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Abstract

By the Karamata regular variation theory and comparison principle, we establish the
boundary behavior of positive weak solutions for the problem

Apu=bf(u), x€,  ulsa=00,

where © is a bounded domain with smooth boundary in RY, the weight b(x) € C¥(£2),
which may be vanishing on the boundary and rapidly varying near the boundary, and
the nonlinearity f may be rapidly varying at infinity. For the case f(s) = s =& f;(s) with
sufficiently large s, where m > p — 1 and f; is normalized regularly varying at infinity
with index m; € (0,p - 1), we show the influence of the geometry of €2 on the
boundary behavior of solutions. Finally, we prove the existence and uniqueness of the
solution for the problem.

MSC: 35B40; 35H30; 35J70; 35J65

Keywords: quasilinear elliptic equation; large solution; blow-up rate; first and
second expansion

1 Introduction and main results
In this paper, we consider the first and second expansions of positive weak large solutions

near the boundary for the quasilinear elliptic problem of the form
Apu=bx)f(u), xeQ, Ulyq = 00, (1.1)
where Apu = div(|VulP2Vu) (p > 2), Q C RN (N > 2) is a bounded domain with C*-

smooth boundary, b(x) satisfies (b1) and (by), and f satisfies (f;), (f2), and (f3), where

(by) b(x) € C¥(R) for some « € (0,1), and b(x) is positive in £;
(by) there exist k € A and by € R such that

b(x)

A R am a2
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where A denotes the set of all positive nondecreasing functions in C'(0,85) (8¢ > 0)
such that

A (KO o
t]lJZ)L E (m) = Ck € [0, OO), I((t) = /0 k(S) ds;

fl) fed 0 00), f(0) = 0, f is increasing in (0, 00);
) ST por (v)dv < o0;
(f3) there exists Cy > 0 such that limy_, o f'(s) f o d" =Cr.

Note that, some basic examples for k € A can be given as follows:

(1) k(t)=t%,a>0,C = 2(2 +a)7h

(2) k(t) = e‘fa, a>0,Cy=

(3) k(¢) = lnt —,a >0, Ck_l

()k(t):e ,a>O,Ck=

(5) k() =(In1 +1)*% a>0,Cr=(1+0a)™.

p-Laplacian equations like (1.1) usually occur in the study of the generalized reaction-
diffusion theory, non-Newtonian fluid theory, non-Newtonian filtration, and the turbu-
lent flow of a gas in porous medium. In the non-Newtonian theory, the quantity p is a
characteristic of the medium. Media with p > 2 are called dilatant fluids, and those with
p < 2 are called pseudoplastics. If p = 2, then they are Newtonian fluids. The p-Laplacian
operator also appears in the study of torsional creep (elastic for p = 2 and plastic for p < 2;
see [1]), flow through porous media (p = 2, see [2]), and glacial sliding (p € (1, %]; see [3]).

We are concerned with the positive weak large solutions for problem (1.1). By a so-
(2) that satisfies

Apu = b(x)f (1) in the weak sense and u(x) — oo as d(x) = dist(x,922) — 0. Sometimes,

lution for problem (1.1) we understand a function u € W, Y2(Q) N Ly
the solution is also called a large solution, an explosive solution, or a boundary blow-up
solution.

The study of large solutions started from the work of Bieberbach [4] for the case b(x) =1,
f(u) =e*, p=2,and N = 2, which plays an important role in the theories of Riemannian
surfaces of negative constant curvatures and automorphic functions. More exactly, if a
Riemannian metric of the form |ds|? = e2®)|dx|? has a constant Gaussian curvature —b?,
then Au = b*e**. Rademacher [5] extended the results in [4] to the three-dimensional
space. Later, C Bandle et al. discussed the existence, uniqueness, and accurate estimate
of boundary behavior of large solutions for problem (1.1) with p = 2 and b(x), f(u) satis-
fying some proper conditions and obtained some better results dealing with a gradient
term (see [4—40] and the references therein). Also, some results in [4—40] have been ex-
tended to p > 2 (see [41-54]). Recently, boundary blow-up problems have been applied to
Liouville theorems for logistic-like equations in RN in [13], the analysis of blow-up for a
parabolic equation with a nonlinear boundary condition in [14], and the characterization
of the long-time behavior of positive solutions for the parabolic equations in [15, 16].

However, Cirstea and Radulescu [17] first introduced Karamata regular variation the-
ory approaching to study the uniqueness and asymptotic behavior of boundary blow-up
solutions, which enables us to obtain some qualitative behavior of the boundary blow-up
solutions in a general framework. The asymptotic behavior of the boundary blow-up solu-

tions near the boundary has been investigated by many researchers (see [17—-39] and their
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references). It is well known that the first-order asymptotic expansion of the solution u(x)
in terms of d(x) is independent of the geometry of the domain, whereas the second-order
asymptotic expansion of the solution u(x) depends linearly on the mean curvature of the
boundary of 2. There have been many results about the first expansion of large solution
for problem (1.1) with p = 2 and b(x), f («) satisfying some proper conditions under differ-
ent regularity boundary conditions (see [21-28]) and the second expansion (see[29-34]
and references therein). Bandle and Marcus [29] first studied the influence of the geometry
of © on the boundary behavior of the unique radially symmetric solution for problem (1.1)
in a ball or an annulus when f () is of power form. Their results were extended by Bandle,
Anedda, Porru et al. to more general boundary smooth domains, weights, and nonlineari-
ties (see [30—34]). Specially, Cirstea et al. [17, 35—4.0] used the Karamata regular variation
theory, nonlinear transformations, the perturbed method, the upper and lower solution
method, and localization method to establish the first and second expansion of large so-
lutions for problem (1.1) with p = 2, and Cirstea and Ridulescu [17] first introduced the
set A. Recently, some results in [17, 35—-40] have been extended to p > 2. For instance,
Huang et al. [46-48] studied the existence and the first and second expansions of weak
solutions when b(x) and f(u) satisfy some suitable conditions, which are different from
the conditions in our paper. For more results about the p-Laplacian equations, we refer to
[49-53] and references therein.

Inspired by the above works, in this paper, we introduce the constants Cr and Ci to
get the asymptotic expansion of solutions for problem (1.1). In particular, when b(x) =
K?P72(d(x))k(d(x)) near the boundary and f(s) = s™ % fi(s) for sufficiently large s, where
m >p —1, and f; satisfies

(f4) there exists m; € (0,p — 1) such that

sfi(s)

o i)

my,

we show the influence of the geometry of Q2 on the boundary behavior of solutions for
problem (1.1). Finally, we prove the existence and uniqueness of the solution for problem

(1.1). More precisely, we obtain the following results.

Theorem 1 Let f satisfy (f1)-(f3), and b satisfy (b1)-(bs). Suppose that 1 < Cr < 1% in (f3)

and

p-2
p-1

2Cf + Ck >2+ Cka. (1.2)

Then, for any solution u of problem (1.1), we have

. u(x) _
A, Py K2(d(x) b 3)

where ¢ is uniquely defined by

oo
R dn=t, V>0 (1.4)
o(t)
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and
1( b p-D(C-1)-C );711 )
)/ = - . . .
2\p-1 (2—Ck)(p—1)(Cf—1)—Cka

Remark 1 By (1.2) one can see that if Cr > 1, then Ci can be equal to zero and if Cy > 0,
then C; can be equal to 1.

Theorem 2 Let f satisfy (f1), f(s) = s £ £1(s) for sufficiently large s, m > p — 1, fi satisfy (fu),
and b(x) = KP~2(d(x))k(d(x)) near the boundary, where k satisfies

(ki) k€ C[0,a] N C?(0,a] for some a >0, k(t) >0, K'(¢) > 0, Vt € (0,a), and k(0) = 0;
(ky) k€ A with C > 0;
(kS) limt—>0 dtz(k(t )

The following two results hold.:
(1) ifm+1-p>2m, then, in a sufficiently small neighborhood of dS2, for any solution u
of problem (1.1), we have

2(p-1) K(d
u(x) = C (K (d(x)))” iy (1+ Co(N -1)H(%) k(( d((;c)))) +o(d(x))), (1.6)
where
(R (por o)y
m+1l-p 2
C, = m+l-p

20 -D)m-1)+(m+1)m+1-p)Cy’

2) ifm+1-p < 2m and k() = t% with 0 > 0 such that 5 > 28D ypep (1) still
holds.

Remark 2 Some basic examples of k that satisfy (k;)-(ks) can be given as follows:
(1) k(¢) =t2, a > 0, where Cy = =2

2+a

(2) k(t) =€ =1, @ > 1, where Cy = ia
(3) k() =In(1 +t*), « >1, where C; = —

l+oz

)

)

Remark 3 If k(¢) = (In(1 + £))%, & > 0, then lim, o, % o 2 (ko t)) =
does not satisfy (ks).

. In this case, k(¢)

1+a (2+a)*

This paper is organized as follows. In Section 2, we present some notation and results in
regular variation theory. Theorems 1 and 2 will be proved in Section 3. Finally, we prove

the existence and uniqueness of the solution for problem (1.1) in Appendices A.1 and A.2.

2 Preliminary results

2.1 Properties of regularly varying function

Karamata regular variation theory was established by Karamata in 1930 and is a basic
tool in stochastic process. In 1970, Haan improved the results, which have been applied in

Page 4 of 19
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stochastic process, analytical function theory, integral functions, integral transform and
asymptotic estimation of an integral sequence (see [55-57]).

In this section, we recall some basic definitions and qualities in regular variation theory.

Definition 1 A positive measurable function f defined on [a, c0) for some a > 0 is called
regularly varying at infinity with index p (written as f € RV/,) if for each £ > 0 and some
pER,

fEy

t_l)rglo ﬂ—t) = %-p‘ (21)

In particular, when p = 0, f is called slowly varying at infinity. Clearly, if f € RV ,, then
L(s) := % is slowly varying at infinity.

Definition 2 A positive measurable function f defined on [a, c0) for some a > 0 is called
rapidly varying at infinity if for each p > 1,

Sl_l)Iglo ]% = 00. (2.2)

Some basic examples of slowly varying functions at infinity are listed as follows:

(1) every measurable function on [a, 00) which has a positive limit at infinity;

(2) (Int)* and (In(In¢))*, s € R;

(3) e 0<s<1.
Some basic examples of rapidly varying functions at infinity are given as follows:

1) e and e*';

2) ee(lm)s, ¢ and eeﬁ, s>0;

(3) e and (Int)? e, g>1,y € R;

(4) (Int)’e” and e, q>0,y € R.
We see that a positive measurable function / defined on (0, a) for some a > 0 is regularly
varying at zero with index o (written as g € RVZ,) if t — g(}) belongs to RV _,. Similarly,
g is called rapidly varying at zero if t — g(%) is rapidly varying at infinity.

Proposition 1 (Uniform convergence theorem) Iff € RV, then (2.1) holds uniformly for
& € [c1, o] with 0 < ¢ < ¢ca. Moreover, if p < 0, then uniform convergence holds on intervals
of the form (ay, 00) with a; > 0; if p > 0, then uniform convergence holds on intervals (0, a;],
provided that f is bounded on (0, a,] for all a; > 0.

Proposition 2 (Representation theorem) A function L is slowly varying at infinity if and
only if it can be written in the form

Sy(t
L(s) = ¢(s) exr)( / y(—t) dt>, s>a (2.3)
ay
for some a; > a, where the functions ¢ and y are measurable and as s — 00, y(s) — 0 and
©(s) > ¢o>0.
We say that

L(s) = co exp </S J%t) dt), s> ay, (2.4)
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is normalized slowly varying at infinity and
&) =cos’L(s), s> a, (2.5)
is normalized regularly varying at infinity with index p (written as f € NRV ,).

Similarly, g is called normalized regularly varying at zero with index o (written as g €
NRVZ,)ift — g(%) belongs to NRV _,,. A function f € RV , belongs to NRV ,, if and only if

A
feCla,o00) forsomea; >0 and lim g6 _

s—00 f(s)

(2.6)

Proposition 3 If functions Ly, Ly are slowly varying at infinity, then
(1) L? foreveryo € R, c1L + ¢3L; (c1 >0, ¢y = 0 with ¢ + ¢ >0), Lo Ly (if L1(t) > +o0
as t — +00) are also slowly varying at infinity;
(2) forevery8>0,t’L(t) — +o0 and tL(t) — 0 as t — oo;
(3) forp €R, l“ t) — 0 and lntﬂL WEL®) _y 5 gs f — +o0.

Proposition 4 Iff; e RV, f, € RV, with lim,_,  fo(t) = 00, then fi o f, € RV . p, .

Proposition 5 (Asymptotic behavior) Ifa function L is slowly varying at infinity, then for
a> 0 and t — 00, we have

(1) f sﬁL(s)ds = (B+1)UHYPL() for B> -1;

2) [ZsPL(s)ds = (B - 1) PL(t) for B < -1.

Proposition 6 (Asymptotic behavior) Ifa function H is slowly varying at infinity, then for
a>0andt— 0", we have
) fotsf‘H(s) ds = (B + 1) PH(t) for B > —1;
2) [ZsPH(s)ds = (=B —1)MPH(¢) for B < -1.

2.2 Auxiliary results
In this section, we give some auxiliary results, which will be used in Theorems 1 and 2.

Lemma 1 [38, 40]
(D Ifk € A, then we have:
(1) lims o, % =0;
(2) Cx €]0,1] and lim;_, ¢, K =1-Cs.
(1) (kq)-(k3) zmplles that
(3) llmHm(K

k@) _
k2 t) (l—Ck))m—O

Lemma 2 [40] Let f satisfy (f1), (f2), and (f3). Then
(1) Crell,00);
(2) there exists Sy > 0 such that% is increasing in [Sp, 00), where g € (p — 1, =% Cf 1) for
1<Cf<1% and g € (p—1,00) for C; = 1;
(3) f satisfies the Keller-Osserman condition

/ Tt Fo- / ) ds, 2.7)
L ) 0

where £ +1 =1,
A
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(4) (f3) holds for Cy > 1 if and only if f € NRV ¢, ;
o=}
(5) Cr =1, and f is rapidly varying at infinity.

Lemma 3 Let f satisfy (f;)-(f3), and ¢ be the solution for the problem
© 1
/ fPi(s)ds=t, Vt>O0.
#(0)

Then we have

1) —¢/(t) =71 (B(D), $(&) > 0, £ > 0, $(0) := lim,_0, $() = +00,

2

¢"(t) = 5f7 *‘1(¢(t))f’(¢(t

‘0 _ DG .
(2) limg_q, ° O == 1(C/ e, ¢ ENRVZ (g ;
t¢//(£) C Cf (p-1)( Cf
(3) limy_ o, 0 =—7Cf7(p71 (o ,ie,—¢' € NRVZ Cf_(p_c{;(cf_l);

@) _ DG L ') o eVG
—-Int ~ C—(p-D(Cy- 1)’ t=>0+ "Int T G-(p-D(G-D)

(4) li1’1’1t~>0+

Proof (1) By the definition of ¢ and a direct calculation we can show (1).
(2) It follows from Proposition 5 that

WO L Ye0)
)

im
t—0+ ¢(t) t—0+ (
1
. u)rt [ dv
=— lim () / :
U—00 u u prl(V)
T A oo ¢ ]
=— lim ¢®G [p1 (u)/ v CVG DT () dy
Uu— oo u

__<#_1)_1
- \@-D(G -1

g .a L SO
im PG LT () CGYLTRT ()
Uu— 00
(r-1(G - 1)

CCGr-(p-1)(C-1)
(3) (f3) implies that

00 1 /
lim o =g A o ) (900)

-l | w %dlv

W) /°° dv
p-1 w0 f(u) u FPW)
1 @e-DG-) G

p-1 CG-(p-1(C-1) C-1

G
“p-D(G-1)

The last result (4) follows from (2)-(3) and Proposition 3(3). O
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Lemma 4 Under the hypotheses in Theorem 2, let k € A and

2(p-1)
(2) = (K(£)) ™7 (1 + h(t))

with lim;_, ¢ h(t) = 0. The following two results hold
-1)(p.
(1 ifm+1—p>2m, then k(t)(K(t)) e fl(CD(t)) — O ast— 0;
2) ifm+1—p <2m and k(t) = t3 with 0 > 0 such that 5% > % then (1) still
holds.

Proof We know that fi € NRV,,, by (fs) with m; € (0,m) and fi(s) = cos™ L(s) for suffi-
ciently large s, where L is normalized slowly varying at infinity, and ¢, > 0.
Let

@u(0) = (K()) 777,

We see that L(®;(¢)) is also normalized slowly varying at zero, and by a similar argument
as in Propositions 1 and 3(2), for every 8 > 0 and £ — 0+, we have

(d>1(t)) L(®1(0)) — 0 and L(®@)(L(®:1())" (1+h(t))"’1—>0. (2.8)

WDIfm+1-p>2m,let28 € (0,m+p—1-2m,), then by (2.8) we have

KK () " (0(0)

(m+p-1)(p-1 N
—KOK D) T co(0(5)™E(0(0)

(m+p-1)(p—1)-2(p-1)m1 -2(p-1)B

= cok(®) (K (2)) (01()”L(®1(2))
(@(t))( (®1(0)))” (1 +h(t))™ -0 ast— 0.

Q) Ifm+1—-p<2m; and k(t) = £ with 6 > 0 such that % > M‘r;i’f;f_l) and 22’3:3’;1 €

(0 0 _ 2m- (m+p-1)

)543 o+ ip ), then we get

KO (K(0) “F f ((0)
= ct” (D1(8) " L(@10) L(@(0) (L (®1(8)) (1 + h(®))™ — 0 ast— 0,

where

(p-1)(2m1 +2B-m+1-p)

<9+2>T
C=2Cp 2 ’

_Om+1-p)-2+0)(p-1)2m +2B-m+1-p)
- 2(m+1-p)

> 0. 0

3 Proofs of main results

In this section, we mainly prove Theorem 1 and Theorem 2. For the proofs, we use the
upper and lower solution method. One critical step is to set up the comparison princi-
ple. Thus, we first give the comparison principle in general form for quasilinear elliptic
equations.
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Lemma 5 [54] Suppose that D is a bounded domain in RN and a(x) and B(x) are contin-
uous functions on D with ||a||(p) < 00, B(x) > 0, B(x) # 0 for x € D. Let uy, uy € C'(D) be
positive in D and satisfy in the sense of distributions

~Apiy — a@)l ™ + B)g() = 0 > —A,uy —a@)uy ' + Bx)g(u),
im (57 -uf™) <0,

d(x,02)—0

where g € C°([0, 00)), and % is increasing for

s (influ, us), suplm, ) ).
D D
Then u; > uy in D.

Next, fix € > 0. For all § > 0, we define Qs = {x € Q2: 0 < d(x) < §}. Since Q is smooth,
there exists 8y > 0 such that d € C?(2,) and

Vd(x)| =1,  Ad(x) = (N -1D)H@)d(x) + o(1), Vx € Qy,. 3.1)

Proof of Theorem 1 Let € € (0, %0) and y; =y — 2;—0’/, Yy=y + 2;—0". We have

4
—<Nn<y <<y

2
Set
di(x) = d(x) - p, dy(x) = d(x) + p, (3.2)
e = p(nK*(di(x))), x€D, and u =¢(K*(d(x))), x€D;. (3.3)

Then, for x € D;,

Apthe = b(x)f (te)
= (0 - D|201¢ (N K> (dr () K (da () k (i () [
(@ (K> (di(x)) )4y K> (dh (%)) K> (dh (%))
+ @' (K> (di(x)))201 K> (dr (%)) + @' (K> (di(x))) 201 K (di (%)) K (d (%))
+ 2019’ (iK*(d1 (%)) K (dh (x)) k (d (x)) Ad(x))
— boK? 2 (dh (%)) K (1 () )f (¢ (11K (1 (%)) ))
= (- DCnY 7 (6 (MK (%)) K (di (x)) kP (da (%))

. (4)/ (y11<2(d1(x))¢”(y11<2(d1 *) Cr )
' —¢'(nK?(dy (x))) Cr—(p-1)(Cr-1)
K(dy )k (dy (x)) K(dy(x))
1( R 0 C")) ~ M ) 0

1 b(x) by
- ((2)/1)1"2(10 —1) KP2(dy (0)k? (di (x)  2p1)P=2(p — 1))
B by s 4 Cy
Cnr2p-1) G-@-1D(CG-1)

—2n(1-G) - 2J/1>-
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By (b;), (bs), and Lemmas 1-3 we see that there exists 8, € (0, %0) sufficiently small such
that

(r1) (bo — €)KP72(d(x) — p)k?(d(x) — p) < (by — €)KP~>(d(x))k?(d(x)) < b(x), x € D, =
Q5. /25 b(x) < (bo + €)KP72(d(x))k? (d(x)) < (bo + €)KP~>(d(x) + p)kP (d(x) + p), x €
D} = Qo5 p, where p € (0,3),

(r2)
I<2(t)¢//(yll(2(t)) Cf K(OK ()
NTY®) G- -G - 1)‘ + 2?‘ -~ 1-C)
+ 2ylk<(—(tt)) |Ad(x)| <€, Y(x 1) € Qs x(0,25.),

and by the value of y; in Theorem 1,

B by N 4Vle
Cnr2p-1) G-@E-D(CG-1)

=211 -Cy) -2y =0.

Then
Apﬁe - b(x)f(ﬁe) =< O;
i.e., U, is a supersolution of Eq. (1.1) in D.
Similarly, we can show that #, is a subsolution of Eq. (1.1) in Dj.
Now let u be an arbitrary solution of problem (1.1) and C;(8;) := max x)>s, #(x). We see
that
u<C(8)+u. on aD,.
Since ¢ is decreasing and y; > y, we have
u, < ¢>(y1((286)) := Cy(8:) whenever d(x) =25, — p
and
u, <u+Cy(8:) onaDj.
It follows by (f;) and Lemma 5 that

u<C)+u, xeD, and u <u+C) xeD;. (3.4)

Hence, letting p — 0, we have, for x € D; N D;,

G0y uw)
(1 K*(d(x)) ~ d(r2K*(d(x)))
and

uw) G
PORAW) ~ T pONKAA)
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Consequently,

u(x) u(x)

11»0ﬂnK%ﬂ@D and hmi?¢wm%ﬂm»§1

Thus, letting ¢ — 0, we have

u(x) u(x)

hm glof m and lzr(il i,lg) m <1,

that is,

lim
dw—0 p(yK2(d(x)))

The proof is complete.

Proof of Theorem 2 Let € € (0,1) and

e = C (K (di(%)))” " (1 + C(N-1)(H(®) +¢) K((Z((;)))) ) xeDy,
2 1) d
&:Qm@w»ﬁWOHMNIWﬂ%)ﬁQX> xeD!.
Using Lemma 4 and a direct calculation we see that, for x € D;,

KP~2(dy () k? (dh (%) ) f (% (x))

= K772 (dy (%)) K (dy () (" () £ cot™ (x)L (te (x)) )

= K772 (dy () kP (di (%))

_ 2mlp-1) K(d
- [C{” (K (dy(x)))” 7> (1 +mCy(N - 1)(H (%) + €) . (( dll((z)))) )

my (p-1
+coCY" ( (dl(x)))_ Tty L(ue(x))

K (dl(x)))ml]
k(d: (x))
)+1

= KP7(dy (%)) kP (dh (%)) (K (dh (%)) ) i

k(@)
'%HK@u»+

: (1 + Co(N -1)(H(x) +€)

mC'Cy(N - 1)(H(%) + €)

,1) = N

+ (K(d) F koL (@)

K(dy(x)) ) ”’1]
k(d(x))

. (1 + C(N-1)(H(®) +¢€)

and

V| = (K(dy())) 2 k(dy () Vd ()

K(dy(x)) )
k(d(x))

. <1 + Co(N —=1)(Hx + €)

Page 11 of 19
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+a (K(dl(x)))_% C(IN-D(H® + e))% <K(t)>

_ o 2p-1)(m+p-1)
Apuez(p—l)|Vu€|p2x |: m+l-pp

(K () R () (1 L CIN-D(HE + ) (x)))

k(d, (%))
2(p-1)C _mipd
iy ) R )

. (1 + CIN-1)(H) +¢) K, (x)))

k(dy(x))
20 -1)C,
C(m+1-p)
d
. <1 + N -1 (HE) +e) I/f((dll ((;C)))))

4(p-1)C; _%
DG (o)

k(s (0) CoN = D(HE) + €) & (Ilj((t)) )

(K (e (@) "2 k(e () Ad )

t=dy(x)

20-) g2 (K
+ QLGN -1)(HE +€) (K (%)) ’”ﬁ( ((:)) )

t=dy(x)

+ GO - )(HE) + €) (K(d0)) 77 2

dt
K(t)
<k(t>) e d(")]

200 -1\ 2 _p-D-Dmp
=(p- 1)( n(fl : _pl) (K(di(x)))™ 77 kP (dy(x))

2p-1)(m+p-1)C;
[ (m+1-p)?

2p-1)m+p-1)GG _ K(dy(x))
+ il (N -1)(H(x) +¢€) )

_2p-1)G (1<(d1 CDK( () _ ) Ck)>

(m+1-p) k*(dr (%))

2p-1G (K(dl(x))k/(dl(x)) _a-c ))
i\ @) ‘

K{(d(x))
k(dy (%))

(1—Ck)(1+C2(N )(H® + )1<((21((;c)))

-GN -1)(H®) +¢)

2(p-1)C
- (m+1-p)

2p -G K(di(x)
T e i-p) K@) )<“ CN = 1)(HE +€)

4(p -1)C1Cy K(dh(x)) K(t)
~neiop) ki) N DH® ( ( )

k(d1 (*)) )

t=dy(x

- Ck + Ck>

Page 12 of 19
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+CIG(N - 1)(H(x) +€)

K*(dy(x)) d* ([ K(¢)
K>(dy (x)) dt> (k( ) )

K(dy(x)) d [ K*(2)
k(dy(x)) dt < k() )

t=d)(x)

+ C1Cy(N — 1)(H(9_c) + e)

Ad(x):|

t=d(x

2p-1)C 2 D) ke (x))
:(p—l)( e ) (K(dl(x))) kp 1(d1(x))|: K(d;(x))

2p-Dim+p-1G  2p-1C
< (m+1-pp '<m+1—p)(1"ck)>

2p-1)(m+p-1)  2p-1)
(m+1-p)? _(m+1—p)
20 -1)G (K(dl (xX)K'(d1(x))
k%(d: (%))

+C1C2(N—1)(H(9_c)+e)< 1-G)

4(p -1)Cy 2p-1)C
B (m+1—p)>_ (m+1—p)Ad(x)_ (m+1-p)

kdi(x))  2(p-1)CiCy (K (di(x))K' (d1 (%))
K(di(x))  (m+1-p) k*(dy (%))

~1)C,C
A(N-1)(HE) +¢€) - 74((51 +11)_1p)2

K(t)
( (k(t)) iy 5 "Ck)
2p-1)GG K(dy(x))
(m+1-p) k(dy (x))

di(x)) d*
+GGOIN -1)(H®) + é)f((dll((j)))) d? ( ((t))>

)K(dl(x)) d (K(t)
k(dy(x)) dt < k(z) )

-(1- Ck)) -(1- Ck))

(N -1)(H(x) +¢€)

Ad(x)(N -1)(H(%) +¢€)

t=dj(x)

+CG(IN-1)(HE) + e Ad(x)].

t=dq(x

By the value of C;, C; from Theorem 2 and (3.1) we know that

2p-Dm+p-1)C 2(p-1)CGA-C) _ " (2(10_1)@)—@—2)

(m+1-p)? (m+1-p) Cp-1\m+l-p
2p-1Dm+p-1GC 2p-1DGGA-C) 4p-1)GGCG
(m+1-p)? (m+1-p) (m+1-p)

2(p NG mCl'Cy (2(p-1)C R
(m+1 p  p-1 \m+l-p ’

and by Lemmas 1 and 4 we get that there exists . € (0, %) sufficiently small such that, for
(x, t) (S nge X (0,285),

2(p-1)C; (K(t)k'(¢) k(t)
‘<m+1—p>( 22(0) ““C))Kﬁ

2p-1)C1C ( KOK (1)

" m+l-p) ( 20 ‘(I‘Ck)>

4(p-1)C,Cy K(t)

mriop NDHE )( (k(t)) Ck)
K(t)
k(t)

“(N-1)(H®) +€) -

2p -GG

“milop) Ad(x)(N -1)(H(®) + €)
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+CGIN-1)(HE) +€)—— ph A4

K(2) d_2 (K(t))

k(t) dt2 \ k()
K@) d (K@) oC (2p-1)C |
+C1C2(N—1)(H(x)+€)WE<W>Ad(x) p—1<m+1—p>
0) " ok o) (1 -+ 9 1)
- G(N - 1)6’
T m+1l-p

where ®(¢) is given in Lemma 4 with h(t) = £Co(N — 1)(H(%) + 1) 3.

Thus, for x € D;, we have

AT (x) — KP™2 (ddy (%) )R (ks () )f (e (%))

-2 —1)(m+p-1

=030 ) W)

. kp—l(dl(x)) (_2C1(N - 1)6 + Cl(N - 1) 6)
m+l-p m+l-p

=0

i.e., U (x) is a supersolution of Eq. (1.1) in D.
Similarly, we can show that u_ is a subsolution of Eq. (1.1) in D}.
By (3.4) and letting p — 0, we have that, for x € D, N Dy,

G (K(d(x)))_% (1 + C(N -1)(H () + e)%) + C1(8¢) > u(x), 3.5)
G (K(dw)) "7 (1 + C(N - 1)(H(E) - e)llf((j((;‘)))) ) — Cy(8) < ulw). (3.6)
The proof is complete. O

Appendix
In this appendix, we prove the existence and uniqueness of the solution for problem (1.1).

A.1 The existence of solutions for problem (1.1)

In the first part, we give the existence of solutions for problem (1.1).

Theorem 3 Let f satisfy (fi) and the Keller-Osserman condition (2.7), and b satisfy (b;).

Then problem (1.1) has at least one solution u € VVK: (RQ) satisfying

ulx) > ¢ (v(x), VxeQ. (A1)
Furthermore, if f satisfies fol f = (s)ds = oo, then

u>0, Vxe, (A.2)
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where V) is the solution of problem (1.4) and v € Wé’p(Q) is the unique solution for problem
—ApV =b(x), v(x)>0, xe€Q, Vs = 0. (A.3)

Remark 4 ByLemma 2(3), we can see that f satisfies the Keller-Osserman condition under

our hypotheses on f in Theorem 1.

Remark 5 By the similar argument in [46], we show that (f;) and the Keller-Osserman
condition imply (f;). Indeed, if we can prove that there exist two positive numbers p and
M such that

71

N

p”/ for s > M, (A.4)

then it will be done since

s P’
F(s) = / ft)dt <sf(s) ff (/S) for s> M,
0 PP
1 =)
which, in turn, yields [F(s)]? > “£—, so that the Keller-Osserman condition implies
p-1(g

(A.4). Then, we will prove (A.4) by contradiction. Assume that there exists an increasing
sequence s; of real numbers such that lim;_, o s; = 00 and @ < } for allj. Since f is increas-
ing, we have f(s) < f(s;) for all s € [0, 5;], which, in turn, produces F(s) < sf(s) < sf(s;) = oo
for s € [0, s;]. Hence,

fS'[F(s)]*% ds > /Sj[F(s)]*% ds > [i}”

S/' 1
/ s rds
S1 $1 S/ S1
1
) p }p,<1_(s_l)>_>oo
p—l Sj

as j — oo, which contradicts the Keller-Osserman condition (2.7). Thus, (A.4) must be
true, and then (f;) holds.

Proof Let

V=) = f FPTWdy, u>0. (A.5)
We see that problem (1.1) is equivalent to the following problem:
Ay +gW)|VvP =bx), v>0,xeQ, Vs =0, (A.6)

where g(v) = f'(¥(v)), and ¢ is also the inverse function of .
Now let v e W (£2) N L® (2) be any solution of problem (A.6). We claim that

loc loc

vix) <v(x), VxeQ. (A7)
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Indeed, assume on the contrary that {x € Q: v(x) > V(x)} # @. Then, on its arbitrary con-
nected component D, we have —A,(v - V)(x) < 0, x € D, since g(v) > 0. It follows by
(v=7)|se = 0 and the maximum principle that v(x) < V(x) for all x € D. This is a contradic-
tion. Thus, (A.7) holds, i.e., any weak solution u of problem (1.1) satisfies (A.1). Moreover,
by the definition of ¥ and the condition fol 2~ 50 we see that ¥(¥(x)) > 0, Vx € Q, and

f(s)
(A.2) holds. Next, we consider the perturbed problem

Apu=bx)f(u), xe€Q, Ulgg =meN. (A.8)

By (b1) and (f;) we see that u,, = m is a supersolution of problem (A.8). To construct a

subsolution u, of problem (A.8), we let v; € C?*%(Q) be the unique solution of the problem
* 1
—Apv1 = b(x), v(x)>0, xe€, Vilaq = / fPi(s)ds, (A9)
1

and u; = ¥ (v1). Then we see that |y =1 < m and

N2} _f/(ﬂl)
A= 2 T Pl

Vi, P = bx), xe€,

which yields
Apuy > b)f (), x€,

i.e., u; is a subsolution of problem (A.8). Moreover, u; <1 < m, x € 2, due to the maximum
principle. Thus, problem (A.8) has one solution u,, € Wé’p in the order interval [u, m],
and the maximum principle again yields that the map m — u,, is increasing. On the other

hand, the classical Keller-Osserman condition guarantees that the problem
Apu=bof (u), x e Qo, Ulaq, = 00, (A.10)

has one solution ugq, € VV&)‘Z (2) for each Qo CC 2, where by = min, g b(x). By the maxi-
mum principle we have u,, < ug,(x), x € o, and u(x) := lim,,_, o U, (x) exists for x € Q.
Thus, u is the desired solution for problem (1.1) by the standard bootstrap argument, the
arbitrariness of Qg, and (A.1). O

A.2 The uniqueness of the solution for problem (1.1)
In the second part, we prove the uniqueness of the solution for problem (1.1). The method
is similar to the idea in [40, 58].

Theorem 4 Under the hypotheses in Theorem 1, problem (1.1) admits a unique solution.

Proof Since % is increasing in [Sy,00) for some g > p — 1 and S, large enough, by
Lemma 2(2) we have
f(s)

— is also increasing in [Sp, 00). (A.11)
s
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Let uy be the minimal solution for problem (1.3), and u be another solution for problem

(1.1). We prove that u = 1y in Q. In fact, by the maximum principle we have

uo <u in Q. (A12)

Moreover, by the asymptotic behavior (1.3) we deduce that

uo(x)
1 A3
d(xl)IEO u(x) ( )
For any € > 0, setting w = (1 + €)up, we have
. (4 &uo(s)
1 - =1 — -1 = . A.l4
d(;go(w(x) u(x)) d(xl)g0< u(s) oo ( )
Now, for small € > 0, we define the open set
D, = {x € Q:w(x) < u(x)}. (A.15)

We may assume that D, is nonempty for ¢ small enough; otherwise, there is nothing to
prove. Indeed, notice that D, increases as ¢ — 0. Moreover, we may also assume that
D, — 2 as € — 0; if there exists %y € Q and a sequence €, — 0 such that x; € D, for all
n, then we have (1 + €,)uo(x0) > u(xo). Then the strong maximum principle yields u = u,
in Q. Finally, we have D, C Q by (A.13).

Next, we choose 1 > 0 such that uy > Sy in 2, and define D, ,, = D, N D,,. Notice that

D, , is a nonempty open set for small €. Moreover, by (A.11) we have

Apyw =1+ €)bx)f (uo) < bx)f(w), x€Dey. (A.16)
It follows by (f;) that

Ap(u—w) = bx)(f(w) —f(w)) =0, x €D, (A17)
Thus, by the maximum principle we obtain

u(x) —w(x) < g%ax(u -w), x€D,. (A.18)
€51

Since 0D, = (0D N D,) U (D N3D,), D. N 32 =¥, and (1 — w)|yp, = 0, we see that the

maximum of # — w is achieved on D, N 9D, = (D Nx: d(x) = n). Hence,

ux)-wkx) < max (u-w), xeD, (A.19)
(DeNa:dd(x)=n)

Letting € — 0 in (A.19), we obtain

u—uy < max(u—up):=60 inQ,. (A.20)
d(x)=n
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On the other hand, by (A.12) and (f;) we have
Ap(u—ug) = b(x)(f(u) —f(uo)) >0, xeQNT=xeQ:dx)>n. (A.21)

The maximum principle implies that iz —uy < 6 in Q", and hence u#—u( < 6 in the whole .
Then the strong maximum principle gives i — uo = 6. We obtain that f(«) = f(u + 0) in €,
which can only hold if § = 0. Thus, # = ug, which shows the uniqueness. O
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