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Abstract

Under suitable hypotheses on the continuous delay, distributed delay, and the initial
data in this paper, the large-time behavior for the 2D Navier-Stokes-Voigt equations
with continuous delay and distributed delay on the Lipschitz domain is studied. The
existence of pullback attractors in the non-smooth domain was obtained via verifying
some pullback dissipation and asymptotical compactness for the continuous process.

Keywords: Navier-Stokes-Voigt equation; continuous delay; distributed delay;
pullback attractors; Lipschitz domain

1 Introduction

The Navier-Stokes equations essentially constitute a description of hydrodynamical sys-
tems, and the well-posedness and large-time behavior of solutions to the Navier-Stokes
equations have received very much attention in the understanding of fluid motion and tur-
bulence. For the 2D case, Ladyzhenskaya [1] solved the uniqueness of the global smooth
solutions. Based on the well-posedness of the incompressible Navier-Stokes equations
(NSE), the infinite dimensional dynamical systems also was investigated. Till now there
are many interesting results (the existence of global attractor, uniform attractors, pullback
attractors, the structure and dimensions of attractors), the 2D general case can be found
in [2-7], and these results were studied in the regular domain. But the well-posedness of
global solutions for the Navier-Stokes equations in the non-regular domain (such as the
Lifchitz domain) is a difficult problem, and there are fewer corresponding results. For the
2D incompressible Navier-Stokes equation, Brown et al. [8] constructed a stream func-
tion which will be used later in our paper to solve the non-homogeneous boundary value
problems and gave the existence, dimension of global attractor.

Very recently, using an approximation of the Navier-Stokes equation (such as the Navier-
Stokes-Voigt equation (NSVE)) to study the existence of attractor of classical NSE has be-
come a topic generally focused on. The Navier-Stokes-Voigt system is the classical Navier-
Stokes system with strong damping which models the dynamics of a Kelvin-Voigt vis-
coelastic incompressible fluid and was first introduced by Oskolkov [9] as a model of the
motion of linear viscoelastic fluids. More results about the well-posedness, the existence
of attractor and the infinite dimensional systems, we can see [10, 11]. Also we mention
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the large-time behavior for the NSV system with delay, especially with both the con-
tinuous delay and the distributed delay, which are similar to the memory in elastic sys-
tem.

The Navier-Stokes equations with delay was studied recently. In 2002, Krasovskii [12]
constructed the Navier-Stokes equations with delay and obtained the well-posedness.
Barbu and Sritharan [13] established the existence and uniqueness of weak solutions to
the Navier-Stokes equations with the forcing term containing delay in 2003. Taniguchi
[14] established the existence of absorbing sets of the non-autonomous Navier-Stokes
equations with continuous delay in 2005. Caraballo and Real [15-17] studied the Navier-
Stokes system with continuous delay and distributed delay and obtained the existence of
global and pullback attractors for autonomous and non-autonomous cases, respectively.
Marin-Rubio and Real [18] investigated the Navier-Stokes equation with delay on some
unbounded domain with the Poincaré inequality and obtained the pullback attractors.
Garrido-Atienza and Marin-Rubio [19] also studied the Navier-Stokes equations with de-
lay on an unbounded domain and proved some results on the existence and uniqueness
of solutions. In 2014, Garcia-Luengo et al. [20] studied the 2D Navier-Stokes system with
the convective term and external force both containing delay and proved the existence of
pullback attractors.

In this paper we consider the existence of pullback attractor of the 2D incompressible
Navier-Stokes-Voigt equation with continuous delay and distributed delay on the Lips-
chitz domain,

U yAu—a?Auy +(u-V)u+Vp
=f(t—p(®),ut - p@)) + f,oh G(s,u(t +s))ds, (xt) e,
divu =0, (%, 1) € R,
(1.1)
u(t,x)|aq = @, ¢-n=0, (x,8) € 992,
u(t,x) = ur (x), xeQ,
u(t,x) = ¢(t — 7,x), (x,2) € Qeny

where Q C R? is a Lipschitz domain, , = Q x (7, +00), 392, = dQ x (7,+00), Qs = Q X
(t —h, 1), T € Risthe initial time. v is the kinematic viscosity of the fluid, « is the unknown
velocity field of the fluid, p the pressure, and « > 0 a length scale parameter characterizing
the elasticity of the fluid, f(t — p(¢), u(t — p(¢))) the external force term which contains a
memory effect during a fixed interval of time of length % > 0, and p(t) a given adequate
delay function. Moreover, the inhomogeneous boundary function ¢ satisfies ¢ € L*(9€2),
/ _Oh G(s, u(t +s)) ds is another external force with some hereditary characteristic, and ¢ the
initial state of delay in (—/, 0) where 4 > 0 is a constant.

Inspired by [8, 17], we shall use the background function for the Stokes problem and
some pullback dissipation, and asymptotical compactness for the continuous process via
the embedding theorem to achieve the pullback attractor. The main features of our present
work are summarized as follows:

(1) There are many results as regards the existence of attractors of NS (NSV) equations
with delay on the regular domain (such as [15-17]), many conclusions concerning the NS
(NSV) equations without delay on the non-regular domain (such as the Lipschitz domain
in [8]), but less work about the existence of attractors of NSV equations with continuous
delay and distributed delay on the Lipschitz domain.
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(2) Since our problem is studied on the Lipschitz domain (not the regular domain), we
use Hardy’s inequality and smooth approximation functions to deal with the non-regular
boundary. Defining some suitable topology spaces for the solutions and dealing with each
delay term to get some a priori estimate on non-smooth domain for the pullback absorbing
sets and asymptotical compactness, we conclude to the existence of a pullback attractor
for (1.1).

The structure of this paper is the following. In Section 2, some preliminaries are given
which will be used in sequel. The existence and uniqueness of solution for our problem
are derived in Section 3. In Sections 4 and 5, the existence of pullback attractors for the

problem (1.1) is derived in the appropriate topology space.

2 Preliminaries
Denote E := {u|u € (C3°(R))%, divu = 0}, H is the closure of the set E in (L?(£2))? topology,

| - | and (-, -) represent the norm and inner product in H, respectively, i.e.,

5 1/2 2 i ,
= a , V) = ()vi(x) dx, ) ‘ .
|u4] (/;2 |24 x) (u,v) FZI/Qul(x)v,(x) x, Vu,ve (L*(Q) 2.1)

V is the closure of the set E in (H'(2))? topology, and || - || and ((+, -)) denote the norm and

inner product in V, respectively, i.e.,

Izl (/ Vuldy) () i/a”’awd VeV (2.2)
uj = u X , u,v)) = — —ax, u,v . .
Q e Q 0x; d0x;

P is the Helmholtz-Leray orthogonal projection in (L*(2))? onto the space H, A := —PA is
the Stokes operator, the sequence {w;}; is an orthonormal system of eigenfunctions of A,
and {)»,»}ffl (0 <X; <Xy <--.)is the eigenvalue of A corresponding to the eigenfunction

{w;}51- We can define the power A° for s € C as follows:
Af =) Kajw;, seCjeRf=) aw, (2.3)
j j
D(A%)=|f:AfeH) = {f =Y ajw: Y A a < +oo}, (2.4)
J J

D(A®) is the domain of A, and we still denote the closure of E in D(A*) by D(A®). The norm
of D(A?) is written as |«]);, and A® has the following properties (see [8]):

|A01u|2 a+l 2 0(+l
o m dx < CO Q|14 4I/t| dx, Yu e D(A 4)’ (25)

lulls < Ci|A%u|, VueD(AT), (2.6)

where V is a Hilbert space, and ||v|| = |Vv|.Clearly, V — H =H' < V', H and V"’ are dual
spaces of H and V, respectively, where the injection is dense and continuous. The norm

Il - Il« and {-) denote the norm in V’ and the dual product between V and V’, respectively.
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The bilinear form operator and trilinear form operator are defined as follows (see [21]):

B(u,v) := P((u . V)v), VYu,v €L, (2.7)
2
ov;
b(u,v,w) = (B(u,v),w) = /2; /Q uia—:liwj dx, (2.8)

where B(u,v) is a linear continuous operator from V to V' which maps W into H, and
b(u, v, w) satisfies

b(u,v,v) =0, Yu,v,weV,
b(u,v,w) = =b(u,w,v), Yu,v,weV,
|b(u, v, w)| < Clu|2||u]|2|VI|Z|Av|Z|w|, VueV,veDA)weH, 29)
(s, v, )| < Clu| | Au) 2 [[v]||w], VueD(A),veV,weH, '
1b(w, v, w)| < Clul||v]||w|? |Aw|2, VueH,veV,we D(A),
\b(w, v, w)| < Clul? ||ul| 2 ||VI[|w|2 |w]|2, VYueV,veDA),weH,
and we introduce some useful inequalities, lemmas, and definitions.
Young’s inequality:
£ 1 p
ab< —a’ + ——b1, q=——,1<p<oo,Va,b,e>0. (2.10)
p = p-1
q
The Poincaré inequality:
_1
lu| <Ay *lull, YuelV. (2.11)
The Gagliardo-Nirenberg interpolation inequality:
|A2u* < Co|AY4u||A¥ |,  Vu e D(AY). (212)
Hardy’s inequality:
|u(x) > f 2
————dx<C Vu(x)| dx, YueV. 2.13
/Q[dist(x,afz)]z i Al ¢ 219

Definition 2.1 Let X and Y be Banach spaces, X C Y, we say that X is compactly embed-
ded in Y, written as

XY,

provided
(i) llxlly < Clxllx (x € X) for some constant C;

(ii) each bounded sequence in X is precompact in Y.

Lemma 2.1 Let X = H,V or V', then ||Pu|x < ||ullx, and Pu — u in X.
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Proof See, e.g., [22] or [21]. O

Lemma 2.2 Let X CC H C Y be Banach spaces, and X is reflective. If u, is a uniformly
bounded sequence in L*(t, T; Y), and there exists p > 1 such that %” is uniformly bounded

in LP(t, T; Y), then u, has a strong convergence subsequence in L*(t, T; H).
Proof See, e.g., [22] or [21]. O

Lemma 2.3 (The Gronwall inequality) Let g, h, and y all be locally integrable functions in
(¢, +00) satisfying

d
d—z <gy+h, Vt=ti,
and % is locally integrable, then we have
¢ t ¢
§(8) < y(t)e 0t 4 / h(s)e oD g, vt > .

Lo

Proof See, e.g., [21]. d

Lemma 2.4 (The generalized Arzela-Ascoli theorem) Let {f.(0):y € I'} € C = C([-r,0];
X) is equicontinuous, and for all 6 € [-r,0], {f,(0) : y € '} is relatively compact in
C([-r,0]; X).

Proof See, e.g, [22]. O

Definition 2.2 Let X be a metric space, the set class {U(f,7)} (oo <7 <t <+00): X —> X
is called a processes in X, if

(i) U(t,T)x=x,TER VxEX;

(ii) U(t,t)=U(ts)U(s,Tt),VT <s<t,T€R

Let P(X) denote all the family of nonempty subsets of X, and D the class of all families
D={D()|t e R} C P(X).

Definition 2.3 The processes class {U(-, )} is said to be pullback D-asymptotically com-
pactif forany t € R, DeDand 1, —> —00, %, € D(t,), the sequence {U(t, T,,)x,} possesses
a convergent subsequence.

Definition 2.4 A family B = {B(¢)|¢ € R} € P(X) is said to be pullback D-absorbing if for
each ¢ € R and D € D, there exists to(¢, D) < ¢ such that

U(t,7)D(z) C B(t), Yt <70o(t,D).
Definition 2.5 A family;l = {A(2)|t € R} € P(X) is said to be a global pullback D-attractor

with respect to the processes {U(-, )}, if
(i) A(2) is compact for any ¢ € R;
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(ii) Ais pullback D-attracting, i.e.,
VDeD,teR, lim dist(U(t 7)D(r),A(t)) =0,
T—>—00

where dist(Cy, C,) denotes the Hausdorff semi-distance between C; and C, defined
as dist(Cy, Cy) = sup,, infyec,d(x,y) for C1, Gy C X;
(iif) A is invariant, i.e., for all =00 < T < £ < +00, we have U(t,T)A(t) = A(t).

Definition 2.6 We claim that A(¢) = UDGDA(D’ t), t € R, where A(D, ) is defined as

AD,¢) = ﬂ(UU(t, ‘L’)D(‘L’)), vD e D.

s<t “<s

Theorem 2.1 Let the process {U(t, )} be continuous and pullback D-asymptotically com-
pact, and let there exist B € D which is pullback D-absorbing with respect to {U(¢,1)}.
Then the family A= {A@®)|t € R} C P(X), A(t) = AB,t), t €R is a global pullback D-
attractor which is minimal in the sense that if C = {C@t)|t € R} C P(X) is closed and
lim,_, _oo dist(U(t, T)B(t), C(t)) = 0, then A(t) C C(¢).

Proof See, e.g., [23]. O

3 Existence of solutions, uniqueness, and continuity results
3.1 Stream function

First we introduce a stream function v which solves the Stokes system (see [8])

-Au+Vg=0, ing,
divu =0, in Q, (3.1

u=¢ a.e. on 0% in the sense of nontangential convergence,

and ¥ satisfies

sup|y ()| + sup| Vi (x) | dist(x, 3Q) < Call@ om0, (3.2)
xeQ xeQ
_1
|1Vl dist(, 0Q) 7 | o) < Csll@llrpe), 2 <p<oc. (33)
It follows that
1V llzo@) < Call@lizeag). (3.4)

Let ¢ € (0, c - diam(2)) be a constant to be determined later, and 7, € C3°(R?) such that

ne =1, in {x € R?|dist(x,0Q) < Cje},
ne =0, in {x € R?|dist(x, 92) > Che}, (3.5)

0 <7, <1, otherwise,
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and
|Vn.| < C, /e, (3.6)

where 7, is in the form h(@), h is a standard bump function, and p € C* is a regularized
distance bump function to 2.
We also know

divyr =0, xeQ; v =u, x e {x € Q;dist(x, 92) < C{s}, (3.7)
¥ =¢, on < in the sense of nontangential convergence, (3.8)

and
Supp ¢ C {x e Q;dist(x, 9Q) < Cée}. (3.9)

Lemma 3.1 Assume s satisfies (3.7)-(3.9), then we have

Ay =V(gne) + F, (3.10)
where
3
IFN 2 < Cle2 @l 2pa) Vg = Au, (3.11)
F=0, ifxe {x| dist(x, 9€2) < Cie or dist(x, 9R2) > Cée}. (3.12)

3.2 Assumptions and abstract equation
Foranyt € (z, T),wedefine u : (t —h, T) — (L*(R))?, and u, is a function defined on (-, 0)
satisfying u; = u(t +s), s € (-h,0). Let

Cn=C°([-hO0L;H),  Cpusn =C°([-h,01;D(A**)),  Cy=C%([-h,0};V)

be three Banach spaces with the norms

lullcy = sup [ue+6)],  lullc, = sup |u(t+6)],
0e[-h,0] 0e[-h,0]
ltllcpyon, = sup [utt+6)],,,
D(A3/4) 9elho] H ” 3/4

respectively, and

L} = L*(-h,0;H), L} =X (-h,0; V),
LY =L®(-h,0;H), LY =L>(-h,0;V).

The problem (1.1) can be written as the abstract form

% + VAu + o®Au; + B(u) = f,(u) + g(t, uy),
u(t) = uy, ut)=¢pt-rt), te(r-hr),

(3.13)
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where f, (1) = f(t — p(t), u(t — p(t))), g(t, us) = ff)h G(t,s, u(t + s)) ds, and it satisfies
(a) V& € Cy, t e R g(t,€) € (L2(R2))? is measurable and g(¢,0) = 0, V£ € R;
(b) there exists L, > 0 such that forall t e R, §,17 € Cy,

lg(t, &) —g(t,n)| < LgllE = nlicys

(©) Img>0,Cy>0:Vme [0,mp], T <t,u,veC[t - h,t];H),
t t
ms 2 2 ms 2
f e ’g(s,us)—g(s,vs)| dstg/ e |u(s)—v(s){ ds;
T T-h

(d) p:[0,00) > [0,/], |22 <M <1;
(e) f(t, u) satisfies the Lipschitz condition with respect to u: 3L(B) > 0 such that

V(t) M) _f(t) V)| =< L(ﬂ)'” - Vl;

(f) 3a>0,b> 0 such that |f(t, u)|> < a|u|? + b;

(8 v>75
(h) under the conditions (a)-(g), 3K; > 0, and let

6Ct , 6CiC: ., 6C3C3Cr 5 2G,C,  2C,
v> U—MKl + 5 lollzeo@a) + TH(PHLoO(aQ) + 30 + )L—%
i
Let v=u—, (1.1) can be reduced to the following system:
Y vAV-a?Av + (v- Vvt (v- V)Y
+ (W - V)v+ V(p—vgn,)
=f= -V +gtve + V), (x,0) € Qo
divv =0, (%, 1) € Q4 (3.14)
v=0, (x,t) € 02,
v(t,%) = v (%), x € 8,
v(t,x) =t —17,%) - Y x) =n(t—1,%x), (1) € Qe

where_f =f,(v+¥)+VvF, glt,vi+ ) = f_oh G(s,v(t+s)+¥)ds, ¢ € L3, NLY.
Let vy € H, n € L?,, we consider the equivalent abstract system of (3.14)

% + VAV + 0?Av, + B(v) + R(v) = Pf_ —B(Y) + g(t,ve + ¥r),
v(t) = vy, (3.15)
v(e) =n(t-1),

where R(v) = B(v,¥) + B(Y, v), which is also a linear continuous operator from V into V'
and maps W into H (see [21]).

Definition 3.1 Let u,,f € H, ¢ € L*°(92) and ¢ - n = 0 on 92, u is called a weak solution
of the problem (1.1) provided
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(i) ueC(rt=hTLV), u(-,1)=u,, and du/dt € L*([zr, T); V');
(ii) Yv e C(2) with divv =0, we get

L) =i, Av) - 2L, Ay /}2: W g
—u,v) —vu, V) —o — U, V) — unmu—ax
dt dt Q Xj

ij=1

0
= (f,v) +</ G(s,u(t+s))ds,v>;

h

(iii) Iy € C3(Q) N L®(R), g € C1(R) and g € L*(R) such that

Ay =Vg+g, ing,
divy =0, in €,
Y=¢ on 082,

where we assume that i obtain its boundary values in sense of non-tangential

convergence and u — ¥ € L2([z, T]; V).

3.3 Existence of solutions and uniqueness

We shall give the main result in this section.

Theorem 3.1 Let v, € V, n € Li,, and the assumptions (a)-(h) hold, then there exists a
unique global weak solution of (3.15) which satisfies

v(t) € L®(z, T; VYN L2 (T, T; V),
and % is uniformly bounded in L*(z, T; V).

Proof We first use the standard Faedo-Galerkin method to establish the existence of a
solution to (3.15).

Fix n > 1, we define an approximate solution v, to (3.15) as v,(¢) = Z;’zoa,,,»(t)wj, which
satisfies

D 4 VAV, + 02AVy, + B(vy) + R(vy) = Puf = BY) + g (6 Ve + 1),
Va(T) = Ve (3.16)

vut) =n.t-1), te(t-hr1).

We also denote f, = f(t, v,(t) + V), fup =f (t—p(t), vt — p(t)) + V), and g, = g(&, v (t) + V).
Multiplying (3.16) by v,,, we have

<%,W) + V(AV, Vi) + 0 (A, Vi) + (Bn), V) + (R(Vi), V)

= (Puf Vi) = (BOW), V) + (gus Vi) (3.17)

Page 9 of 27
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and

(1val* + @ 1Vall®) + VIVull® < |6 Vi Vi) | + | DO, Vi Vi) | + BV ¥, v

N =
SN

+ [P, v) | + [(BO), Vi) | + | (Gs Vi) |- (3.18)

We estimate each term on the right side of (3.18) in the following.
Using Hardy’s inequality, we obtain

|B((v), ¥, va) | S/Q|Vn||vw||vn|dx

|Vn|2

< Cullpl~a / L
dist(x,9)<Che dist(x, 9€2)

y |val*
<CC o (; -
< G CellollL (ag)/s; stz 92 x
< CyCsCacll@llom)lvall®, (3.19)
and choose suitable ¢ such that
v
{b«vn):wivn) =< 7||Vn||2‘ (3.20)

6

By the Young inequality, the Holder inequality, Hardy’s inequality, the Cauchy inequality,

and the property of the trilinear operator, we derive

[P va)| < |(Fova)| < [(Fipr vid | + V[ (E, v

Cv
= Vupllval + —ll@ll 2o vall

.
< 2wl + th il + %nmz(m)nvnn

< gnvnn2 + 25;1 (@|va(t-p@) +¥|* +b) + %”‘P”LZ(aQ)HVn”
< 2wl + lf’—fl|vn(t—p(t))|2 + %W .

Cv
+ = lellzeallvall

e2
v , 3a 2 3aCi
< = ull” + —|vult — p(Z + S + —
= 6|| nll v)L1| n( o( ))| VA lellz 39) 2k
Cv
+ = lellzeae)llval (3.21)
g2

|b(1/f,1ﬁ,vn)|§/S2|¢IIV¢IIVnIdeC4||¢IIL®(39)L%IWW

|V |2 1/2 1/2
<C o (3 — L dx 2dx
= ”(p”L o) {/S; [diSt(x: 39)]2 } {v/dvist(x,E)Q)gCés |W| }

< Cell@ oo aey 10RI Vil Ve, (3.22)
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(g V)| < Igul vl

2

<&l Sp
2C, 2

2 C )\’—l
<ol Sy e (3.23)
2C, 2

Combining (3.19)-(3.23), we conclude

1d

5%(|Vn|2+a2||vn”2)+V||Vn||2
v o, 3a 2 3aCi 3b g* Cp. .,
S = Vull” + —|vult — p(E + o)t T—— +t =+ IV
= gl (= p@O) + =5 0lEwn + 50+ 50+ o5l

Cv
+ (—3 lllz200) + C53/2||€0||%00(ag)|39|1/2) [val
£2
|gn|2 Cg 2

+ = vl
2C,  2n

v, 3a 2 3aC? 3
S Zvull™ + —|vall — p(& + — o)t T—— +
< glall® + vt = p @)+ = el ooy + 505

v 3 (Cv 2
*3 vall® + — <—§||§0||L2(m) + C83/2||<P||i°°(39)|39|1/2> )
)

2v
ie.,
d
E(h’nlz +a? (v, )l?)
6a 2 1 2, 72 G 2
< —|vult—p(t + — +K5—(v——=)v.l" 3.24
= l))»1| n( o( ))| Cglgn| 0 N lvall ( )
where
2 6aC; 2 3b Cv 320 112 1/2 2
Ky = VAL @l oo a2y + v_)q + M 5—%”(/)”LZ(BQ) + Ce @l oo (9 1021 .

2 6ae™"

3¢,
i i e om
Choosing suitable 7 > 0 such that v > =& + 7 + ma” + n2aon Ve have

d
E[t‘f’”t(lvnl2 +a?val®)]

d

= me™ (|v,|* + &2 |[vall®) + e’"f%(w +a?[|v,)l?)
6a 2 1

<me™ (|val* + & val?) + €™ —|vu(t — p())|” + =Igul* + K
U)\,l Cg

C,
- (v— A—gnvnnz)
1

6ae™

=
l))\.l

t mt
va(t - pO)* + %|g,,|2 + K2
g

- emf<v i ma2> vall?. (3.25)
1
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Integrating (3.25) over [t, ], we derive

P (val? + @2 vall?) = €7 (|va(@)| + @[ va(D) %)

I<g N 6a (* s 2 1 ‘ s g |2
< v_kl/r " |vu(s = p(s))] d“gg/t e"|gul* ds
t
_G_%_T_mf>/dﬂwwwﬁ

MM T
K2 6ae™"

0 mt

¢ ms 2 ! ms 2
" g |y O s G [ o v
t
(Sﬂm) [ ol as
Al A T

1(2 6 mh T ¢
o[t v

T
+ Cg/ e"‘s|v,,(s) + 1/f|2ds
T-h

! 2 C, m 2\ [f 2
+Cgf ems‘v,,(s)+wy ds — (v ————— ma )/ e’”S”vn(s)H ds
T MM T
1(2 6 mh T t

+Cg/ " || ds
-h

t t
+2Cg/ ems(|vn|2+|w|2)ds— (v—%—ﬂ—moﬂ)/ emS”vn(s)“st
T MM T

K?

20 mt

—e +6a—emh Z/T e"’s(|¢> |2+|1p|2)ds+/tems’1/ (s)’zds
m V)‘I(I_M) T-h ! T "

+cg/ " || ds
-h

| /\

I/\

| /\

| /\

K2 12ae™emt [T 12ae™h et
<Lemty —— || ds + 7|1ﬁ|2h
m Vkl(l - M) T-h VA ( )

6 mh t T
+ L/ ems|vn(s)}2ds+Cge’”ff || ds
V)\,l(l—M) T t-h

mt C ¢
= (v n xﬁl _’”“Z)ff & |va(s)]*ds

K2 12ae™" et 12ae™" 4
Oemt+7|1//|2h+<7+c> / |12 ds
-h

¢ 2C,e
+2Cg/ ", |> ds + —=
T

| /\

m U}\.l(l —M) )\.1(1 M)

2C emt 3C, m 6ae™" t 2
e S |I/f| ——g———m()[2—72 / emS”Vn(S)” ds
M M vAi(l-M)) J;
[(2 12 mh ,mt 12 mh T
< Oemt+£|w|2h+ L+Cg e""/ |6,|? dis

m V)»l(l —M) V)\,l(]. —M) —h

2C emt

Iy, (3.26)
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which implies

|V,,(t)|2 +a? ||V,,(t)||2

12ae
< @[ + v + mwﬁh
12ae™" 2Cy o
(vm M)+c>/ Bulds+ 04 2y
12ae™h

= |Vn("-')|2 +a? ||Vn(T)||2 + m”ﬁﬂhm aQ

120 Vi, + K0 3G e g
| b cope =Kt
v -M) &)V T oy m Pl

Integrating (3.24) over [t, ¢ + 1], we obtain

(|v,,(t+1)|2+oz2||vn(t+1)||2)—(|vn(t)|2+a2||vn(t)||2)
t+1
+ (v—chl-l)/ 1vall? ds
t
) l/t+1 ) ﬂ/ﬂ-l ~ 2
§I(O+Cg t g a,’s+v)Ll t [va(s = p(s))|" ds

5 t+1 9 6a t+1 9
<Kj +Cg/z—h |Vn(S)+'(/f| ds+m/t_h |V,,(s)| ds

t+1

6
— 22| |vas)|ds
Va1 (L=M) Jiyp

t+1
51<§+2Cg/h ([vuls)|* + 1w 1?) ds +
t—
t+1 |2

6
<K 2 0GP+ (s 026 ) [l
- i

Page 13 of 27

(3.27)

6a ¢ 2 t+1 )
<\ ——— +2C, / V(s ds+/ V(s dS)+2h+lC 2, g2
(W\l(l—M) g)(t_J O ds+ | |l (h+ DCelyr | + K

<(67“+2c (K2h+/0| (s)|2ds+i/m||v(s)||2ds)
= o@—an "o )\ b e T

+ K5 +2(h+ 1) G|y |?

6a
= (vxl(l—M) ' 2Cg>
0 1 t+1 9
X (1<fh+2/ (|¢n|2+|1/f|2)ds+—/ [va(9)| ds>
-h )\1 t
+ K5 +2(h+ 1) G|y |?
6a
= (vxl(l—M) ' 2Cg>
0 1 t+1 5
X (1<fh+2/ | |* ds + 2|y |* + )\—/ [va()]| ds>
-h 1Jt

+ K5 +2(h+ 1) G|y |?

(3.28)
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and

3C, 6a t+l
(v——kg——z )/ [V, l| dis
1 V)\.I(I_M) t

6a 0
<K+ (m +2Cg) (1(12}1 +2f_h |¢n|2ds+2h|w|2> + K2

+2(h+ 1)Cylyr|?
“k2e(—5% Lo (K2 + 2] pul%s +2hC2 1102 py) + K2
- vm(l-M) T Ly L=ea] T 0
+2(h + 1)CeCll9ll 70y = K3 -

That is,

t+1 2
K

2 2 72

/t llvall dss—v_gcg — =l

T wZa-m)

Page 14 of 27

(3.29)

(3.30)

which means v,(t) is uniformly bounded in L>®(z, T; V) N L2(z, T; V). Using the Alaoglu

compact theorem, we can find a subsequence (still written as v,, without confusion) such

that
v, —=>*v inL>®(zr,T;V); v —v inl%*z,T;V),

ie,vel®(, T;V)NLX(z, T; V).
Next, we prove that %” is uniformly bounded in L2(z, T; V). Since

% VAV, — 0 Avsg = B(v,) — Rn) + Pof — BOY) + g

and v, € L%(z, T; V), we derive that —vAv,, @V, g, € L*(z, T; V'), and

T 2
1B 2o = / (s0p - )"t
T 2
5/ (| - Vv lul)” ds
T
T 2
sc/ |- Vv, el s
T
T 2
= C/ |(vn-V)v,,| ds
T

T
< c/ vV v ds
T

T
2 2
sc/ vl (vl ds
T

2 2
< Cllvalizeoe, i Wall 2 71

2 2
< Clvullzooe, vy IVall 22 70y

(3.31)

(3.32)

(3.33)
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Similarly, we have

2 2 2 2 2
IRV 20 vy < ClW o 1VallZoc e, rny + CIW P 1vall e 7o,

< Cllelzepay (1VallZ,rvy + 1Vall7a ) - (3.34)

Since B(y) € L*(t, T; V'), we conclude that %” is uniformly bounded in L%(z, T; V'). By

the compact embedding theorem, we also have

Vu— v, inl%(t,T;V); Vu(T) = Py — () = vs. (3.35)
O

Theorem 3.2 Let u,,f € H, ¢ € L*°(0R2), and ¢ - n =0 on 32. Then (1.1) has a unique
weak solution.

Proof The family of stream functions v, was constructed in [8] which satisfied v, €
C*°(L2). In addition, the solution v of (3.16) is obtained in Theorem 3.1. Let u = v + v,
it is easy to check that u is the weak solution of (1.1) which satisfies (i), (ii), and (iii).

Suppose that u; and u, are two solutions to (1.1) with stream functions ¥ and v, re-
spectively. Let v e C§°(R2), divv = 0, from the condition (ii) we get

d d
7 (= 2 V) = v = 105, Av) = az@ (w1 — y, AV)

2 i
= fg > (i - uéné)i—j dx + {f, (1) = f, (u2), )

ij=1

+ </O[G(s, ui(t +5)) — Ga(s, u(t +s))] ds, V>. (3.36)

h

We claim that (3.36) holds for any v € V. In fact, from the condition (ii), we have
uy =ty = (ur — 1) — (g = Y2) + (Y1 — ¥2) € L*([0, T]; V), (3.37)

thus we can write (11 — uy, Av) = —(u1 — un,v) (1=1,2),

1/4 1/4 1/4
(/dex) S(/Szluz—llle4dx) +</Q|Wzl4dx)
1/4
sc</g|v<ul—wl)|2dx)
1/4 1/4
2 4
x (/sz vl dx) (/Qw dx> , (3.38)
1/2 1/2
5(3(/ |u1|4dx> (/ |Vv|2dx> , (3.39)
Q Q

and u; € L*(Q x (z, T)), thus

2 .
Y.

|/§ wju - dx
Q Xj

ij=1

d
pAGEEEIS L*([t,T; V'), forveV, (3.40)

which implies (3.36) holds for any ve V.
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Let v =u; — uy, we get

&.‘Q‘

2 2
(IVI + a2 vIP) + vl

§/Zu1 — ubid, —dx

ij=1

N =

+|(fo (1) = £, (u2), V)|

+ ’(g(t, Mlt) - g(t’ uZt)’ V>}

< /Z( Vi u’l%)dx | ) = £, (w2), )|
ij=1
+ {g(t, 1) — g(t,120), V)|
< ‘/ Zulv’—dx +|{f (1) = £, (), V)|

ij=1

+ {g(t, 1) — g(t,120), V)|
1/4 3/4
< C(/Q g |* dx) (/Q [v|*3 | vy|*3 dx) +L(,3)|v(t— p(t))||V| + Lyllvllcy vl

1/4 3 2\ 3/4
§C(/ |u1|4dx) ((/ |v|4dx) (/ |Vv|‘”3dx) ) +Clvlicy vl
Q Q Q

= Cllualigallvlips Vvl + Cliviicy vl
1ol
< Cllaa [zl VI V2 [Vv] + Clivlicy V]

2 4 .2
<vlvlI” + Gl 4 vI” + Clivlicy VI, (3.41)
which means

4 2
dt(IIVII) Collmlizalvl® + Cliviiey V1.

Since u; € LY x (r,T)) and v(-, T) = 0, we derive v = 0 which means the uniqueness of
solution holds. O

3.4 Continuous dependence of initial data
Consider the two solutions u(-) and v(-) to problem (1.1) with corresponding initial data

(47, 1) and (v, ¢), respectively. Let w = u — v, then w satisfies the problem

D yAW-a?Aw, + (- V)u—(v-V)y
=g(ut) _g(vt) +fp(u) _fp(V)’
divw = 0, (x: t) € Qr:
(3.42)
w(t,x)|sq = 0, (x,t) € 024,
w(t,x) = U (x) — ve (), x € Q,
u(t,x) = ¢l(t - r,x) - ¢2(t - r,x), (x1 t) € Q.
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Since B(u, u) — B(v,v) = B(w, u) + B(v, w), we obtain the abstract form

62—1: + VAW + a2 Aw; + B(w, u) + B(v, w) = g(u;) — g(v;) + +f, (u) = f,(v). (3.43)

Multiplying (3.43) by w, we derive

1d
M(W +a?[[wll?) + v]w]?

< |bw,u,w)| + |f, () —f, )| 1wl + () - g(v2)]| Iw]
< Clwllwlllull + LB)Iwl|w(t - p@®)] + |g(ur) - g(ve) | 1wl

C? v 2L2(B) 2 v
< —llwll* + — |w|2||u||2 +=|wl*+ T|w(t—p(t))| + gnwn2
1

4 8
b2 [gltu) - gle, v
U)Ll

C? 212
= %IIWII2 + TIWIZIIMII2 + %IW(t— p(t))l2

2
—|g(t, u;) -
+ Vi |g (¢, uy)
which implies

2, .2 2 2
E(IWI +a?[wl?) + vlw]

202 412 4
<2 g 4 2P lw(t - p@®)[* + —|g(t, ur) - gt vo)|. (3.44)
v VAL VA

Noting

/‘ws— ‘ds

/T |g(s, us) — g(s, v5)|2ds < C; /T_h|u(s) - v(s)!zds = C; ‘/;_h|w(s)|2ds,

t
‘w(s) | 2 ds,
—h

and integrating (3.44) over [7, ], we obtain
t
lwl* + o?||wl|* + V/ wl* ds
2C* [t 4rL’(g) [
< |w(r)|2 +Ol2||w(‘r)“2 + T/ [wi?||ul|® ds + T'B/ |w(s— ,o(s))|2ds
T 1 T

+i/t| (&, us) — (tV)|2dS
U)\,l Tg’s g\L, v

2 t
Lp) |w(s)|2ds

= |W(T)|2 +0lZ||W(r)||2 + ¢ /t lwl*u)|* ds + ————
a v T V)Ll(l_M) -h

4C? ot
+ —g/ |w(s)|2ds
V)"l T-h

2 4C2\ [
<l ol (5 ) [ ot
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‘ 2 4L2(ﬂ> 4Gy 2
+/( I+ = M)+U—M>|w(s>| ds

4L*(B) Ce
§|W(T)|2+“2||W(T)||2+<m )||¢1 ¢2||L2
(20 oA 4G
+/< v i aan >|W( s o4

Since u(t) € L®(z, T; V) N L*(z, T; V), neglecting the integrating term on left side of
(3.45), putting s € (¢ — i, £) instead of ¢ and using the Gronwall inequality to (3.45), we see

12 4C?
" = (O +a o+ (2 g+ o )i -l

2
to2c? o, _4%B) | 4CE
% e-fr( v llll tona-an tung )ds

Similarly, using the Poincaré inequality, we get

2 4C
)" = 25 (1wt s et (52 s + 5% 1oy )

2
1ope2c? 2, 42 | A<
p5y fr( v llael +u)Ll(1—M)+ VA1 )ds

X e

Moreover,

[ Iwo ) as

1 412(B)  4CT
=3 (\w(r)|2 +?|w@)| + (m )||¢>1 ¢2||§%[)

(28 2, A2D) LG t 42 4C?
x 1+ e./‘[ llaell =+ (—M) VA )dS/ ” ” i + _g ds .
. MaA—M) " v

This implies the continuous dependence on the initial data for the solution which gener-

ates a continuous process {{/(-,)}.

4 Existence of absorbing sets
In this section we shall derive the existence of pullback absorbing sets for the 2D Navier-
Stokes-Voigt equations with continuous delay and distributed delay on the Lipschitz do-
main.

From Theorem 3.1, we obtain the process U(-, T; (v;, 9)) = vi(-; (vz, $)), where (v;,¢) €
V x L%, V x L% is a Hilbert space, and the corresponding norm can be defined as
P+a®vell> + 1912, (ve,¢) €V x L.

”(VT’qb)Hf/xL%[ = |V'L’ L2 )

To derive the existence of pullback attractor, we need to prove the existence of pullback
absorbing set of U(-,7;(vs,)) in Cy first of all thus:

Theorem 4.1 Let (v;,n) € V x L, and the assumptions (a)-(h) hold, then there exists a
pullback absorbing set in Cy for the system (3.15).
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Proof Let D C V x L% be any bounded set, and (v.,$) € D, then there exists a constant
d > 0 such that

[vel? + @2 vl + 1175 < d”. (4.1)

Similar to the proof of Theorem 3.1, we get

d 2 2 2 6a 2 1 2 ) C 2
—(v|* + v|%) < —|v(t - p(t + — + K2 v=2) vl 4.2
dt(| >+ vl?) < M1| (t-p@®)| Cglgl 0 )»1 vl (4.2)
Choose a suitable constant m > 0 such that v > —ff + ;”—1 +ma? + . ff(elm;” and
20~
A w2 20 o 6ae™ 2 2 ot
— vI©+ < vit—plL + K
2\ (P o IVIP)) = = v(t-p@)|" + |g|
C, m
mt g 2 2
- -2 _ vl 4.3
e <V PR Wla)ll nll (4.3)

Integrating (4.3) over [t,t], we have
(ol + Vo)~ (@) + o uo)[)
! ms 6a ! ms 2 1 ! ms
51(3/r e ds+v—)q/re lv(s = p(9)] +Eg/re \g|* ds
t
—<v—&—ﬂ—ma2)/ e"‘sHv(s)szs
A M T
Kgem ( 12ae™" ) 12ae™"
=Tm *° <vkl(1—M)W[| h+< - )/ i ds)
26, zm_< G om e ﬂ)/ ms
e e T T T eaem) ) v s

K2emt 12ae™" 12ae™" 2C
<= e""(—hmzh + (— + Cg)lldbllf%[) + Ly,

vA1(1 - M)
which implies

v@)|* +a?|ve)|?

<" <’v(r)‘2 +a? ”v(t) ”2

12ae™" |1/f|2h 12ae™" L C ”¢||2
+ | ——=
v (1 - M) va(1-M) ¢ 5

K2 2C
e
m  m
mh 2
<" (14 L2ae™ +Cy |d* + Ko
- U)\.l(l —M) m

(2Cg 12ae™"

A ——— Lo T . 4.4
- +UA1(1—M) ) dlell; €l9)) (4.4)



Su et al. Boundary Value Problems (2015) 2015:243 Page 20 of 27

Choosing o € [-},0], and substituting ¢ with ¢ + o, we have

’V(L‘+U)‘2 +a? Hv(t+ U)”2

mh 2
<) <1 § L2 Cg>d2 P50

V}\.l(l —M) m
2C;  12ae™ R,
+ (7 + mh)cz;ll(ﬂﬂpo(my (4.5)

Denoting v;(-; (v;, ¢)) as U7, (v, $)), we have

Iwell? = |57 e @) |7,
12d€mh 2 I<2
;xxfrxﬁ*'g)d o

m
2C;  12ae™ s o
+ (? + mh>c4||(p||Loo(BQ). (4.6)

< emhem(r—t) (1 +

2
Let p} = % + (% + Vi‘fi’fM ) Ci19 170 (gg) for any (v, ¢) € V x Ly, when

K 2C | 12qe™ 2
1 T (_ + h)C ”(‘)”Loc Q)
‘CET\/=—1H m m Vi1 (1=M)

mh
Z (Lt 2+ G

-h+t,

U(-,-)D C By/(0, py), where By/(0, py) is a pullback absorbing ball centered at 0 with radius

oy in Cy, which completes the proof. O

Theorem 4.2 Assume that the assumptions (a)-(h) hold, and (v,,n) € D(A%) x L%, then
there exists a pullback absorbing set in C([t, T], D(A i ) for the system (3.15).

Proof Let D C D(A%*) x L?, be any bounded set, and (v;,¢) € D, then there exists a con-
stant d > 0 such that

|A1/4V(T)|2 +0[2|A3/4V(T)|2 n ”¢”i%1 < d2.

Multiplying (3.15) by Az, we have

1d
2ai

< |6, v, AZV)| + [b(v, ¥, A2)| + [b(W, v, A2V)| + |b(v, ¥, A2V)]

A4, | 2|A3/4v’2) n V‘A3/4V|2

+ |(f+ vF,A%v>| + ‘(g,A%VH. (4.7)
Next, we shall estimate term by term the right side of (4.7).
|b(v,v,A3v)| < / WIIVVI[A2 Y] dx < [IvIla Vvl Ay,
Q

2 (4.8)

4
< labv|jabvljady] < Zjabo+ 20 abPlaly
! 12 v
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\b(v,w,A%v)yS/ IVl |AT | dx
Q

/ $|Vlﬁ|dlst (%,09) |sz\dx

x,02)

< Callg o) f m

|V|2 1/2 1 2 1/2
< C4||§0||L°°(a§2)(/Q m) </Q|A2V| dx)
1 12 RN
SC§C4||¢||Loo<am< [ roveas) ([ abax)
Q Q

1 12 3 1 3
< CICullplliepa)|A2v|” < CCF Callpllepa|ATv||ATyY|

2 2
=< —|A%V|2 + 73C2C3C4
12 v

|b(1p,v,A%v)|§/ [WIIVVI|A2 | dx
Q

1 2
< Cullgllimpn)|AZv|
< CCullglliepa|Atv||ATy]

12

(v, v, A2V)| < /Qlw||V«//||A%v|dx

< Cullol / A%
= Hall@lz09) | Tdisi 09)]

( o) e — dx

1/2
X < / |V |?[dist(x, 092)] dx)
Q

2022
§L|A%V}2 3C;CLC
12

|(f + vE,A%v)|

5|(f,A%V)|+v|(p,A%v)|5Lf||A%V|+v/ |F||A3v] dax
Q

|AZv]
_ A
[dist(x, 9€2)]1/2

1 12
L |Azv|?

<|f]|Az2 (0 F st g %

= IfljA2v]+ Gy el '(/Q [dist(x, 92)] x)

f

1/4
1

6C2Cye|F|?
1|A%V|2+ ) 08| |
Al/z 24 v

<yilab s covs [ 1)
Q

<Ifl|Adv| + CycivyElF||ady] <

< U latyp, T
24

|A v| dx

192
@l zeoae) |A4V

1 2
||(P||%00(39)‘A4V

— V| [dist(r, 9] dx

5
9120 191720y

|A4v| + c’c0 vf|P||A4v|

Page 21 of 27

(4.9)

(4.10)

(4.11)
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6C7Coe C?

v 3 2 1261 2 12 2 6b
< —|A%v|" + vit—p@)| + +
= 12’ | DAL ( Pl ))| M}/zhm VAL

6C’2C0C2

”(p”LZ Q)

v, 3 2 12a 2 C4 6
= E’A4V| + oA v(t—p(t))| t R WA ||‘/’||L°° e * )&/2

6C2C,C>
+ e

Page 22 of 27

3
< —|Ady| +U)&/2(“|v(t_p(t))+l/’|2+ b) + T S lle ”LZaQ

ng ||(P||L2(89)1 (4.12)
12| 3 |1/2
le.42v)| < lgl|Av] < Colel|atv]" |ty
czc,
§L’A%v}2+—2 g’A%V‘2+£. (4.13)
12 3v 2C,
Combining (4.7)-(4.13), we conclude
d 1/4 |2 2| 43/4,,|2
%(|A V| +a |A v|)
24a 2 |g| 2
< ——=1v t + K3
- U)\,}/2| ( ( ))| g
6C{L 9 6C2C2
—lv- v—)q1<1 UA ”(,0||Loc (%)
6C2C3C2 2G,C, 4304,
e e— oo , 4.14
iy ||§0||L 02~ 3 N )| ( )
where
6C2C2C? 24C? 12b  12C2C,C?
K3 = === 10l 0) 1911 200) + —7 10 lxge + — + —— 191200
VA ka
and
d
_[emt(|A1/4V|2 +a2|A3/4v|2)]
dt
24ae™t et
<— e [v(e- p(t))| +Fglg|2+eth32
6C} 6C2C2
mt 1 2 2Ca
€ (V Vg ||‘/’”L €l9))
6C2C3C2 ZCZCg m 2 2
— ol - o~ A3 4.15
VAL Il @D 30 M e )‘ i’ (419

Choosing a suitable 2 > 0 such that

6ch2 6C2C2 6C2C,C2 2G,C,
V>

sy + ———2 |01 20050 +
Vit iy el 3%Q) Vi el (9%2) 3u

24ae™  2C,

+t—t+ —
VAI(L-M) 43
1

’

m 2
+ — +ma
Al
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and integrating (4.15) over [t, £], we obtain
mr(‘Al/4v(t)|2 a2’A3/4v(r)‘2)

mt(|A1/4V|2 n az‘A3/4v| )
t
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m v =M) Jeon T—h

V- —6Cf1<2 0CG 2 SGGG
VAL Le(e) T T 1°(3%)

2C,C ¢
2bg M ma2>/ e’"5|A3/4v|2ds

BET .
24demh (/‘L’ t
<— e’”5|¢>—1/f|2ds+/ e v(s) ds>
v (1 - M) : v
+Cg(/ emsl¢|2a’s+2/ e (IvI> + |1y *) d )+—1<2
T-h T
6C{L 9 6C2C2
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It follows that

|A1/4V|2 +a2|A3/4v|2

2
K

+ %Cghwz + ’AMv(r)‘2 + aZ‘A3/4v(r)’2

( 48ae™" c >”¢”2 48ae™" Pk
|l ———+ +——
v - )T vl -

K2 2C,Cillgl? 48ae™"
K 2tallicen) | o ( 1/2ae +Cg)d§2
m m A “(1 - M) H
48ge™"
Cill@ Il poyh = K- (4.17)

+ —
w21 - M)
Integrating (4.14) over [t, ¢ + 1], we obtain

(A" (e + D[ + @?|4%4 (e + 1)) - (|A790)| + a?|A%4v(0)|)
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24a
= U121 an 2C th 2 2 2hC2 200 .
- (V)\ilz(l—M) + g>( 17+ ”¢”L%[ + 4”90”L ({)Q))

( 24a 2C,

t+1
3 2
At 3 )/t |ATv| ds + K3 +2(h + DC} @]} (p00Ce (4-18)
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where

24a
2 2 2 200112 2
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+ K5 +2(h + D)C 19l 7 9 Cer

which implies v € L*®(z, T; D(A%*)) N L2(z, T; D(A3/*)).
From (4.16), we also have
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m
Choosing o € [-}4,0] and substituting ¢ with ¢ + o, we have
’Amv(t + o)|2 + a2|A3/4v(t + o)|2
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Denoting v;(-; (v, ¢)) as U (5 7, (ve, ¢)), we get

Wil = [T (57, s ) 2

48ae™" 48ae™"
< Mgt ((1 P Y o )dZ + C2llolPx h>
= vki/z(l — M) g vk{”(l —M) 2@z o0
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m

(4.23)

21<32+4Cgc§ugo||§w(

Let p3,, = ) for any (v;,n) € D(A%*) x L%, when

m

K3 +2C,Ci 1191 50

m 48aemh 2 48ae™n_ ~2 112
m((1+ vl -an) + Co)d® + vl 1-an) Cillelie e

-h+t,

U(-,-)D C Bs4(0, p3a), where Bs4(0, p3/a) is a pullback absorbing ball centered at 0 with
radius ps/4 in Cs/4, which completes the proof. a

5 Existence of pullback attractor
The main result in the paper can be stated as follows.

Theorem 5.1 Assume that the assumptions (a)-(h) hold, (v;,n) € D(A%) x L%, then the
system (1.1) possesses a pullback attractor A.

Proof Theorem 3.1 guarantees that the process (UI(-,-)} of the system (3.15) is continuous.
By Theorem 4.1 and Theorem 4.2 we show that the system (3.15) possesses two pullback
absorbing balls By(0, pv) and B3/4(0, p3/4) in Cy and Cp 434, respectively. Since V <~
D(A3*) and {U(-,-)} is equicontinuous, by the generalized Arzela-Ascoli theorem we can
show that the process (g, )y is asymptotically compact in Cy. From the fundamental
existence theory of pullback attractors (see, e.g, [21, 22]), the process {(-,-)} generated
by the system (3.15), which is equivalent to (1.1), possesses a pullback attractor in Cy. O
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