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1 Introduction

Magnetohydrodynamics (MHD) studies the theory of the macroscopic interaction of elec-
trically conducting fluids with a magnetic field. MHD has a very broad range of applica-
tions, such as, the intensely heated and ionized fluids in an electromagnetic field in as-
trophysics, geophysics, high-speed aerodynamics, and plasma physics. In this paper, we
are concerned with the nonhomogeneous incompressible MHD equations in a domain
Q C R? as follows (see, e.g., [1-4]):

pr+u-Vp=0, (1.1)
put+pu~Vu+VP:—%V|H|2+H~VH+MAu+pf, (1.2)
H,~vAH+u-VH-H-Vu=0, (1.3)
divH =0, divu =0, (1.4)

where ¢ > 0 is time and x € Q is the spatial coordinate. The unknown functions are the
density p(x,t) > 0, velocity u = (ul(x, ), u?(x, t)) € R?, the pressure P(x,t), and the mag-
netic field H = (H'(x, £), H?(x, £)) € R?, respectively. f stands for the external force. The
positive constants x and v denote the viscosity of fluid and the relative strengths of advec-
tion and diffusion of H, respectively. Throughout this paper, 2 is assumed to be a bounded
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domain in R? with smooth boundary. Without loss of generality, we will take u = v = 1 for
simplicity.
In this paper, we are interested in the initial-boundary value problem of (1.1)-(1.4) sub-

ject to the following initial conditions:

(p,u, H)(x,0) = (po, w0, Ho)(x) and p<po<p forallxe, (1.5)
and boundary conditions:

Ulpe = (H-n)lse =V x Hjze =0, (1.6)

where p and p are two fixed positive constants. 7 is the unit outward normal to 9<2.

System (1.1)-(1.4) has drawn many attentions of engineers and applied mathematicians
due to its important physical background and mathematical feature. The Cauchy problem
to (1.1)-(1.4) has been much studied in the literature, including the existence, uniqueness,
and regularity of solutions of the system. Zhang [5] established local classical solutions of
(1.1)-(1.4) and proved that as the viscosity (1) and resistivity (v) went to zero, the solution
of (1.1)-(1.4) converged to the solution of ideal MHD system (i.e. & = v = 0). Gerbeau
and Le Bris [3] and Desjardins and Le Bris [6] considered the global existence of weak
solutions of finite energy in the whole space or in the torus. Global existence of strong
solutions with small initial data in some Besov spaces was considered by Abidi and Paicu
[7]. For the initial-boundary problem of (1.1)-(1.4), Huang and Wang [8] recently proved
the unique global strong solution with initial vacuum in dimension two without external
force f. For more related results, we refer the reader to [1, 9-12] and the references therein.

For homogeneous incompressible MHD (p = const in (1.1)-(1.4)), we first emphasize
that the unique global classical solutions for every initial data (ug, Ho) € H"” with m > 2
have been established in [13, 14]. Furthermore, some sufficient conditions for smoothness
were presented for weak solutions to the MHD equations in [15, 16]. For Cauchy problem,
the authors in [17] studied the long time behavior of solutions to the MHD equations in
two and three dimensions with some smallness conditions. In [18], the authors considered
the asymptotic behavior of the strong solutions to MHD equations in a half space. We
also notice that if the partial derivatives of the viscosity and resistivity are zero, the global
regularity issue has been established in [19].

However, the large-time asymptotic behavior of strong solutions to (1.1)-(1.6) has not
been well understood, especially for the case with general initial data and external force.
The main purpose of this paper is to investigate the influence of the magnetic fields, vis-
cosity, and boundary effects on the behavior of the solution of (1.1)-(1.6). We show that
the velocity, the magnetic field, and their derivatives will converge to zero as time tends to

infinity. The main result of this paper is stated as follows.

Theorem 1.1 Let Q be a bounded domain with smooth boundary 0 in R%. Assume that
the external force and the initial data satisfy

f [S L2(0, oQ; HI(Q))’ ft S LZ(O! OO;L2(Q))1 (1 7)
(posuo,Ho) € H?,  p < po < p forall x € 2, .
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then there exists a unique global solution (p,u, H) to (1.1)-(1.6) satisfying

p € C([0,00); HX(Q)) withp <p < p,

(1.8)
(w,H) € C([0, 00); H*(£2)) N L*(0, 00; H>(<2)).
In particular, the following large-time behavior holds:
lim [l =0, lim [|Hjl; =0, (1.9)
t—00 t—00
tlirgo(llutlle + ||Ht||L2) =0. (1.10)

Remark 1.1 If B = 0 (no magnetic field), then the system (1.1)-(1.4) becomes the classical
Navier-Stokes system. The global existence and large-time behavior of the strong solu-

tion to the nonhomogeneous incompressible Navier-Stokes equations has been proved by
Zhao [20].

Remark 1.2 We should point out that Huang and Wang in [8] have established a global
existence of the strong solution to (1.1)-(1.4) with initial vacuum and f = 0. Theorem 1.1 is
still an interesting result, because we get the large-time behavior.

Our second main result gives an exponential decay rate for the solution on taking the

external force f = 0, which is stated as follows.

Theorem 1.2 Assume the conditions in Theorem 1.1 and take the external force f = 0 in
(1.2). Then there exists a unique global solution (p,u,H) to (1.1)-(1.6) satisfying (1.8). In
particular, one has the following exponential decay:

lull7> + IHI7, < exp{-Cit}, (1.11)
where C, is a given positive constant independent of t.

Remark 1.3 Theorem 1.2 establishes exponential decay. Indeed, if we imposed some con-
ditions on the external force f but would not take f = 0, we can also give an algebraic rate
by performing energy estimates with weights in time.

We will prove Theorem 1.1 via the pure energy method, which is based on the uniform
estimate for the local solution. This approach is motivated by the previous work on the
nonhomogeneous incompressible Navier-Stokes equations due to Zhao [20]. Due to the
strong coupling between the velocity, magnetic field and density equations, the nonho-
mogeneous problem (1.1)-(1.4) under consideration is much more involved. It should be
pointed out that the analysis for (1.1)-(1.4) is very complicated and more efforts should be
made as regards the estimates involving these coupling terms and space-time-dependent
external force.

Next, we give a brief outline of the proof. To obtain the large-time behavior, we must
establish the uniform estimate. As for the uniform estimate, it is difficult to estimate the
higher-order derivative of u and H due to the lack of the spatial derivatives of the solution
at the boundary. So it is divided into two steps: first of all applying the standard energy
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estimate on the temporal derivatives of the solution, and then spatial derivatives by apply-
ing regularity theory of Stokes equation repeatedly. With all the estimates in hand, we can
establish the global existence by a standard method. Finally, the proof of the large-time be-
havior is mainly based on the following fact: if () € W'!(0, c0), then f(t) — 0 as t — oo.
By combining these uniform estimates in Lemmas 3.1-3.3 and the fact above we prove the
desired large-time behavior of the solution in Section 4.

The rest of the paper is organized as follows. In Section 2, we state some well-known
inequalities, and in Section 3 we deduce some uniform estimates and the time-dependent
estimate of the higher-order derivative. Finally, we will complete the proof of Theorem 1.1
in Section 4.

2 Auxiliary lemmas
In this section, we state some inequalities which will be frequently used in this paper. First

of all, we recall some Sobolev embedding inequalities (see [21, 22]).

Lemma 2.1 The following inequalities hold:

M) Wl <Clfllgn, V1<p<oo,¥f €H', 2.1)
@) Wl < Cliflwies ¥2<p<oo,¥fe W', (2:2)
3) W7 < CIfll2 VA N2, VS € Hp, (23)
@) Iflr < ClIVfll2,  V1<p<oo,¥f € H, (2.4)
5) W7 < CUFIZ + W2 VA l2),  Nf e HY. (2.5)

Next, we state the following Sobolev embedding (see [23, 24]), which will be used to
deal with the estimate of H.

Lemma 2.2 Let v € H(Q) be a vector function satisfying v|yq = 0 or v - nlsq = 0, then
Ivli2 = CliVVi 2. (2.6)

3 Some apriori estimates

The local existence has been established by Chen et al. [9]. Hence, it only remains to es-
tablish some necessary a priori bounds for the strong solutions (p,u, H) to the initial-
boundary value problem (1.1)-(1.4).

Let T > 0 be a fixed time and (p, u, H) be the strong solution to (1.1)-(1.4) defined on £ x
(0, T']. Throughout this paper, we will denote by C the various generic positive constants,
which may depend on the initial data and p, p, f, and €2 but are independent of £. A special
dependence will be pointed out explicitly in this paper if necessary.

3.1 Uniform estimate

First, by the method of characteristics and standard energy we have the following uniform

estimates:

p=pxt)<p (3.1)
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and

1 o0
sup f (|u|2+ 5|H|2) dx + / (IVuls + [VHI%) de < C. (3.2)
0

0<t<oo

The next lemma is the crucial estimate in this paper. Higher-order estimates of the den-
sity, velocity and magnetic field can be obtained in a standard way provided that ||u||n
and ||H]|;p are uniformly bounded with respect to time.

Lemma 3.1 Let (p,u, H) be a smooth solution of (1.1)-(1.6) on Q2 x (0, 00). Then there exists
a constant C such that

[o¢]
sup ([lull2: + IHIZ.) + f (07w |2, + IHZ + IHIZ, + ul?,)de < C. (3.3)
0

0<t<oo

Proof Multiplying (1.2) by u, and integrating by parts over €2, one obtains
1d 2 2. |12
EaHVulle + ||,o ut||L2 = | (H-VH -u,—pu-Vu-u + pf - u) dx. (3.4)
Similarly, it follows from (1.3) that
d 2 2 2 2
3IVHIE: + (IH 2 + [AH)2) = | IH, - AHdx= [ [H- Vu-u-VHdx. (3.5)

Putting (3.4) and (3.5) together leads to

d/1 2
a(gllvuﬂiz + ||VH||§2) + (||,01/2uz ”Lz + ||H:||iz + ||AH||22)

5/IHIIVHIIutIdx+/,quIIVuIIutldx+2/|H|2|Vu|2dx

5
+2/|u|2|VH|2dx+/p|f||ut|dx:Zli. (3.6)

i=1

Next, we will estimate all the terms on the right-hand side of (3.6) term by term. Using the
Young inequality and (3.1), we have

L <] p"u |}, + CLIHIZIVHIZ,

2
<e|p" w2 + el AHll2 + C(e) I VHI 12,
where we use the fact

IHIZ, IVHIZ, < C(IHIZ, + [IHI 2 I VHI 2) (IVHI 2 | AH |2 + [[VHIZ,)

A

IHIZ IVHI 2 | AH| 2 + IHIZ I VHIZ

+ IHI 2 IVHIZ I AHI 2 + IIHIZ I VHIS

IA

&
oo I1AHIL2 + CIVHI, (3.7)
1
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due to (3.2), (2.5), and (2.6). Similarly, we have

L < e o}, + Cle) [ Vull,
<ellpulz +e] V2l 2 + CIVUlR.

Next, we turn to estimating || V2u|| 2. From (1.2), we know that u satisfies the following
Stokes equations:

~Au+VP=-pu, - pu-Vu+iVIH??-H- VH + pf,
divu=0, in €,
u=0, ondQ.

By the well-known regularity theory on the Stokes equations (see [23]) and using (2.5),
(3.2), and (3.7), we have

lull2 < C(loweliz2 + o - Vall2 + IVIHP 2 + IIH- VHI 2 + IIf]2)

< C([|p"?ue| 2 + Il o I Vullzs + IHI o I VHI| 2 + £l 2)

1/2

= C(llo"uel o + 19Ul [ V2w

+IVulZ, + IVHI 2 |AHIGE + VHIZ, + [1fll;2)

< C(10" ] o + 170 + IVHIZ + 1f1,2) + 5 [ Va2 + AR,
which immediately leads to
lallzz < C([|0"ue | o + IVl + IVHIZ + 1fll2) + 2] A 2.
Substituting the above inequality into I, we have
L <Ce ||:01/2ut||i2 + e AHII7, + ClIVullf, + ClIVull IVHIZ, + CIIfIl..
Similarly, for I3 and I4, we have
L<e|p"u ”iz + | AH[ 7, + CIVH|LIIVull7, + ClIVull, + CI VHII

and

I < Clullza IVHIZs < Cllull2 IVall 2 (IVHIZ + IVHI 2 | AHI )

< CIIVH|% [ Vul?, + e[ AH|%,,

due to (3.2).
Using the Young inequality immediately leads to

Is < e p"u |15 + Ce)IE]1%.
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Taking ¢ small enough and substituting /;-I5 into (3.6), one obtains

d
&(IIVUIliz FIVHIZ) + (| 0702 + IHI2 + 1 AH|2,)

2
< C(IIVHIZ, + IVull2)” + IIf]12,,

which, together with Gronwall’s inequality, immediately leads to

o0
sup (IVullZ, + IVHIZ,) + / (| 0"u]) > + IH2 + | V2H| },) de < C. (3.8)
<t<oo 0
We get the desired estimate (3.3) by (3.2) and (3.8). O

1/2

The following lemma is concerned with the L?-estimate of p'u; and H;.

Lemma 3.2 Let (p,u, H) be a strong solution of (1.1)-(1.6) on 2 x (0, 00). Then there exists
a constant C such that

oo
2
sup ([ 0"2ue]| 2 + IH:122) + f IVuel2, + I VH||2, dt < C. (3.9)
0

0<t<oo

Proof Differentiating the momentum equations (1.2) with respect to ¢ yields

ouy + pu- Vus + pus - Vu+ pg(uy +u - Vu) + VP,

1
= Aug + <H -VH- 5V|H|2> + (pf);.

t

Multiplying the equation above with u, and integrating by parts over €2, one gets

1d 2
opri G PRl A
=—/pt|ut|2dx—/p(ut-Vu)-utdx—/pt(u-Vu%utdx
+ /(Ht -VH + H - VH; + p/f + pf}) - u, dx. (3.10)

Differentiating (1.3) with respect to ¢ and multiplying the resulting equation by H, we
obtain after integrating by parts

1d ) )
EE”Ht”LZ + [IVH 7

:—/ut'VH‘H,fdx+‘/Ht'VU'Ht+H'Vut’thx. (3.11)

Putting (3.10) and (3.11) together leads to

d
3 (Ml 72 + 02w ])75) + 1V ]2 + IVH %

| =

=—fpt|ut|2dx—/p(ut~w)-utdx—/pt(u-wrutdx
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+/ptf~utdx+fpft~utdx

+/Ht-VH-ut—ut~VH~H¢dx+/Ht-Vu~thx
+/H~Vut~H£+H~VHt~utdx

23 g, (312)

8
i=1

We now estimate each term on the right-hand side of (3.12). First, using the Holder and
Young inequalities, we obtain

|Ri| = ‘/pu-vlutlzdx = ClIVuli g2 llullza lugll 4

1/2 1/2 1/2 1/2
< CIVu 2 [ul 2 I Vall 2 e 12 Va5

1/2 2 2 1/2 2
< ClulFIVu 372 < el Vue )7, + Cle) | 0w |

| 3
L

2 2
IRy < cf w2 Vul dx < CllVull 2 ue s
2 1/2 2
< Clull2 Va2 < el Vula + Ce)| 0 2u |,

where (3.1), (3.2), and (3.3) are all used.
The estimate of R; is given as follows:

R3] = ‘/pu-V(u~Vu-ut)dx

3
< C/ |Vl lu |+ [ul VUl ] + o] V)|V [ de 2 .
i=1

Using (2.4) and (3.3), we can make the reduction

Il = C/ ul| Vul?jug| dx < ClIVlZallull s flugll 2

< C(IVulzz + 1Vull2 [V 2) 1 Vull 21 Va2
< C(1+ | V2u] o) IVull 21 V]l 2
< el Vull? + ) Vul?, + Cle) | V2u[ 2,
2| < C|V2ul| o lullFs llugll o
< C|Vu|| 2 I Vull . I V|l 2
<&l Vul% + Ce) | V2u 1,

2
sl < ClIVullallulls I Vuellz2 < el Vugll3, + Cle) || VZul [, + C@)lIVullZ.
From the estimate of J;-/3, we obtain

2
R3] < 3e||Vul[7, + C|Vul| 2 + C[[Vul[7,.
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For R4-R;, we have

IRy = ’/pu-kuodx

< Cllullza luellza IVEl 2 + Cllulla Va2 [I£]l 4

< ClIVu 21Vl 2 + Clif g (Va2
< ellVu 7, + CE)IIflI7a,

1/2 2 2
ut”LZ + ”ft”LZ!

IRs| < | o
IRel < c/|Ht||Vu||ut|dx

< ClIVullgalIHell 22 lugl 4

< ClIVull 3 IHll 2 [Vl 2

< el VuelZs + Ce) I Vull [ He 12

<& Vu|2, + Ce)[Hell 2 + C(e)ull? 2,
IR;| < c/ IH,|*[Vu| dx < Cl[H, || 741Vl 2

< C(IHZ + Hell 2 VH ]| 2 )

< elVH |17, + C(e)IIH [ 7o

It is easy to prove that Rg = 0. Taking ¢ small enough and substituting R;-Rg into (3.12),
one obtains
d 2
E(HHt”iz + [ 0w 12) + (1Vwll72 + I VH:I7)
2
< C||Vull3, + Cllull} + ClIIH 72 + ClIHll 72 + C[ 0w || 12 + CIVENT + ClIE .,

which, together with Gronwall’s inequality and (3.3), immediately leads to the desired es-
timate (3.9). O

3.2 Time-dependent estimate for higher derivative
It suffices to prove the large-time behavior with the help of the uniform estimates in Lem-
mas 3.1 and 3.2. Lemma 3.3 below deals with the higher-order estimates of the solutions

which are needed to guarantee the extension of a local classical solution to a global one.

Lemma 3.3 Let (p,u, H) be a strong solution of (1.1)-(1.6) on Q x (0, T). Then there exists
a constant C(T) such that

T
sup (Ilollg2 + llullz2 + IHl2) +/ lull}s + IHIFs dt < C(T). (3.13)
0

0<t<T

Proof The proof of this lemma is standard; details are omitted. O
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4 Proof of Theorems 1.1 and 1.2

With all the a priori estimates in Section 3 at hand, the existence and uniqueness of the
strong solutions to (1.1)-(1.6) can be done by standard continuous arguments. Thus, this
section is mainly devoted to the proof of the large-time behavior as (1.9)-(1.10) by the
uniform estimates in Section 3. The proof is split into three steps as follows.

Proof of Theorem 1.1
Step 1: Decay of u and H.
Set

Ai(t) = /plulzdx, By(t) = f [H dx.
From Lemmas 2.1-2.2 and the energy inequality, we have
t t t
[awesc [ kssc [ ivatesc, (@)
0 0 0

t t
/ Bl(s)dSEC/ IVH|?, ds < C. (4.2)
0 0

Next, we need to prove that %Al and %Bl are in L}(0,00). From (1.2)-(1.3) and using
integration by parts over 2, we have

d

5A1(t):fpt|u|2+2put-udx
:—2/|Vu|2dx+2/H~VH-udx+2/,of-udx, (4.3)

d 2

B0=2 [ Ho-Hdx=-2 [ |VHP dx+ [ H-Vu-Hdx. (4.4)

For A;(t), we have by (4.3) and the lemmas in Section 3

t t t
/ dst/ ||Vu||§2ds+c/
0 0 0
t
+C/ /pf-udx
0
t
§C+C/
0

=C (4.5)

d
- [Al (s)] ds

/H-VH-udx

ds

ds

/H-VI—Ludx

where we use the following estimate:

[

t
< C/ IVHI 2 [ HlI 4 1l 4 ds
0

ds

/H-VH-udx

t
<C / IVH] 2 (IHl| 2 + [HIZ I VHIZ) [ Vull 2 ds
0
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t
<C / IVHI%, [ Va2 ds
0
t
< C/ IVH|?, ds < C,
0

due to (2.4), (2.6), and (3.3).
Similarly, for B, (t) we have

i
0

[B1(s)]

t t
— dst/ IVHI|?, ds+/ /|H|2|Vu|dxds

t
< C+C/ /|H|2|Vu|dxds
0
<C. (4.6)

From (4.1), (4.2), (4.5), (4.6), we prove that A;(£), B1(t) € W'1(0, 00). Therefore, we con-
clude that

Jim (flullzz + [H]z2) =0,

due to p > p.
Step 2: Decay of || Vu||;2 and || VH]|;2.
Set

Az(t)=/|Vu|2dx, Bz(t):/IVledx.

By (3.2), we see that A, and B, are in L}(0, 00). Next, it remains to prove that %Az and
%Bz are in L}(0, 00). Using the Young inequality, (3.2) and (3.9), we have

—As(s)

A
0

t
ds<C / IVl [ Va2 ds
dt 0

t
= C/ ||VU||32 + ||Vut||iz ds<C, (4.7)
0

—Bs(s)

[
0

t
ds=<C / IVH|| 2 [VH, ]2 d
dt 0

t
< C/ IVHI7, + IIVH (|7 ds < C. (4.8)
0

Therefore, A, (t), Bx(t) € WH(0, 00). We conclude that
Jlim (IIVullz2 + IVH[ ;2) = 0.
— 00

Step 3: Decay of |lu;||;2 and || H|| ;2.
Set

A= [0l s B0 [P
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From Lemma 3.1, we see that A3(¢) and Bs(¢) are in L!(0, 00). By the Poincaré inequality
and (3.10)-(3.11), we have

—As(s)

s
0

ds

t t
dSS/ IIVutllide/ IR| + |Ra| + |Rs| + |Ra| + |Rs| ds
0 0

t
+/ /|Ht||VH||ut|+|H||VHt||ut|dxds
0

t
=C+ C/ (Hellza lluell o IVHI 2 + [IVH [l 2 [[HI| 4 [[ug ]l o ds
0

<C (4.9)

and

t t
—Bs(s) ds§C+/ |R6|+|R7|ds+/ fH~Vut~thxds
S 0 0

[
o |d

t
=< C+/ V|l 2 [[Hl s [He ]l 4 ds
0

<C. (4.10)
Therefore, A3(t), Bs(t) € W"'(0, 00), which, together with p > p, leads to
Jim (Jlullz2 + [ Hell2) = 0.
This completes the proof of Theorem 1.1. O
Proof of Theorem 1.2 Indeed, for the case f = 0, all the estimates in Section 3 are still valid.

Thus, the existence and uniqueness follow the same method. Here, we address the decay

rate. First, the continuity equation (1.1) and the fact divu = 0 lead to, for all p € [0, 00],

lollze = lleollzr- (4.11)

Particularly, one has

P =lpllee = ool < p. (4.12)

Multiplying (1.2) and (1.3) by u and H, respectively, then adding the two resulting equa-

tions, one has after integrating by parts over

d
I plul® + [HI> dx + 2( Vull?, + [[VH|?,) < 0. (4.13)

Because of the boundary condition u|yq = 0 and H- n|yq = 0, using the Poincaré inequality,
(2.4), and (2.6), we have

(Ilull?, + IHI2,) < C(IVull?, + [VHI?,). (4.14)
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From (4.12), (4.13), and (4.14), it is easy to prove that there exists a 6y > 0 such that

d
E/Qmﬁ+mﬁw+%wp“w@+nm@)sa

which immediately implies

| 9"2ul| 72 + IHIZ, < exp{—6ot). (4.15)

Notice that p is bounded from below, and the decay rate estimate (1.11) is established.
Thus, Theorem 1.2 is completed. O
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