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Abstract
This paper is concerned with nonnegative solutions of the reaction-diffusion system:

U= Au=vP + U, Ve— Av =09+ 1oV

In a suitable range of parameters, we prove (initial and final) blow-up rates, as well as
universal bounds for global solutions. This is done in connection with new
Liouville-type theorems in a half-space, that we establish.
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1 Introduction

In this paper, we study (initial and final) blow-up rates, as well as universal bounds for
global solutions, for a class of semilinear reaction-diffusion systems, in connection with
Liouville-type theorems. Our study is motivated by [1], where Polacik et al. developed a
general method for obtaining universal initial and final blow-up rates for the scalar equa-
tion u; — Au = u” (p > 1), based on rescaling arguments and Liouville-type theorems, com-
bined with a key doubling property. In this context, the Liouville-type theorem means the
nonexistence of nontrivial, nonnegative and bounded solutions defined for all negative
and positive times on the whole space R”, or on a half-space R? = {x € R%;x; > 0}.

We here consider the system:

u— Au=vw + uu', M

ve— Av=ul + s,

where p,q,7,s >1and py, iy > 0. We use the following notation for the scaling exponents:

1 1
Ol:p+ ’ ﬂ: 1~ . (2)
pq-1 pq-1

Let us recall that, even in the scalar case, the optimal exponent for the Liouville-type prop-
erty is not presently known (see the monograph [2] and the recent work [3]). In the case
of systems, as far as we know, the only nonexistence result in R” = {x € R";x; > 0} is a
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consequence of the Fyjita-type theorem in [4], Theorem 2, p.178. The latter asserts the
stronger property of nonexistence in R, x R” (instead of R x R”") for the Cauchy prob-

lem

u—Au=v", t>0,xeR",
vi—Av=ul, t>0,xeR", (3)
u(0,x) = ug, v(0,x) =vy, x€R”,

where 1y, vy are nonnegative, continuous, and bounded functions, under the assumption
max(a, B) > n/2 with «, § are given by (2). As a consequence, Cui [5] proved a Fujita-type
theorem for the Cauchy problem associated with the system (1) for u; = 3 =1, assuming

that at least one of the following five conditions (i)-(v) is satisfied:

(i) r<1+2/n, (i) s<1+2/n, (iii) max(a, B) > n/2, (4)
(iv) max(a,B) <n/2, p=<1+2/n and r<np/(np-2), (5)
(v) max(a,B) <n/2, q<1+2/n and s<nq/(ng-2). (6)

(Note that max(«, B8) < n/2 implies p,q > 2/n.) See [5], Theorem 1.3, p.354. The condi-
tions (i)-(v) are optimal; see [6]. It will turn out that problem (1) with p; = py =1 reveals a
number of interesting, qualitatively new phenomena, in comparison with the unperturbed
model system (3), such as the existence of non-simultaneous blowing-up solutions. See
[7,8].

There are also Fujita-type results for half-spaces (see [9]). However, their optimal ex-
ponents are always smaller than the corresponding exponents in the whole space, leading
to more stringent conditions in the applications (to blow-up estimates). On the contrary,
for Liouville-type results with scalar equations, it was shown in [1] that nonexistence in a
half-space can be derived as a consequence of nonexistence in the whole space, without
requiring stronger restrictions on the exponents (and actually the restriction becomes even
weaker). This was done by adapting a monotonicity argument, based on moving planes,
introduced by Dancer [10] for elliptic equations. One of our main concerns here is to ex-

tend the result from [1] to system (1). Namely, we establish the following theorem.

Theorem 1.1 Letp,q,r,s>1,p <q,and ju1, hy > 0 be such that at least one of the following

five conditions (a)-(e) is satisfied:

n-1
>
(@ B= 5
2
(b) u1>0 and r<1+ s
n-1
2
(¢) m2>0 and s<1+ ,
n-1
n-1 2 (n-1)p
d , 0, <1 d —_—,
d) B< M1 > p= +n—1 an r<(n—1)p—2
1 2 -1
(e) ,3<n ) Ha >0, g<1+ and s< (n-Dq
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where B is given by (2). (Note that 8 < (n —1)/2 implies p,q > 2/(n — 1).) Then the system

ur—Au=w+mu', teRxelR]
vi—Av=ul+puy, teRxeR} (7)
u=v=0, teR,xedR

has no nontrivial, nonnegative, bounded, and classical solution.

By applying the method of [1], as an application of Theorem 1.1 and of the result of [5],
we then obtain the following universal initial and final blow-up rates for system (1), as well

as universal bound for global solutions.

Theorem 1.2 Let Q be a (uniformly C*) smooth domain of R". Let p,q,r,s >1, p < q, be
such that

+1 +1
r<p(q ) >0,  s< qp +1)
p+1 qg+1

if:ud >0,

and one of the following five conditions is satisfied:

p="
_2’
1 2
1 >0, r:p(q+) and r<1l+-=,
p+1 n
1 2
Ua >0, s:q(p+) and s<1+—,
q+1 n
+1 n n
uy >0, r:p(q ), B<—, p<l+— and r< P s
p+1 2 n np -2
+1
>0, 5=M, ,6<E, qg<l+— and s< " ,
q+1 2 n ng—2

where B is given by (2).
Then there exists a constant C = C(p,q,1,S, (1, L2, 2) > O such that, for any T € (0, 0]

and any nonnegative, classical solution (u,v) of

u—Au=v"+uu’, 0<t<T,xe€,
vi—Av=ul+ uyv, O0<t<T,x€q, (8)
u=v=0, O0<t<T,xe€0Q,

we have

ut,x) <CL+t*+(T-07%), 0<t<T,xeQ 9)
and

v(t,x) <CAL+tP+(T-1)P), 0<t<T,xeQ. (10)

(Here T —t := o0 in the case T = 00.)
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Remark 1.1 Theorem 1.2 improves on previously known results (see [11-14]) in three
directions:

(i) the constant C is independent of (i, v);

(i) €2 can be an any (smooth) domain;

(iii) no monotonicity conditions are assumed either in space or in time.

The rest of the paper is organized as follows. In Section 2, we prove Theorem 1.1. Next,

we prove Theorem 1.2, in Section 3.

2 Liouville-type theorem: proof of Theorem 1.1
In this section, we are concerned with the proof of Theorem 1.1. It is a consequence of [4],
Theorem 2, p.178, [5], Theorem 1.3, p.354 and the following theorem.

Theorem 2.1 Let p,q,r,s > 1, iy, o > 0. Then we have the following statements:
(a) The components of each positive, bounded, and classical solution (u,v) of (7) are
increasing in xi:

I u(t,x)>0 and d,v(t,x)>0, teRxeR]

(b) Ifthere exists a positive, bounded, and classical solution of (7), then there exists a

positive, bounded, and classical solution of

ur—Au=vw +puu, teRxeR",
Ve—Av=ul+ puy’, teRxeR™L

(11)
Proof Part (a). We put f(u,v) = v’ + pu” and g(u,v) = u? + pyv°. For A > 0, let
Ty = {x € R";0 <x; <A}.

As in [1], for a function / defined on R”, let #* and V; /& be the functions defined on T; by

W (x) = h(2h —x1,%'), 0 <x <Ax = (x2,...,%,) € R",

Vih(x) = B (x) — h(x), x= (xl,x') eT,.

Let (u,v) be a positive, bounded, and classical solution of (7). For each A, (V,u, V;v)

satisfies the following system:

Vi, — AViu = CHt,x)Viv+ Ch(t,x)Viu, teRxeT,
Vive— AVav = Ch(t,x)Viu + Ci(t,x)Viv, teRxeT;,
Viu=Vov=0, teRux =xix R,

Vi, Vav>0, teRx =04 e R,

where

1
CHt,x) = /0 £(0,v(8,%) + s(v*(t, %) — v(£, %)) ds,
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1
Cy(t,x) = / Su(u(t,x) + s(u (t,%) — u(t, x)),0) ds,
0
1
Cﬁ(t, x) = / u (u(t, x) + s(u)‘(t, x) — u(t, x)), 0) ds,
0

Cy(t,x) = flgv (0,v(t, %) + s(v'(t, %) - v(t,x))) ds,
0
fo =y, fo=p¥ gu = qui™, g = sV,
We claim that
Voiu>0 and V,v>0 inR x T, foreach A >0. (13)

With (13) at hand, by the maximum principle [2], Proposition 52.7, p.511 and (12), we
obtain

Vou>0 and Viv>0 inR x T, foreach A >0.
Moreover, since Vyu(t, A, x") = V,u(t, A,x’) = 0, from the Hopf maximum principle, it fol-
lows that

AViu(t, r,x Vvl 1, %'
M<O and M<O‘

A1 0x1

Therefore, since

0 ou(t,2r — A, x' oult, A, x' oult, A, x’

O () = u( ¥) b ha) ) dult k)

axl 8x1 3961 3961
we obtain

ou(t, A, x'

M >0 foreachA>0.

3961

Similarly, we prove that %ﬁx/) > 0, for each A > 0. To complete the proof of Part (a), it is
therefore sufficient to prove the claim (13). We recall first the following lemma of Dancer

[10].

Lemma 2.1 Given any positive constants I, A satisfying Al < 2, there exists a smooth
function h on T, such that

Ah+lh=0, xeT,,
h(x)>0, xeT,, (14)
h(x) — oo, lx| = 0o, x€T,.

We split the rest of the proof in two steps.

Step 1. Proof of (13) for small X.

Let & be given by Lemma 2.1. Since / is a positive and smooth function on T}, such that
h(x) — 00, as x| — o0, there exists ¢ > 0 such that /1 > ¢. Fix a positive constant y and set

[:= sup (fu(u(t,x), O) +£,(0, v(t,x)) +gy (u(t,x),O) +gv(0,v(t,x))) +y, (15)

teRxeRY



Mahmoudi Boundary Value Problems (2015) 2015:228 Page 6 of 14

which is finite, by the boundedness of (1, v). Define the function
(V}LM, ‘_/)\V) = (e”tVAu/h, e)/t V)\V/h);

where / is given by Lemma 2.1 for A > 0 sufficiently small (so that 1%/ < 72). With (12) at
hand, a simple computation shows that

Ve = AV =52 - VV,u— (v + Cy (%) = DViu - Crt,x) Vi
=0, teRxeT,,
Vv, — AV,v— % VVw—(y +Ci(t,x) =)V, v = Cs(t,x)V,u

(16)
=0, teRuxeT,,
V}LM,‘_/AVZO, teR,xedT,;,
Viau(t,x), Vov(t,x) — 0, teR,xeT,,|x| — oo.
Moreover, (15) implies that
y+Cf(t,x)+C§(t,x)—l§0, y+C§(t,x)+C2(t,x)—l§0. 17)
For M > 0 to be fixed later, we put
W:=-Vu-M,  Z:=-V,v-M.
Using (17), we have
W, - AW <C|IVW| + (y + C%(t,x) - l)(W +M) + C{\(t,x)(Z + M)
<C|IVW]|+ (y + C%(t,x) - l)W + Clk(t,x)Z (18)
and
Z, - ANZ<CIVZ|+ (y + Ci(t,x) = ) Z + Ci(t, ) W. (19)

By the last two properties in (16), we have W, (¢, ) := max(0, W)(¢, ), Z.(¢, ) := max(0, Z)(¢,
-) € Hy(T;) for all £ € R. Multiplying (18) with W/, integrating by parts and using C} > 0,

it follows that
1d 5 9
a 1. W =- |VW+| +C |VW+|W+
2dt T T, T,
+/ (v + Ch(t,x) - ) W7} +f CHt,x)Z, W, 51(/ (W2 +22)
Ty Ty Ty
for some constants C, K > 0. Arguing similarly on Z, and adding up, we obtain
d 2, 2 2, 2
— | (WZ+Z})<2K | (W]+Z3). (20)
dt T, Ty,

We now set A := ¢ max (||l oo, ||l o), where ¢ = infr, /1 > 0, and, for any given ¢, € R, we
choose

M = Ae’ > max(sup |V 5.u|(to, %), sup Il_/,\vl(to,x)).

JCE'H‘)L JCE'H‘)L
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Then W_ (to, ) = Z.(ty, ) = 0 and it follows from (20) that W, Z < 0 in (¢y, 00) x T,. Con-
sequently, for all £y, t € R with £, < £, we have

sup —Vaultr) <Me"t = Ae7V 1),
x€T), h(‘x) -

Letting ty — —o00, we obtain V,u > 0 everywhere, and similarly V, v > 0. We conclude
that (13) holds for A small.

Step 2. Proof of (13) for large X (hence for all A).

Let

Ao = sup{u >0 (13) holds for all A € (0, ,u)}. (21)

By Step 1, it follows that Ao > 0. We assume by contradiction that A¢ < co. Then there exists
a sequence Ax > A such that 4x — X and the set

Fi:={(t,x) € R x Ty, | min(V3, u(t,x), V3, v(£,x)) < 0}
is nonempty. Set

my i= sup{max(u(t,yl,x/),v(t,yl,x’)) [t eR,y € (0,24),4 € R",
Ix; € (O,Ak)/(t,xl,x’) e Fk}.
We may assume that either:
(i) my > o for some gy > 0 (by passing to a subsequence if necessary);
(ii) mj —> 0.
If case (i) holds, there exist some sequences t* € R, xll‘ € (0, Ak),ylf €(0,2x;), and &% e R™1
such that

min(V;, u(£5, 25, 6%), Vi, v(£,25,65)) <0 and  max(u(5, 55, £°), v(£5, 95, €5)) > eo.

By passing to a subsequence, we may assume that x¥ — a and y¥ — b for some a,b €

[0, 4o]. Next, we consider the functions
we(t,x) = u(t + 2,0 + €5, wtx) = vt + Exa +£5), teR, (x,4) e R
For all k, (u, v) is a positive, bounded, and classical solution of (7) satisfying
min (V5 u(0,x},0), Vi, v (0,45, 0)) = min(V;, u(t5, x5, %), Vi, v(¢5, 45, €5)) < 0
and
max (. (0,51,0), vk (0,51,0)) = &o.

Moreover, by definition of A it follows that V), ux, V3, vk > 0 in R x T,,. Since u and vk

are uniformly bounded and by using parabolic estimates, it follows that some subsequence
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(still denoted (e, vx)) converges in Clll;i(R X RTQ) to a nonnegative and bounded solution
(&, v) of (7). The above properties of (u, vx) imply that

min(V;,#(0,4,0), V3,%(0,4,0)) <0,  max(#(0,b,0),7(0,b,0)) > &

and V4, V3,v=0in R x T,.

Next we claim that % and v are positive everywhere in R x T,,. Indeed, assume for
contradiction that %(t;, %) or V(t,xo) vanishes for some ¢ € R and %y € T,,. Due to the
coupled structure of the system, by the strong maximum principle, it follows that u =
v=0in (-00,4] x T,,, hence ¢ < 0. But then, using the boundedness of % and ¥ and the
maximum principle again, we deduce Z = v = 0 on [£;,00) x T}, : a contradiction.

Now, since (V;,u, V3, V) solves the corresponding problem (12) and V;,u, V,v > 0, it
follows that V; u, V;,¥ > 0 in R x T}, . In particular we necessarily have a = Ao. Moreover,
by the Hopf maximum principle, it follows that

28,,7(0, 0, 0) = =y, V3, 7(0, A9, 0) > O.

Similarly, we obtain 9,,¥(0,10,0) > 0. Consequently, 9,,%(0,x;,0) and 9,,%(0,x;,0) are
bounded below by a positive constant on an interval around Ao and this remains valid
if u and v are replaced, respectively, by u; and v for k sufficiently large. That is, there
exists § > 0 such that

205, u(t, 201, £) = —9, ur(0,%1,0) > 0, x1 € [hg — 8,20 + 1. (22)

Similarly, we obtain d,, v(t5, %1, E%) > 0, for x; € [hg — 8,10 + 8]. However, since 2Ax —
*% > x¥ both belong to [y — 8,49 + 8] for large k, this contradicts the assumption that
min(kau(tk,x’f, £hy, Vi v(tk,xll‘, £%)) < 0. Therefore the assumption (i) leads to a contradic-
tion.

Now consider case (ii). We go back to the problem (12) with A = A; and k sufficiently
large. By assumption, g,(0,v),f,(0,v),f,(4,0),g,(4,0) = 0 and the definitions of C?k, i=
1,...,4, and my imply that, for

Ie = max( sup (Cf"(t,x)+C§"(t,x)), sup (C;"‘(t,x)+Cik(t,x))>,

(t,x)EFk (t,x) €Fy

we have

lim sup Zk <0.
k— o0

Fix k so large that [ := I + y < A,;znz, where y is any small positive constant. Set A = A,
apply Lemma 2.1 and let / be the resulting function. As above, the function (V,u, V,v) :=
(e”'Vyulh, e’' Vyv/h) satisfies the problem (16). Since

Y+ Cf(t,x) + C%(t,x) -1<0, Y+ Cg\(t,x) + Ci(t,x) -I<0 onkF,

it follows that inequality (18) (resp., (19)) is satisfied on the set {(¢,x) € R x T;, W(¢,x) > 0}
(resp., {(t,x) € R x T}, Z(¢,%) > 0}). Then the argument at the end of Step 1, after equation
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(19), still applies and yields V}, u, V,,v > 0, contradicting the nonemptiness of Fy. There-
fore the two possibilities (i) and (ii) lead to a contradiction. Thus, A¢ = co. This completes
the proof of the claim, hence the proof of Part (a).

Part (b). Let (u,v) be a positive, bounded, and classical solution of (7). For k = 1,2,...,
we consider the functions

uk(t,xl,x’) = u(t,x1 + k,x’), vk(t,xl,x/) = v(t,x1 + k,x’), (t,xl,x’) € Qy,

where Q; =R x (=k,00) x R", Since (u,v) is a positive, bounded, and classical solution
of (7), then for all k, (uy, v¢) is a positive, bounded, and classical solution (on its domains)
of the following system:

Oty — AUy = VZ + (1l
Ovi — Avi = Ul + povy.

Moreover, u; = v = 0 on d2. From L™ parabolic estimates, there exists a subsequence
((ux> vi))x=0 converges in Cll(‘,i(R x R") to a nonnegative, bounded pair of functions (%, V).
Moreover, (i, V) is a classical solution of

U — ANu=W + it
Vi — AV =T + v,

Since uy, vk are increasing in x; (by Part (a)), then
uk(t,xl,x’) = u(t,aq + k,x/) > u(t,x1 + ko,x’) >0 forall k> ko,

with x; + ko > 0. Therefore, by passing to limits, we obtain u(t, x1,4") > u(t, %1 + ko,x') > 0,
for all (t,x) € R x R”. Similarly, we obtain v > 0. Therefore also by Part (a), %, v are increas-
ing in x1. Moreover, let x1 < x; € R, we have uy (¢, x1,%") < ug(¢,x2,%'), %1 + k > 0, passing to
limits, we obtain %(¢, x1, ") < u(t, x2,%’). Moreover, tj, g(x,) (£, %1, 8') > ui (L, %2, %), passing to
limits, we obtain u(t, x1,x") > u(t,x,,x"). Therefore, u(t, x1,x’) = u(t, x,, %) for all x1,x, € R,
which means that 7 is independent of x;. Similarly, we prove that v is independent of x;.
This completes the proof of Theorem 2.1. d

We are now in position to prove Theorem 1.1.

Proof of Theorem 1.1 We assume by contradiction that the system (7) has a positive,
bounded, and classical solution (u, v). By Theorem 2.1(b), there exists a positive, bounded,
and classical solution of (11) on R x R"7}; a contradiction with [4], Theorem 2, p.178 or
[5], Theorem 1.3, p.354. O

3 Blow-up rates via Fujita and Liouville-type theorems: proof of Theorem 1.2
In this section, we are concerned with the proof of Theorem 1.2. We will use the following
key doubling lemma from [15].

Lemma 3.1 Let (X,d) be a complete metric space and let ) # D C ¥ C X, with = closed.
Set I' = X\ D. Finally let M : D — (0,00) be bounded on compact subsets of D and fix a
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real k > 0. If there exists y € D such that
M(y)dist(y,T) > 2k,
then there exists x € D such that
M(x)dist(x, ') > 2k, M(x) > M(y),
and
M(z) <2M(x) forallze DN Ex(x, kM‘l(x)).
We now turn to the proof of Theorem 1.2.

Proof of Theorem 1.2 We assume by contradiction that the theorem fails. Then there exist
sequences T € (0, 00), (ux, vi) being a solution of (8) in (0, Tk) x 2, yx € 2, and o € (0, Tk)
such that the functions

M= ul® +v/P, k=1,2,..., (23)
satisfy
Mi(or,yi) > 2k(1+ di* (o%)), (24)

where di(¢) = (min(¢, T — t))V2. Then
Mi(ow, yx) > 2kdi (ox) (25)
and
Mok, yx) > 2k. (26)
We will use Lemma 3.1 with X = R"*! equipped with the parabolic distance dp, defined by
dp((t,%),(0,9)) = [t —o|"* + |x—y| forall (t,x),(c,y) € R™,
S =%=[0,Tx] x Q,D=D;=(0,T}) x Q,and I = I’y = {0, T} x Q. Let us mention that
di(t) = dp((t,%), Tx), (%) € S
Indeed, let (£,x) € Xk, we have

(e T = inf. (1=l + e
= | — x| +inf((¢ - 0)%, (T - 1))

1/2

= (min(t, T —8)) "~ = di(0).
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As mentioned above by Lemma 3.1 with X = R™*! equipped with the parabolic distance
dp and (26), it follows that there exist x; € 2, tx € (0, T)) such that

Mi(te, 1) > 2kd; (), (27)

My (&, %) = Mi(ow, yi) > 2k, (28)
and

My(t, %) < 2My(tr, %) for all (¢,x) € Dy N B (b, %), kM ™ (£, %)) (29)
where

Bie (o 0x), kM (1, 0)) = {(8,5) € R™ | — x| + [ = 2> < kM (6, 5) }.
In the rest of the proof, we use the notation
M = Mt xk).-
By (28), we obtain

i < 0. (30)

— -
2k k—o0

Moreover, we observe that

k233 K>z khk -
tk—T,tk+T x (2N |x—xk|<7 CDkﬁBk. (31)

Indeed, we have (2 N {|x — x| < %}) C Q. Also by (27), we obtain

k>3
|t — ] < T‘ <K< di(ty) = min (&, (T — t)),

hence t € (0, T). Finally,

ki kA
|x — xi| + |t—tk|1/2 < Tk + Tk = kAg.

Therefore, (¢,x) C By. Now, we rescale the functions uy, v by setting

wi(0,y) = A% ur (tk + Ajo, %k + Aiy), zi(0,y) = A,Z(ﬁvk(tk +A30, X + AkY),s

2 K22 K252 - o
where (& + Ao,k + My) € (G — =% i+ —55) ¥ (Q N {|x — x| < 55*}), which imply that
= 2 2
(0,9) € D= (=5, ) x (A (2 —a0) N {lyl < D).

The pair of functions (wy, zx) solves the system

Qo Wi — Dwy =2 + Ai“u*rmw;, (0,y) € Dy,
Qo 2k — Dzi = Wi + Aiﬂ(l_s)ﬂzf(, (0,y) € Dy, (32)

2
wi=2k=0, yeNOQ-xx)lyl<5,lsl <%
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Moreover,
wi24(0,0) + 2 *#(0,0) = Axask > (8, 1) + vy > (b1, x2) = Miht = 1. (33)

By (29), we obtain

[wi* + z}(/z’g](a,y) = hu ™ (t + Apo, 2 + Aiy) + )Lkvll(/z’s (tk + Apor, % + Aiy)
= kkMk(tk + A,z(a,xk + Aky)

< 20 My (tr, xx) =2 forall (o,y) € Dy.
Therefore, since wy, zx > 0, we obtain
0<wl(o,y) <221,  0<Z(o,y)<2*" forall(o,y) € Dy. (34)
Also, since r < p(g+1)/(p +1), s < q(p +1)/(q + 1), and Ay — 0, we obtain
0= wi(oy) 2%, 022702 (0,y) <27 (35)

for all, (o,y) € bk. Let pi := dist(xk, 3$2). Then either the sequence (ox/Ax)x is bounded or
unbounded. By passing to a subsequence, we may assume that either:

(a) &—>oo or (b) &—>c20‘
A A

If case (a) holds, since ug, vi € CY2((0, Ti) x ) N C((0, Tx) x ), we obtain

~ K k2 — k
wi,zk € CP(Dg) N C((_Z' Z) X (A,:l(SZ —x) N {|y| < 5}))

Moreover,

K k2 k
Wezr=0 on <_Z’ %) X ()\,:1(852 —x) N {|y| < E})

Setd;:=1ifr=p(g+1)/(p+1),8,:=0ifr<p(g+1)/(p+1),and 8, :=1if s=g(p +1)/(g + 1),
87 :=0ifs<q(p +1)/(g +1). By using interior L" parabolic estimates, it follows that there
exists a subsequence (w, zx) that converges in Ci (R x R"), 0 < o < 1, to a pair of functions
(w, z) a nonnegative, bounded, and classical solution of the problem

We — Aw =2 + 1141w', (0,y) e R x R”,
Zg — Az =W+ Uuy8,2°, (0,y) e Rx R”.

Moreover, w2%(0,0) + z/2#(0,0) = 1; a contradiction with [4], Theorem 2, p.178 or [5],
Theorem 1.3, p.354. (Note that these results remain valid with any positive coefficients in
front of the terms w" and z°, instead 1.)

If case (b) holds. Let x; € 02 be such that px = % — Xk|. As in, e.g., [16], for any k we
can choose a local coordinate 8 = 6%) = (8,,6,,...,6,) in an e-neighborhood Uy of X such
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that the image of the boundary 92 will be contained in the hyperplane 6; = 0, xx becomes
0, xx becomes 6y := (0x,0,0,...,0) and the image of U; will contain the set {6 : |6 < &'}
for some ¢’ > 0. We may assume that ¢, ¢’ are independent of k and the local charts are
uniformly bounded in C2. In these new coordinates, the system for ¢ = @i (¢,0) = u(t, x)
and ¢ := ¢ (t,0) := vi(t,x) becomes

2
¢t—zi,ﬂi}'3;—§0€l—zl ,39 =¢P + 19", £>0,10|<e,60,>0,
Z,,al,agag Y bigh =7+ puagt, £>0,10] <s,6,>0, (36)
¢:¢=0, 50,10 <&,6 =0,

where a;;(¢,0) =), 32, gz/, =D -'D, with D = Dy = (86;/9x;);j, and b;(¢,0) = A6;, hence A =
Ay := (a;j);j are uniformly elliptic. Also, since 32 is uniformly C?, it follows that the af; are
uniformly bounded and the bf in L*. Moreover, since D(0) is a Euclidean transformation,

it follows that A;(0) = D(0) - “D(0) = Id. Then the rescaled functions wy, zx defined by

Wk(O,y) = )“k §0k(tk + )»%((7,9/( + )\.ky), Zk(O',y) = )\lz(ﬂ(ﬁk(tk + Aio,@k + )\.ky),

where (0,9) € {(0,9) : |o| < k2/4;|y - | < ,yl > — p"} Then (wy, zx) solves the system
i 82wy 8wk _ 20(1-r)+2
oWk =3, /ay, o~ MY bk =2 g Wi,
zk _ a(1-r)+2
aazk_ Jﬂl]&yzay/ - kZibla_yi _Wk+l’L2)"k ZZ’

where (0,9) € {(6,9): |o| <k?/4;]y - g—i| <> —f—:}. Also

€
<—,y1=——.
" N

wi=2x=0 for|o|<k®/4,|y- . ;
k k

As in the first case, by using interior-bounded L™ parabolic estimates, we conclude that

there exists a subsequence (wy,zx) that converges in C{, 0 < @ < 1, to a nonnegative

oc’

bounded and classical solution of the problem

-Aw=2+ 5w, (0,9)eRxH,
—Az=w1+ 8,25, (0,y)€eR x H,
w=z=0, y=c

where H, := {y € R";y; > —c}. Moreover, w"/2*(0,0) + z/2#(0,0) = 1; a contradiction with
Theorem 1.1. This finishes the proof of Theorem 1.2. O
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