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1 Introduction
This paper is concerned with the general decay of the solutions to a von Kdrmén system

for the plate equation with memory:

t
W —hAu" + A%y — / g(t—8)A%u(s)ds = [u,v] in Q x (0,00), (1.1)
0
A?v=-[u,u] in S x (0,00), (1.2)
V= Q =0 onI x(0,00), (1.3)
av
ou
u=—=0 onTy x (0,00), (1.4)
av
t
Biu - Bl{/ gt —s)uls) ds} =0 onIy x (0,00), (1.5)
0
au// t
Bou - ha— - B, f gt —s)u(s)ds; =0 onT; x (0,00), (1.6)
v 0
u(x,y,0)=uo(xy),  ©(xy0)=wuxy ing, 1.7)

where € is an open bounded set of R? with a sufficiently smooth boundary I' = 'y UT}.
Here, I'g and TI'; are closed and disjoint. The equations describe small vibrations of a thin
homogeneous isotropic plate of uniform thickness /. Let us denote by v = (v1, ;) the ex-
ternal unit normal to I', and by 1 = (v, v;) the unitary tangent positively oriented on I".

Here

oA
Biu=Au+(1-w)Biu and Bu= TS “ + (1 - w)Byu,
v
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where constant © (0 < u < %) is Poisson’s ratio and

2 2
By = 21 Valtyy — Vi Uy — Vg lyy,

Byu = %[(vl2 - vzz)uxy + v (ttyy — uxx)]

The von Karmén bracket is given by
(1, V] = UaxVyy — 2UyViy + Uyy Vi

For the last several decades, the mathematical models of vibrating, flexible structures have
been considerably stimulated by an increasing number of questions of practical concern.
The main purpose of this monograph is to present a systematic study of uniform stabiliza-
tion of the motion of a thin plate through the action of forces and moments applied at the
edge of the plate. Among the elastic plate models, the von Kdrman model is a ‘large deflec-
tion’ plate model, in a sense of a nonlinear analogue of the Kirchhoff model. However, it
is assumed that the vertical deflection is small in comparison with the lateral dimensions
of the plate. This hypothesis leads to a coupled pair of fourth-order, nonlinear partial dif-
ferential equations for the vertical displacement « and the Airy-stress function v. We may
interpret Eq. (1.1) as saying that the stresses at any instant depend on the complete history
of strains which the material has undergone. We will give later the precise condition on g
in order to obtain the general decay results.

The problem of stability of the solutions to a von Karman system with dissipative effects
has been studied by several authors. In [1-4] the authors considered the von Kdrman sys-
tem with frictional dissipations effective in the boundary. It is shown in these works that
these dissipations produce uniform rate of decay of the solution when ¢ goes to infinity.
Rivera and Menzala [5] and Rivera et al. [6] studied the stability of the solutions to a von
Karmaén system for viscoelastic plates with memory and boundary memory conditions,
respectively. They proved that the energy decays uniformly exponentially or algebraically
with the same rate of decay as the relaxation function. Later, Santos and Soufyane [7] gen-
eralized the decay result of [6]. Raposo and Santos [8] investigated the general decay of
the solutions to a von Karman plate model. Recently, Kang [9] proved the general decay
of the solutions to a von Karman plate model with memory and boundary damping. Kang
[9] improved the results of [8] without imposing any restrictive growth assumption on the
damping term and strongly weakening the usual assumption on the relaxation function.

On the other hand, the problem of stability of the solutions to a viscoelastic system with
memory has been studied by many authors. In [10-13] the authors showed exponential

and polynomial decay for a viscoelastic wave equation under the usual condition

—c1g(t) <g'(t) < —cg(t) and 0 <g"(t) < csg(t)
for some ¢;, i = 1,2,3. Later, this assumption was relaxed by several authors. Berrimi and

Messaoudi [14] studied exponential and polynomial decay rates under condition on g such
as

3
gt)<-£g°(t) forl<p< =0, (1.8)
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where & > 0. Messaoudi and Tatar [15] and Liu [16] considered exponential and polyno-
mial decay for a quasilinear equation and a system of two coupled quasilinear viscoelas-
tic equations under condition (1.8) by choosing a suitable perturbed energy, respectively.
Messaoudi [17] and Han and Wang [18] proved a general decay rate for viscoelastic equa-

tions under a more general condition on g such as

EOl_ 1 e 0,6(0) <0,¥e > 0. (1.9)

gt) <-&£()g(t), 0] S

Guesmia and Messaoudi [19] obtained general stability for a Timoshenko system under

weaker condition

2@ <-£(0g(), (1.10)

where £ is a nonincreasing and positive function. The stability of the solutions to a vis-
coelastic system under condition (1.10) was studied in [20—23] and the references therein.
Mustafa and Messaoudi [24, 25] investigated the general stability result for a viscoelastic

equation for a relaxation function satisfying
g(t) <-H(g()), (1.11)

where H is a nonnegative function, with H(0) = 0, and H is a linear or strictly increasing
and strictly convex on (0, 7] for some r > 0. The above conditions are weaker conditions on
H than those imposed in [26]. Recently, Cavalcanti et al. [27] proved the uniform decay
rates of the energy for solutions of a von Kdrman system with long memory for the memory
kernel g satisfying (1.11).

Motivated by the work in [24—27], we establish an explicit and general decay of the
solutions to a von Kadrmdn plate model (1.1)-(1.7) for relaxation functions satisfying (1.11).
The proof is based on the multiplier method and makes use of some properties of convex
functions. This result improves on earlier ones in the literature because it allows certain
relaxation functions which are not necessarily of exponential or polynomial decay.

The paper is organized as follows. In Section 2, we present some notations and mate-
rial needed for our work and state a global existence theorem. In Section 3, we prove the
general decay of the solutions to the von Kdrman system with memory.

2 Preliminaries
In this section, we present some material needed in the proof of our result and state the
main result. Throughout this paper we denote (1, v) = . o Ux, y)v(x,y) d2 and define

d
V={VEH1(Q)|V=OOHF0}, U:{ueHz(Q)‘uza—u=OonFo}.
v

For a Banach space X, || - || x denotes the norm of X. For simplicity, we denote || - ||;2(q) by
1.

A simple calculation, based on the integration by parts formula, yields

av

(A%u,v) = a(u,v) + (Bou, v)r — (Blu, 5) , (2.1)
r
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where the bilinear symmetric form a(u, v) is given by
a(u,v) = / {uxxvxx + Uy Vyy + W UxVyy + Uyy Vi) +2(1 = u)uxyvxy} das2,
Q

where dQ = dxdy. Since Ty # ¢, we know that +/a(u, u) is equivalent to the H*(2) norm
onl,ie,

2 ~ 2
collullyp gy < alu, u) < Collullzpz g

where ¢, and ¢ are generic positive constants. This and the Sobolev imbedding theorem

imply that for some positive constants C, and C;,
lull®> < Coa(u,u),  ||Vull® < Cialu,u), Yuel. (2.2)

We consider the following hypotheses:
(H1) g:R* — R* is a differentiable function such that

£(0)>0, l:= /ooog(s) ds<1. (2.3)

(H2) There exists a positive function H € C}(R*), with H(0) = 0, and H is a linear or

strictly increasing and strictly convex C? function on (0, r] for some r < 1 such that
g <-H(g®), vt=o. (2.4)
To simplify calculation in our analysis, we introduce the following notation:
t
(g*xu)(t):= f g(t —s)u(s) ds,
0
! 2
@Ou)(z) = / glt-s) Hu(~, t) —u(,s) ” ds,
0
t
(gl] 8214)(1:) = / gt - s)a(u(~, t) —u(-,s),u(-,t) — u(~,s)) ds.
0
From the symmetry of a(-,-) we have that for any v € C'(0, T; H*(Q)),
/ 1 1 / 2
a(gxv,v) = —Eg(t)a(v, V) + 58 092y

1d !
_ Eﬁ{gm 9%y — (/0 g(s) ds)a(v,v)}. (2.5)

We introduce the following lemma for the bracket’s binary.

Lemma 2.1 ([28]) Let u,w € H*(Q) and v € H3(R2), where Q is an open bounded and con-
nected set of R* with regular boundary. Then

/w[v,u]dQ:/V[w,u]dQ. (2.6)
Q

Q
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Lemma 2.2 ((1]) Ifu,v € H*(Q), then [u,v] € L*(Q) and satisfies

|| < hllullm v and Vi < collulp. 2.7)

By using Galerkin’s approximation, we can obtain the following result for the solution.

For the initial data (uo, u1) € H*(Q) x H(RQ), h > 0, system (1.1)-(1.7) has a unique weak
solution u in the following class:

uel®(0,00;UNHYRQ)),  u €L®(0,00;VNH*(Q)).
We introduce the energy of problem (1.1)-(1.7) as

1 1 h 1

E()= |u'|” + S+ 2 |vu|* + Z||Av||2. (2.8)

Now, we are ready to state the following main result.

Theorem 2.1 Assume that (H1) and (H2) hold. Suppose that D is a positive C* function,
with D(0) = 0, for which Hy is a strictly increasing and strictly convex C* function on (0,r]

and

/O+OO % ds < +00. (2.9)
Then there exist positive constants ki, ky, k3 and €y such that the solution of (1.1)-(1.7)
satisfies

E(t) < ksH;'(kit + kp), V=0, (2.10)
where

bl
Hl(t) = /t\ m ds and H()(t) = H(D(t))

Moreover, for some choice of D, Lffo1 H;i(t)dt < +00, then we obtain

E@t) < k3G (kit + ko), (2.11)
where
LS|
G(t) = ft S (o) ds. (2.12)

In particular, (2.11) is valid for the special case H(t) = ct? for1 <p < %

Remark 2.1 If Fisa convex functionon [a, b],f : Q — [a, b] and /i are integrable functions
on €, h(x) > 0, and fQ h(x)dx = ho > 0, then Jensen’s inequality states that

1 1
F<% /Qf(x)h(x)dx> < h—o‘/QF(f(x))h(x)dx. (2.13)
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Remark 2.2 1. From the properties of H, we can show that the function H; is strictly
decreasing and convex on (0, 1], with lim,_,o H1(¢) = +oo. Then Theorem 2.1 ensures

lim E(¢) =0.

t—+00

2. By using (H1) and (H2), we conclude that lim;, . g(¢) = 0. This implies that
lim;_, ;oo(—¢’(t)) cannot be equal to a positive number, and so it is natural to assume that
lim;_, ;00 (—g¢'(£)) = 0. Therefore, there is £y > 0 large enough such that g(¢) > 0 and

max{g(t), —g/(t)} < min{r,H(r),Ho(r)}, Vt>t. (2.14)
Since g is nonincreasing, g(0) > 0 and g(tp) > 0, we obtain

0 <g(to) <g(t) <g(0), Veel0, 5] (2.15)
From H is a positive continuous function, we have

a <H(g(t)) <co, Vte[0,1] (2.16)

for some positive constants ¢; and c;. Hence, by (2.4), (2.15) and (2.16),

a a

g1 <-H(g) < —g(o)g(O) < —@g(t),
which gives
g'(t) < —c3g(t), Vtel0,t] (2.17)

for some positive constant cs.

3 General decay of the energy
In this section we prove the decay rates in Theorem 2.1. The following result shows the
dissipative property of system (1.1)-(1.7). Multiplying (1.1) by #'(£), we have the identity

E(t)=a(g*uu). (3.1)

We define the modified energy by

Ly 2 hy_ 2 1 t 1 1
E@) = EHM ”2+ EHVM ||2+ E(l_/o g(s)ds)a(u,u)+ 5g|:|82u+ Z||Av||2.

From (2.5) and (3.1), we get

E') = —%g(t)u(u, u) + %g’ 062%u. (3.2)

This implies that £(¢) is nonincreasing, and from (2.3) one sees that

E@) < %5([), vVt > 0. (3.3)
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First, let us define the perturbed modified energy by
L(t) =NE(t) + eD(2) + W(2), (3.4)
where
D(t) = f dudQ+ h/ Vu'VudQ
Q Q
and
t
W(t) = / (hAu’ - u’) / g(t-s) (u(t) - u(s)) dsdSQ.
Q 0
Using the ideas presented in [9], we easily obtain the following lemmas.
Lemma 3.1 For N > 0 large enough, there exist oy > 0 and oy > 0 such that
a1 E(t) < L(t) <ap&(t), Vt=0. (3.5)

Proof By Young’s inequality, (2.2) and (2.3), we have

C, +Cih
%a(u, ) (3.6)

1 12 h 12
0] = 2+ v+
and

C, + Cih)l
e Gt Py, (37)

1, , h
W] < 2] s Efow
From (3.6) and (3.7) we obtain

h
L0 -NEW@)| = 5+ V| + 5 e+ ][ va|

(C, + Coh)e
+ ——a
2
=< C()g(t)!

. (Cy +2Csh)lgD 9%y

(u, u)

where Cj is a positive constant depending on €, &, C,, C; and /. Choosing N > 0 large, we
complete the proof of Lemma 3.1. d

Lemma 3.2 For each ty > 0 and sufficiently large N > 0, there exist positive constants f;
and By such that

L'(t) < -BiEW) + PogO0*u, Vi > 1. (3.8)
Proof Direct computations, using (1.1), yield

D' (t) = —alu, u) + a(g * u,u) + ([u, v],u) + ||L/H2 + h|| Vu’||2. (3.9)
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By Young’s inequality, we have

a(g * u,u) < (8 + 1)</Otg(s) ds)a(u, u) + %gm 9%u. (3.10)
From (3.9) and (3.10), we get
00 = o |+ bV |+ oog D
- (1 —(6+1) /o tg(s) ds)a(u, u) — | Av|)?, (3.11)

where § > 0. Similarly we deduce

w'(t) = /0 gt - s)a(u(t) — u(s), u(t)) ds — /0 gt - s)(u(t) —u(s), [u, v]) ds
_ ‘/.tg(t —s)a(u(t) — u(s), /tg(t - t)u(r)dr) ds
0 0
—h /tg/(t = 8)(Vu(t) = Vu(s), Vi (¢)) ds - h(/tg(s) ds) |va ||2
0 0

_/g/(t—s)(u(t)—u(s),u’(t))ds—(/ g(s)ds) ”u’”z

0 0

hihs o sdnl [ g6)d v/2—< t d) 117 3.12
\+ L+t 15 (/Og(S) S>|| o || /Og(S)s (4! (312)

Now, we estimate the terms on the right-hand side of (3.12). Since E(¢) is bounded, we have
that | V|| < fQ | Av|? dS2 is also bounded, and then Young’s and Holder’s inequalities, (2.2),
(2.3), (2.6) and (2.7) give that

t 1 )
| Sn(/o g(S)dS>a(u,u)+ o0
|| = / |:u, /tg(t - s)(u(t) - u(s)) ds:|vd§2 < na(u,u) + c,l||v||* g0 d%u,

Q 0
Ll <1 / tg(t — 5)a(u(t) - uls), u(®) - u(s)) ds +1 / gt - )a(ul®) - uls), u(®)) ds
0 0
< <l + L)gDazu + Pnau, u),
4n
h t 2

4] < | Vi | + E/Q(/o &t —5)|Vult) - Vuls)| ds) aQ

|- £9E g,

t 2
<l [ ([ ge-fute - u]as) as

7112 g(O)Cp
o] -

< hn”Vu’

<n '08%u.
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From the above estimates, we see that

W'(t) < <h17 —h/tg(s) ds) || \474 ||2 + (n - /tg(s)ds) ||z,t’||2 + 27(1 +1+ 12)a(u, u)
0 0

g(0)(Csh + Cp)g

'06%u. (3.13)
4n

[ 1
+ (l+ E + E +c,,l||v||§o>gD 8%u—

Let foto g(s)ds := go, where £, was introduced in (2.13). Since g is positive, we have
fotg(s) ds > go for all ¢ > t;. Thus, making use of this and combining (3.2), (3.4), (3.11)
and (3.13), we obtain

L'(e) < ~(go - n-)|u|” - higo —n - )| Ve |

_ [%g(t) + 5(1 -1+ 8)[) - 17(1 +1+ 12):|a(u, u)

N 0)(Csh + C,
_e||Av||2+(——g7( NGl + p)>g/D82u
2 4n

1 l
+<l+%+4—n+E+cnlllv||§o)g|382u.

We first take € > 0 and & > 0 so small that go — € >0 and 1 — (1 + §) > 0, respectively. And
then, we choose 1 > 0 sufficiently small so that go —n—e >0and e(1 - (1 +8)]) —n(L + 1 +
[2) > 0. Finally, taking N > 0 large enough, we deduce that (3.8). O

Proof of Theorem 2.1 From (2.17), (3.2) and (3.8), we have

z«ns—msm—ﬂZ/Ogu—QAMﬂ—maum—u@»m

3 Jo

+ By / gt = s)a(u(t) — u(s), u(t) — uls)) ds

to
t

E't)+ Bo / gt- s)a(u(t) —u(s), u(t) - u(s)) ds. (3.14)

0

2
<-pEw- L2

C3
We take L(t) = L(¢) + %5 (), which is clearly equivalent to £(t). By (3.14), we get, for all
t > tO)

t

L(t) < =BE(L) + Bo f g(s)a(u(t) —u(t—s), u(t) — u(t - s)) ds. (3.15)

to

(A) The special case H(¢) =ct’ and 1 <p < %
Case 1. p = 1. Using (2.4) and (3.2), estimate (3.15) yields

L) < -pEW) - % / g/(s)ol(u(t) —u(t—s),u(t) — u(t - s)) ds
2p,

=-pE) - 75’(73), (3.16)
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which gives
(z 2h ¢ > () <-BIEW), VE=to.

From (3.3) and (3.5), we see that £ + @5 ~ & ~ E. Then we have
E@)<ce =G,

where

L | 1 Int
G(t):/ ds = —ds:—l.
. sH'(&ps) . SC c

Case2.1<p< % By (2.4) we obtain

3
g <-cg’t), 1l<pc< 5 (3.17)

Using (2.3) and (3.17) we see that

/Oogl’e (s)ds < 00 (3.18)
0

for any 6 < 2 — p. By (3.2) and (3.18) and taking ¢, even larger if needed, we deduce that,
for all ¢ > ¢,

k(t) := /tgl‘e (s)a(u(t) —u(t—s), u(t) — u(t - s)) ds

to

<2 /tgle (s)[a(u(t), u(®)) + a(u(t - ), u(t - )] ds

to

t
< cS(O)f gl’e(s) ds<1. (3.19)
to
From Holder’s inequality, Jensen’s inequality (2.13), (3.2), (3.17) and (3.19), we have

ftg(S)a(u(t) (e —$),u(t) — ult —)) ds
f £P 0 (5)g" " (s)a () — ult — 5), u(t) — u(t —s)) ds
< g1 (5)g" 0 (s)a(ue) - ult —s), u(t) — u(t —5)) d )—
x (/t “(s)a(u(t) - ult —s), ult) — ult - s)) ds)m

o (% [ &6 6ra(ut) - ute - 9,6 - ute ) d5>
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< (/tgl’(s)a(u(t) — u(t — 5), u®) — u(t - 5)) ds)"_“g

NV e

Then, using (3.20), we show that (3.15) yields, for 6 = %,

22

L
c2w-1

(~&'(0) 7. (3.21)

L) < -pE) +

Multiplying (3.21) by £ (¢), with y = 2p — 2, and using (3.2) and Young’s inequality, we

obtain
(EEV)/(t) =L/E ) +yLOEIRE ) < -BE () + ﬂ—igy(t)(—s’(t))ﬁ
cr+l
< -BENt) + EV(E) + C, (—5’(t)).
Taking ¢ < 1, we have, for some C; >0,
Ly(t) < -GLY(8),
where Ly = LEY + C,E ~ £ ~ E. Therefore we deduce that
E@) < - (3.22)
(¢ +c't)r
Since p < % and by (3.22), we find that
o0 [e¢] c
/ E(t)dt < / ———dt < +00.
0 0 (¢ +c"t)w2
Using this fact, we have
t t
f a(u(t) — u(t - s),u(t) — u(t - s)) ds < c/ E(s)ds < +00. (3.23)
0 0

Hence, from (3.2), (3.17), (3.23) and Holder’s inequality, estimate (3.15) gives

L(t) < -BE) + B (/t a(u(t) —u(t—s), u(t) — u(t - s)) ds) B (gP O azu)zlo
0
< BEW) +c(-g D)7 < —BEWD +c(~E'@)7. (3.24)

Now, we multiply (3.24) by £7(£), with y = p — 1. Then, repeating the above steps, we see
that
Et) <

- =¢GN (d +a"t), (3.25)
(c+c't)r
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where

1 11 1 1
G(t):ﬁ\/ Eds:ip—l<tp_—l_l>'
cpey  Jt cp(p - e

(B) The general case. This case is obtained on account of the ideas presented in [24, 25]
as follows. Let Hjj be the convex conjugate of H in the sense of Young (see [29]); then

Hi(s) = s(Hp) ™ (9) - Ho[(Hy) ()], if s € (0, Hy(r)] (3.26)
and H satisfies the following Young’s inequality:
AB < H}(A) + Hy(B), ifA € (0,Hy(r)],B€(0,r]. (3.27)

We define 7(t) by

O [ 52 alut) e -t~ 5)

)= | ———a(ut)—u(t-s),u(t) —u(t-s))ds,
w0 Hy'(=g'(s))

where Hy is such that (2.9) is satisfied. As in (3.19), we find that n(¢) satisfies

n(t) <1, Vt=>t. (3.28)

Furthermore, we define I(¢) by

I(t) := - /t:g’(s)%a(u(t) —u(t —s),u(t) —u(t - S)) ds.

Since H, is strictly convex on (0, 7] and Hy(0) = 0, then
Ho(Ax) < AHo(x) (3.29)

provided 0 < A <1 and x € (0,r]. From (3.28), (3.29) and Jensen’s inequality (2.13), we
obtain

1 ! -1 / g(S)
I(t) = — /to n(¢)Hy [Ho (—g (s))] ma(u(t) —u(t—s),u(t) —u(t - s)) ds

1 t
> Ho[n(t)Hal(—g/(S))]%“

n(t) Je
> Hy (/tg(S)a(u(t) —u(t —s),u(t) —u(t - s)) ds).

to

(u(t) —u(t—s),u(t) — u(t - s)) ds

This implies that

/tg(s)a(u(t) —u(t—s), u(t) — u(t - s)) ds < Hal (I(t)). (3.30)

Lo

Using (3.15) and (3.30) we see that

L'(6) < -pEW) + BoHy (I(1)),  VE=to. (3.31)
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By (2.3), (2.4) and the properties of Hy and D, we have

g(s) - g(s) _ g(s) <5 (3.32)

Hy'(=g'(s) ~ Hy'(H(g(s)) D7(gls) =

for some positive constant §. Thus, using (2.13), (3.2) and (3.32) and choosing t, even
larger, we can find that I(¢) satisfies, for all £ > ¢,

t

I(t) < -8 /tg/(s)a(u(t) —u(t—s),u(t) —ut -s))ds < —CE(O)/ g (s)ds

to to

< cg(tr)€(0) < min{r,H(r),Ho(r)}. (3.33)

Now, for €g < r and dj > 0, we define the functional

£(@)

Fi(t):= E(t)H()( 5( )

> +dy&(2),
which satisfies
diFi(t) < E(t) < daFi(2) (3.34)

for some dy,d, > 0. From (3.33), we have Hy(I()) < r. Also, by €y <1, & <0, we get
€ S(t < r. Using the fact that £ <0, Hy > 0, H; > 0 and Hj > 0 on (0, ] and (3.2), (3.26),
(3.27), (3.31) and (3.33), we obtain

Fi(t) < -p1E(t)H, (eo 5(8) ) + BaH, (60%)]{6 HI®) +doE'(0)

< -BE(t)H] (eo ((L;)) + BoHy (H(’) (eo%)> + BoI(t) + do&'(t)
E(t) () &)
( am>+m°5wf%<°aa>
&)
£(0)

< -BE(H

— Ba2H)p <€0 ) + Bl (t) + doE'(2)

£@) H/( £

< -(B:&(0) - ,3260) g0 EOS(O)

) 2B280E"(t) + do &' ().

Therefore, with a suitable choice of ¢y and dj, we see that

/ EOY, [ EO\_ . (EBY . _
Fl(t) < _/(<%>HO (E() %> = _kH2<%>’ Vit > o, (335)

where k > 0 and H,(t) = tHj(€ot). From the strict convexity of Hy on (0,r], we find that
H,(t) > 0 and Hj(2) = H)(eot) + eotHy(eot) > 0 on (0,1]. We take

diFi(t)

R(t) = £0)

which is clearly equivalent to £(¢). By (3.34), (3.35) and Hj, > 0, we have

i< (28

£(0) ) <-koH>(R(t)), Vt=to,
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where kg = 5(0 > 0. Hence, a simple integration gives, for some ky, k; > 0,
RO <Hi'(kt+k), Vt=to, (3.36)

where H;(t) = ft H ds Here, we have used, on the basis of the properties of Hs, the fact
that H; is a strictly decreasmg function on (0,1] and lim,_, o H;(¢) = +00. From (3.3), (3.34)
and (3.36), estimate (2.10) is established.

Moreover, if fo H,(t) dt < +00, then

/ta(u(t) —u(t—s),u(t) —u(t —s)) ds < c/tE(s) ds < +00.
0 0

Similarly, we define, for large ¢,

n(t) := /ta(u(t) —u(t—s), u(t) — u(t - s)) ds<1

to

and

1(t) := - /tg/(s)a(u(t) —u(t—s),u(t) — u(t - s)) ds.

to
Using (2.4), the strict convexity of H and Jensen’s inequality (2.13), we have

t

1(t) > (1 P n(t)H(g(s)) (u(t) —u(t—s), u(t) —u(t - s)) ds

t

% H(n(®)g(s))a(ut) — ult - s),u(t) - u(t —s)) ds

%

( 0 /. "10ea (wa(t) — u(t — s), u(t) — u(t - s)) dS>

= H(/tg(s)a(u(t) —u(t—s),u(t) — u(t - s)) ds),

to

Thus, we deduce that

/tg(s)a(u(t) —u(t —s), u(t) — u(t - s)) ds<H™ (I(t)),
to
and (3.15) becomes
L(t) <-pEW) + BH(I(1)), VE=to.
Therefore, repeating the same procedures, we find that for some k;, k; and k3 > 0,

E(t) < k3Gl (kit + k),

where G(t) = ft ey 98- O

eos)
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Example We give an example to illustrate the energy decay rates given by Theorem 2.1

If

1
t:
g(t) P

for g > 3 and a > 1 chosen so that g satisfies (2.3), then g'(¢) = —H(g(t)), where

1

1-
H(t)=qt <1—a) .

Since
(1+1-2at) 20 LNy, Lan/7
H’(t) _ 1 q 2aq 2aq
=—l .
(; —a

H//(t) _

)1+§

1+q-+/q*-1

then the function H satisfies hypothesis (H2) on the interval (0, 7] forany 0 < r < on
—L-. Then an explicit rate of decay can

By choosing D(t) = £, (2.9) is satisfied for any o > &
be obtained by Theorem 2.1. The function Hy(t) = H(t*) has derivative

qat* 1 + Zat“]

Hy(t) =

QU

(t%—a)

Hence,

Q=

1
[ (o) ol ds.

1
Hi(¢) = /t qars(eos) ™ [1 + é —2a(€os)?]

Let —L— = 4, then we have
(€0s)

1 L1
“@d? —a)iu @ g >a
H1(f)=/ o a)lu s—du < / o (- a)ius du.
1 -] qo [1+——Zaeo]

qo?[1+ 2 -
0
1 1 1
Using the fact that the function f () = (4 — )4 is increasing on (a, +00) and (1 — a)? < u?
and taking € < a~@, then
1 q—otq—otq
1 (™ 1_1 € g-a-aq
Hlms%/ i = 0o____ (67 1),
qa2[1+6—1—2a68‘] a(a—q+aq)[1+;1—2aeg]
Now, we find that if o < lqu,
q
q-a-aq
€ 4-eeg
/ Hi(0)dt < "y
T ol —g+ag)[l + = —2aef] Jo
q— D‘q_aq
€
= 0 < +00.

N aRqg-a-ag)[l+ é —2ae]
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1

Choosing % =vand ¢y <a ™', we obtain

1

b L (@)t ar (v—a)iv)
G(t):/ —ds:/ eosl—dS:/Ot (v 611) v2 o
. sH'(0s) ¢ sq(l+; —2a€os) Logt+l-2

B 1 /éz "y 1 [<1)% (1)%}
_ vi dv=———|{— ) -[=]) |
g+ é ~2aeg) J 1 1+ % —2aey |\ €ot €0

Therefore,

1

Gl < - )
eol()7 + L+ ¢ —2ae)t]e

Then we can use (2.11) to deduce that the energy decays at the same rate of g, that is,

c
E@) < ———,
Cy + Cc3t4

where ¢; (i = 1,2, 3) are constants.
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