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PR.China ordered Banach spaces, where A is an increasing operator, B is a decreasing operator,

and C is a mixed monotone operator. The existence and uniqueness of its positive
solution are obtained by using the properties of cone and fixed point theorems for
mixed monotone operators. As an application, we utilize the obtained results to study
the existence and uniqueness of positive solutions for nonlinear fractional differential
equation boundary value problems.
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1 Introduction

Over the past several decades, nonlinear functional analysis has been an active area of
research in mechanics, elasticity, fluid dynamics, and so on. As an important branch of
nonlinear functional analysis, the nonlinear operator theorem and its application in non-
linear differential equations have attracted much attention (see [1-7]). It is well known
that the existence and uniqueness of positive solutions to nonlinear operator equations
are very important in theory and applications. Many authors have studied this problem;
for a small sample of such work, we refer the reader to [8-16].

Reference [14] has successively considered the sum operator equation Mx + Qx + Nx = x
on ordered Banach spaces, where M is an increasing, «-concave operator, Q is an increas-
ing sub-homogeneous operator, and N is a homogeneous operator. The existence and
uniqueness of its positive solutions are obtained by using the properties of cones and a
fixed point theorem for increasing general §-concave operators.

In [15], the sum operator equation A(x,x) + Bx = x has been considered. A is a mixed
monotone operator and B is an increasing «-concave (or sub-homogeneous) operator. By
using the properties of cones and a fixed point theorem for mixed monotone operators,
respectively, the author established the existence and uniqueness of positive solutions for
the operator equation.
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In most of the literature, people pay more attention to the study of the increasing and
mixed-monotone operators. However, studying the decreasing operator is equality im-
portant. So inspired by [14] and [15], we study the following sum operator equations on

ordered Banach spaces in this paper:
Ax + Bx + C(x,x) = x, (1.1)

where A is an increasing «-concave (or sub-homogeneous) operator, B is a decreasing op-
erator, C is a mixed monotone operator. By using the properties of cones and the fixed
point theorem for mixed monotone operator, the existence and uniqueness of the posi-
tive solution are obtained. Our research methods are different from those in the related
literature. As an application, we utilize the obtained results to study the existence and
uniqueness of positive solutions for nonlinear fractional differential equation boundary
value problems. Our results extend and improve the related conclusions in the litera-
ture. Besides, it provides a new way to study the differential equations. To the best of our
knowledge, the fixed point results on the operator equation (1.1) with a-concave (or sub-
homogeneous) increasing, decreasing and mixed monotone operators are still very few.
So it is worthwhile to investigate the operator equation (1.1).

The content of this paper is organized as follows. In Section 2, we present some defini-
tions, lemmas and basic results that will be used in the proofs of our theorems. In Section 3,
we consider the existence and uniqueness of positive solutions for the operator equation
(1.1). In Section 4, we utilize the results obtained in Section 3 to study the existence and
uniqueness of positive solutions for nonlinear fractional differential equation boundary
value problems.

2 Preliminaries
For convenience of the reader, we present here some definitions, lemmas, and basic results
that will be used in the proofs of our theorems.

Suppose that (E, || - ||) is a real Banach space which is partially ordered by a cone P C E,
i.e,x <yifand onlyif y —x € P. If x < y and x # y, then we denote x < y or y > x. By 6 we
denote the zero element of E. Recall that a non-empty closed convex set P C E is a cone if
it satisfies (i) x e P, A >0=>Ax e P;(ii)xeP,-xcP=x=6.

Putting P = {x € P | xisan interior point of P}, a cone P is said to be solid if Pis
nonempty. Moreover, P is called normal if there exists a constant N > 0 such that, for
allx,y € E, 0 <x <yimplies ||x]| < N|y||. In this case, N is called the normality constant
of P. If x1,x, € E, the set [x1,%,] = {x € E | %1 <& < x,} is called the order interval between
x1 and x,. We say that an operator A : E — E is increasing (decreasing) if x < y implies
Ax <Ay (Ax > Ay).

For all x,y € E, the notation x ~ y means that there exist A > 0 and pu > 0 such that
Ax <y < ux. Clearly, ~ is an equivalence relation. Given /2 > 6 (i.d., # > 6 and h #6), we
denote by P, the set P, = {x € E | x ~ h}. It is easy to see that P, C P.

Definition 2.1 ([17]) An operator A : P — P is said to be sub-homogeneous if it is satisfies

A(tx) > tAx, Vte(0,1),x € P. (2.1)
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Definition 2.2 ([17]) Let D = P or D = P and « be a real number with 0 < « < 1. An oper-
ator A : D — D is said to be «-concave if it satisfies

A(tx) > t*Ax, Vte(0,1),x€D. (2.2)

Definition 2.3 ([17]) A: P x P — P is said to be a mixed monotone operator if A(x,y) is
increasing in x and decreasingin y, i.e., u;, v; (i =1,2) € P, uy < up, v1 > vo imply A(uy,v1) <
A(uy,v,). An element x € P is called a fixed point of A if A(x, x) = x.

Lemma 2.4 (See Lemma 2.1 and Theorem 2.1in [12]) Let P be a normal cone in E. Assume

that T : P x P — P is a mixed monotone operator and satisfies

(A1) there exists h € P with h # 0 such that T (h, h) € Py;
(Ay) for any u,v € P and t € (0,1), there exists ¢(t) € (t,1] such that T(tu,t™'v) >
o) T (u,v).

Then
(1) T:Ph XPh —>Ph;
(2) there exist ug,vo € Py, and r € (0,1) such that rvy < ug < vo,
ug < T(ug,vo) < T(vo, uo) < vo;
(3) T has a unique fixed point x* in Py;

(4) for any initial values xo,y0 € Py, constructing successively the sequences
Xp = T(xn—lfyn—l): Vn = T(yn—lxxn—l): n= 1; 2;-~~;
we have x,, — x* and y,, — x* as n — oo.

3 Main results

In this section we consider the existence and uniqueness of positive solutions for the op-
erator equation Ax + Bx + C(x,x) = x. We assume that E is a real Banach space with a
partial order introduced by a normal cone P of E. Take & € E, h > 0, Py, is given as in the

preliminaries.

Theorem 3.1 Let o € (0,1). Suppose that A : P — P is an increasing sub-homogeneous
operator, B: P — P is a decreasing operator, C: P x P — P is a mixed monotone operator,
and that they satisfy the following conditions:

B(fly) > tBy, C(tx, t’ly) >t*C(x,y), Vte(0,1),x,y€P. (3.1)

Assume that

(Hy) thereis hyg € Py, such that Ahy € Py, Bhy € Py, C(hg, ho) € Py;
(Hp) there exists a constant § > 0 such that C(x,y) > §(Ax + By), Vx,y € P.

Then
(1) A:Ph —)Ph,B:Ph —)Ph, C:Ph XPh —>Ph;
(2) there exist ug,vo € Py, and r € (0,1) such that

vy < Uy < Vo, ug < Aug + Bvg + C(ug, vo) < Avy + Bug + C(vg, o) < Vo;
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(3) the operator equation Ax + Bx + C(x,x) = x has a unique solution x* in Py;

(4) for any initial values xo,yo € Py, constructing successively the sequences

Xn = A%yt + Byy1 + CX-1, Yu-1)s

Vn = Ayn—l + an_l + C(y,,_l,xn_l), n=12,...,

we have x,, — x* and y,, — y* as n — 00.

Proof From Definition 2.1 and (3.1), we have

1 1
A(tx) < -Ax, B(ty) < ~By,
t t
) (3.2)
C(t'xty) < t—aC(x,y) for t € (0,1),x,y € P.

First step: we will demonstrate A : P, — Py, B: Py, — Py, C: Py X Py, — Py,
Since Ahg € Py, Bhy € Py, C(hg, hgy) € Py, there exist constants A1, Ay, A3, V1, V2, V3 > 0, such
that

Mh <Ahy < vih, Aol < Bhy < vah, A3h < C(ho, hg) < v3h.
From kg € Py, there exists a constant £, € (0,1) such that

1
toh<hog < —h.
to

Combine (2.1), (3.2) with the increasing property of operator A and the decreasing prop-
erty of operator B, we have

1 1 1
Ah SA(t—/’lo> < t_AhO < t_Vlhr Ah > A(tohg) = toAhy > torih,
0 0 0

1 1 1
Bh < B(lf()h()) < t_BhO < t—V2h, Bh > B(;ho) > toBhg > toAyh.
0 0 0

For any x € Py, we can choose a sufficiently small number u € (0,1) such that

1
uh<x<-—h.
"
Then
1 1 1
Ax §A<—h) < — . —uh, Ax > A(uh) > ptorih,
M )

1 1 1
Bx < B(,l,l,h) < — . —wh, Bx > B(—h) > Mt())\zh.
nw to %

Evidently, ﬁvl, %vz,uto)q,utokz > 0. Thus Ax € Py, Bx € Py; that is, A : P, —> Py, B:

to
Py, — Py,. Also from (3.1), (3.2), and the properties of mixed monotone operator C, we

Page 4 of 16
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have

1 1
Clhh) < c(—ho,toho) < = Clho, o) < 21,
to ts s
1
C(h,h) > C(’foh()y t_h0> > t5C(ho, ho) = tyAsh.
0

Noting that %2, t§As > 0, we can get C(h, 1) € Pj,. An application of Lemma 2.4 implies that
C: P, x P, — Py. So the conclusion (1) is true.

The second step is to demonstrate the conclusions (2)-(4) are correct.

Now we define an operator T = A + B+ C by T(x,y) = Ax + By + C(x,y) for A(x,y) = Ax,
B(x,y) = By. Then T : P x P — P is a mixed monotone operator and T'(k, h) € Py,. In the
following, we show that there exists ¢(t) € (¢,1] with respect to ¢ € (0,1) such that

T(tx, t_ly) >ot)T(x,y), Vx,yeP.

From (H,), we have

Ax+By+Clxy)  T(xy)

Cx,y) > = ,
(69) = 1+671 1+671

Vx,y € P.
Also from (2.1), (3.1), we can obtain

T (tx, t_ly) —tT(x,y) = A(tx) + B(t‘ly) +C(tx, t_ly) —tAx — tBy — tC(x,y)

o

> (- 1)Cwy) = | +;_1

T(x,9), Vx,yeP,te(0,1).

Consequently, for any x,y € P, ¢ € (0,1),

-t -t
T (tx,t7'y) > tT(x, — T,y =(t+ —— |T(x,y).

Let

Then ¢(t) € (t,1] and T(tx,t'y) > ¢(£)T(x,y) for any ¢ € (0,1) and «,y € P. Hence the
condition (Aj) in Lemma 2.4 is satisfied. An application of Lemma 2.4 implies: (c;) there
exist ug, vy € Py and r € (0,1) such that rvy < ug < v, ug < T(ug,vo) < T(vo,uo) < vo;
(cy) the operator T has a unique fixed point x* in Py; (c3) for any initial values x, o € Py,

constructing successively the sequences

Xp = T(xn—h_yn—l): Yn = T(yn—lxxn—l): n=12,...,
we have x, — x* and y, — x* as n — oo. That is, the conclusions (2)-(4) hold. a

From the proof of Theorem 3.1, we can easily prove the following conclusion.
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Corollary 3.2 Let o € (0,1). Suppose that A : P, — Py, is an increasing sub-homogeneous
operator, B : Py, — Py is a decreasing operator, C : Py x Py, — Py is a mixed monotone
operator, assume that (3.1) and (Hy) hold. Then the conclusions (2)-(4) of Theorem 3.1
hold.

Corollary 3.3 Let o € (0,1). Suppose that A : P — P is an increasing sub-homogeneous
operator, C: P x P — P is a mixed monotone operator and satisfies C(tx,t™'y) > t*C(x, ),
Vt € (0,1), x,y € P. Assume that

(H3) there is hg € Py, such that Ahy € Py, C(hg, ho) € Py;
(Ha) there exists a constant § > 0 such that C(x,y) > 8Ax,Vx,y € P.

Then
(1) A:Ph —>P1,,, C:Ph XPh —>Ph;
(2) there exist ug,vo € Py, and r € (0,1) such that

rvo < Ug < Vo, uo < Aug + Clug, vo) < Avg + C(vo, uo) < vo;

(3) the operator equation Ax + C(x,x) = x has a unique solution x* in Py;

(4) for any initial values xo,y0 € Py, constructing successively the sequences
Xn = Axp1 + C(X-1, Y1) Yn =AYn-1 + COpo1,%0m1), m=1,2,...,
we have x,, — x* and y, — y* as n — oo.

Corollary 3.4 Leta € (0,1). Suppose that B : P — P is a decreasing operator, C : P x P — P
is a mixed monotone operator and satisfy (3.1). Assume that

(Hs) there is hg € Py, such that Bhg € Py, C(ho, ho) € Py;
(He) there exists a constant § > 0 such that C(x,y) > 8By, Vx,y € P.

Then
(1) B:Ph —)Ph, C:Ph XPh —>Ph;
(2) there exist ug,vo € Py, and r € (0,1) such that

rvo < Ug < Vo, uo < Bvo + Clug,vo) < Bug + C(vo, o) < vo;

(3) the operator equation Bx + C(x,x) = x has a unique solution x* in Py;
(4) for any initial values xo,yo € Py, constructing successively the sequences

% =Byp1+ CEn-1,¥n1)s  Yn=Bxu1+ COu-1,%01), n=1L2,...,
we have x,, — x* and y, — y* as n — o0.
Corollary 3.5 Let o € (0,1). Suppose that C : P x P — P is a mixed monotone operator,
and satisfies C(tx,ty) > t*C(x,y), Vt € (0,1), x,y € P. Assume that there is hy > 0, such
that C(h1,h1) € Py, hold. Then

(1) there exist ug,vo € Py, and r € (0,1) such that

rvo < ug < Vo, uy < Cluo,vo) < C(vo, uo) < vo;
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(2) the operator equation C(x,x) = x has a unique solution x* in Py;

(3) for any initial values xy,yo € Py, constructing successively the sequences
Xy = C(xn—lryn—l)¢ Yn = C(yn—lyxn—1)¢ n=12,...,
we have x,, — x* and y, — y* as n — o00.

Remark 3.6 Corollaries 3.3, 3.4, 3.5 which have been studied in [12, 15, 16] are special
cases of Theorem 3.1. In this sense, our results extend and supplement the results in [12,
15, 16].

Theorem 3.7 Let @ € (0,1). Suppose that A : P — P is an increasing sub-homogeneous
operator, B: P — P is a decreasing operator, C : P x P — P is a mixed monotone operator,
and satisfy

B(t™'y) = t*By, C(tx,t'y) = tC(x,y), Vte(0,1),x,y€P. (3.3)

Assume that

(Hy) there is ho € Py, such that Ahgy € Py, Bhg € Py, C(ho, ho) € Pp;
(H5) there exists a constant § > 0 such that Ax + C(x,y) < 8By, Vx,y € P.

Then the conclusions (1)-(4) of Theorem 3.1 hold.

Proof According to Definition 2.1 and (3.3), we obtain

1 1
A(tx) < -Ax, B(ty) < —By,
t t*
) (3.4)
C(t'xty) < EC(x,y) for t € (0,1),x,y € P.

Similarly to the proof of Theorem 3.1, we have A : P, — Py, B: Py, — Py, C: Py, x P, — Py

In the following, we will prove the conclusions (2)-(4) are true. Define an operator T =
A+B+CbyT(x,y) =Ax+By+C(x,y). Then T : P x P — P is a mixed monotone operator
and T'(h, h) € Py. Next, we show that there exists ¢(£) € (¢,1] with respect to ¢ € (0,1) such
that

T(tx, t_ly) >ot)T(x,y), Vx,y€eP.

From (H}), we have

- Ax + By + C(x,y) B T (x,y)
- 1+6 T 1+8 ]

By Vx,y € P.

Also from (2.1), (3.3), we have

T (tx, t_ly) —tT(x,y) = A(tx) + B(t‘ly) + C(tx, t_ly) —tAx —tBy — tC(x,y)

o

z(t _t)ByZ 1+6

T(x,y), Vx,yeP,te(0,1).
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Consequently, for any x,y € P, ¢ € (0,1),

Y —t
1+6

Tty = (¢ -t
xy)=|t+
4 1+6

T(tx, t_ly) > tT(x,y) + >T(x,y).

Let

a_

e —t
H=t+—— te(01).
ot)=t+ (0,1)

Then ¢(t) € (t,1] and T(tx,t™'y) > (&) T(x,y) for any t € (0,1) and x,y € P. Hence the
condition (A;) in Lemma 2.4 is satisfied. As an application of Lemma 2.4, we can get the
conclusions (2)-(4). O

Theorem 3.8 Let o € (0,1). Suppose that A : P — P is an increasing o-concave operator,
B: P — Pisa decreasing operator, C: P x P — P is a mixed monotone operator, and they

satisfy
B(t’ly) > tBy, C(tx, t’ly) > tC(x,y), Vte(0,1),x,y€P. (3.5)

Assume that

(HY) there is hy € Py such that Ahy € Py, Bhy € Py, C(ho,ho) € Py;
(H}) there exists a constant 8 > 0 such that By + C(x,y) < 8Ax, Vx,y € P.

Then the conclusions (1)-(4) of Theorem 3.1 hold.

Proof By Definition 2.2 and (3.5), we have

1

1
A(t_lx) < EAx, B(ty) < ;By,
(3.6)

1
C(t_lx, ty) < EC(x,y) fort € (0,1),x,y € P.

Similarly to the proof of Theorem 3.1, we have A : P, — Py, B: Py, — Py, C: Py, x P, — Py
Now we define an operator T = A + B+ C by T(x,y) = Ax + By + C(x,y) for A(x,y) = Ax,

B(x,y) =By. Then T : P x P — P is a mixed monotone operator and T'(k, /) € Py. In the

following, we show that there exists ¢(t) € (¢,1] with respect to ¢ € (0,1) such that

T(tx, t’ly) > ()T (x,y), Vx,yeP.

By (HY), we can obtain

- Ax +By+Clxy)  T(xy)

A = ,
*= 1+6 1+6

Vx,y € P.
Also from (2.2), (3.5), we have

T (tx, t_ly) —tT(x,y) = A(tx) + B(t‘ly) + C(tx, t_ly) —tAx —tBy — tC(x,y)
t“—t
1+6

> (to‘ - t)Ax > T(x,y), Vx,yeP,te(0,1).
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So, for any x,y € P, t € (0,1),

o

T(tx, t’ly) > tT(x,y) + 153

t*—t
T(x,y) = <t+ 153 )T(x,y).

Let

o

t—t
0=t , te(0,1).
pt)=t+ (0,1)

Then ¢(t) € (t,1] and T(tx, t™1y) > @(£) T(x,y) for any ¢ € (0,1) and x, y € P. Hence the con-
dition (A;) in Lemma 2.4 is satisfied. An application of Lemma 2.4, we see the conclusions
(2)-(4) hold. O

4 Applications

Fractional differential equations arise in many field, such as physics, mechanics, chemistry,
engineering and biological sciences, etc. In recent years, many authors have investigated
the existence of positive solutions for nonlinear fractional differential equation boundary
value problems (see [18—21]). However, there are few papers concerned with the unique-
ness of positive solutions. In this section, we only apply the results in Section 3 to study
nonlinear fractional differential equation boundary value problems. We study the exis-
tence and uniqueness of positive solutions for the following nonlinear fractional differen-
tial equation boundary value problem:

—Dg.u(t) = f (&, u(t), u(t)) + g, u(t)) + q(t,u(t)), 0<t<l,3<v <4,
u(0) =4/(0) =u"(0) = u”(1) = 0.

(4.1)

Here Dy, is the Riemann-Liouville fractional derivative of order v > 0, defined by

e — 2 (AN [
DOM(t)_F(n—v)(dt) /O(t T) u(t)dr,

where 7 = [v] + 1. [v] denotes the integer part of the number v; see [22]. f(¢, u,v): [0,1] x
[0, +00) x [0, +00) — [0, +00) is continuous, and g(¢, 1), g(¢,v) : [0,1] x [0, +00) — [0, +00)
are continuous.

In our considerations we will work in the Banach apace E = C[0,1] = {x: [0,1] —
R is continuous} with the standard norm ||x|| = sup{|x(¢)| : ¢ € [0,1]}. Notice that this space
can be equipped with a partial order given by

x%y€C[0,1], x<y < «x(t)<y() forallte]l0,1].

Set P = {x € C[0,1] | x(¢) > O,¢ € [0,1]}, the standard cone. It is clear that P is a normal
cone in C[0,1] and the normality constant is 1.

Definition 4.1 ([23]) The integral

N I .0
Io+f(x)—l_(v)/0 (x—t)lfvdt’ x>0,
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where v > 0, is called the Riemann-Liouville fractional integral of order v and I'(v) is the

Euler gamma function defined by
+00
') = / ' tetdt, v>0.
0

Lemma 4.2 ([19, 24]) Letv >0 and u € C(0,1) N L(0,1). The fractional differential equa-

tion
D u(t)=0
has
u@®) =t et 2+t eyt ™, ¢ €Ri=0,1,...,mn=[v]+1,

as unique solution.

Lemma 4.3 ([19, 24]) Assume that u € C(0,1) NL(0,1) with a fractional derivative of order
v > 0 that belongs to C(0,1) N L(0,1). Then

L.Dyou(t) = u(t) + c1t" ™ + cot” 2 4 -+ ¢t ™"

forsomec;€R,i=0,1,...,n,n=[v] +1.

Lemma 4.4 Iff(t, u(t), u(t)) + g(t, u(t)) + q(t, u(t)) > 0, then the fractional boundary value

problem (4.1) has a unique positive solution

1
u(t) = /0 G(t,s)[f(s, u(s), u(s)) + g(s,uls)) +q(s, u(s))] ds,
where

1) -9)"2 = (-9 0=s=t<l,

G(t,s) (4.2)

ST |-, 0<t<s<l.
Proof Lemma 4.3 and Definition 4.1 imply that
ut) = cit"™ 4 cot" 2+ 3t 4 gtV

t _ -1
_ /0 (¢ F(Sj) [f (s, u(s), u(s)) + g(s, () + g(s, u(s)) ] dis.

From (4.1), we know that ¢y = ¢3 = ¢4 =0 and

a= ﬁ /o (1-s)¥3 [f(s, u(s), u(s)) +g(s, u(s)) + q(s, u(s))] ds.
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Then the unique solution of (4.1) is given by

1 v-1 1— v=3
u(t) = /0 % [f (s, 14(s), u(s)) + g (s, 1(5)) + q(s, u(s)) ] ds

t(f_ -1
_A @r8>[“&M”M@D+g@uu»+q@u@nds

1
= /0 G(t, s)[f(s, u(s), u(s)) +g(s,u(s)) + q(s, u(s))] ds.

This completes the proof of Lemma 4.4. g

Lemma 4.5 Let 3 < v < 4. Then the function G(t,s) defined by (4.2) satisfies the following
conditions:
1) G(£5)=0,(¢5) €[0,1] x [0,1];

2) 7782 -5)1-9)""" < G(4,s) <

) (1—-s)"3t" for t,s € [0,1].

1
T
Proof For the condition (1), when 0 < ¢ <s <1 it is obvious that

~ tv—l(l _ s)v—B

G(t,s) = > 0.

'(v) -

Inthe case 0 <s <t <1(s#1), we have

(v (1-s)2
1
> m[tv—l(l _ S)v—l _ (t _ S)v—l]
_ L _ v-1 _ _ -l
=To) [(¢ - ts) (t-s""]>0.

Moreover, as G(t,1) = 0, then we conclude that G(¢,s) > 0 for all (¢,s) € [0,1] x [0,1]. So
the condition (1) is true.

For the condition (2), first we prove the left inequality. If 0 < s < ¢ <1, then we have
0<t-s<t-ts=(1-s)t, and thus

(-9 < @-5)" e

Hence,
G(t S) — L[(l _S)V—Btv—l _ (t _S)v—l] > 1 [(1 _S)u—3tv—1 _ (1 _S)v—ltv—l]
T =T
_ 1 V3 (1 1]l 1 _ _ v-3v-1
= F(v)[(l 9V —(1-s)" e = TS @-9a -t

If 0 <t <s<1,then we have

R SR R S S SRS S|
G(t,s)-r(v)(l s)' 7t ZF(V)S(z s) A —s)'°t"
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So the left inequality holds. Evidently, the right inequality also holds. The proof is com-
pleted. g

Theorem 4.6 Let 3 < v < 4. Assume that

(L1) f:10,1] x [0,+00) x [0, +00) — [0, +00) is continuous, and g,q : [0,1] x [0, +o0) —
[0, +00) are continuous with g(t,0) # 0, q(¢,1) # 0, and f(¢,0,1) £ 0;

(L) f(t,u,v) is increasing in u € [0,+00) for fixed t € [0,1] and v € [0, +00), decreasing in
v € [0, +00) for fixed t € [0,1] and u € [0, +00), and g(t, u) is increasing in u € [0, +00)
for fixed t € [0,1], and q(t,v) is decreasing in v € [0, +00) for fixed t € [0,1];

(Ls) g(t,Au) > Ag(t,u) for € (0,1), t € [0,1], u € [0, +o0), and q(t,\7tv) > rq(t,v) for
L € (0,1), t € [0,1], v € [0,+00), and there exists a constant o € (0,1) such that
[, A7) > Af (¢,u,v), VE € [0,1], A € (0,1), u,v € [0, +00);

(Lg) there exists a constant 8 > 0 such that f(t,u,v) > 8(g(t,u) + q(t,v)), t € [0,1], u,v> 0.

Then

(1) there exists ug, v € Py, and r € (0,1) such that rvg < ug < vy and

uO(t) = fol G(t,S) [f(S; MO(S)r VO(S)) +g(S» uO(S)) + q(57 Vo (S))] dS, te [07 1]!
vo(t) = [ G(t,8)[f (s, vo(5), o (5)) + (5, vo(s)) + q(s, ()] ds, ¢ € [0,1],

where h(t) =t'1, t € [0,1];

(2) the problem (4.1) has a unique positive solution u* in Py;

(3) forany x¢,y0 € Py, constructing successively the sequences

X1 (t) = fol G(t,8)[f (5, %4 (), ¥u(5)) + g(5,%,,(5)) + q(s,yu(s)]ds, n=0,1,2,...,
Ius1(8) =[5 G, (5, 9n(S), %(5)) + €(5,9u(9)) + q(5,%4(s)] ds, 1 =0,1,2,...,

we have ||x, — u*|| - 0 and ||y, — u*|| > 0 as n — oo.

Proof To begin with, from Lemma 4.4, problem (4.1) has an integral formation given by

1
u(t) = /0 G(t,9)[f (s, uls), u(s)) + g(s,u(s)) + q(s, u(s))] ds.

Define three operators A: P — E; B: P — E; C: P — E by

1 1
(Au)(t) =/ G(t, s)g(s,u(s)) ds, (Bv)(t) =/ G(t, s)q(s, V(S)) ds,
0 0
1
C(u,v)(t) = /0 G(t,s)f(s, u(s), v(s)) ds.

It is easy to prove that u is the solution of problem (4.1) if and only if # = Au + Bu + C(u, u).
From (L), we know that A: P — P, B: P — P, C: P x P — P.In the sequel, we check that
A, B, C satisfy all the assumptions of Theorem 3.1.

First, we prove that C is a mixed monotone operator, A is increasing and B is decreas-
ing.
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In fact, for u;,v; € P,i = 1,2 with 11 > 1, vi < v9, we know that u1(£) > u,(£), vi(£) < v1(2),
t € [0,1], and by (L) and Lemma 4.5

1
Cln,)) = [ 665 (5,199 ds
0
1
Z./o G(t,s)f(s, uz(s),vz(s)) ds = Cluy, vo)(2).

That is, C(u3,v1) > C(uy, ). Similarly, it follows from (L;) and Lemma 4.5 that A is in-
creasing and B is decreasing.

Second, we show that B, C satisfies the condition (3.1) and A is sub-homogeneous op-
erator.

For any A € (0,1) and &, v € P, by (L3) we have

1
B()Clv)(t) =/ G(t, s)q(s, A‘lv(s)) ds
0
1
> A/ G(£,5)q(t,v(s)) ds = ABv(¢),
0
1
C(ku,)flv)(t) :/ G(t,s)f(s,)»u(s),)flv(s)) ds
0
1
> A\ / G(t,s)f(s, u(s), v(s)) ds = A*C(u,v)(¢),
0

that is, B(A"1v) > ABv for A € (0,1), u € P, C(Au, A™'v) > A*C(u,v) for A € (0,1), u,v € P.
So, the operators B, C satisfy (3.1). Also, for any A € (0,1), u € P, from (L3) we know that

A(Au)(t) = /01 G(t, s)g(s, Au(s)) ds> A /01 G(t,s)g(s, u(s)) ds = MAu(t),

that is, A(Au) > AAu for A € (0,1), u € P. So, the operator A is sub-homogeneous.
Third, we show that A% € Py, Bh € Py, and C(h, h) € Py,
In fact, from (L;), (L) and Lemma 4.5, for any ¢ € [0, 1], we have

1 1
C(h,h)(t)=/ G(t,5)f (s, h(s), h(s)) d5=/ G(t,s)f(s,s"_l,s"‘l) ds
0
T )h(t’/ s -9)(1-5)"f(5,0,1ds,
1
C(h,h)(t)=/ G(t,5)f (s, h(s), h(s)) ds_/ G, 9)f (s,5",s"™) dis
0

o )h(t)/ (1-5)""3f(s,1,0)ds,

from (L), (L), we have

f(S,l,O) Zf(S,O,l) > 0.
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Since f(¢,0,1) # 0, we get

1 1
/f(s,l,O)dsi/f(s,O,l)ds>0,
0 0
and in consequence
1 1
L= —/ s(2—5)(1—-5)"3f(5,0,1)ds > 0,
') Jo
1t 3
= — 1-s)"" ,1,0)ds > 0.
2= ), a9 10 ds

So, hh(t) < C(h, h)(t) < Lh(t), t € [0,1], and hence we have C(h, &) € Py,. Similarly,

F(v) t)/ 2-3s)(1-s)"" 3g(s, 0)ds < Ah(t) < t)/ -5)"' g 3g(s,1) ds,

oo )h(t)/ s(2 —s)(1—s)"3q(s,1)ds < Bh(t) < —h t)/ (1 -5)"3g(s,0)ds,
from g(¢,0) # 0, g(¢,1) # 0, we easily prove Ak € Py, Bh € Pj,. Hence the condition (H;) of
Theorem 3.1 is satisfied.

Lastly, we show the condition (H;) of Theorem 3.1 is satisfied.
For u,v € P and any ¢ € [0,1]. From (Ly4)

1
Clu,v)(t) =/ G(t, s)f( u(s), (s)) ds

1
8/ G(t, s) s,u(s)) + q(s, V(s))) ds
0

1
8| | G d. vs))d
[ Gtesios) s [ Gt mtonto)a]
= 8[(Aw)(®) + (BV)(®)],

then we get C(u,v) > 8(Au + Bv) for u,v € P.
So the condition of Theorem 4.6 follows from Theorem 3.1. O

By using Theorem 3.7, we can easily prove the following conclusion.

Theorem 4.7 Let 3 < v < 4. Assume that (L) and (Ly) hold and satisfy the following con-
ditions:

(Ls) f(& ru, A7) > Af(t,u,v), YVt € [0,1], A € (0,1), u,v € [0, +00) and g(t, hu) > rg(t, u)
for A €(0,1), t € [0,1], u € [0, +00), and there exists a constant « € (0,1) such that
q(t, 2 7v) > 1%q(t,v) for » € (0,1), t € [0,1], v € [0, +00);

(Lg) there exists a constant § > 0 such that g(t,u) + f(t,u,v) < 8q(t,v), t € [0,1], u,v > 0.

Then the conclusions (1)-(3) of Theorem 4.6 hold.

By using Theorem 3.8, we can easily prove the following conclusion.
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Theorem 4.8 Let 3 <v < 4. Assume that (L;) and (L) hold and satisfy the following con-

ditions:

(Ly) f(t,Au, A7) > Af(t,u,v), VYt € [0,1], A € (0,1), u,v € [0, +00) and there exists a con-
stant o € (0,1) such that g(t, Au) > 1%g(t,u) for » € (0,1), t € [0,1], u € [0, +00), and
q(t, 27v) > rql(t,v) for A € (0,1), t € [0,1], v € [0, +00);

(Lg) there exists a constant § > 0 such that q(t,v) + f(t,u,v) < 8g(t,u), t € [0,1], u,v> 0.

Then the conclusions (1)-(3) of Theorem 4.6 hold.

Example 4.9 Consider the following problem:

DR ue) = ud )+ w0+ u (0) + AOm(t) +a(t) +b, O<t<l, 3)
u(0) = u'(0) = u"(0) = u"(1) = 0, '

where b > 0 is a constant, a, m : [0,1] — [0, +00] are continuous with m # 0.

In this example, we have v = %. Take 0 < c < b and let

1
ftxy)=x5 +y7 3 +alt)+c  gltx) = %m(t) tbh-c,  qty)=-+alt)+c
x y

o= %, Mmax = max{m(t) (te [0,1]}, Amax = max{a(t) 1t e |0, 1]}.

Obviously, Mmax > 0, @max > 0. f : [0,1] x [0, +00] X [0, +00] — [0, +00], and g,g : [0,1] x
[0, +o0] — [0, +00] are continuous. f(t,x,y) is increasing in x € [0, +00) for fixed ¢ € [0,1]
and y € [0, +00), decreasing in y € [0, +00) for fixed t € [0,1] and x € [0, +00), and g(¢, x)
is increasing in x € [0, +00) for fixed ¢ € [0,1], and ¢(¢,y) is decreasing in y € [0, +00) for
fixedt €[0,1]. g(t,0)=b—c>0,4(t,1) =1+a(t) +c>0,f(t,0,1) =1 + a(t) + ¢ > 0. Besides,
for A € (0,1), £t € [0,1], x € [0, +00), ¥ € [0, +00), we have

f(t, Ax,)fly) = ()»x)% + (A‘ly)_% +a(t)+c> A3 (x% +y_% +al(t) + c) =A% (L, x,9),

A
g(t, rx) = ad

A
m(t) +b—c> — m(t) + Mb - ¢) = Ag(t, %),
1+ Ax 1+x

q(t;27ly) = ()L‘ly)_l +a(t) +c> Ay +alt) +c) = rq(t,y).

¢
Mmax+b+amax

Moreover, if we take § € (0, ], then we obtain

C

f(t,x,9) = x3 +y‘% +a(t)+c>c+yt= (Mmax + b + Amax) + Y7

Mimax + b + dmax

1

> S[Lm(t) +b-c+alt)+c+ —] = S[g(t,x) + q(t,y)].
l+x y

Hence all the conditions of Theorem 4.6 are satisfied. An application of Theorem 4.6

implies that problem (4.3) has a unique positive solution in P;, where h(t) = t"! = t%,

te[0,1].

Competing interests
The authors declare that they have no competing interests.



Wang and Zhang Boundary Value Problems (2015) 2015:203 Page 16 of 16

Authors’ contributions
HW participated in the design of the study and drafted the manuscript. LZ carried out the theoretical studies and helped
to draft the manuscript. All authors read and approved the final manuscript.

Acknowledgements

The research was partially supported by the National Natural Science Foundation of China (No. 61250011) and
(No. 61473180) and State Key Laboratory of Explosion Science and Technology (Beijing Institute of Technology)
Open-end Funds.

Received: 28 May 2015 Accepted: 27 October 2015 Published online: 05 November 2015

References
1. Agarwal, RP, O'Regan, D: A multiplicity result for second order impulsive differential equations via the Leggett
Williams fixed point theorem. Appl. Math. Comput. 161, 433-439 (2005)
2. Alves, E, Ma, TF, Pelicer, ML: Monotone positive solutions for a fourth order equation with nonlinear boundary
conditions. Nonlinear Anal. 71, 3834-3841 (2009)
3. Avery, Rl, Henderson, J: Three symmetric positive solutions for a second order boundary value problem. Appl. Math.
Lett. 13, 1-7 (2000)
4. Karaca, IY: Nonlinear triple-point problems with change of sign. Comput. Math. Appl. 55, 691-703 (2008)
5. Yang, B: Positive solutions for the beam equation under certain boundary value problems. Electron. J. Differ. Equ.
2005, 78 (2005)
6. Yao, QL: Positive solutions for eigenvalue problems of fourth-order elastic beam equations. Appl. Math. Lett. 17,
237-243 (2004)
7. Zhang, XP: Existence and iteration of monotone positive solutions for an elastic beam with a corner. Nonlinear Anal.,
Real World Appl. 10, 2097-2103 (2009)
8. Berzig, M, Samet, B: Positive fixed points for a class of nonlinear operators and applications. Positivity 17, 235-255
(2013)
9. Amann, H: Fixed point equations and nonlinear eigenvalue problems in ordered Banach spaces. SIAM Rev. 18,
620-709 (1976)
10. Avery, Rl, Peterson, AC: Three positive fixed points of nonlinear operators on ordered Banach spaces. Comput. Math.
Appl. 42,313-322 (2001)
11. Chen, YZ: Stability of positive fixed points of nonlinear operators. Positivity 6, 47-57 (2002)
12. Zhai, CB, Zhang, LL: New fixed point theorems for mixed monotone operators and local existence-uniqueness of
positive solutions for nonlinear boundary value problems. J. Math. Anal. Appl. 382, 594-614 (2011)
13. Li, K, Liang, J, Xiao, TJ: A fixed point theorem for convex and decreasing operators. Nonlinear Anal. 63, 209-216 (2005)
14. Zhai, CB, Anderson, DR: A sum operator equation and applications to nonlinear elastic beam equations and
Lane-Emden-Fowler equations. J. Math. Anal. Appl. 375, 388-400 (2011)
15. Zhai, CB, Hao, MR: Fixed point theorems for mixed monotone operators with perturbation and applications to
fractional differential equation boundary value problems. Nonlinear Anal. 75, 2542-2551 (2012)
16. Yang, C, Zhai, CB, Hao, MR: Uniqueness of positive solutions for several classes of sum operator equations and
applications. J. Inequal. Appl. 2014, 58 (2014)
17. Deimling, K: Nonlinear Functional Analysis. Springer, Berlin (1985)
18. Jleli, M, Samet, B: Existence of positive solutions to an arbitrary order fractional differential equation via a mixed
monotone operator method. Nonlinear Anal. 20, 367-376 (2015)
19. Bai, ZB, LU, HS: Positive solutions for boundary value problem of nonlinear fractional equation. J. Math. Anal. Appl.
311,495-505 (2005)
20. Zhang, XG, Liu, LS, Wu, YH, Lu, YN: The iterative solutions of nonlinear fractional differential equations. Appl. Math.
Comput. 219, 4680-4691 (2013)
21. Zhang, XG, Han, YF: Existence and uniqueness of positive solutions for higher order nonlocal fractional differential
equations. Appl. Math. Lett. 25, 555-560 (2012)
22. Samko, SG, Kilbas, AA, Marichev, Ol: Fractional Integrals and Derivatives: Theory and Applications. Gordon & Breach,
Yverdon (1993)
23. Podlubny, I: Fractional Differential Equations. Mathematics in Science and Engineering. Academic Press, New York
(1999)
24. Kilbas, AA, Srivastava, HH, Trujillo, JJ: Theory and Applications of Fractional Differential Equations. Elsevier, Amsterdam
(2006)



	The solution for a class of sum operator equation and its application to fractional differential equation boundary value problems
	Abstract
	Keywords

	Introduction
	Preliminaries
	Main results
	Applications
	Competing interests
	Authors' contributions
	Acknowledgements
	References


