g‘,x))|2d5

0i(£)
+j2_1:|i’ji|/0 kii(s) /t_s[ﬁ(vj(s,x))|2dg ds:| dx
/Zwm+1|:vjtx) +Z|dl]| / |gl(ul(§yx))|2d£

t rL} t)
mo +00 t
+ Z |l / kij(S)/ |gi (u:(€, %)) |2 d& ds:| dx.
i=1 0 t-s
Its upper Dini-derivative along the solution to system (1) can be calculated as
D* V(t) < / Z w; |:—2Dl-)»1\u,'(t,x)|2 - 2pi|ui(t,x)|2
s
n n .
+2 Z |bji|4i(t, %) |Llf‘vj(t,x)’ +2 Z 1Bjil |us(t, %) | |5 (v (£ = 6;:(2), %)) |

j=1 j1

+2Z|b,,|/ it — ) |wi(t, %) || (vi(s,%)) | ds + 2u,(t, 2)03(t, %)
)
+Z|b,,| Ifi (v (£, %)) Z|bﬂ|/ Ki(s) |f; (vi(&, )| ds
—Z|b,,| (1= 6:0)) |fi (v (£ - 65(8), %)) |
_ Z 1B /0 ” lgi(s)[ﬂ(vj(t—s,x))‘zds] dx
)
+ /Q jilwm+j|:—2ka1}v/(t,x)’2
—2g|v(t,0)[" +2 i |y |18 |wi(t, %) |v,(2,%)|
1
23l (=0 e )
+22|du|/ k(¢ — 5)|gi (wi(s,)) | [v;(t, %) | ds + 2v;(t, %), (¢, %)
par

~ 1
+ Z ] m |gi(ui(t,x)) |2
i=1

G |
- Z | q(l = %(8)) | gi (wi (£ — 7(2), %)) ‘2
i=1 T

Page 7 of 18



Zhang Boundary Value Problems (2015) 2015:174 Page 8 of 18

i) [ ROlanen) ds
i=1 0
-3y / l_<Lj(s)|gi(u,-(t—s,x))f2d5:| dx. (14)
i=1 0
According to (12)-(14) and (A1)-(A3), we can derive
= 2 2
D+ V(t) < / ZW,' |:—2D,'A1|ui(t,x)| — 2pi|u,'(t,x)|
e
+ Z |bji|L{(|ui(txx)|2 + [yt
j=1
+ 2 il (f(e0] "+ [ (e - s, ) )
j=1
+ Z |l_9,i| f kii(t - s)(’ui(t,x)|2 + M(V,-(s,x)) |2) ds + 2u;(t, x)o;(t, x)
IEE
+ Zn: |I;»i|; [f(v'(t,x)”2 + 2”: |bji| /‘+oo /<»i(s)V(V'(t,x))|2ds
/:111_“911 j=110 Gi\S) iV
- |5ﬁ|Vj(Vj(t—9ﬁ(f),x))|2 - |El‘i| - k,»i(s)[ﬁ(vj(t—s,x))|2ds dx
0
j=1 j=1
+ /Q Z Winsj |:—2D;‘)\1}v,»(t,x)’2 - 2qj|v,'(t,x)|2
j=1
+ Z |di,»|L§(|ui(t,x)|2 + |vj(t,x)|2)
i=1
+ 1l (|g (it - 70, 2) [ + [y(e0)])
i=1
+2 Z |dj| / kii(t - 5)(|gi (wi(s, %)) ’2 + |v,»(t,x)‘2) ds + 2v;(t, x)0;(t, x)
i=1 -
m N 1 m ~
+ Z |d;] T g (it ) | Z i |gi (i (£ — 750), %))
i=1 t i=1
+ Z | / kij(s)| i (ui(t, %)) |2 ds
i=1 0
- Z |c_ii}-| / l_(,-j(s) |g,-(ui(t ~5,%)) !2 dsi| dx
i=1 0
= /Q Z{wi[—zml ~2p;+ Y Bl + Y IBul + Y |Eﬂ|]
i=1 j=1 j=1 j=1

n 1 n _ n _
+ L;g Z Wm+]|dzj| + 1_— (Lf)Z Z Wm+j|dij| + (Lf)Z Z Wm+]|dt/| }
j=1

j1 He 1
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X |ui(t,x)|2dx
n m m » m _
. / Z{wmﬁ [—wjxl YN Al RS ATy |d,-,-|i|
j=1 i=1 i=1 i=1

1

m +00 m
i|bjil + (Lf)2zwi|b/i|/0 kji(s)d5+LfZWi|b/i|}
i=1 i=1

X |v,(t,x)|2dx

/ |:Z wiu;(t, x)o;(t, %) + Z Wi Vi(t, %) 0(t, x):| (15)

j=1

Thus, we have

D*V(¢) - 2/ |:Zy,»(t, x)o;(t, %) + sz(t, x)9(t, x):| dx
2 i=1 j=1
-Y / |:Z oi(t, %) + Z z?,»(t,x)z] dx
Q i=1 j=1
m n ; " ) n i "
< /Q le{wi[—zDixl -2p; + le ||} + 21: |bj;| + 21: |b,,«|} + I8 Z:Wmdﬂ
= J= j= j= j=

1
l_l’Lt

+

(L) Wansgldil + (L5)7 D Wiyl } |ui(t, )| d

Jj=1 Jj=1

+/QZ{WW,[ 2D7 0 — 2q,+Z|dl,|L +Z|d,,|+22|dl,|}
j=1 i=1

1

1Bl + (L)) Zwl|b,l|+L Zwl|b,l|}|v,(t )| dx

i=1 i=1

/ |: i(t,x)0:(t, %) + Zwmﬂv,(t x)0(2, x)i| dx

j=1

/|: tx)oltx)+Zz,tx)19(t x):|

j=1

/[i it %) +Zﬂ (t,%) ]dx

{[ ( 2DA1—2pl+Z|b,l|L +Z|bn|+2|b,,|)

2
+L§ Wyl + 7= (L) Zwm+,|dl,|+ (L) Zwm+,|dz,|}|u(tx>|

Jj=1 j=1 Jj=1

+ [2(w; — a))ui(t, %)0y(t, %) + (—y - 2¢)0:(t,%)*] } dx
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+ / { {wmﬂ- <—2D;*x1 —2gp+ Y NdgILi+ Y ldyl +2) |£i,,|>
Q

j=1 i=1 i=1 i=1

1 m 5 m _ m
1 _— (L]f')zzwi|b/i| + (Lf)z Zwi|bji| +L52Wi|bji|:| |Vj(t:x)|2
i1 i-1 i-1

+ [2Wimaj — @)V (6:2)05(8, %) + (—y - 22)9;(5,%)° ] } dx
" T
/ u;(t, x) OF w;—a; u;(t, %)
= Z dx
‘g \oiltx)] \wi-a;i -y -2c) \oi(t,x)
n T -
.\ / Z v;(¢, %) 0; ) Winsj — flj vi(t,x) dx. 16)
ol V;(t, %) Wiej— @ —Y — 20 (¢, %)
According to (16), we can derive

D'V (t)-2 /Q [Zyi(t,x)ai(t,x) + sz(t,x)ﬂj(t,x)j| dx
i=1

j=1
—y f [Z oit,x) + Y ﬁj(t,x)2j| dx <0. (17)
i j=1

By integrating the above inequality with respect to ¢ over the time period 0 to £,, we have

Zfofpfﬂ[éyi(t,x)m(t,x)+j2::zj(t,x)ﬁj(t,x):| dxdt
— _ p m " ) n " , e
> V(t,) - V(0) )//0 /Q|:i21:a(t x) +;ﬁ](t x)] xdt 18)

Since V(t,) > 0 and V(0) > 0, we have
o [ 1S e montn) + S 29,6 | ded
/0 L[izz;y(tx)a(tx)+;z,(tx) i(t x):| x dt
P m,.,znz?»,zdd 19
> g y/o /Q|:;a(tx)+;,(tx):|xt (19)

for all £, > 0, where 8 = «/V/(0). This completes the proof of Theorem 1. O

Remark 2 In Theorem 1, the Poincaré integral inequality is utilized firstly. This is a very
key step. Thus, the obtained passivity condition includes diffusion terms, which is novel
for delayed RDNNs.

Remark 3 References [20, 32] investigated the passivity of NNs with time-varying delay,
in which the input and output variables are only dependent on the time. Theorem 1 gives
a passivity condition of BAM RDNNs with Neumann boundary conditions and mixed
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time-varying delays. This condition not only connects with the delays, but it also relates
to the diffusion effect. There are few results on the passivity analysis of BAM RDNNs with
Neumann boundary conditions and mixed time-varying delays. Therefore, the passivity
criterion provided in Theorem 1 is essentially new compared with those given in [17, 24].

4 Robust passive analysis

Because of the presence of unavoidable factors, such as modeling errors, external pertur-
bations, and parameter fluctuations during the physical implementation, the NNs model
certainly involve uncertainties such as perturbations and component variations, which
will affect the passivity of the whole system. In this regard, to analyze the uncertainty of
BAM RDNNS, one reasonable method is to assume parameters in certain intervals. In or-
der to establish the passive condition for system (1), the quantities may be considered as
intervals as follows:

D] = {D:(Dik)mx[:Bfobyi'eoBik SDikSbik,kzlwuyl,i:1w~>m})

Dj:={D*=(D}),,,: D" <D*<D%ie,Dj <Dy <Dj,k=1,...,Lj=1,..,n},

Pyi= {P=diag(p)):P <P <Pie,pi<pi <pui=1,...,m},

Qr:= { = diag(q;): Q < QfQ,i,e‘,ijjfcvzj,jzl,...,n},

B;:

B= (b]l)nx :B SBSEJ:&, ]lsbjlf ji;i:1)~-'1m:j:1;'~')n})

{
By:={B= (bﬂ)nxmzéféfé,i,e,,zﬁf i <bii=1,...,mj=1,...,n},
={B:(l_oﬁ)nxm:Esésé,i,e‘,zﬁs ﬁfzﬁ,izl,...,m,jz1,...,n},
Dyi={D=(dy)mxn:D<D<Die,dy <dj<dyji=1,...,mj=1,..,n},
D1:={f):(Zi,j)mxn:l:)fbfl:),i,e,,c:iljf l»,»Sélj,iz1,...,m,j=1,...,n},
Dy:={D=(j)men:D<D<Dierdy<dy<dyi=1,...,mj=1,...,n}.

Definition 2 System (1) with the parameter ranges defined by (20) is called robustly pas-
sive, if, for all D € D;, D* € DY, Pe P;, Qe Q;, B€ B;, Be B;, Be B;, D € D, D € Dy, and
D e Dy, there are constants y > 0 and S € R such that

7 T T
2/0 /Q(y(t,x) o (t,x) + z(t,x) 19(t,x)) dx
z—ﬁz—y/tp/(o(t,x)Tcr(t,x)+19(t,x)Tz9(t,x)) dx (21)
0o Ja

forall £, > 0.

Theorem 2 Under the assumptions (Al)-(A3), system (1) with the parameter ranges de-
fined by (20) is robustly passive if there exist constants wi, Wy,.j >0 and y > 0 such that

—y-26<0,  -y-2¢<0, (22)

g -a*(-y -2¢)" <0, (23)

Page 11 of 18
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and
OF - a*(~y —2¢)™ <0, (24)
in which
b} = max(|bi,|, IE,',-I), ZJ}’} = maX(|Zij|, |Zi/|)x [_97,- = max(zij» Zii)’
max (|d;1, |dy1), dy; = max(|§li,~|, |§zi,~|), d = max(|fil«,|, |Z_ii,|),
max

|Wi_ai|»|Wi—Ei|)» 6_17: (lwm+j_ﬁj|x|wm+j_éj|)r

n n n n
ET = wi(—2Dik1 - 225 + Z b;L{ + Z b]*l + Zaﬁ) + L‘lg Zwmﬁd;’
j=1 j=1 j=1 j=1

g £\2
L Zwmﬂ L E Wm+/ ll’

Tis MT
9 m
©; = (L)Y wibj+ L Zw,
i=1
m » m 1
+ wmﬂ( 2D A — Zq, + Zd;L‘f + Zd; +ZZEZ;;> + .
i=1 i=1

i=1

i=12,....m,j=12,...,n, D m1n1<k<;D,k, D. = minj<x<; le, L and Lg are Lipschitz
constants, Ly is the lowest positive eigenvalue of problem (6).

Proof Let us construct the following Lyapunov functional:

V(t)—/Zwl[u (2, x)* +Zb]"lﬁ ()V(V;(S,x))‘zdé&

bt mk, tl-, "deds | d
35 [ [ Wt ds

/Zwm+}|:v,tx +Zd111 o / ’gi(ui(srx))‘zdé

t-;i(t)

+ Z‘_i;;/o /_<,7(s)/ ‘gz‘(ui(%':x)) ’zd%_ ds:| dx.
i=1 t=s

From (9)-(13), its upper Dini-derivative along the solution to system (1) can be calculated
as

D'V /ZW,|: 2Dkl‘u tx| —Zpl]ultx|
Q

i=1

+ 2Zb;|ui(t,x)|L{|vj(t,x)| + 2213;;|u,-(t,x)| I (v; (¢ - 6:(0), %))
j=1

j=1

+2) by / t Kii(t = ) |ui(t, %)||fi (v (s, %)) | ds + 2u:(t, %) 02, %)
jr T
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+Z i (vex)[* + > by /0 ki(s)|f; (v;(2,%))|” ds
j=1
- 1
- Zb;’kil ~ Qll(t)) V(V/ (t 6i(2), x))|
j=1
_ ZZ;;;/O lgi(s)[ﬁ(vj(t—s,x))|2dsi| dx
j=1
+/ Zwm+j|:—25;‘)»1iv,-(t,x)|2 —2Z]j|vj(t,x)|2
eg
+2Zd;;L§|u,(t 0| [yt %)| +2Zd |gi (it = 75(2), %)) || vt )|
i i=1
+22d*f /Q, (t-s |g,( S, x))||v, (t,x ‘ds+2v,(t x)0(t, %)
+ Zdlll |g, (wi(t, )| Zdul (1 - 20)|gi (it - 70, %)) |
+;c_i;f0 kij(s ‘g, tx)| ds
— Z(,_i;/+oo l_(l](S) |gl(u,(t—s,x))|2ds:| dx. (25)
i=1 0
According to (12)-(13), (25) and (A1)-(A3), we can get
() < / Zwi |:—2ﬁikl‘ui(t,x)|2 - 213i’ui(t,x)|2
Qg
Zb*Lf |u,(t x |V,(t x)| Z |ul tx)| (V](t 0;(t), x))| )
+ ZB;/ kjt(t—s)(|ui(t,x)|2 + [ﬁ(v;(s,x))|2) ds + 2u;(t,x)o;(t, x)
j=1 —o0
+Z i ()| +> b /0 ki(s) | (v;(2,))|” ds
j=1
Z Ui (¢ - 6:0),%))|* - ZE;;/O lgi(s)m(v,(t-s,x))ws] dx
j=1

+ /Q Z Winsj |:—2B;‘A1|vj(t,x)|2 - 2§/|v/(t,x)|2

j=1

+Zd;L‘f |ui(t, %) |V1(t x)| )
i=1

m

+ 3| (it - 70, %)[* + [0 ?)

i=1
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+2 Z / kit - 5)(|gi(uils, %)) | + |vi(&, %)) ds + 2v,(2,%)9;(t, %)
+Z t/l }gl tx) | _Z ‘gt t Tll x))|2
+ Z&z;; / ki(s)|gi (ui(t, )| ds
i=1 0
_Zd / kyi(s) |g,(u(t—sx)| ds:|dx
= / Z{Wi[—25i)»1 —2p; + Z b;‘iL{ + Z Z / —s) dsj|
® j=1 j=1
+ L‘f Z wm+jd; +
j=1

1 2 “ "1
— (L‘?) Zwm+jdji
j=1
n _ +00 _
(Y [ d“}!uxt,xwzdx
1 °
n . " ~
. / Z{WW,[—zD;‘M—EﬁZdZL‘? 2.
Q ) i=1 i=1
+22dz1/ kii(t s ds:|
5 m _ +00 "
) S [ e ]
p= 0 i1

X ’vj(t,x)|2dx

+2 / [Z witki(t,%)0i(E,%) + Y WiV, 2) 058, x):| dx. (26)
2] = j=1
Thus, we get
DV() -2 / [Z yilt,®)oi(t, %) + Zz,«(t,x)z?j(t,x):| dx
Q| =1 j=1
-y / |:Z oi(t, %)% + Z ﬂj(t,x)z] dx
L j=1
m _ n no "o ¢
< / Ziwi|:—2Dik1 ~2pi+ Y b+ b+ Zb;;/ kﬁ(t—s)ds:|
2a j=1 j=1 j=1 —00
n 1 n 5
+If Z Wiy + = (L‘f)2 Z Wil
. - ,U«t .
j=1 j=1

(LD Wi / ki (s) ds} |wi(t, %)) dx
=1 0
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n m m t
+/ {wm+]|: 2D Al — 2q}+Zdl’;L‘f+Zd:‘j+ZZc_ﬁ;/ /_(i/(t—s)ds:|
Q i=1 i=1 o0

j=1 i=1 -

o+ (L{)ZZW,'I;;/ kji(s)dS+L]f.Zwib;‘i}|vj(t,x)|2dx
i=1 0 i=1
2 / [ wini(t,%)0,(t, %) + Z WiV (£, %) 05 (2, x):| dx

j=1

(£ %)03(t,%) + Zz, t,x)0;(t, x)]

j=1

hx
—y/[Zo,(tx) +Zz9 (t,%) ]dx
{

m n " "
[ [Wf(‘m-2@+zb;¢+2bz+ZE?’?)
Qg j=1 j=1 j=1

+ L‘f Winsjdl 1

(L)Y ey ¢ (5 wmﬂ&l:;} Jui(t,)|°

j=1 ‘ j=1 j=1

+ [2(w; — a)ui(t, x)0i(6, %) + (—y - 2ci)0,-(t,x)2] } dx

n m m
+f§ me+,-<—213;x1—2aj+§ AL+ di+2) Ei;;)
j=1 i=1 i=1 i=1

1

o+ (L{)2 Z w,-l_a;; + L]f. Zwib;:| |v,»(t,x)|2
i=1 i=1
+ [Z(W,,Hj - Zzi)V,(t,x)ﬁj(t,x) +(=y - 255)19]'(1',96)2] } dx
(e (& (%)
u;(t,x g; w; — a; u;(t,x
) /s; ; (Uz’(tvx)) (Wi —-a; -~y - 2Ct> (Ui(t)x)> =
+ / () (0 ) (e dx. (27)
Q" ﬁj(t, x) Winsj — 6_11‘ -y - 2(_31 ﬁj(t, x)

Since —y —2¢; < -y —2¢;<0and -y — 26 < -y — 25, <0, it is easy to see that

g

* L —
( i Wi—di ) <0isequivalent to E} — (w; — a; -y -2¢)" <o0. (28)
wi—a; -y -2

Similarly, we see that

e* @
S Wi il} <0 is equivalent to @;‘ — (Winaj — Zz,-)z(—y - 25,)71 <0. (29)
Winej —@j  —Y —2¢;
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In addition,
E (Wl_dl) ( 7/ ZC) 1 * *2( )/ 261) -
and

®;‘k_(wm+/’ ) ( Y- 20/) - = ®* _* ( Y- 26}) .

According to (27)-(31), we can derive

-2 /Q [Zyi(t,x)ai(t,x) + sz(t,x)ﬁj(t,x)j| dx
i=1

j=1
-y f [Z o,(t, %)% + Z 19,'(t,x)2j| dx <0.
Q| a1 j=1
By integrating (32) with respect to ¢ over the time period 0 to £,, we have
lp m n
2 / / [Z yilt, %)oi(t, %) + sz(t,x)ﬁj(t,x):| dxdt
LA P j=1
> V(t,) - V(0) - / /|:Zcr,(t %)’ +Za(t x) ]dxdt
Since V(¢,) > 0 and V(0) > 0, thus
tp m n
2 / / [Zyi(t,x)m(t,x) + sz(t,x)ﬁ/(t,x):| dxdt
0 Jef j=1
tp m n
>~y / / {Z ot )+ ﬁj(t,x)z] dxdt
0 Jel iy j=1

for all ¢, > 0, where 8 = «/V(0). This completes the proof of Theorem 1.

5 lllustration example

To illustrate the effectiveness of our criterion, we give the following example.
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(30)

(33)

(34)

Example 1 Consider the following BAM RDNNs with mixed delays and Neumann

boundary conditions:

t 3x1 (Dll g;:ll) _piui(t: x) + 2;1:1 bjiﬁ(_vj(t’x))
, +) " b (vt - 0:(8), %)) + > bii [* Kt = s)f(vi(s, %)) ds + oi(t, %),
avt/ = Bxl( /*13:/1) qvj(t, x) + Zz 1 Aiigi(ui(t, x))

yi(t, %) = a;u;(t, x) + c;oi(t, %),

Z]‘(t, x) = leVj(t, x) + Ejl}j(t, x),

+y ld,,gl ui(t — i(6),%) + > 1duf k,](t - 8)gi(ui(s, %)) ds + 0;(t, %),

35)
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where € = {%1|0 < %1 < ~/0.27} CR, Dj = Di=Ln=m=r=2,ki(t) = /_<,7(t) =te™t, fi(n) =
g =2n+1+ -1, L =L =Lf=Lf=1,0=3,1=0=In2,4;=&=1,¢= =05,
Pi=4 q=3ij=12 =y =02, dy =05, diy =1, dyy = 0.5, dpp = 0.2, dyy = 0.2,
diy =0.6,dy =05, dy =0.3, dyy = 0.8, doy = 0.1, day = 0.2, dyy = 0.8, byy = 0.5, by, = 0.6,
by =1, byy = —0.8, byy = -1, by = 0.2, byy = 0.5, byy = 0.4, byy = —0.5, byy = 0.1, by; = 0.3,
byy = 0.5. By a simple calculation with w; = wy = w3 =wy =1 and y =1, we get

E - -6.525 0
S <0, (36)
wi—ar -y -2 0 -2
) - -9.225 0
R <0, (37)
Wy—a; -y — 2¢) 0 -2
® —-a -515 0
SR <0, (38)
ws—a; -y -2 0 -2
and
® —a -33 0
S <o0. (39)
Wa—ay -y —2C 0 -2

That is, (7) and (8) hold. Therefore, it follows from Theorem 1 that system (35) is passive.

6 Conclusions

In this paper, we have investigated the passivity analysis problem for a class of spatially
and temporally BAM NNs with mixed time delays. The model suggested in this paper is
comprehensive, since it simultaneously incorporates reaction-diffusion terms and mixed
time delays. We have not only developed several novel sufficient conditions to ensure the
passivity of BAM NN with reaction-diffusion terms and mixed time delays but also inves-
tigated the robust passivity of the corresponding system with unknown parameters. In par-
ticular, many techniques and approaches, such as the Lyapunov functional and Poincaré
integral inequality, have been successfully applied in this paper. Moreover, our obtained
passivity conditions depend on time delays and reaction-diffusion terms, and thus are less
conservative than delay-independent and reaction-diffusion-independent criteria. There-
fore, the results obtained in this paper are less conservative, and they generalize and im-
prove many earlier results. Finally, a numerical example has been presented to show the
effectiveness of the derived results.
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