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Abstract
This paper focuses on the following elliptic problem involving a fractional Laplacian:

AU+ Vu=rfw) inRY,

where N> 2, € (0,1), (-A)* stands for the fractional Laplacian. Using some
variational methods, we obtain the existence of positive solutions without
compactness conditions.
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1 Introduction
In this paper, we consider the existence of positive solutions to the following fractional
Schrodinger equation:

(A u+V@u=Ff(u) inRY, (P)

where N > 2, o € (0,1), (—A)“ stands for the fractional Laplacian, f € C(R,,R,). The frac-
tional Laplacian (-A)* with & € (0,1) of a function ¢ € S is defined by

F((-2)")9) &) = [5* F(#)(E), Yo €(0,1),

where S denotes the Schwartz space of rapidly decreasing C* functions in RN, F is the

Fourier transform, i.e.,

1 )
FONE) = o [ 7 0w d
In the past few years, there have been research activities (see [1-6], etc.) on the study of
existence and multiplicity of solutions for such kind of problems (P). Here we just mention
some results related to our problems.
« For the case V =1, the authors in [5] studied the existence of positive solutions of (P)
when f has subcritical growth and satisfies the Ambrosetti-Rabinowitz condition.
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« For the case V =0, Chang and Wang in [3] obtained the existence of a positive
ground state under the general Berestycki-Lions type assumptions.

+ Moreover, for the general potential V, which is allowed to vary, ground states were
found by imposing a coercivity assumption on V, i.e.,

Ix\lirl-;-loo V(x) = +o0.
We refer the readers to [4, 6] for details. Recently, when the potential V satisfies the con-
ditions H(V)(1) and H(V)(3), Chang in [2] proved the existence of ground state solutions
under the assumption that f () is asymptotically linear with respect to u.

Inspired by the above-mentioned papers, we are concerned with the existence of positive
solutions of (P). The novelties in this paper are mainly two parts. First, we just assume that
the nonlinear term f (1) is superlinear with respect to u at infinity instead of the asymptot-
ically linear condition or Ambrosetti-Rabinowitz condition, which is completely different
from those appearing in the literature. To compensate the lack of compactness, we em-
ploy the Pohozaev identity to obtain the boundedness of Palais-Smale sequence. Second,
it is worth mentioning that in the present paper we consider the existence of non-radial
positive solutions of (P). We have to prove a new compact embedding theorem by virtue
of some assumptions imposed on the potential V.

Throughout this paper, we assume:

HV): (1) VeCY(RN,RN), V,:=inf,gn V(x) > 0.
(2) (VV(x),x) € L2 (RN) and

84 V(x),x)|L%(RN) <208y,

where S, is the best Sobolev constant of the embedding

g 2
fon 1(-8) 2 u? dx

HY(RN) — L%(RN), ie., S = inf,cjjan) ° (see [7]).

2
‘u|2é<(

(3) There exists r > 0 such that, for any b > 0,

lim u({xreRY: V() <b}NB.()=0,

[yl—o00

where u is the Lebesgue measure on R¥,
H(f): (1) f:R, — R, is of class C*” for some y > max{0,1 - 2a}.
(2) If(w)] < C(lu| + |ulP™) forallu € R, = [0, +00) and p € (2,2%), where
2% = A for N > 2.
(3) lim,—o™™ = 0.

(4) limu_mof(T”) = 00.

Next, we state our main result.

Theorem 1 Assume that H(V) and H(f) hold. Then problem (P) has at least one positive

solution.

The rest of this paper is organized as follows. In Section 2, we state and prove some
preliminary results which will be used later. We will finish the proof of our main result
(Theorem 1) in Section 3.
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2 Preliminary
In this section we recall some results on Sobolev spaces of fractional order. A very com-
plete introduction to fractional Sobolev spaces can be found in [8].

Consider the fractional order Sobolev space
H*(RY) = {u e L*(RN): f (IE178* + i1”) dE < +oo},
RN

where & = F(u). The norm is defined by

1

2

IIMIIHa(RN>=</ (|€|2“ﬁ2+ﬁ2)d$) .
RN

The homogeneous fractional Sobolev space D**(RN), also denoted by H*(RYN), is de-

fined as the completion of C3°(RY) with respect to the norm

|24l pro mvy = </RN |$|2ab72d§)2 = </RN|(—A)%u(x)|2dx)2.

In this paper we consider its subspace:

E= {ueH“(RN):/R

V(x)u? dx < +oo}
N

with the norm

llulle = (AN’(—A)gM(x)fzdx+/RN V(x)uzdx)z.

Lemmal ([5]) H*(RN) continuously embedded into L (RN) for p € [2,2}], and compactly
embedded into II (RN) for p € [2,2%).

loc

Using the above lemma, we can obtain the following result.

Theorem 2 Assume that H(V)(1) and H(V)(3) hold. Then:
(i) we have a compact embedding E — L*(RN);
(ii) for any p € (2,2%), we have a compact embedding E — LP(RY).

Proof (i) Assume u, — 0 in E, and ||u,| gz < ¢;. We need to show u, — 0 in L>(RN). By
Lemma 1, we have u, — 0 in L2 (R"). It suffices to show that for every ¢ > 0, there exists
R > 0 such that

lu,dx<e foralln=1,2,...,
By

where Bg = {x e RN : |x| <R}, B = {x e RN : x| > R}.
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First of all, choose {y;} C RY such that RN C | ;) B,(y;) and each x € RY is covered by
at most 2 such balls. So

/|un|2dxs Z/ |utn|? dx
B B

lyil=R—r ¢ Br0)
=y [/ |u,,|2dx+/ |u,,|2dx],
lyi|=R-r Br(yi)m{xE]RN5V(x)>b} Ap(yi)

where A;(y;) = B,(y) N {x e RN : V(x) < b}.
On the one hand,

1
/ a2 dx < —f V@lual? d,
By (y)N{xeRN:V (x)>b} b JB, )

where B,(y) = {x e RN : [x —y| < 7}.
On the other hand, since Sobolev embedding E < H*(RN) — L% (RN) is continuous,
there is a constant ¢, > 0 such that

[ttnlox < collunlle < crca.

Applying the Holder inequality, we get

=

—2a 20

N N
/ |un|2dx = (/ |I/£n|N2*]g‘X dx) (/ 1% dx)
Apyi) Apyi) A1)

—2a

< (/ |un|% dx) : sup [;/,(Ab(yl.))]zﬁa.
Ap(yi)

[yil=R~-r

=

Hence,

/ 4, dx <
5,

Z I:%/j;(y.) V(x)|u)? dx

[yil=R-r
NRIZO: 5
2N 20

+ (/ |24, | N=20 dx) sup [w(As())] N:|

Ap(i) lyi|=R-r
2N

< — V() unl* dx

b i

R-2r

N2

N 2N N Zﬁa

+(2 |t | N-22 dx sup [u(As())]
By, il =R-r
2N 5
< — V(%) un|” dx
b RN
N2«
N-2 2N N X
+2 "‘(/ |14y, | N-22 dx> sup [w(Ap»)]¥
RN [y|=R-r

N

2 a 2 2
=5 RN(!(—A)W"\ + V(%) un|*) dx
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20
+ 2872, 3, sup [1(Ap()]¥

|y|=R-r
2N 2 . oN-2a 2 2 i
= 7”7/#1”5 +2 ey llunllz sup [//«(Ab(y))] N
|y|=R-r
2N, N-2a 2 2 &
= +2N72 et sup [w(Ax(0)] .
[y|=R-r
Now, choose b > 0 such that
oN €
7C% < E. (1)
For such a fixed b > 0, since
20
sup [(Ap(»))]¥ -0 asR— +oo,
[y|=R-r
there exists R > 0 large enough such that
2 £
sup [N < i @

— 9N-2u0+l
[yI=R-r 2 151

It follows from (1) and (2) that

f i dx < ¢,
BC

R

from which conclusion (i) of the lemma follows.

(ii) To prove the lemma for general exponent p € (2,2}), we use an interpolation argu-
ment. Let u,, — 0 in E, we have just proved that u, — 0 in L>(RY).

Moreover, since the embedding E < L% (RN) is continuous and {u,} is bounded in E,
we also have sup, f]RN |14y |2 dx < +00.

Since 2 < p < 2%, there exists A € (0,1) such that

1-A
2%

o

+

=
o>

Then we have

2
s=—>1 and t= ¢ >1.
pA p-A)

Using Holder’s inequality, we deduce that

» 2 2
N|un| dx = Nlun|s|un| tdx
R R

2 2
< [l 5|, | 120 7 |,

2 2
= |tuly [thn] e — 0 asm— +o0.
o

This implies #, — 0 in L?(R"N), and the proof of conclusion (ii) is completed. (]
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Next, we state the following version of the Pohozaev identity, which will be used to ob-
tain the boundedness of ||u,||g. Similar results can be found in [3, 8-10]. Its proof is a
mixture of many ingredients that are scattered through the literature. We refer the read-
ers to Proposition 4.1 in [10] (see also Proposition 4.1 in [3] for the case that V(x) = 0) for
the details.

Lemma 2 Let N > 2. Assume that H(f)(1) and H(f)(2) hold. If u € E is a weak solution of
(P), then the following Pohozaev type identity holds:

N -2 a N 1
5 : AN|(—A)7M|2dx+ E/RN V(x)|u)? dx + ifRN(VV(x),xHu(x)fdx

=N /RN F(u(x)) dx.

Remark 1 We would like to mention that the regularity condition H(f)(1) is necessary to
prove the Pohozaev identity. The smoothness of f will only be used here.

In order to discuss the problem (P), we need to define a functional in E:

1

NG 2
o(u) = E/I;N(|(—A)2u(x)| + V()| ulx)| )dx—/RNF(u(x))dx, YucE.

Then we see from H(f)(1) and H(f)(2) that ¢ is well defined on E and is of C?, and

((p’(u),v)zf ((—A)%u(—A)%V+ V(x)uv)dx—f fu)yvdx, Vu,veE.
RN RN

It is standard to verify that the weak solutions of (P) correspond to the critical points of
the functional ¢.

Next we recall a monotonicity method due to Struwe [11] and Jeanjean [12], which will
be used in our proof. The version here is from [12].

Theorem 3 Let (X, || - ||) be a Banach space and I C R, an interval. Consider the family
of C! functionals on X,

on(u) =A(u) —AB(u), rel,

with B nonnegative and either A(u) — oo or B(u) — 0o as ||ul| — oo and such that
9.(0) = 0.

Forany A € I weset T, = {y € C([0,1],X) : ¥(0) = 0,9, (y(1)) < 0}.

If for every A € I the set T, is nonempty and

= inf 1) >0,
6= inf max o (r(@®) >
then for almost every A € I there is a sequence {u,} C X such that:
(1) {u,} is bounded,;
(2) @u(un) = ¢ as n— oo;
(3) ¢} (un) = 0 asn — oo, in the dual space X' of X.
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In our case, X = E,

Au) = %/RN(K—A)%L:‘Z +V(@)u*)dx and B(u)= /]RN F(u) dx.

3 Some lemmas and proof of main result
In this section, to overcome the lack of compactness, we need to consider the functional
@, in the functions space E. We shall prove that ¢, satisfies the conditions of Theorem 3

in the next several lemmas.

Lemma 3 Let T, be the set of paths defined in Theorem 3. Then T, # () for A € I = [§,1],
where § € (0,1) is a positive constant.

Proof We choose n € C°(RN) with ||5]lz = 1 and supn C B,(0) for some r > 0. From
H(f)(4), we know that for any ¢3 > 0 with ¢3 fB,(o) n*dx > 1/2, there exists ¢4 > 0 such
that

F(”)ZC3|M|2_C4¢ M€R+. (3)

Then we have

_z g 2 2
oo = 5 [ (ol v veor)ds-a [ Fenas

t2
= ——A/ F(tn)dx
2 RN

2
< — —8cst? / n?dx + c4‘Br(O)|
2 B (0)

1
t2<— —SC3/ n* dx) +c4|Br(0)|.
2 B (0)

Therefore, we can choose ¢ > 0 large such that ¢, (tn) < 0. The proof is completed. d

Lemma4 Let c, be the set of paths defined in Theorem 3. Then there exists a constant ¢ > 0
such that ¢, > ¢ for A € [§,1].

Proof By H(f)(2) and H(f)(3), for any ¢ € (0,1/2), there exists ¢, > 0 such that
Vi
[FG)| = SR lul +colul’, ueR.. )

Furthermore, by Theorem 2, we have E < L7(R") compactly. Then there exists c5 > 0
such that |u|, < cs||u||g. Hence, for any # € E and X € [, 1], using (4) it follows that

1 ATl 2) dx — d
) /RN(|( A)2ul” + V(x)u?) dx )\/RNF(M) X

2

1 eV
—||u||%—f 2 ul? + colul ) dx
2 RN 2

1
z—nun%—f/ V(x)|u|2dx—cg/ up? dx
2 2 RN RN

v
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1. 2 ¢ NS TE 2\ dx — / »
2||u||E 2/RN(|( A)2ul” + V() ul?) dx - c. RN|u| dx

I\
A=

2
Nuall? - celul?

2 p
> —lullg - cecsllully

N

which implies that there exists p > 0 such that ¢, (&) > 0 for every u € E and ||u||z € (0, p].
In particular, for ||u|| g = p, we have ¢, (1) > ¢ > 0.Fix A € [§,1] and y € 7. By the definition
of 7, we can see that || (1)||z > p. By continuity, we deduce that there exists ¢, € (0,1) such
that ||y (¢,)llg = p. Thus, for any A € [§,1],

c > yiél;[;\ p.(y(t)) =c>0.
Therefore, we complete the proof. d

Next we prove that the functional ¢, can achieve the critical value at ¢, for any A € [§,1].

Lemma 5 For any A € [8,1], each bounded (PS) sequence of the functional ¢, admits a
convergent subsequence.

Proof Let X € [§,1]. Suppose that {u,} C E isa (PS) sequence for ¢;, that is, {u,} and ¢; (u,)
are bounded, ¢; (#,) — 0in E’, where E’ is the dual space of E. Then there exists u € E such

that u,, — u in E. Thus, Theorem 2 implies that

U, —> u in LP(RN),

u,—u ae inRY,

By virtue of hypothesis H(f)(2) and H(f)(3), for any ¢ € (0,1/2), there exists ¢, > 0 such
that

[f )| <elul +colul’™, ueR,. )

So it follows from (5) that

‘ f £t — ) dix
RN

= </Rle(un)||un —uldx

-1
< [ (el el s~
RN
-1
§8|Mn|2|un_u|2+ce“un|p ’p/|un_u|p
-1
§8|Mn|2|un_u|2+ca|un|ﬁ |ty — ulp

-1 -1
< ecslltnllplttn — ulo + cocy Nunll'e |ty — ulp,

which implies that

/ fun)(uy —u)dx — 0 asn— oo.
RN



Ge and Zhang Boundary Value Problems (2015) 2015:235 Page 9 of 12

Thus

(90;\ (tn), vy — u)

- / (=) % (= A (1 — 1) + V@t t — 0))

RN

- n n = d
)L/]RNf(u Yuy, — u)dx
= f ((8)3 (=) (= ) + V@)1t (1t — ) dx + 0(1)
RN
and

/ ((—A)%un(—A)% (tn — 1) + V%)t (tty — 1)) dx — 0 as n — o0.
RN

Therefore we conclude that [|u,||% — |u|/%. This together with u, — u in E shows that
u, — u in E. The proof is completed. g

Now we are in the position to show that the modified functional ¢; has a nontrivial
critical point.

Lemma 6 For almost every A € [8,1], there exists u; € E\{0} such that ¢;(u;) = 0 and

o () = ¢y

Proof By virtue of Theorem 3, for almost every A € [§,1], there exists a bounded sequence
{u'} C E such that

o () > ¢ and @ (u)) >0 asn— oo

According to Lemma 5, we may assume that there exists u, € E such that u} — u, in E.
Then it follows that ¢, (1) = ¢, and ¢; (4;) = 0 and u;, # 0 from Lemma 4. O

From Lemma 6 we know that there exist a sequence %, € [§,1] with 1, — 1~ and an
associated sequence {u,} C E such that

@i,(un) =c;, and ¢ (u,)=0. (6)

Next, we will show that the sequence {u,} is bounded, which is a key ingredient in this

paper.

Lemma?7 Letu, bea critical point of ¢, at the level c,,, as defined in (6). Then there exists
a constant cg > 0 such that ||u,|| g < ce for all n.

Proof Inview of Lemma 2 and (6), we see that u, satisfies the following Pohozaev identity:

N -2«
2

a N 1
/ |(—A)7un}2dx+—/ V(x)|u,,|2dx+—/ (VV(x), %)) d
RN 2 RN 2 RN

:)»,,N/ F(u,) dx. (7)
RN
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Recall that ¢, ,(4,) = c;,,. So we have

N

(|(—A)%u,,|2 + V(x)ufl) dx — A,,Nf F(u,)dx =c;,N. (8)
2 JrN RN

Then from (7), (8), and hypothesis H(f)(2), it follows that
o 1
a/ [(-A) 5 u,|*dx = ¢, N + —/ (VV(0), %) 14|
RN 2 RN

1
<c,N+ E|(V\/(x),x)| N )|un|§z

L2 (RN
1 a2
<N+ E (VV(x),x)‘L%(RN) AN’(—A)2MH‘ dx. 9)

_ 1
Set Mo =a — 5-|(V V(x),x) |L2%(RN)' Then

MO/ (-A) % u, | dx < 5, N. (10)
]RN

We estimate the right-hand side of (9). By the min-max definition of the mountain pass
level ¢;,,, Lemma 3 and (3), we have

€1, < Max 7))
t2
< max{— —A,,/ F(tn)dx}
t 2 RN

1
< max{t2<— - 803/ n? dx) + c4|B,(O)|}
t 2 B/(0)

< c4|B.(0)]. (11)
From (10) and (11), we conclude that

Mof |(=A) % u,|* dx < caN|B(0) . (12)
RN

Note that E ¢ H*(RYN) and the embedding H*(RN) < L% (RN) is continuous. Then we
have

1 a 2
|”|§z; = Q/I;N|(—A)2u| dx, YuekE.
Recall from (6)

/ (|05 u,[* + Vx)u) dx = N, / F )t dx. (13)

RN RN
Using (5) in (13), we obtain

/ (‘(—A)%unfz + V(x)ul) dx

RN

sN/ (elttnl? + e lunl?) dx
]RN
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Vix *
<N (8L|Mn|2+cs|un|20)dx
RN Vo
Ne
<
=7
Ne
<< —
=7

1 a 2 ﬁ
+c€N|:—/ |(—A)7uy,| dx] , (14)
SO, RN

/ (|(—A)%uy,|2+V(x)lunlz)dx+c5N/ || % dx
RN RN

./]RN(|(—A)%un|2 + V(x)lun|2) dx

which implies that
N a
(1 - 75) /RN(i(—A)7u,,|2 + V(x)uy) dx

1 3 2 %
§cgN|:—/ |(—A)7u,,| dx]
S RN

o

N
1 ¢4N|B,(0)| ¥
C£N|:_C4 | ()|] .

<
- Su o
It follows that
1 NIB(0)| 1% V,
]2 < e N| — 25" °__
Soz MO (Vo - NE)
Then the conclusion holds. O

Finally, we are ready to prove our main theorem.

Proof of Theorem 1 Let u, be a critical point for ¢, , at the level ¢, ,,. Then from Lemma 7
we may assume that ||u, ||z < c.

Note that A, — 1, we can show that {u, } isa (PS) sequence of ¢. Indeed, the boundedness
of {u,,} implies that {¢(u,)} is bounded. Also

(@' (), v) = (@5, W), v) + (o = 1) /H‘QNf(u,,)vdx, VueE.

Hence, ¢'(1,) — 0, and consequently {u,} is a bounded (PS) sequence of ¢. By Lemma 5,
{u,} has a convergent subsequence, hence without loss of generality we may assume that
u, — u. Therefore, ¢'(u) = 0. By virtue of Lemma 4, we have

@) = lim ¢(u,) = lim ¢, (u,) =¢>0,
n— 00 n—00

and u is a positive solution by the condition H(f)(1). The proof is completed. d
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