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Abstract

By using the least action principle and the minimax methods, the existence of
periodic solutions for a class of second order Hamiltonian systems is considered. The
results obtained in this paper extend some previous results.
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1 Introduction and main results
Consider the second order Hamiltonian system

i(t) = VF(t, u(t)),

11)
u(T) = u(0) = il(T) — i4(0) = 0,

where T'> 0 and F: [0, T] x RN — R satisfies the following assumption:
(A) F(t,x) is measurable in ¢ for every x € RN, continuously differentiable in x for a.e.
t € [0, T, and there exist a € C(R*,R*), b € L}([0, T]; R*) such that

|F(t,x)| < a(lx)b(®),  |VE(tx)| < a(]x])b()

forallx e RN and a.e. t € [0, T].
The corresponding functional ¢ : H:. — R,
1 (T ) T
o(u) = 3 / |iu(e)|” dt + / E(t,u(t))dt,
0 0

is continuously differentiable and weakly lower semi-continuous on H%, where H} is the
usual Sobolev space with the norm

T T 1/2
||u||=</0 ]u(t)|2dt+/0 |it(t)|2dt>

for u € HY., and

(@' (), v) = /OT[(it(t), V) + (VE(t,u(t)), v(2))] dt
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for all u,v € H}, It is well known that the solutions of problem (1.1) correspond to the
critical points of ¢.

The existence of periodic solutions for problem (1.1) is obtained in [1-22] with many
solvability conditions by using the least action principle and the minimax methods, such
as the coercive type potential condition (see [2]), the convex type potential condition (see
[5]), the periodic type potential conditions (see [16]), the even type potential condition
(see [4]), the subquadratic potential condition in Rabinowitz’s sense (see [9]), the bounded
nonlinearity condition (see [6]), the subadditive condition (see [11]), the sublinear nonlin-
earity condition (see [3, 13]), and the linear nonlinearity condition (see [7, 15, 19, 20]).

In particular, when the nonlinearity VF(t,x) is bounded, that is, there exists g(¢) €
LY([0, T],R*) such that |VF(t,x)| < g(t) for all x e RN and a.e. t € [0, T], and that

T
/F(t,x)dt—>:|:oo as |x| — oo,
0

Mawhin and Willem [6] proved that problem (1.1) has at least one periodic solution.
In 3, 13], Han and Tang generalized these results to the sublinear case:

|VF(t, x)| <f@t)x|* +g(t) forallxe RN and a.e. £ € [0, T] (1.2)
and

T
|x|_2"‘/ F(t,x)dt — o0 as |x| — 00, (1.3)
0

where f(t),g(t) € L}([0, T],R*) and & € [0, 1).
Subsequently, when @ =1 Zhao and Wu [19, 20] and Meng and Tang [7, 15] also proved
the existence of periodic solutions for problem (1.1), i.e. VF(¢,x) was linear:

|VF(L‘, x)| <f(®)|x| +g(t) forallxe RN and a.e. £ € [0, T,

where f(t),g(t) € L}([0, T],R*).

Recently, Wang and Zhang [21] used a control function /(|x|) instead of |x|* in (1.2) and
(1.3) and got some new results, where / satisfied the following conditions:

(B) & € C([0,00), [0, 00)) and there exist constants Cy > 0, K >0, K; >0, @ € [0,1) such
that
(i) h(s) <h(t) Vs <t,s,te0,00),
(if) (s + 1) < Co(h(s) + h(t)) Vs, t € [0,00),
(iii) 0 < h(s) < Kis* + Ky Vs € [0, 00),

(iv) h(s) = oo as s — oo.

Motivated by the results mentioned above, we will consider the periodic solutions for
problem (1.1). The following are our main results.

Theorem 1.1 Suppose that F(t,x) = Fi(t,x) + F5(x), where Fy and F, satisfy assumption (A)
and the following conditions:
(1) there exist f,g € LM[0, T]; R*) such that

!VFl(t,x)| 5f(t)h(|x|) +g(0),

forallx e RN and a.e. t € [0, T, here h satisfies (B);
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(2) there exist constants r > 0 and y € [0,2) such that
(VFz(?C) - VFZ()’)MC _y) > _r|x —J’|y,

forall x,y € RN;
(3)

T T2c2 T
liminf/2(|x|) / F(t,x)dt > 8—20 / fA(¢)dt.
I 0

|x]— o0 0
Then problem (1.1) has at least one periodic solution which minimizes ¢ on H..

Theorem 1.2 Suppose that F(t,x) = Fi(t,x) + Fy(x), where F|; and F, satisfy assumption
(A), (1), (2), and the following conditions:
(4) there exist § € [0,2) and 1t > 0 such that

(VEy(x) - VE(y),x —y) < pulx -1’

for all x,y € RV;
(5)

T 3T2C2 T
limsuph’2(|x|)/ F(t,x)dt < - S 20f fA(t)dt.
0 1 0

|x]— 00
Then problem (1.1) has at least one periodic solution which minimizes ¢ on H..

Theorem 1.3 Suppose that F(t,x) = Fi(t,x) + Fy(x), where F| and F, satisfy assumption
(A), (1), and the following conditions:
(6) there exists a constant 0 < r < 4mw?|T?, such that

(VE(x) - VE(),x - y) = —rlx - yI%,

forall x,y € RN;
7)

) T T? T
- Floxdis — L t)dt.
imin (|x|)/0 (&,x)dt > 2(47? —rTz)fo s

|x]|— 00
Then problem (1.1) has at least one periodic solution which minimizes ¢ on H.

Theorem 1.4 Suppose that F = F) + F,, where F) and F, satisfy assumption (A), (1), and
the following conditions:
(8) there exist k € LX([0, T; R*) and (A, j1)-subconvex potential G : RN — R with ) >1/2
and 0 <y < 2)2, such that

(VE(t,%),y) = —k(£)G(x - y),

forall x,y € RY;



Wang and Yang Boundary Value Problems (2015) 2015:199 Page 4 of 14

T 3T2c2 T
1imsuph-2(|x|)/ Fi(t,x)dt < — 20/ fA(¢)dt,
0 8w 0

|x|— 00

T T
lim sup |x|~? / Fy(t,x) dt < -8 max G(s) / k(t) dt,
0 0

|x|— 00 Is|<1

where 8 =log,, (21).
Then problem (1.1) has at least one periodic solution which minimizes ¢ on Hr..

Remark 1.5 Theorems 1.1-1.4 extend some existing results: (i) [22], Theorems 1.1-1.4, are
special cases of Theorems 1.1-1.4 with control function 4(t) = t*,« € [0,1), t € [0, +00);
(ii) if F, = 0, [15], Theorems 1 and 2, are special cases of Theorem 1.1 and Theorem 1.2,
respectively; (iii) If F, = 0, Theorem 1.1 and Theorem 1.2 extend [21], Theorems 1.1 and
1.2, since we weaken the so-called Ahmad-Lazer-Paul type conditions with the control
function /4(t).

2 Proof of theorems
For u € H}, letii = % fOT |lit(t)| dt and 7(¢) = u(t) — . Then one has

T T
2212 SE/ |L't(t)|2dt (Sobolev’s inequality),
0

TZ T
)7, < ﬁ/ |z'4(t)|2dt (Wirtinger’s inequality).
= Jo

For the sake of convenience, we denote M; = (fOsz(t) ant?, M, = fOTf(t) dt, Ms =
[ g dt.

Proof of Theorem 1.1 Due to (3), we can choose an a; > T?/(4?) such that

T dlc(z)
l‘iminfh’2(|x|) / F(t,x)dt > M. (2.1)

x| — 00 0 2

For (B) and the Sobolev inequality, for any u € H}. we have

T
’ | TFi(eut0) - i) dt‘
0

T 1
/ / (VFl(t,Zt+s£t(t)),f4(t))dsdt’
0 0
T 1 T 1
h(|u + su u(t)| dsd u(t)| dsd
5/0 /Of(t) (|u+su(t)|)|u(t)| s t+/0 /Og(t)iu(t)| s dt
T 1
5/ / Cof (&) (m(1l) + h(|(2)|))|2(8)| ds dt + M |ik]| o
0 0

< Coh(|ﬁ|)</0Tf2(t) dt)m (/0T|a(t)|2dt)m

T
+ CO/O F@Oh(|a@)])|a@)| dt + Msllill o
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T
< CoMuh(lal)l1@ll2 + Co/O F@O(K|a@)|" + Ka)|a(@)| dt + Ms 1] oo

< CoMyh(|al)|litll ;2 + CoMaKillit| 55 + CoMa Ko || i(e) | + Ms||a(e) |

a1(CoM,)?
2

<l + 1 (|it]) + CoMoKy ||| 55

2a,
+ CoMa (D) |, + Ms |ie) |

> ., a(CoMy)?
||14||L2+?

(1+a)/2
< (a)) + | — CoM, K || 2] 15*
= 8%ar (1) (12> oMKy ||zt 5

T\ 12 7\ 12
+ (ﬁ) CoMKs ||l g2 + (E) Msllul 2,

Similarly, from (2) and the Sobolev inequality, for any u € H}. we get
T
f [E2(u(0)) - Fx(@)] dt
0

T 1 1
= f / =(VFE,(u + siu(t)) — VFy(i), sii(t)) ds dt
o Jo S

T 1
z—/ /rsy’1|it(t)|ydsdt
0 0
rT

> —— |||,

7T [ T\""?
2—7(E> IIitIIZz-

From (2.2) and (2.3) we have

1

T
olw) = S il + /0 (B (t,u(t)) — Fy(t, )] det

T

T
+ /0 [F2(u(0)) - Fy(n) ] dt + /0 F(t,u)dt

l+a

1 T2\ @G L, (T s
. (5 _ Fal)”u"ﬂ SRR R (@) - (55 ) Codmalil

T\ 12 T\ 12
- <ﬁ> CoMo LG ||l 2 — (E) M;|li] 2

T (T /2 ) T _
‘7(5) ||u||{2+/0 F(t,7) dt
1 T2 .2 2/ = 2/ = r — al(COMl)Z
> (5 - g i+ 1(0) (2 [ P - ST

T\ 12
- <E) (CoMo Ky + Ms3) | il 2

l+a
T\ ? e TTLTN
_<ﬁ) CoMzKlllullLE“—7<E) Nzl ;2

for all u € HY.. So, by (2.1) we get ¢(u) — 00 as |lu| — oo.
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(2.2)

(2.3)
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Hence, applying the least action principle (see [6], Theorem 1.1 and Corollary 1.1), the

proof is complete. O

Proof of Theorem 1.2 Step 1. First, we assert that ¢ satisfies the (PS) condition. Suppose
that {u,} is a (PS) sequence, that is, ¢'(u,) — 0 as n — oo and {¢(u,)} is bounded. For (5),
we can choose an a, > T?/(4x?) such that

T T
Tim sup /72 ||) / F(t,x)dt<—<@ " */Z"ZT)Cg f FAe)at. (2.4)
0 0

|x|— 00 2

Similar to the proof of Theorem 1.1, we have

/ (VA (60,0, 2,00) dt‘
0

o ax(CoMy)?
< g il + ===

~ 872a,

(1+a)/2
B (|in)) + (ﬁ) CoMa Ky ||ty I3

L2
T\ 12
+ (ﬁ) (CoMo Ky + Ms) ||ty |l 2 (2.5)

and

r T(T\"
[ rm0)mo)ae= =" (1),

for all n. Hence we have

.|l > <§0/(un); Zln)

T
= il + /0 (VE(t, unl0)), i2)) e

T2 o @(CoMy)?
> (1 - %) a7 = #h (1)

l+a

T\ 2% . l+a
_(= CoMa Ky ||zl

12
T\ . yT [ TN'?
- (E) (CoMaKs + Ms3)litnll 2 — o (ﬁ) 172 (2.6)
for large n. So, by Wirtinger’s inequality we get
. (TZ +4~7‘(2)1/2 .
| @n) | < ————llitull 2. (27)

2w

From (2.6) and (2.7),

ax(CoM,)*

5 K (|ik,])

l+a

T2 . 2 TYy? . 1+
> 1_871%12 ltullz = CoMKI\ 15 ) Nt 2
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T\ 12
- <—> (CoMo Ky + Ms3) ity | 2

12
r viz 1 )
= |zl - o (ﬁ) i}, > EHMHHLZ +Cy, (2.8)
where
l+a
4’ay - T? T\ ?
C1 = min ;SZ -\ = C()Mz[(lsha
s€[0,+00] 87‘[2612 12

(T? + 472)2 T\'"? [ T\" vT ( T\""?
|t CoMK =) (=) Msls-—(=) s}
27 12 12 y \12

Note that a; > T?/(47?%) implies —co < C; < 0. Hence, it follows from (2.8) that

l22nl122 < ax CoMiH? (%) - 2Cy, (2.9)
and then
lldenllz2 < /@2 CoMih(|n]) + Ca, (2.10)

where 0 < C, < +00. Similar to the proof of Theorem 1.1, we have

T
\/0 [Fl (t’ u"(t)) - Fl(tr L_tn)] dt

< CoMih(|in|) 1inll 2 + CoMaKillitn |55 + (CoMaKs + Ms) ||l

T R 4/a2TC3 219/ =
< + =2 Mk
_\/a_zTnunan p—ch (Il

+ CoMa K ||ty |5 + (CoMaKs + Ms) ||ty | oo

7 TC2 ) (1+a)/2 )
7‘2710th2(|%|) + (E) CoMa Ky || }5*

S llen 7
Uy +
~ 47 Ja, e 4
7\ 2
+ (E) (CoMo Ky + Ms3) ity || 2- (2.11)
By (4), we obtain

T
/ [Fz (un(t)) - FZ(ﬁn)] dt
0
= / f ~(VEs (it + ity (£)) = VEoity), sitn(2)) ds dlt
o Jo §
T r1
S—-1|~ 8 E ~ s
5/0 /OMS i (®)] ds dt = ==l

</’L_T 1 8/2”' s
=75 12 un”LZ'



Wang and Yang Boundary Value Problems (2015) 2015:199

From the boundedness of ¢(u,) and (2.9)-(2.11), we have

C3 =< (P(Mn)

1 T T
= i + / (2 (6 un®)) - Fy(t, )] e + f [Ex(1n0)) - Faa)] dt
2 0 0

=

IA

IA

T
+ f F(t, ,(2)) dt
0
1 \/—TCO 272 7\ 1
——Mih CoM>K; a5
(2 4n\/_>|| 17, + (1) + CoMaK; o llanll;2

T 1/2 ) T _ ,LLT T 812 )
(L) oMok + M) il 2 + / Fande+ "L Z) i,
12 A 5 \12

l r 2a021.2(15 _ M 212/ =
<2+4n\/a_2>(a2C0Mlh (1) ~261) + V2T D a1z

(1+a)/2
+ C0M21(1<E> (Va2 CoMyh(|ity]) + Co)™™

T\ 12
+ (E) (CoMaKy + Ms)(/azCoMyh(|itn]) + Cy)

T 8/2
- wT (T I
+/0 F(t,u,)dt + T(ﬁ) llzen ll72

JarT
(ﬂ N £>C§th2(|ﬁn|) - (1 +
2 2

L \¢
o Jaz)

1+a)/2
+ (E) 2 CoMo K [ (Vi CoMy) * h(Jiaal) ™ + CL*]
T\ 12
+ (E) (CoMy Ky + Ms)(/ayCoMih(|in|) + Ca)

T 8/2
+ f F(t,zzn)dz+“—T(1> 27 ((Vas M) B ([%a]) + C3)
0

6 \12

T
=h2(|an|)[h‘z(mnl)/0 F(t, un)dn(z */;T)cw

(1+a)/2 T 1/2
+ (E) 20 CE O MoMy T Ko (Ji) + (E) (CoMKo

8§/2
+M3)(/arCoMih™ (|un|))+£<1> 25-1(\/672M1)5h8-2(|ﬁn|)}

6 \12
T 1+a)/2 ; - T 1/2
+ ﬁ 2 C0M2K1C2 + E (C()Mz](z
T T/ T 8/2
+ Ms)Cy — C + ”“ —) 2,
2714/ 12

Page 8 of 14

for large n. So, by (2.4) we see that |u| is bounded. Hence {u,} is bounded by (2.9). Arguing

as in the proof of Proposition 4.1 of [6], we conclude that the (PS) condition is satisfied.
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Step 2. Let HY. = {u € H}.: i1 = 0}. We assert that for u € H},
o) > +oo,  |lul| — oo. (2.12)

In fact, from (1) and Sobolev’s inequality, we get

T
/ [Fi(t, u(t)) - Fi(2,0)] dt’
0

T
/ fl(VF(t, su(t)),u(t)) ds dt'
o Jo

T T
5/0 f(t)h(|u(t)|)|u(t)|dt+/0 g(®)|u(t)| dt

< /OTf(t)(Kllu(t)l“ + 1) [u()| dt + Ml oo
< MoK ||ul| 55 + MoKy ||l oo + Ms | u]] oo
< (Z> 1—2+£1\/[21(1||il||150‘ + (1)1/2(M2K2 + Ms) il 2,
12 L 12
for all u € HL. It follows from (2) that

T
/ [F2(u()) - F>(0)] dt
0

T 1
_ / / %(VFz(sZt(t))—VFz(O),su(t))dsdt
0 0

T pl
z—f / rs' Yu|” dsdt
o Jo
rT

= ——llull
T (TN
So, we get

T

T
o(u) = %"iﬂ“iz +/0 [F(¢,u(t)) - F(£,0)] dt+/ F(t,0)dt

0

Lo

1 T T 1/2
o112 < 1+a .
> a2 - (ﬁ) MoK lluell 5™ - (E) (MK + M) litl| 2

rT T\ . T
——(—) ||u||2’2 +/ F(t,0)dt.
y \12 0

By Wirtinger’s inequality, |#|| — oo if and only if ||i||;2 — oo in 1:11T Hence (2.12) holds.
Step 3. By (5), we can easily see thathT F(t,x) dt — —o0 as |x| — oo for all x € RN, Thus,
forall u € (H})* =RN,

T
90(’4):/ F(t,u)dt — —oco as |u| - oo.
0
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Now, by saddle point theorem (see, [10], Theorem 4.6), the proof is completed. O

Proof of Theorem 1.3 By (7), we can choose an a3 > ﬁ such that

T
timinf i~ (1] f Ft,x)dt > "2—3M§c§. (2.13)
X|—> 00 0

By (6) and the Sobolev inequality, we have
T
/ [Fa(u(t)) - Fa(i)] dt
0
= / / - (VFZ (ﬁ + Sﬁ(t)) - VFz(ﬁ),Sit(t)) ds dt
o Jo §

= fC /1 | ( )| z T ||||L
rs|\u(t)|” dsdt Ull;2-
et =78r2

By a similar method to that of the proof of Theorem 1.1, we get

1 T
olu) = il + /0 F(t,u(e)) dt

1.5, T _
= §||u||L2 +/0 [Fl(t, u(t)) - Fi(t, u)] dt

T T
+f0 [Fz(u(t))—Fz(ﬁ)]dHfo F(t,u)dt

(A T e (DN o
— % - = i
=\2 7 872 8x2 27\ 12 02 L,

T\"? CoM:K: C2M? T
- (—) (M3 + %) litll 2 — @#hz(m) +/ F(t,7)dt
0

1 1 TN\, ., [T\ CoM, K,
= Wl - = M+ —— )i
(2 . Snz)nuny (12) (3+ > )nuan

T (1+a)/2 T
- <E) C0M2K1||1:£||Za +h2(|17t|)<h_2(|17t|)/ F(t,u)dt —
0

agch%
2 )

for all u € H}., which implies that () — 00 as ||u|| — oo by (2.13), due to the facts that
n2

4T_2 2)1/2

principle, Theorem 1.3 holds. d

r< and [lu|| — oo if and only if (|&|* + [|i]|?,)"”* — oo. So, applying the least action

Proof of Theorem 1.4 First, we assert that ¢ satisfies the (PS) condition. Suppose that {u,}
2

satisfies ¢’ (u,) — 0 as n — oo and {¢(u,)} is bounded. By (9), we can choose an a4 > f?
such that
T JaiT
lim sup /2 (| / Fi(t,x) dt < —<“—4 § )chf. (2.14)
[x]—> 00 0 2 27

By the (A, u)-subconvexity of G(x), we have

G(x) < (2ulxl” +1)G, (2.15)
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forallx € RN, and a.e. £ € [0, T], where Gy = maxy<; G(s), B = log,, (2) < 2 Then

fT(VFz (t, u,,(t)), zZ,,(t)) dt
0
T
z —/ k(t)Gli,) dt
0

> —/OT/((t)(2u|ﬁ,,|ﬂ +1)Godt
= ~2uMa|ity|” ~ M, (2.16)
where M, = G fOT k(t) dt. From (2.5) and (2.16), for large 1, we have
2l = (@ (), i)

T
= llitnl7> + fo (VE (£, un(2)), n(2))

T N\ o (TR e (CoM)’as o
> (l—m>||unlle—(ﬁ) COMZI(IHMHHL; - 2 h (lu”|)
T\ 2 CoM,K:
‘(E) (M3+%)”g”ﬂ_mmmﬂﬂ-m. (217)

So, from (2.7) and (2.17) we have

(CoM1)?ay
2

T2 T (1+a)/2
> (1- —— Jllinl - [ = CoMoK || |15
- 872a, L 12 L

T 1/2 C()M2K2 . (T2 +4'7T2)1/2 .
_ <_> (M3 . T) il — ) e - My

W2 (|itnl) + 20 M i, |P

12 2

1 .
= Sl + C, (2.18)

where

1 T2 T ()2 T2 4 47212
C4 = mln{ <§ - m)sz - (E) C0M2[<lsl+a — I:i
4

27
T\ CoM K,
+ ﬁ M;s + —2 S—Myy.

2

Note that —0o < C4 < 0 due to a4 > 42—2, by (2.18), one has
ll22,, ||i2 < tl4(CoM1)2h2(|ﬁn |) +4puMylu,|? - 2Cy, (2.19)
and then

litnll 2 < /@aaCoMih(liinl) +2y/ uMalt, P + Cs, (2.20)



Wang and Yang Boundary Value Problems (2015) 2015:199 Page 12 of 14

where Cs > 0. From (8) and (2.15), we have
T
‘/ [F2(t,u(0)) - Fa(t, )] dt‘
0
T ol
= f / (VEy (b + siin(2)), ihs(2)) ds dt
o Jo
T p1
5/0 /Ok(t)G(u,,+(s+1)u,,)dsdt
T 1
- ~ B
5/0 /Ok(t)(2,u|un+(s+1)un(t)| +1)
T T
4 k(t)(|itn|? +2°|2,|P) G k(t)d
<an [ KO0+ 210Gy [ Koy

T B2 ) B
<(ﬁ> 252 Myt + 4pMal il + My, (221)

for all u € H}. By the boundedness of {¢(u,)} and the inequalities (2.19)-(2.21), we
get

Cs < @(u,)

1, T ]
= 5 il + /0 [E4 (6, (D) = Eo(6, )] it

T T
. fo [Ea(t 0n(9) = Fo(t, )] it + /0 F(t,y) dt

1 T ) 2. TC? _ T\"? )
< ( )nunniz + @M%hz(w) - (E) (CoM K + M3) ity | 12

-+
2 4w Ja, %4
(1+a)/2 T B2
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T
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IA
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" —”i V()
T

T\ (+e)2 ) )
+ (E) CoMz](l(\/ﬂ_4C0M1h(|un|) + 2\//1—1\/[4|ﬁ,,|ﬁ/2 + C5)1

T 1/2 ] )
+ (E) (CoM, K, +M3)(«/ﬂ4C0M1h(|un|) + 2\/M|Mn|ﬂ/2 + CS)
T\ P2 512 i o )
) 2 UM (VasCoMih(|iy|) + 2/ uMa ;P + Cs)
T
+ 4MM4|L_tn|ﬂ + My + / F(¢t,1,) dt
0

< (6;—4 + %)((COMI)%Z(I%I))
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6 T Ma|i,)? - (1 T C
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T/ a, it 21 . /a, *
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+ (E) CoM, K (2%al ™ (CoMy) e+ (|, )

l+a Lia _
+ 230¢+1MTM42 |Mn|ﬁ(l+a) + 220¢Cé+a)

T\ 2 -1_BI2 = 1))\?
g 22 M, (2P7 (oM (1))

+ 202 WP ME R g, |2 220D P
T 1/2
+ (E) (CoM, K, +M3)(x/“_4CoM1h(|L_t,,|) + 2\/M|ﬁn|ﬁ/2 + Cs)

T T
+M4 + / Fl(t, l:tn)dt + / Fg(ﬁn)dt
0 0

T
=h2(|an|)[h-2(mn|> [ A mdes (5 - 5 ) com?

(1+a)/

C2+aM1+aM21(12a (L+a) /2ha l(|— |)

/\ /\
SN SIH

B2
) 21928 1 (CoMy ) Ml P2 ([ ])

(C0M2K2+M3)«/—C0M1 1(|L_ln|)]

/\
sm

+ (1| | [, ﬂ Fz(un)dn(

T M
\/{l—4ﬂ4

(1+a)/

23&+1C0M21< w (1+a) /2M (L+a) /2| n|ot/3

/\ /\
SN Elﬂ

B/2 )
) 248 1 (B+212 1 B212 |ﬁ7—ﬁ

( 2 COM2K2 +M3 vV M. |L£ | B/2i|

T T (1+a)/2
- ( + o Ja )C4 + (E) 22aC0M21<1Cé+a
A/ ¢4

B2

T2 T " ,
2 (CoMy K5 + M3)Cs + - 2P uMyCL + My,

EIH

—

for large n. The above inequality and (2.14) imply that {|z|} is bounded. Hence {u,} is
bounded by (2.19). By using the standard method, the (PS) condition holds.
Since the rest of the proof is similar to that of Theorem 1.2, we omit the details here. O
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