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Abstract

We consider the periodic initial value problem associated to the generalized
Benjamin-Bona-Mahony equation with generalized damping on the one dimensional
torus. In contrast to the classical BBM equation, the main difference is that the
generalized equation contains two nonlocal operators, and the main difficulty comes
from two nonlocal operators. By the fixed point theorem, we prove that the periodic
initial value problem is locally well-posed. We also prove that if the solution exists
globally in time, it exhibits some asymptotic behavior.
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1 Introduction
The classical Benjamin-Bona-Mahony (BBM) equation

Uy — Ugyr + Uy + Ul =0 1.1)

was proposed in [1] as a model for propagation of long waves which incorporates nonlinear
dispersive and dissipative effects. It has extensively been studied in the recent literature;
see for example [1-10] on the existence and uniqueness of solutions and [11-17] on the
global attractors and references therein.

In this paper, we consider the periodic initial value problem of generalized BBM equa-

tions with generalized damping on the 1D torus T = R/27Z:

U+ Louy + vy + utty + Mqu =0, xeT,te(0,7),
u(0,x) = up(x), xe€T, 1.2)
Jpu(t,x)dx =0,

where the two nonlocal operators are defined by

Lyu(k) = |kIP*1a(k),  p > 0;
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Mou(k) = |k[*ak), «e (01%1] 1.3)

and 7(k) is the kth Fourier coefficient of u(t,x) in x.
For o = 1, the generalized damping becomes a parabolic damping,

M =—uy  as Mu(k) = |k|%5(k).
For o = 0, it is a weak damping,
Mou=u  as Mou(k) = (k).

For example, Wang [18] considered the damped BBM equation u; — Uy + (1 — tyy) +
uu, = f (x) (Introduction, p.134) and the BBM equation with different damping coefficients
Up — Upey + YU — VUlyy + Ul = f (x) (Remark 3.2, p.142).

In fact, one can consider more general damping terms. For example, Chehab et al. [19]
studied the long-time behavior of the solution of a damped BBM equation

U — Uy + Uy + Ul + Muu =0, x€T[0,L],£€(0,T), (1.4)
with
Mu(k) = yii(k),

and (yx)kez are positive real numbers.
In the absence of fractional damping M, u, Carvajal and Panthee [20] proved that the
Cauchy problem

g + Lyug + iy + WF), =0, xeR,te(0,7),keZ*,

1.5)
u(0,x) = up(x), xe€R,

is ill-posed for data with lower order Sobolev regularity and in a certain range of the
Sobolev regularity, even if the solution exists globally in time, it fails to be smooth.

In this paper we study the generalized BBM equations with the fractional damping
terms. In contrast to the classical BBM equation, the main difference is that equation (1.2)
contains two nonlocal operators, its dissipation is weaker than the classical BBM equation.
In the study of the periodic initial value problem (1.2), the main difficulty is that L, and
M, are nonlocal operators. By the fixed point theorem and the Fourier analysis method,
similar to [21-23], we prove the local well-posedness of the solution to the problem (1.2).

2 Local well-posedness
We define a space

HA(T) = {u eL*(T): / udx =0, Z k| %P |ﬁ(k)|2 < +oo}
T

keZ\ {0}

with the norm

ul = Y kP fac)).

keZ)\{0}
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Then we can obtain the local existence and uniqueness of the solution to the periodic
initial value problem (1.2).
Theorem 2.1 Assume o € (%, 1%1]. If ug(x) € H%(T), there exist a constant T = Co(|ugly) >
0 and a unique solution u(t,x) € C([0,T],H*(T)). Moreover, for any constant M > 0,
lugle <M, |Vola < M, there exists a constant Cy > 0 such that the solutions u(t,x), v(t,x)

of the periodic initial value problem (1.2) with the initial data uy(x) € H*(T) and vo(x) €
H(T), respectively, satisfy

H—-v(®)| <Cluo—-vole, VE< . 2.1
|u(2) - v(t)|, < Ciluo — ol Col (2.1)
Proof We first write equation (1.2) in the following form:
w2
up =~ +L,) O~ (I +L,)" 3, <7> ~(I+L,) " Myu
Py
= —ip(Dx)u — ip(Dy) (7) — @o(Dy)u
oy
= —[ip(Dy) + @a(Dy) |u — ip(Ds) (7> (2.2)
where
Du(k) = — 7
A T T
SO0l = — g, kez 2.3)
(pOt X - 1 + |k|p+1 ’ . .
Then we get
t iy
u(t) = Stl/to — l/ St_TQD(Dx)<?) dT, (24)
0
where
ik lk .
Siug = Z e 1T (k). (2.5)
keZ)\(0}
We define a map
t iy
CD(u(t)) =Suy — i/ St_fgo(Dx)<E) dr (2.6)
0
and a closed ball
B(T) = {u(t,x) € C([0, T), H*(T)) : |u(t) — uo|, < 3luola}- (2.7)

We now prove that ® has a unique fixed point in B(T).
Step one: ® is onto, that is, for u(t) € B(T) we have ®(u(t)) € B(T).
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According to the definition of the norm |u(¢)|,, we get

Sol2 =Y 1k |Sauo ()|
keZ\{0}
_ikelk2 )
= Y ke T gy k)
keZ\{0}
B 2|k‘2a
_ Z |k|2ae 1+|k\p+1t’ﬁ\0(k)’2
keZ\{0}
< Y kP k)] = juol?
keZ\{0}
and
u? 2 -7 2
smmm(g)::XjWM&mwmwmwn
o keZ\{0}
kel 2
_ Z |k|2ae 1+\k|17+1(t )#W(uz/z)(k)
keZ\{0} +| |
< Y kP|er)®]
keZ\{0}
1 —~
=5 2 kPl
keZ\{0}

1
- Z|u2|§ <Clul®,

1

the last inequality comes from the fact that #%(T) is an algebra for o > 3

Putting the above two inequalities into (2.6) we have

2
St—r (/)(Dx) (%)

t
< |u0|a+Cf |u(r)|idr
0

dr

o

t
!mwusmwu+f
0

< |ugle + CT sup ‘u(t)!i. (2.8)
te(0,T]

Since u(t) € B(T) and
|u(8)|, = |uola < |u(t) — uo|,, < 3luolas
we have [u(f)|o < 4|uolq and
|®(u(t)) — uol, < |®(u(®)|, + |uolo < 2luole +16CT ol

<3 , if0<T<—0—.
<3lugle, if0< <16C|u0|0,

Therefore, for T € (0, m), we have ®(u(t)) € B(T) for u(t) € B(T).
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Step two: @ is a contractive mapping on B(T).
Let u(z), v(t) € B(T). Since

2

t 2 2
|@(u(t) - @(v(1)| = i Str(/)(Dx)<u - )d:

v
2 2

o

|k|2ae 1+\k|P+1

[z, e

<C Z k2| (2 — ) )| dr
0 rez\(0)

:C/ |u2—v2|idr
0

t
< ZC/ (1l + WI2) | = vI2 d,
0

due to u(z), v(t) € B(T), we have

2

a’

’<D(u(t))—<l>(v(t))‘ <32C(|u0|2 + vl )T sup !u —v(t)

te[0,T]

that is,

te[0,T]

ik lk|2 (t-0) k (uz/\

sup |<I>(u(t)) - d>(v(t))|a < 4\/2CT(|MO|§, + |v0|§) s[L;pT]|u(t) - V(t)\a.

Page 5 of 10

(2.9)

(2.10)

Therefore, ® is a contractive mapping on B(T) if 4\/2CT(|u0|§[ +[vol2) <1, that is,

1

0<T< ——F7——.
32C(Juol + vol3)

Thanks to the Banach fixed point theorem, ® has a unique fixed point u(¢) such that u(t) =

®(u(t)), that is, there exists a unique solution of the periodic initial value problem (1.2).

Step three: the continuity of solution with the initial data.

Let u(t) and v(¢) be solutions of the periodic initial value problem (1.2) with the initial
data ug and vy, respectively, such that |ugl, <M, |vole <M. For ¢ € [0, T], the Duhamel

principle gives us the following formula:

u

¢ 9 )
u(t) = () = Siluo = vo) = ifo S”w(Dx)<—2 - %) dr,
hence

dr

o

t 22
Si—ro(D)| — - —
12 ( )(2 2)

a(e) ~ v(0)|, < |Suluto — )|, /

< |ug —vola + C0(|u(t)|a + |v(t)|a)T s[lépT]|u(t) - V(If)|a

< |uo — vola +4Co(lttolo + [Vola) T sup |u(z) — v(£)],
te[0,T]

< |up —vole + 8CoMT sup |u(t)—v(t)|
te[0,T]

(2.11)
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. 1 . _ 1
if T < SCodl? there exists a constant C; = TscoaT > 0 such that

|u(t) = v(t)|, < sup |u(t) - v(t)|, < Ciluo — vola-
te[0,T]

(2.12)
The proof is complete. d
3 Asymptotic behavior of the solution
We first consider the corresponding problem with the linear equation
i+ Loy +uy + Mqu=0, xe€T,te(0,T),
u(0,x) =up(x), x€T, (3.1)
Jp ult,x)dx = 0.
If u(¢) € L*(T), Vt > 0, then the kth Fourier coefficient % (£) of u(¢,x) in x satisfies
(1 + [k1P )i (2) + (ik + K1)k (®) =0, keZ,
that is,
ikelk| 2 .
Ur(t) = e HRT(0).
Therefore, we have
2 +1 |~ 2 +1 _&Mlt -~ 2
o = Y kP = Y ke e T g (0)|. (3.2)
2 kez\(0)

keZ\{0}

Theorem 3.1 If uy(x) € H & (T), then the unique solution u(t,x) of the periodic initial
value problem (3.1) satisfies

+1

@) <luolps, 0<a =B, (3.3)
Furthermore, we have

1 +1

’u(t)’2 §—|u0|i+1, O<a<p—,‘v’t>0, (3.4)
“ " et v 2
+1

wel, <ol o= veso0. (3.5)

Proof Equation (3.2) implies that

2\k|2°‘
2

—— ot~ 2
s = Y ke 1T @ 0)]
2 keZ\{0}

< Y ko)

keZ\ {0}

p+1
= luolp, 0<a<=——.
2

(3.6)
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On the other hand, for 0 < @ < 22 we have

2
B 2\k|2°‘ t )
wl2 = > ke kT [ (0)]
keZ\{0}
1+ |kIP+t Je| 2 2k .
- X W e O
keZn(0) |k + k|
_ ~ 112
< > kP ga ke ® o), (3.7)
keZ\(0)
where
- 2K el keZ\ {0} (3.8)
o (k) = —————, <a<—, . .
¢ 1+ [k 2
Since the function xe™ is uniformly bounded by i, we have
w2 < L > ko)) = Lol (3.9)
“ et et G '
keZ\{0)
For o = ’%1, we have
_2kpt )
ulyn = Y ke 1T @ (0)]
2 kezvo
< > ket o)
keZ\ (0}
_ ~ (2
=€’ Y (kP (0]
keZA\{0)
= e uol3 - (3.10)
2
The proof is complete. d

We now deal with the nonlinear equation (1.2), that is, u, + L,u; + 4, + utt, + Myu = 0.
We can find similar kind of decreasing properties but less explicit than in the linear case.

Theorem 3.2 If uy(x) € jies (T), then the unique solution u(t,x) of the periodic initial
value problem (1.2) satisfies

t—>+00

lim |u(t)ﬁ%1 -0. (3.11)

Proof Since [ uu,dx =0, [ u*u,dx =0, and

d — ~
Au(ut +Lput)dx=nE< Z |u,((t)|2+ Z |/<|P+1‘uk(t)‘2)

keZ\{0} keZ\{0}

2
’

d
=7 D (L k) (e

keZ)\{0}
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/ uMyudx = 2m Z (k|2 |ﬁk(t)|2 = 2n|u(t)|z.
T keZ\ {0}

The equation and zero mean condition in (1.2) imply that

14 7 @+ k) )|’ + |u@)] =o, (3.12)
keZ\{0}
hence
d p+1\ [ 2 2
- D @+ kP ae)|” = -2[u@)], <o. (3.13)
keZ\{0}

It implies that )" ;. o) (1 + [k[P*1)[2(2)|* is decreasing in £, so we have

Yo kP @) < Y (1 k) @), ve=o. (3.14)
keZ\ {0} keZ\{0}
Therefore,
u@fon = D kP @)’
keZ\{0}
< >0 @+ ke o)
keZ)\{0}
<2lugl%.,, VE=0. (3.15)
2

Equation (3.15) and uy(x) € % lead to u(t) e %" and then u(t) € H* for % <a < ‘%1.
On the other hand, (3.13) implies that 3" 0, (1 + [k[P*!)[2(2)|* is decreasing in ¢t and
bounded below by zero, then the limit

. AN T~ (2
tlgnoo (1 + k17 [ (0)|

keZ\{0}

exists, we denote it by A.
Denote

. 2
tEIPoo|u(t)i“ =B
If B> 0, for large enough ¢, we have |u(t)|2 > B/2, then there is a constant T > 0 such that

d ~
= > kP [m@| <-B, t>T,
keZ\{0}

hence

o @k @) < > @+ kP @(T)|’ - Be-T),

keZ\{0} keZ\{0}
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and then
lim (1+ k1P [(8)]* < —o0.
t—>+00
keZ\{0}

This contradiction leads to lim,_, ,o |u(¢)|2 = B = 0, that is,

lim kP @[ =0,
t—+00
keZ\{0}

then Vk € Z, lim,_, ,0 [7x(¢)|*> = 0, therefore we have

lim (L+ kP @] =4=0
t—>+00
keZ\{0}
and
lim kP @@’ =0, ie lim |u(t)|pa = 0.
t—+00 t—+00 2
keZA {0}
The proof is complete. O

Remark 3.1 This paper gives the local well-posedness for the subcritical index « > % The
interesting case would be to consider the supercritical case 0 < « < % and the critical case
o= % In the supercritical case 0 < o < %, there will be less dissipation, so the dispersive
part comes to play a principal role. In the cases 0 < o < % and « = %, H%(T) is not an
algebra, we must find another way to establish the estimates on the nonlinear term. We

will consider the supercritical case in future work.
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