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Abstract

In this paper we consider a class of elliptic problems of p-Kirchhoff type with critical
exponent in bounded domains and new results as regards the existence and
multiplicity of solutions are obtained by using the concentration-compactness
principle and variational method.
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1 Introduction
In this paper we deal with the existence and multiplicity of solutions to the following
p-Kirchhoft type with critical exponent:

—[g(fo IVul’ dx)] Apu = Ah(x,u) + Wy, xeQ,
(1.1)
u=0, xe€dQ,

where 1 < p < N, X is a positive parameter, 2 C RN is an open bounded domain with
smooth boundary and A is a positive parameter, p* = Np/(N — p) is the critical exponent ac-
cording to the Sobolev embedding. f : @ x R — R, g: R* — R* are continuous functions
that satisfy the following conditions:

(G1) There exists g > 0 such that g(¢t) > g forall £ > 0.

(G2) There exists o satisfied 1 < § <p*and G(t) > og(?)t for all £ > 0, where

G() = [, g(s) ds.
(H1) h(x,u) € C(2 x R,R), h(x, —u) = —h(x,u) for all u € R.
(H2) limpy— 00 h(x’”)l = 0 uniformly for x € Q.

|uafP*

(H3) limy, o+ % = 0o uniformly for x € Q.

Much interest has grown on problems involving critical exponents, starting from the
celebrated paper by Brezis and Nirenberg [1]. For example, Li and Zou [2] obtained in-
finitely many solutions with odd nonlinearity. Chen and Li [3] obtained the existence of
infinitely many solutions by using the minimax procedure. For more related results, we
refer the interested reader to [4—9] and references therein.
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On the one hand, for the special case of problem (1.1), equation (1.1) reduces to the

following Dirichlet problem of Kirchhoff type:

i—(d+be|Vu|2dx)Au =f(x,u), x€Q, (1.2)

u|3Q :Oy

where Q C RY, problem (1.2) is a generalization of a model introduced by Kirchhoff [10].
More precisely, Kirchhoff proposed a model given by the equation

?u (po E [*F 2 9%u
—_ (=24 = d =0, 13
Par ( n oL /0 x) 13)

ox?
where p, po, i, E, L are constants, which extends the classical d’Alembert wave equation, by

u
0x

considering the effects of the changes in the length of the strings during the vibrations. The
equation (1.2) is related to the stationary analog of problem (1.3). Equation (1.2) received
much attention only after Lions [11] proposed an abstract framework to the problem. Some
important and interesting results can be found; see for example [12-19]. We note that
results dealing with the problem (1.2) with critical nonlinearity are relatively scarce.

In [20], by means of a direct variational method, the authors proved the existence and
multiplicity of solutions to a class of p-Kirchhoff-type problem with Dirichlet boundary
data. In [21], the author showed the existence of infinite solutions to the p-Kirchhoff-type
quasilinear elliptic equation. But they did not give any further information on the sequence
of solutions. Recently, Kajikiya [22] established a critical point theorem related to the sym-
metric mountain-pass lemma and applied to a sublinear elliptic equation. However, there
are no such results on Kirchhoff-type problems (1.1).

Motivated by reasons above, the aim of this paper is to show that the existence of in-
finitely many solutions of problem (1.1), and there exists a sequence of infinitely many
arbitrarily small solutions converging to zero by using a new version of the symmetric
mountain-pass lemma due to Kajikiya [22].

To the best of our knowledge, the existence and multiplicity of solutions to problem
(1.1) has not ever been studied by variational methods. As we shall see in the present pa-
per, problem (1.1) can be viewed as an elliptic equation coupled with a non-local term.
The competing effect of the non-local term with the critical nonlinearity and the lack of
compactness of the embedding of H(l)'p (2) into the space 17 (), prevents us from using
the variational methods in a standard way. Some new estimates for such a Kirchhoff equa-
tion involving Palais-Smale sequences, which are key points to the application of this kind
of theory, are needed to be re-established. We mainly follow the idea of [22, 23]. Let us
point out that although the idea was used before for other problems, the adaptation to the
procedure to our problem is not trivial at all, since the appearance of non-local term, we
must consider our problem for suitable space and so we need more delicate estimates.

Our main result in this paper is the following.

Theorem 1.1 Suppose that (G1)-(G2), (H1)-(H3) hold. There then exists A* > 0 such that,
for any ) € (0,1*), problem (1.1) has a sequence of non-trivial solutions {u,} and u, — 0

asn— oQ.
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2 Preliminary lemmas
We consider the energy functional J : Wé’p (€2) = R defined by

1) = ~G(lull) - & / Hx,uw)dx - — / jul?” dx,
p Q P Ja

where Wé’p (€2) is the Sobolev space endowed with the norm ||u||? = fQ |Vul? dx. Standard
arguments [24] show that a critical point of ] is a weak solution of problem (1.1). We try to
use a new version of the symmetric mountain-pass lemma due to Kajikiya [22]. But since
the functional J () is not bounded from below, we could not use the theory directly. So we
follow [23] to consider a truncated functional of /(). Denote by J' : E — E* the derivative
operator of J in the weak sense. Then

U@, v) = g(lull”) /Q (IVulP?Vu - Vv)dx - /Q |ul P uvdx

—A/ h(x,u)vdx, Yu,ve Wg’p(Q).
Q

To use variational methods, we give some results related to the Palais-Smale compact-
ness condition. Recall that a sequence (u,,) is a Palais-Smale sequence of J at the level ¢, if
J(u,) — cand J'(u,) — 0.

We recall the second concentration-compactness principle of Lions [25, 26].

Lemma 2.1 [25, 26] Let {u,} be a weakly convergent sequence to u in Wé’p (R2) such that
luyl?" — vand |Vu,| — win the sense of measures. Then, for some at most countable index
set 1,
(i) v=u + Z;e15xjvjr v; >0,

(ii) u>|Vulf + Z]e] 8 js 15> 0,

(iii) 1> S0,
where S is the best Sobolev constant, i.e. S = inf{ [pn |VulP dx: [ou lul?” dx =1}, x; € RV, 8y
are Dirac measures at X; and Mj, V; are constants.

Under assumptions (H1) and (H2), we have
hx,s)s=o(Isl”"),  Hxs)=o(lsI”"),

which means that, for all ¢ > 0, there exist a(g), b(¢) > 0 such that

’h(x,s)s’ <al(e) + s, (2.1)

|H(x,s)| < ble) +els”". (2.2)
Hence,

H(x,s) — %h(x, s)s <c(e) + e|s|p* (2.3)

for some c¢(¢) > 0.
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Lemma 2.2 Suppose that (G1)-(G2), (H1)-(H3) hold. Then, for any A > 0, the functional ]
satisfies the local (PS), condition in

ce (—oo,p TP (oSN - M(w) |sz|)
2pp* 2pp*

in the following sense: if

J(u,) — c< ro _p(otoS)N/" —AC po-p 122
2pp* 2pp* A

and J'(u,) — 0 for some sequence in Wé’p (2), then {u,} contains a subsequence converging
. 1,p
strongly in Wy" ().

Proof Let {u,} be a sequence in Wé’p (£2) such that
1 1 "
J(u,) = —G(||Mn||p) —)»/ H(x, u,) dx — —/ lunl? dx =c+o(1), (2.4)
p Q p*Ja
(]’(Mn),V)=g(||un||p)/(IVunV’_zVMn~VV)dx—/ |l 211y dx
Q Q
—A[ h(x, u,)vdx = o(1)] . (2.5)
Q
By (2.4) and (2.5), we have
o !
c+o()|unll = J(un) - ;(] (t4n), thn)
1 o o 1 "
= _G(”un”p)_ —g(llu,,ll")llun||"+ <— - —*)/ lunl” dx
p p Q
—A/ H(x,uy,)dx+ — /h(x,u,,)u,,dx

_’”’ p/ |7 dox — A/H(x,un)dx

+ zk/ h(x, u,)u, dx,
P Ja

b U:p/ |un|”*dx§k/<H(x,un)—gh(x,un)un> dx + ¢+ o(1) | u,].
Q Q p

Then by (2.3), we have

(p(’:p—M:)/ lup? dx < Ac(€)|Q + ¢ + 0o(1) [l
pp Q

pro-p

Setting ¢ = o

we get

/ " dx < M+ o(1) vl 2.6)
Q
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where 0(1) — 0 and M is a some positive number. On the other hand, by (2.2) and (2.6),
we have

c+o)|uyll = J(u,)

1 1 *
= —G(||u,,||p)—)\/.H(x,u,,)dx——*/ lu, P dx
p Q P Ja

1 .
> 27 1P < 2b(e) |2 - [—* +Ae]/ lunl?” dx. 2.7)
4 4 Q

Therefore, the inequalities (2.6) and (2.7) imply that {u,} is bounded in Wé’p (£2). Hence,
up to a subsequence, we may assume that
u, —u weaklyin Wé'p(Q),
U, —>u ae.in§,
u, —> u inL*(Q),1<s<p" (2.8)
|Vu,|? — (weak*—sense of measures),

|ual’” — v (weak*-sense of measures),

where 1 and v are a nonnegative bounded measures on Q. Then, by the concentration-
compactness principle due to Lions [25, 26], there exists some at most countable index
set I such that

px
v = |ul +E vszx]., v >0,
jel

W= VUl +> sy, 1> 0,
jel

/ﬂ
Svfp =< M],

where 8y is the Dirac measure mass at x; € Q. Let ¥ (x) € C5° such that 0 < ¢ <1,

1 if|x| <1,
= (2.9)
0 if|x|>2,
and |[Vi/|e < 2.

For ¢ >0 and; € I, denote 1/f£(x) =¥ ((x—xj)/e). Since J'(1,,) — 0 and (wéuy,) is bounded,
(' (), Ylu,) — 0 as m — oo; that is,

a(lal?) / Vi Py dx
Q
— —g(lunl?) /Q Vit P2V 10, V]

+)L/h(x,uy,)un1/fédx+/ |un|”*w£dx+0n(1). (2.10)
Q Q
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By (2.8) and Vitali’s theorem, we see that
lim / |unv1pg|” dx = / |uV1//£ |p dx.
n—00 Q Q

Hence, by Holder’s inequality we obtain

lim sup

n—00

(-1/p ‘ 1/p
< limsup(/ |Vu,|? dx) (/ AL |pdx>
n—00 Q Q
‘ 1/p

< cl(f lul’ |Vl !”dx)

B(x;j,2¢)

. 1/N 1/p*

gcl(/ A dx) <f lul? dx)

B(xj,2¢) Bl(xj,2¢)

1/p
SCz(/ Iulp*dx> —0 aseg— 0.
B(xj,Zs)

f Un |Vt |P2V 1, V! dx
Q
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(2.11)

Since 1//£ has compact support, letting # — oo in (2.10) we deduce from (2.10) and (2.11)

that

1/p*
“o/ vldp < Cz(/ Jul” dx) + A f(x,u)udx+/ ¥l dv.
Q B(x;,2¢) B(x},2¢) Q

Letting ¢ — 0, we obtain aou; < v;. Therefore,

((X()S)N/p =V

(2.12)

We will prove that this inequality is not possible. Let us assume that (cgS)V’? < v; for

some jo € I. From (G2) we see that
G(llunll?) = og(ll4nll?) l26x|I” = 0 for all n.
Since
o !
c=J(u,) - ;(] (1), Mn) +0,(1),

it follows that

c= lim (](un) - z(]/(un),un))
n—00 p

1 "
> (g — —*)/ |t |P dx—k/ |:H(x,u,,)— zh(x,u,,)u,,:| dx
p p Q Q p

> (p o:p—)w:)/wgolunlp*dx—kc(s)ml.
pp Q
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*o— .
£22 and n — oo, we obtain

Letting ¢ = P

plo-p ) pfo-p
c> E WO (x;)v; —Ac( )|Q|
2pp* pr e 2pp* A

> Q(QOS)N/P —Ac(lL:p)KZL
2pp 2pp*

This is impossible. Then I = , and hence u, — u in P (Q).
Then, using (2.8) and the fact that 4, — u in LP*(S2), we have

lim [ &, u,)(u, —u)dx=0 (2.13)
n—0oQ Q

and
lim | |l "2,y — ) dx = 0. (2.14)
n— 00 Q

From {J'(u,), u, — u) = 0,(1), we deduce that

(/' )t — 1) = g (Nl |1?) /Q \Vuun P>V, V (1 — 1) dx

-1 f T (o6, 1) (1t — 1) i — / |l =211 sy — 1) dix = 0,(1).
Q Q

This, (2.13), and (2.14) imply

Jim (1, 17) [ 1V36,72V10,9 1, - )l =0,
Since u, is bounded and g is continuous, up to subsequence, there is £, > 0 such that

g(lunll?) > g(th) =0 asn— oo,
and so

lim Vi, |2V, V (1, — u)dx = 0.

n— 00 Q
Thus by the (S,) property, u,, — u strongly in Wé’p (€2). The proof is complete. O
3 Existence of a sequence of arbitrarily small solutions
In this section, we prove the existence of infinitely many solutions of (1.1) which tend to
zero. Let X be a Banach space and denote

¥ = {A C X'\ {0} : A is closed in X and symmetric with respect to the origin}.

For A € X, we define genus y(A) as

y(A):= inf{m eN:Jpe C(A,R"’ \ {0}, —p(x) = ga(—x))}.
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If there is no mapping ¢ as above for any m € N, then y (A) = +00. Let £ denote the family
of closed symmetric subsets A of X such that 0 ¢ A and y(A) > k. We list some properties
of the genus (see [22, 27]).

Proposition 3.1 Let A and B be closed symmetric subsets of X which do not contain the
origin. Then the following hold.

(1) Ifthere exists an odd continuous mapping from A to B, then y (A) < y(B).

(2) Ifthere is an odd homeomorphism from A to B, then y(A) = y(B).

(3) If y(B) <00, then y (A\ B) = y (A) - y(B).

(4) Then n-dimensional sphere S" has a genus of n + 1 by the Borsuk-Ulam theorem.

(5) IfA is compact, then y(A) < +00 and there exists § > 0 such that Us(A) € X and

y(Us(A)) = y(A), where Us(A) = {x € X : lx — Al < 8}

The following version of the symmetric mountain-pass lemma is due to Kajikiya [22].

Lemma 3.1 Let E be an infinite-dimensional space and J € C'(E,R) and suppose the fol-
lowing conditions hold.

(C1) J(u) is even, bounded from below, J(0) = 0 and ]J(u) satisfies the local Palais-Smale
condition, i.e. for some ¢ > 0, in the case when every sequence {uy} in E satisfying
limy_, o0 J(uk) = ¢ < ¢ and limg_, oo ||J' (uk) ||g+ = O has a convergent subsequence.

(Cy) Foreach k € N, there exists an Ay € Xy such that SUPyeq, J(u) < 0.

Then either (Ry) or (Ry) below holds.

(Ry) There exists a sequence {uy} such that J'(ux) = 0, ' (ux) < 0, and {uy} converges to zero.

(Ry) There exist two sequences {uy} and {vi} such that J'(ux) = 0, J(ux) < 0, ur # 0,
My oo ttx = 0, J'(vik) = 0, J(vk) < 0, limg—, 00 Vi = 0, and {vi} converges to a non-zero
limit.

Remark 3.1 From Lemma 3.1 we have a sequence {u;} of critical points such that J(z;) <
0, ux #0 and limg_, o ux = 0.

In order to get infinitely many solutions we need some lemmas. Let ¢ = ﬁ’ from (2.4)

we have

J(w) = lG(||u||1’)—/\/H(x,u)alx—i*/ lul?" dx
p Q P Ja

1 .
ﬂ/ |Vu|pdx—(—*+sk)/ ul?” dx - 1b(e)|Q|
P Ja p Q

2 . 1
M/ |Vu|de——/ |uf? dx—)\b( >|52|
r Jo p*Ja 2

> Lyllull? - Lallull?” - Ls,

where Ly, Ly, L3 are some positive constants.
Let Q(¢) = Lit? — Lyt”" — L3i. Then

J(@) = Q(llul).
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Furthermore, there exists A, := %(;%)(N -P)? such that for A € (0,1,), Q(¢) attains its

positive maximum, that is, there exists

L\ N
o ()
pLy

such that

e1=Q(R) = max Q(t) > 0.
Therefore, for ey € (0, e;), we may find Ry < Ry such that Q(Ry) = eg. Now we define

1; 0§t§R07

x(@) = B, t> Ry,

Coo, X(t) € [011]7 RO <t=< Rl-

Then it is easy to see x(¢) € [0,1] and x(¢) is C*°. Let ¢(u) = x(||#|]) and consider the
perturbation of J(u):

1 1 «
G(u) := —G(Ilullp) - —*go(u)/ |u|? dx—kqo(u)/ H(x, u)dx. (3.1)
V4 p Q Q
Then
G(u) = Lil|ull? = Lyp)llull?”” — Lsx = Q(llul),
where Q(t) = L1t? — Ly x (£)t" — L3 and

Q(t)t 0 <t=< R01

e, t>R;.

Qt) =

From the above arguments, we have the following.

Lemma 3.2 Let G(u) is defined as in (3.1). Then:
(i) Ge Cl(Wé’p(Q),R) and G is even and bounded from below.
(ii) If G(u) < eg, then Q(||ul|) < eq, consequently, ||u|| < Ry and J(u) = G(u).
(ili) There exists A* such that, for A € (0,A*), G satisfies a local (PS), condition for

c<ey € (O,min{el,p g _*p(aos)N/p _)\C(IL:‘D)KH}).
2pp 2pp*h

Lemma 3.3 Suppose that (G1)-(G2), (H3) hold. Then, for any k € N, there exists § = §(k) >
0 such that y ({u € Wo? () : G(u) < -8(k)} \ {0}) > k.

Proof First of all, by (H3) of Theorem 1.1, for any fixed u € Wg’p(Q), u #0, we have

H(x, pu) > M(,o)(pu)g with M(p) — oo as p — 0.
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On the other hand, by integrating (G2), we obtain

)

o tY9 = Cott’®  forall > ¢ty > 0. (3.2)
0

G() <

Second, given any k € N, let Ej be a k-dimensional subspace of Wé'p (€2). There then exists

a positive constant § such that
llull < 6|ulye forall u € Ey.
Therefore, for any u € Ej with |u|| =1 and p small enough, by (3.2) and (H3) we have

1 1 «
Glow) = ~G(1ul?) - -t [ 1" ds— gt [ HGs ) d

< Sopp M) b

<P e P
< (ﬁ _ kM(P)) 5
- P splo

= -8(k) <0,

since limy,|,0 M(p) = +oo. That is,
lueEg:llull = p} € {ue WP (Q): Gu) < -5(k)} \ {0}.
This completes the proof. d

Now we give the proof of Theorem 1.1 as follows.

Proof of Theorem 1.1 Recall that
T = {A € Wy(2)\ {0} : A is closed and A = -A, y (4) > k}
and define

¢k = inf sup G(u).
€2k ueA
By Lemma 3.2(i) and Lemma 3.3, we know that —0o < ¢ < 0. Therefore, assumptions (C;)
and (C;) of Lemma 3.1 are satisfied. This means that G has a sequence of solutions {u,,}

converging to zero. Hence, Theorem 1.1 follows by Lemma 3.2(ii). g

4 A special case of problem (1.1)
We consider the following special case of problem (1.1):

- (Ot + ,3/ |Vul? dx) Apu = Af(x,u) + [ul ?u in,
Q (4.1)

u=0 onods2

Page 10 of 12
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where € is a bounded smooth domain of RN, 1 < p < N < 2p, @ and B are positive con-
stants.
Set g(t) = o + Bt. Then g(£) > @ and

1
G(t) = / g(s)ds = at + %ﬂﬁ > %(a + Bt =og(t)t,
0

where o = 1/2. Hence the conditions (G1) and (G2) are satisfied.
For this case, a typical example of a function satisfying the conditions (F1)-(F3) is given
by

k

[l =) a@)dis

i=1

where k >1,1<¢q; < g, and a;(x) € C(RQ). In view of Theorem 1.1, we have the following

corollary.

Corollary 4.1 Suppose that (F1)-(F3) hold. There then exists A* > 0 such that for any A €
(0,1*), problem (4.1) has a sequence of non-trivial solutions {u,} and u, — 0 as n — oo.
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