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Abstract

Our concern is the second order difference equation A%u(t - 1) + g(u(1) = h(t) subject
to the Neumann boundary conditions Au(0) = Au(T) = 0. Under convex/concave
conditions imposed on g, some results on the exact numbers of solutions and
positive solutions are established based on the discussions to the maximum and
minimum numbers of (positive) solutions.
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1 Introduction
For a,b € Z with a < b, define [a,D]z = {a,a + 1,a + 2,...,b — 1,b}. Consider the following

Neumann boundary value problem:

Au(t—1) + g(u(t)) = h(t), te[l,Tlz, (L)
Au(0) = Au(T) =0,

where /1:[1,T]z — R, Au(t) = u(t + 1) — u(¢) and T > 3 is a given positive integer. Our

purpose is to find the exact number of solutions and positive solutions of (1.1).

In these last years, the existence and multiplicity of solutions for nonlinear discrete prob-
lems subject to various boundary value conditions have been widely studied by using dif-
ferent abstract methods such as critical point theory, fixed point theorems, lower and up-
per solutions method, and Brower degree (see, e.g., [1-17] and the references therein). All
these results are about the unique solution, or the minimum amount of solutions, and
positive solutions. To the best of our knowledge, there is no report on the exact number
of solutions for discrete boundary value problems.

For BVDs of differential equations, there are many papers concerned with the bifurca-
tion values and exact multiplicities of solutions and positive solutions by bifurcation the-
ory, quadrature method, time-map analysis and otherwise. See [18—29] and the references
therein. For difference equations, however, the loss of continuity puts some methods used
well in differential equations, such as the quadrature method and its time-map analysis,
out of action. Therefore, it is very meaningful to study the exact number of solutions for
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discrete boundary value problems. In this paper, based on the discussions to the max-
imum and minimum numbers of (positive) solutions, we establish some results on the
exact number of (positive) solutions of (1.1) under convex/concave conditions.

The remaining part of this paper is organized as follows. In Section 2, under the Neu-
mann boundary conditions Au(0) = Au(T) = 0, we show the Green’s functions of the lin-
ear difference operators —A2u(t —1) + Lu(t) and A%u(t — 1) + Ku(t), where L and K are two
positive constants with K < 4 sin? % Then, in Section 3, we make some estimates on the
maximum number of solutions of (1.1), and, in Section 4, we establish some results on the
minimum numbers of solutions and positive solutions of (1.1). Finally, we give the results
on the exact multiplicities of solutions and positive solutions of (1.1) in Section 5.

2 Green's functions

In this section, we show the Green'’s functions of the linear difference operators — A2 u(t —
1) + Lu(t) and A%u(t — 1) + Ku(t) satisfying the Neumann boundary conditions Au(0) =
Au(T)=0.

Let 0 < K < 4sin® Z. Consider the Neumann boundary value problem

L
2T

{ Alu(t—1) + Ku(t) = h(t), te[l,Tlz @)

Au(0) = Au(T) = 0.

It is easy to see that the corresponding homogeneous equation A2u(t — 1) + Ku(¢) = 0 has
two independent real solutions cos 6t and sin6t, where 0 is defined by

K
0 =arccos|{1- — ), O<8<z. (2.2)
2 T

Lemma 2.1 Problem (2.1) has a unique solution

T
u(t) = Z Gi(t, s)h(s), 23)
s=1
where
Gi(t,s 1 cos B0 cos =2G, 1<s<t<T+1,

sin@sinfT cos%@cos%@, 0<t<s<T.

In addition, if 0 < K < 4 sin? 17 then Gi(t,s) > 0 for all (¢,s) € [0, T + 1]z x [1, T]z.

Proof First, we show that u given by (2.3) solves (2.1). By G1(0,s) = G1(1,s) we know that
u(0) = u(1), i.e., Au(0) = 0. Similarly, Gi(T,s) = G1(T + 1,s) implies that Au(T) = 0. Now
we show that u satisfies the equation A2u(t — 1) + Ku(t) = h(t), i.e., u(t +1) + (K — 2)u(t) +
u(t-1) = h(t), t € [1, T)z. Since

u(t+1) + (K =2)u(t) + u(t-1)

T
= [Gi(t +1,5) + (K =2)Gy(t,5) + Gi(t - 1,5) ] (s)
s=1
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¢

+[Gi(t+ 1,0 + (K =2)Gyi(5, 1) + G (¢ = 1,8) | h(2)

—

T
+ Z) G1 (t+1,8) + (K =2)Gi(t,8) + G (£ -1, s)]h(s)

s=t+1

1
—

t-1 T
=Y L(t,9)h(s)+ Y h(t,s)h(s) + B(e)h(e),

s=1 s=t+1

we just need to verify that ; =0, I, =0, and I3 = 1. In fact, by the fact that cos 0t solves
the homogeneous equation A2u(t — 1) + Ku(t) = 0, we know that, for all ¢ € [1, T]z and
1<s<t-1,

I,(t,s)sin@sind T
(2s—1)9|: QT -2t-1)0 QT +1-26)0
cos _—

+ (K —2)cos
2 2

= COs

(2T+3—2t)9]
+eos —————

=0.
This implies /; = 0. Similarly /; = 0. Finally,

I3(t)sinfsin6T

Qt-1)-10 QT +1-2t)8 2t-10 QT +1-2(-1)
0S ) COS D) — COS ) COS )

= %[cos(T —1)0 —cos(T +1)6]

=sinfsinf T

holds for all ¢ € [1, T']z, which implies I3 =1.

Since the corresponding homogeneous problem has only the trivial zero solution, prob-

lem (2. 1) has a unique solution #, which is given by (2.1). Clearly, if 0 < K < 4 sin? 17 then
0 <6 < 7% and hence G,(¢,s) > 0 for all (¢,s) € [0, T + 1]z x [1, T]z. The proof is complete.
O
Let L > 0. Consider the Neumann boundary value problem
—A%u(t-1)+Lu(t) =h(t), te(l,T]z (2.4)
Au(0) = Au(T) = 0. '
For convenience, let
1
A= E(L +2+VI2+4L),  p=(AT-AT)(A*-1).
Lemma 2.2 Problem (2.4) has a unique solution
T
u(t) =y Go(t,)h(s), 2.5)

s=1
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where

1| (A +ASH)AT + AT, 1<s<t<T+1,
GZ(t’ S) =7 t —t+1 s=T T—s+1
plA+AT) AT +AT), 0<t=<s<T,

and Gy(t,s) > 0 forall (¢,s) € [0, T + 1]z x [1, T]z.

Proof First, we show that u given by (2.5) solves (2.4). By G2(0,s) = Gx(1,s) we know
Au(0) = 0 and by Go(T,s) = Go(T + 1,5), Au(T) = 0. Now we show that u satisfies the
equation —A2u(t — 1) + Lu(t) = h(t), i.e., u(t + 1) — (L + 2)u(t) + u(t — 1) = =h(t), t € (1, T]z.
Since

u(t+1) = (L+2)u(t) + u(t-1)

T
=Y [Galt +1,5) = (L +2)Gs(t,5) + Ga(t — 1) Jh(s)
s=1

t-1 T
= ( + Z) [Ga(t+1,5) = (L +2)Ga(t,5) + Ga(t — 1,5)]h(s)
1

s=t+1

+[Ga(t +1,8) = (L +2)Ga(t, ) + G(t — 1,8) | ()

t-1 T

=Y h(t)h(s)+ Y h(t,)h(s) + L),
s=1

s=t+1

we just need to verify that [; = 0, I, = 0, and I3 = -1. In fact, by the fact that A is a real root
of the equation £(A) := A2 — (L +2)A +1 = 0, we know that, forall £ € [1, T]zand 1 <s < -1,

pL(t,s) = (A* + A=) (AT + AT ) e(A) = 0,
holds, which implies /; = 0. Similarly I, = 0. For 5, we have, for all ¢ € [1, Tz,

pL(t) = (A" + A7) [ATT AR = (L +2)A) + AT (1= (L +2)A)]
+ (AT AT (AT L AT
= (A" + AT (AT AT (AT AT (AT + AT
— (A - (AT A7)

=—-p, tE€ [1, T]Z

Thus, I3 = -1.

It is easy to check that the corresponding homogeneous problem has only the trivial zero
solution. So problem (2.4) has a unique solution u# which is given by (2.5). Finally, since
A > 1, we have, for all (t,s) € [0, T + 1]z x [1, Tz, Ga(t,s) > 0. The proof is complete. [

3 Estimates on the maximum number of solutions

In this section, we make estimations on the maximum number of solutions of problem
(1.1). First, we prove some lemmas for later use. The first lemma is the discrete Sobolev
inequality.
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Lemma 3.1 Assume u:[0,T + 1]z — R satisfies Au(T) = 0 and there exists ty € [2, T — 1]
such that u(ty) = 0. Then

T T T
D |u]| < (Z (t—to)Z) ( > |Au(t—1)|q>,

t=tp+1 t=tp+1 t=tp+1

to to q to
> @] < (Z(to - t)p) (Z|Au<t—1)|q),
t=1 t=1 t=1

wherep>1,%+ =1.

1
q

Proof For t > &y, since u(t) = ZH Au(t) + ulty) = ZH Au(t), we have by the Holder

T=Lo =t
inequality

1

t-1 t-1 q
@] <Y |Au(r)| < (- to)? (Z\Au(r)ﬁ) :

T=ty =ty
which implies that
T T . T
> @]’ < ( > (t—to)l’) ( > |Au _1)|q)
t=to+1 t=tp+1 T=to+1

by the boundary condition Au(7T) = 0. On the other hand, for ¢ < £, since u(t) = u(ty) —
S0V Au(r) = = 397 Au(r), we have

1

to-1 L to-1
@] <Y |Au)| < (o - )7 (Z\Au(r)ﬁ) :

which implies that
to to p to
> lu@]* < <Z(t0 - t)ﬁ) <Z|Au(t— 1)|‘1).
t=1 t=1 t=1

The proof is complete. d

Definition 3.1 We say that u : [0, T + 1]z — R has a generalized zero at ¢y € [0, T + 1]z
provided that u(ty) = 0 if £y = 0 and if ¢y € [1, T + 1]z either u(ty) = 0 or u(to — Du(ty) < 0.

Lemma 3.2 Letp:[1,T]z — Rand p(t) # 0 on [1, T|z. Consider the following problem:

Au(t-1) +p@)u(t) =0, tel[l, Tz (3.1)
Au(0) = Au(T) = 0. '
Ifp(t) < % for t € [1, Tz, then every nontrivial solution u(t) of (3.1) has no generalized

zero on [0, T +1]z.
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Proof Let u be a nontrivial solution u(¢) of (3.1). By the boundary conditions Au(0) =
Au(T) = 0, we know that #(0) = u(1) # 0 and u(T) = u(T + 1) # 0. Otherwise, u = 0 on
[0, T +1]z. Suppose that there exists £y € [2, T — 1]z such that u(¢;) = 0. Multiplying the
equation in (3.1) with %(¢) and summing both sides from 1 to £, we have

Do[Aue =1 =3 pou ) < max p.() Y w0,

=1 t=1 t=1

where p, is the positive part of p. Similarly, summing both sides from ¢, + 1 to T, we have

T
> [Aue-1)] Z pO2(t) < < max p+(t) Z 0}
t=tp+1 t=to+1 t=tg+1

Thus, by Lemma 3.1, we have

to T
max p(t) (Z(to —t)) =1, toglggiTﬂ(t)( > (t—m)) >1

t=1 t=to+1
It follows that
to 4
max p.(t) = max{ (Z to - t)) ( > (- to)> } >
t=1 t=tg+1
which is a contradiction with the assumption p(t) < 77 for ¢ € [1, T]z.

Note that the equation A2u(t — 1) + p(t)u(t) = 0 is dlscon)ugate on € [0, T + 1]z since
pt) < T2 for t € [1, Tz (see Corollary 6.9 in [30]). It implies that the nontrivial # has at
most one generalized zero on € [0, T + 1]z. Set z(£) = Mt(—;)l) Then z(t) satisfies

z(t) +

1
-2-p(t), 0)=2(T) =1
o SR 0)=D)
If there exists £y € [1, T]z such that z(¢p) < 0, then the boundary conditions z(0) = z(T) =
implies that z(¢) has at least two generalized zeros. Thus, u(¢) has at least two generalized

zeros, which contradicts with that u(¢) is disconjugate. The proof is complete. O

Lemma 3.3 Let p1,p : [1, Tz — R satisfy the conditions of Lemma 3.2. Assume p;(t) <
pa2(t) on [1, Tz and there exists ty € [1, Tz such that p1(ty) < pa(to). Then at least one of
the problems

Au(t-1) +p; =0, L, Tz,
ut=D+p@un =0, teLTh 62
Au(0) = Au(T)=0
has only the trivial solution.

Proof By way of contradiction, assume that #; and u; are the nontrivial solutions of prob-
lems (3.2) corresponding to p; and p,, respectively. By Lemma 3.2, we know that u; (t) and
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u,(t) both have no generalized zero on ¢ € [0, T + 1]z. It follows by p;(¢) — p2(¢) < 0 and
pl(t) —PZ(t) ?_é 01 te [11 T]Zy that

T
> [1() - 2O ]ms (B)ua(8) # 0. (3.3)
t=1

On the other hand, by

wy (O Aur (£ - 1) + pr (D) ()] = 0,

() A%uy (£ 1) + pa(B)un(£)] = 0,
we have
[102(6) A1 (£ - 1) — ur () A un (8 = 1) ] + [p1(8) — p2(8) Jua (D (2) = 0.

Summing both sides from 1 to 7', we get

T
> [ - (O] (B)ua(2) = 0,
t=1

which is a contradiction with (3.3). The proof is complete. d

Lemma 3.4 Assume g € C{(R) and g'(x) < %for allx € R. Let uy and u, are two distinct
solutions of (1.1), then uy(t) — uy(t) has no generalized zero on [0, T + 1]z and hence u; and

uy are strictly ordered.
Proof Set v =u; — uy. Then v is a nontrivial solution of (3.1) with

g(u1(9) g(Mz(t))’ ul(t)#ug(t),

p(t) = u1 (£)-ua(2)
g (1)), ur(t) = up(2).
Since g'(x) < 1, we know p(t) < 5 for all £ € [1, T']z. Thus, Lemma 3.2 implies that

v(£) has no generahzed zero on [0, T + 1] z- Therefore, u; and u, are strictly ordered. The

proof is complete. O

Now, we show our main results of this section. First, if g is strictly convex on R, we have

the following result.

Theorem 3.5 Assumeg € C'(R),g'(x) < % forallx € Rand g’ is strictly increasing. Then
problem (1.1) has at most two solutions.

Proof Suppose that problem (1.1) has three solutions u;, u, and u3. By Lemma 3.4, we
assume u;(t) < uy(t) < uz(t), £t € [0, T + 1]z. Let vi = up — uy, Vo = U3 — U, then v; and v,

solve problem (3.1) with, respectively,

8(us(t)) — g(u (£))

p@) =pi(t) = uy(t) — uy (t)
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and

glus(2) — g(uy (1))

pt) =pa(t) = uz(t) — us(t)

Since g’ is strictly increasing, we have p;(£) < pa () < %. By Lemma 3.3, either v;(£) =0
or v»(¢) = 0, which is a contradiction. The proof is complete. O

Similarly, if g is strictly concave on R, we have the following result.

Theorem 3.6 Assume g € C'(R), g'(x) < ﬁ for all x € R and g is strictly decreasing.

Then problem (1.1) has at most two solutions.

4 On the minimum number of solutions and positive solutions
In this section, we consider the minimum numbers of solution and positive solutions of
(1.1). First, we consider the nonexistence, existence and multiplicity of solutions of (1.1)

when g € C!(R) and g has a unique global minimum value on R.

Theorem 4.1 Let g € CY(R), lim,_,_o,g(x) = a, lim, , .00 g(x) = b, and i, = glxo) =
min,cg g(x). Here, a, b may be +00. Assume g(x) > Ay for all x € R\ {xo} and L. < min{a, b}.
(1) If one of the following conditions is satisfied, then problem (1.1) has no solution:
(1-i) h(t) < ryand h(t) # 1, fort € [1, Tly;
(1-ii)) max{a, b} < +00, h(t) > max{a, b} for all t € (1, Tz and max{a, b} > g(x) for all
xeR.
(2) Ifh(t) = Ay on [1, Tz, then problem (1.1) has exactly one solution.
(3) If hy < h(t) < min{a, b}, h(t) # A, for t € [1, Tz, and g'(x) < 4 sin® a7 on [xo,00), then
problem (1.1) has at least two solutions.
(4) If one of the following conditions is satisfied, then problem (1.1) has at least one
solution:
(4-1) a # b, min{a, b} < +00 and h(t) = min{a, b}, t € [1, T|z;
(4-ii) b<h(t)<a,te[1,T]z;
(4-iil) a < h(t) <b, t € [1, Tz, and g'(x) < 4 sin’ a7 on [xo,00).

Proof (1-i) Since h(t) < A, and k() £ A, for £ € [1, T]z, we have Zthl h(t) < Thy. Assume
problem (1.1) has a solution u. Since g(u(¢)) > A, t € [1, Tz, Z;g(u(t)) > TA,. Summing
both sides of the equation A2u(t —1) + g(u(t)) = h(¢) from 1 to T, we have by the boundary
conditions Au(0) = Au(T) =0,

T

T
The <) g(w(®) = D h(t) < Th,
t=1

t=1

which is a contradiction.

(1-ii) Suppose (1.1) has a solution u. Then g(u(¢)) < max{a, b} for all ¢t € [1, T]z, which
implies that A2u(t — 1) = h(t) — g(u(t)) > 0 for ¢ € [1, T]z. Thus, we have the contradiction
that Au(T) > Au(0).

(2) It is easy to see that u(t) = o is a solution of (1.1). Assume that v is also a solution
of (1.1). Since g(¥(£)) > A, t € [1, T]z, we have A%v(t —1) <0, t € [1, T]z. It follows by the
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boundary conditions Av(0) = Av(T) = 0 that Av(¢) =0, ¢ € [0, T]z. Thus, g(v(£)) = g(xo).
Therefore, v(£) = x¢, t € [0, T + 1]z, since g(x) > g(xo) for allx € R\ {xo}.

(3) Without loss of generality, we assume b < a. Since L, < h(t) < b, h(t) # Ay, t € [1, Tz,
we see by lim,_, ~ g(x) = a and lim,_, ,, g(x) = b that there exist ¢; < %y < cp such that

gler) >h(e),  glea)>h(t), te[l,Tlz. (4.1)

Set u(t) = c1, ux(t) = x9, us(t) = ¢, t € [0, T + 1]z. We prove that problem (1.1) has at
least two solutions uf, uj: uf € [u1,us], uj € [uy,us]. Here, [u1,u3] and [u,, u3] denote
order intervals.

First, we show that u,(t) is not a solution of (1.1). In fact, if it is not true, then summing
both sides of the equation of (1.1) yields a contradiction:

T T
The=) g(ur(t)) =Y h(t) > Th.
t=1 t=1

Second, we prove that (1.1) has at least one solution u] € [u1,u5]. Let E = {1 : [0, T +
1]z — R} with the norm |[|u| = max;eqo,r+1), |4(¢)|. Since g’ is continuous on the bounded
closed interval [c;, %], there exists L > 0 such that g’(x) > —L for x € [¢1,x0]. Consider the
following problem:

—A2u(t —1) + Lu(t) = g(u(®)) + Lu(t) - h(t), te(1,T]z, 4.2)
Au(0) = Au(T) = 0. '
By Lemma 2.2, (4.2) is equivalent to u(f) = Su(t). Here, S : E — E is defined by
T
Su(t) = Z Gy (t,s) [g(u(s)) + Lu(s) — h(s)], tel0, T +1]z. (4.3)

s=1
It is easy to see that S is continuous. Since u; (¢) satisfies

“A%u(t-1)+Lu(t) = Luy(t), te[l, Tz
Au(0) = Au(T) =0,

we see by (4.1) and the positivity of G,(t, s) that

T
Sui(t) = Y Go(t,9)[g(1(s)) + Lua(s) - h(s)]

s=1

T
> > Golt,s)Lun(s) =m(t), te[0,T+1lg,
s=1

which shows that u; is a lower solution of the operator S. Similarly, one can check that
Suy(2) < uy(¢) and hence u, is an upper solution of S. On the other hand, S is an increasing
operator defined on [u, u5]. In fact, for vy, vy € (11, uy] with v; < vy, we have

T
Sva(8) = Svi(8) = Z Ga(t,5)[g(va()) — g(v1(5)) + L(vals) —11(s)) ]

s=1

ZO: tG[O,T+1]Z,



Bai et al. Boundary Value Problems (2015) 2015:229 Page 10 of 17

by g'(x) > —L for x € [¢1,%0]. Therefore, S has at least one solution u§ € [u;, u3] by the fixed
point theorem of increasing operator in ordered Banach spaces due to Amann [31]. So,
(4.2), and hence (1.1), has at least one solution u} € [u, u3].

Now, we prove that (1.1) has at least one solution u} € [u5, u3]. Since g'(x) < 4 sin? a7 for
x € [xg, +00), there exists K > 0 such that

&%) <K < 4sin? Z_T’ x € [x9,Ca]. (4.4)

Consider the following problem:

(4.5)
Au(0) = Au(T) = 0.

{ A2u(t —1) + Ku(t) = h(t) — g(u(®)) + Ku(t), te 1, Tz
By Lemma 2.1, G;(t,s) > 0, and (4.5) is equivalent to u(£) = Qu(t). Here, Q: E — E is de-
fined by

T
Qu(t) = Z Gl(t,s)[h(s) —g(u(s)) + Ku(s)], tel0, T +1]z. (4.6)

s=1

Similar to the discussion of the operator S, Q has at least one solution u} € [u3, u3], which
is a solution of (1.1). Therefore, problem (1.1) has at least two solutions.

(4-1) Without loss of generality, we assume b < a. Since h(t) = b, t € [1, T|z, there exists
¢1 < %o such that g(c;) = b. Obviously, u(t) = ¢ is a solution of (1.1).

(4-ii) Since b < h(t) < a, t € [1, Tz, there exist ¢; < ¢, < xg such that g(c;) > h(2), g(cp) <
h(¢), t € [1, T]z. By the continuity of ¢, there exists L > 0 such that g'(x) > L, x € [¢1, c2].
Let u1(£) = c1, ua(t) = ¢,. Considering the operator S defined as (4.3) on [u, u;], one can
see that S has a fixed point u* € [uy, u,], which is a solution of (1.1).

(4-iii) Since a < h(t) < b, t € [1, Tz, there exist xg < ¢ < ¢3 such that g(¢;) < h(2), g(cp) >
h(t), t € [1, T]z. By g'(x) < 4sin® a7 for x > xo, there exists K > 0 such that g'(x) < K <
4 sin® 170 % € [a1, ¢2]. Let uy (£) = c1, ua(t) = cp. Considering the operator Q defined as (4.5)
on [uy,uy], one can see that Q has a fixed point u* € [u, 1], which is a solution of (1.1).

The proof is complete. d

Similarly, if g € C'(R) and g has a unique global maximum value on R, we have the

following result.

Theorem 4.2 Let g € CHR), lim,,_og(x) = a, lim,s ,008(x) = b, and A* := g(xo) =
max,cr g(x). Here, a, b may be —0o. Assume g(x) < M* for all x € R\ {xo} and .* > max{a, b}.
(1) If one of the following conditions is satisfied, then problem (1.1) has no solution:
(1-1) h(t) = 1* and h(t) £ 1* fort € [1, Tz;
(1-ii) min{a, b} > —o0, h(t) < min{a, b} for t € [1, Tz and min{a, b} < g(x) for x € R.
(2) Ifh(t)=M1* on [1, Tz, then problem (1.1) has exactly one solution.
(3) Ifmax{a, b} < h(t) < 1*, h(t) £ A* for t € [1, Tz; and g'(x) < 4sin® a7 on (-00,x0],
then problem (1.1) has at least two solutions.
(4) If one of the following conditions is satisfied, then problem (1.1) has at least one
solution:
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(4-1) a # b, max{a, b} > —00 and h(t) = max{a, b} for t € [1, T]z;
(4-ii) a<h(t)<bfort e (1, Tz, and g'(x) < 4sin® Z on (—00,%0];
(4-iii) b<h(t)<aforte[l,T]z.

Now, we consider the positive solutions of (1.1). Let (0, +c0) denote (0, +00) or [0, 00).
First, if g € C'((0, +00), R) and g has a unique global minimum value on (0, +00), we have

the following result.

Theorem 4.3 Let g € C}({0, +00),R), lim, o+ g(x) = @, lim,_, .« g(x) = b. Here, a, b may
be +00. Assume that there exists xo > 0 such that

dy 1= g(x0) = xelggipoo)g(x),

and g(x) > A for all x € (0,+00) \ {%o}, L« < min{a, b}.
(I) Suppose Ay > 0.
(1) If one of the following conditions is satisfied, then problem (1.1) has no positive
solution:
(1-1) A(t) < iy and h(t) £ 1, fort € [1, T]z;
(1-ii) max{a, b} < +00, h(t) > max{a, b} for t € [1, Tz, and g(x) < max{a, b} for all
x € (0, +00).
(2) Ifh(t) = Ay for t € [1, Ty, then problem (1.1) has exactly one positive solution.
(3) If Ay < h(t) < min{a, b}, h(t) # A, for t € [1, Tz, and g'(x) < 4 sin? a7 on [xo, +00),
then problem (1.1) has at least two positive solutions.
(4) If one of the following conditions is satisfied, then problem (1.1) has at least one
positive solution:
(4-1) a #b, min{a, b} < +00, h(t) = min{a, b} for t € [1, Tz;
(4-ii) b<h(t)<afortell,Tlz;
(4-iii) a < h(t) < b fort € [1, T]z, and g'(x) < 4sin* 17 on [x9,00).
(IT) Suppose A, < 0.
(5) If one of the following conditions is satisfied, then problem (1.1) has no positive
solution:
(5-i) h(t) < fort € [1, Tlz;
(5-ii) max{a, b} < +oo and h(t) > max{a, b} for t € [1, Tz, and g(x) < max{a, b} for
all x € (0, +00).
(6) If one of the following conditions is satisfied, then problem (1.1) has at least two
positive solutions:
(6-i) a>0,b>0,0<h(t) <min{a,b} fort € [1, Tz, and g'(x) < 4 sin® 17 o [xo, 00);
(6-ii) a>0,b>0,and h(t) =0 fort e [1,T]z.
(7) If one of the following conditions is satisfied, then problem (1.1) has at least one
positive solution:
(7-i) 0 <min{a,b} < +00, a # b, and h(t) = min{a, b} for t € [1, T]z;
(7-i) O<b<aandb<h(t)<aforte(l,Tly;
(7-ili) 0<a<b,a<h(t)<bforte(l,T)z, and g'(x) < 4sin> a7 on [xo,00);
(7-iv) a<0,b>0,and h(t)=0 fort € [1, T]z;
(7-v) a<0,b>0,0<h(t)<bforte(l,Tlz, and g'(x) < 4sin> a7 on [x0,00);
(7-vi) a>0,b<0,and 0 <h(t)<aforte(l,Tlz.
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Proof We only show the proofs of (3), (6), and (7-iv)-(7-vi).

(3) Without loss of generality, we assume b < a. By the proof of Theorem 4.1(3), we can
choose 0 < ¢; <% <cy and L >0, K > 0, such that S defined as (4.3) has a fixed point u]
satisfying ¢; < uf(¢) < xo and Q defined as (4.5) has a fixed point u} satisfying xo < u3(¢) <
¢y. Clearly, u;(¢) and u3(¢) are two positive solutions of (1.1).

(6) By a>0,b>0, and A, < 0, there exist x; and x, satisfying 0 < x; < xy < x; such that
g(x1) = g(xy) = 0. Therefore, if h(t) = 0 on [1, T]z, then u(t) = x; and u(t) = x, are two
positive solutions of (1.1). If 0 < /(£) < min{a, b}, we know that there exist 0 < ¢; < ¢ < %3

and x5 < ¢3 < ¢4 such that

gler) > h(t), glea) < h(2), glcs) < h(t), glca) > h(2).

Let u;(¢) =¢; (i =1,2,3,4). Similar to the proof of Theorem 4.1(3), consider the operator
S defined as (4.3) on [uy, u5] and the operator Q defined as (4.5) on [u3,u4], one can find
that S has a fixed point in [u3, 4] and Q has a fixed point in [u3, u4].

(7-iv) By a < 0, b > 0, then there exists x; > %y by A, < 0 such that g(x;) = 0. It is easy to
see that u(t) = x; is a positive solution of (1.1) since /(t) =0 for t € [1, T]z.

(7-v) Bya < 0, b > 0, there exists x; > 0 such that g(x;) = 0. Thus, 0 < h(t) < b, t € [1, Tz,
implies that there exist ¢ > ¢; > %1 such that g(c;) < h(t) and g(cz) > h(¢) for t € [1, T]z.
Similar to the proof of Theorem 4.1(3), Q defined on [u, 1] has a fixed point in [u, u5],
where u1(t) =1, uz(t) = o, t € [1, T]z.

(7-vi) By a > 0, b < 0, there exists x; > 0 such that g(x;) = 0. Since 0 < h(f) < a for t €
[1, T]z, there exist 0 < ¢; < ¢3 < % such that g(c;) > h(£) and g(c,) < h(t) for t € [1, T]z.
Similar to the proof of Theorem 4.1(3), S defined on [u, 4] has a fixed point in [u, u5],
where u1(t) = a1, us(t) = o, t € [1, T]z.

The proof is complete. d

Finally, if g € C1((0, +00), R) and g has a unique global maximum value on (0, +00), we
have the following result.

Theorem 4.4 Let g € C*((0,+00),R), lim,_, g+ g(x) = @, lim,_, .o g(x) = b. Here, a, b may
be —00. Assume that there exists xy > 0 such that

A*:i=g(xo) = max g(x)
x€(0,+00)
and g(x) < A* for all x € (0,+00) \ {xo}, A* > 0, and 1* > min{a, b}.
(1) If one of the following conditions is satisfied, then problem (1.1) has no positive
solution:
(1-1) h(t) = 1* and h(t) £ 1" fort € [1, Tz;
(1-ii) min{a, b} > 0, h(t) < min{a, b} for t € [1, Tz, and g(x) > min{a, b} for all
x € (0, +00).
(2) Ifh(t)=M* for t € [1, Tz, then problem (1.1) has exactly one positive solution.
(3) If one of the following conditions is satisfied, then problem (1.1) has at least two
positive solutions:
(3-i) max{a, b, 0} < h(t) < A*, h(t) # A, for t € [1, Tz, and g'(x) < 4 sin’ a7 on
(0,x0);
(3-i)) a<0,b<0,and h(t)=0 fort e [1,T]z.
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(4) If one of the following conditions is satisfied, then problem (1.1) has at least one
positive solution:
(4-i) max{a,b} >0, a #b, and h(t) = max{a, b} fort € [1, T]z;
(4-ii) a>0,b<0,and 0 < h(t)<aforte[l,T]z;
(4-iil) @< 0,b>0,0<h(t) <bforte[l,Tlz, and g (x) < 4sin’ a7 on (0,x0);
(4-iv) eithera>0,b<00ra<0,b>0,and h(t)=0 fort € [1,T]z.

5 Exact numbers of solutions and positive solutions
In this section, we establish the results of exact multiplicities of solutions and positive
solutions for problem (1.1). First, we consider the exact number of solutions of (1.1).
Note that 4 sin® a7 < % for T > 3.
If g € C'(R) and g is strictly convex on R, we have the following result by Theorem 3.5

and Theorem 4.1.

Theorem 5.1 Assume g € C'(R), g'(x) is strictly increasing and g'(x) < 4 sin? a7 Jor all

xe€R. Let
xl}riloo g(x) = +o0, Ay = min g(x).

(1) Ifh(t) < hy and h(t) & Ay for t € [1, Tz, then problem (1.1) has no solution.
(2) Ifh(t) = Ay for t € [1, Tz, then problem (1.1) has exactly one solution.
(3) Ifh(t) = hy and h(t) £ 1, for t € [1, Tz, then problem (1.1) has exactly two solutions.

If ¢ € CY(R) and g is strictly concave on R, then, by Theorem 3.6 and Theorem 4.2, we

have the following result.

Theorem 5.2 Assume g € C'(R), g'(x) is strictly decreasing, and g'(x) < 4sin> a7 Jor all

x€R. Let
lim g(x) = —oo, A* = max g(x).
x—> 00 xeR

(1) Ifh(t) = 1* and h(t) £ 1* for t € [1, Tz, then problem (1.1) has no solution.
(2) Ifh(t)=M1* for t € [1, Tz, then problem (1.1) has exactly one solution.
(3) Ifh(t) < \* and h(t) £ 1* for t € [1, Tz, then problem (1.1) has exactly two solutions.

Now, we consider the exact number of positive solutions of problem (1.1). First, we
consider the case that g € C!({0,+00),R) and g is strictly convex on (0,+00). If g €
C1((0, 00), R), we have the following result by Theorem 3.5 and Theorem 4.3.

Theorem 5.3 Assumeg € C'((0,00),R), g'(x) is strictly increasing, and g'(x) < 4 sin? a7 for
all x € (0,00). Let

limg(x) = lim g(x) = +oo, Ay = min g(x).
x—0 X—>+00 x€(0,+00)

(1) Ifh(t) < ri and h(t) £ A, for t € [1, Tz, then problem (1.1) has no positive solution.
(2) Ifh(t) = A for t € [1, Tz, then problem (1.1) has exactly one positive solution.
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(3) If one of the following conditions is satisfied, then problem (1.1) has exactly two
positive solutions:
() Ay >0, h(t) > Ay, and h(t) & A, for t € [1, Tz;
(i) A <0 andh(t)=0 forte(l,Tlz;
(ili) s <O0and h(t)>0 forte[1,T]z.

If g € C'([0, 00), R), we have the following result.

Theorem 5.4 Assume g € C'([0,00),R), g'(x) is strictly increasing and g'(x) < 4 sin? ar Jor
all x € [0,00). Let

g(0) =a, lim g(x) = +oo, Ay = min g(x).
x—>+00 x€[0,+00)
(I) Suppose A, > 0.
(1) Ifh(t) < ry and h(t) & Ly for t € [1, Tz, then problem (1.1) has no positive solution.
(2) If one of the following conditions is satisfied, then problem (1.1) has exactly one
positive solution:
(2-1) Ay <aand h(t)= A, fort € [1,Tg;
(2-il) Ax<aand h(t)=aforte(l,Tlz;
(2-1ii) A(¢) >aforte[l,T)z.
(3) If Ay < h(t) <aand h(t) # Ay for t € [1, Tz, then problem (1.1) has exactly two
positive solutions.
(IT) Suppose A, < 0.
(4) If one of the following conditions is satisfied, then problem (1.1) has exactly one
positive solution:
(4-1) a>0and h(t)=aforte[l,T]z;
(4-ii) a>0and h(t)>aforte[1,Tlz;
(4-iil) a <0 and h(t) =0 fort € [1, Tz;
(4-iv) a<0and h(t) >0 fort € (1, T]z.
(5) If one of the following conditions is satisfied, then problem (1.1) has exactly two
positive solutions:
(5-) a>0and 0<h(t)<aforte(l,Tlz;
(5-il) a>0and h(t) =0 fort € [1,T]z.

Proof Let A, = g(xo). We only show the proofs of (2-ii) and (2-iii).

(2-1i) By ¢ is strictly increasing, there exists a unique x; > xo such that g(x;) = 2 and g(x) >
a for all x > x;. Clearly, u(t) = x,; is a positive solution of (1.1). Assume that v(¢) is another
positive solution, then u and v are strictly ordered by Lemma 3.4. If x; = u(t) < v(t), t €
[1, Tz, then g(u(t)) = a < g(v(¥)), t € [1, Tz, by the fact that g(x) is strictly increasing on
[x1, +00). Thus, A%y(t —1) < 0, t € [1, T]z, which implies Av(T) < Av(0), a contradiction.
If v(¢) < u(t) = x1, then the fact that g(x) < a for x € (0,x;) shows that g(v(¢)) < g(u(?)) =a
and hence A%v(t —1) > 0, t € [1, T]z. It follows that Av(T) > Av(0), a contradiction.

(2-iii) We distinguish two cases to finish the proof.

Case 1: A, = a = g(0). In this case, g is strictly increasing on [0, +00). It is easy to see
that (1.1) has at least one positive solution by a discussion similar to Theorem 4.1(4-iii).
Now, we assume that (1.1) has two distinct positive solutions u; and u,. Then u; and uy
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are strictly ordered by Lemma 3.4. Without loss of generality, we assume that u; () < u,(£),
t € [0, T+1]z. Then g(u1(2)) < g(ua(2)), t € [0, T +1]z, which implies that A2(u; —uy)(t-1) =
g(uy(2)) — g(1(2)) > 0, t € [1, T]z. Thus, we have the contradiction that

Au(T) = Aus(T) > Aup(0) — Ausy(0).

Case 2: A, < a. By ¢’ is strictly increasing, there exists a unique x; > x such that g(x;) = a
and g(x) > a for all x > ;. Since h() > a, there exist ¢; and ¢z: %1 < ¢1 < ¢ such that g(¢;) <
h(t), g(co) > h(2), t € [1, T]z. By the proof of Theorem 4.1(4-iii), we know that (1.1) has
a positive solution u; with ¢; < uy(f) < ¢y, t € [1, T]z. Now, we assume that u, is also a
positive solution of (1.1). Then u; and u;, are strictly ordered by Lemma 3.4.

If uy(t) < ua(t), t € [1, Tz, then g(u2(2)) < g(ui(2)), t € [1, T]z. In fact, For any given ¢,
if %o < ua(t) < u1(t), then g(uy(t)) < g(ui(2)) since g is strictly increasing on [xg, +00). If
0 < uy(t) < xp, then we also have g(uy(£)) < a = g(x1) < glc1) < g (), t € [1, T]z. Thus,
Ay — up)(t = 1) = g(us(t)) — g(uy(£)) < 0, t € [1, T]z. It follows that Auy(T) — Auy(T) <
Aup(0) — Auy(0), a contradiction.

If us(£) > ui(¢), t € [1, Tz, then, by the monotony of g on [xg, +00), g(u1(£)) < g(u2(¢)),
t € [1, T)z, and consequently, A%(u; — u)(¢ — 1) = g(u2(2)) — g(u1(£)) > 0, t € [1, T)z, which
also yields the contradiction that Auy(T) — Auy(T) > Aup(0) — Auy(0).

The proof is complete. d

Finally, we consider the case that g € C'((0, +00), R) and g is strictly concave on (0, +00).
If g € C}((0, +00), R), we have the following result by Theorem 3.6 and Theorem 4.4.

Theorem 5.5 Assume g € C'((0,00),R), g'(x) is strictly decreasing and g'(x) < 4 sin’ a7 for
all x € (0,00). Let

limg(x) = lim g(x) = —oo, A*= max g(x)>0.
x—0 xX—>+00 x€(0,+00)
(1) Ifh(t) = 1* and h(t) £ 1* for t € [1, Tz, then problem (1.1) has no positive solution.
(2) Ifh(t)=)* for t € [1, Tz, then problem (1.1) has exactly one positive solution.
(3) Ifone of the following conditions is satisfied, then problem (1.1) has exactly two
positive solutions:
(3-1) 0 <h(t) <A*and h(t) £ 1* fort € [1, T]z;
(3-ii) A*>0and h(t)=0forte[l,T]z.

If g € CY([0, +00), R), we have the following result.

Theorem 5.6 Assumeg € C'([0,00),R), g'(x) is strictly decreasing and g'(x) < 4 sin® a7 for
all x € [0,00). Let

g(0) =a, lim g(x) = —oo, A*= max g(x)>max{0,a}.
X—>+00 x€[0,+00)

(1) Ifh(¢) = 1* and h(t) £ 1* for t € [1, Tz, then problem (1.1) has no positive solution.

(2) If one of the following conditions is satisfied, then problem (1.1) has exactly one

positive solution:
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(2-1) hty=r*forte[1,T]z;
(2-il) a>0and h(t)=aforte[l,Tly;
(2-ili) a>0and 0 <h(t)<aforte(l,Tlz;
(2-iv) a=>0and h(t)=0 fort €1, T]z.
(3) Ifone of the following conditions is satisfied, then problem (1.1) has exactly two
positive solutions:
(3-i) max{0,a} < h(t) <A* and h(t) £ 1* fort € [1, T]z;
(3-il) a<0and h(t) =0 forte[1,T]z.
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