Li et al. Boundary Value Problems (2015) 2015:240

DOI 10.1186/513661-015-0507-1

® Boundary Value Problems

a SpringerOpen Journal

RESEARCH Open Access

@ CrossMark

Concentrating standing waves for the
fractional Schrodinger equation with critical
nonlinearities

Suhong Li'?", Yanheng Ding? and Yu Chen?

"Correspondence:
lisuhong103@126.com

'Institute of Mathematics and
Information Technology, Hebei
Normal University of Science and
Technology, Qinhuangdao, Hebei
066004, PR. China

2Institute of Mathematics, Academy
of Mathematics and Systems
Science, Chinese Academy of
Sciences, Beijing, 100190, PR. China

@ Springer

Abstract
We study the following nonlocal Schrédinger equations:

e5(=AY U+ V)u = WHF(u), 0y
5 (=AY U+ ViU =W (fW) +u= ™), (11)

for u e H*@®RM), where f(u) is superlinear and subcritical, 2 = N%st if N> 2s.V(x) and

W (x) are sufficiently smooth potential with inf V(x) > 0, inf W(x) > 0,and & > 0 is a small
number. Under proper assumptions, we explore the existence, concentration
phenomenon, convergence, and decay estimate of semiclassical solutions of (I) and
(I1), respectively. Compared with some existing issues, the most interesting results
obtained here are therefore: the concentration phenomenon depends on competing
potential functions; the nonlocal critical problem (1l) is considered; unlike the classical
case s = 1, the decay estimate of solution to (I) or (Il) is of polynomial instead of
exponential form, due to the nonlocal effect.

MSC: 35Q40; 49J35

Keywords: ground state; concentration; standing waves; nonlocal

1 Introduction and overview on main results
This paper is devoted to the study of the concentration phenomenon for the fractional

Schrodinger equations with subcritical nonlinearity,

B (-AYu+ Vx)u=Wkx)f(u), xeRN, (1.1)
or critical nonlinearity,
X (=AY u+V@u=W(fu)+u>"), xeRY, (1.2)

where V(x) and W (x) are sufficiently smooth potentials with inf V(x) > 0, inf W(x) > 0, and
& >0 is a small parameter, 2} = 2

~ N-2s
at infinity.

(N > 2s), f is superlinear and has subcritical growth
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A basic motivation for the study of (1.1) or (1.2) comes from looking for standing waves
of the type

V(xt) = e u(x),
for the following fractional nonlinear Schrédinger equation:
ie =2 (=AY + (V) +E)Y - W) (¥), (6x) e R, x RY, (1.3)

where (—A)* (0 < s < 1) denotes the usual fractional Laplace operator, i is the imaginary
unit, ¢ designates the usual Planck constant. Equation (1.3) was introduced by Laskin [1]
as an extension of the classical nonlinear Schrodinger equation s = 1 in which the Brown-
ian motion of the quantum paths is replaced by a Levy flight. Here ¢ = v (x, £) represents
the quantum mechanical probability amplitude for a given unit-mass particle to have po-
sition x at time ¢ (the corresponding probability density is |1/|?), under a confinement
due to the potential functions V(x), W(x). The nonlinear self-coupling f(), which de-
scribes a self-interaction in quantum electrodynamics, gives a closer description of many
particles found in the real world. Typical examples can be found in the self-interacting
theories, where the nonlinear function f can be both a polynomial and nonpolynomial
(this includes the cases |/ |*, sin ||, etc.). We assume throughout the paper that f satisfies
f(e?y) = f(y) for all @ € [0,27]. The function V(x) represents the potential acting on the
particle and W (x) represents a particle-interaction term, which avoids spreading of the
wave packets, in the time-dependent version of the above equation. We refer to [1-3] for
detailed physical discussions and motivation.

A solution v is referred to as a bound state of (1.3) if ¥ — 0 as |x| — co. Bound states of
(1.3) when & « 1 are called semiclassical states, which are relevant for the links between
classical and quantum mechanics. An important feature of semiclassical states u, is that
they concentrate as ¢ — 0.

In the classical case s = 1, there is a broad literature on the concentration phenomenon,
for example, see [4—10] and the references therein. Investigations of the existence of so-
lutions concentrating at certain points to nonlocal Schrédinger equations under different
conditions have also appeared in [11-14]. In [11], Davila et al. considered the following
superlinear problem:

eX5(=AYu+Vx)u=u, inxeRV,
and multi-peak solutions were obtained via a Lyapunov-Schmidt variational reduction.

In [12], for a smooth, bounded domain @ C R, p € (1, {2
family of solutions for the nonlocal equation

), Dévila et al. constructed a

e¥(-AYu+u=u*, inQ,

which shows concentration as ¢ — 0 at an interior point of the domain €2 in the form of a
scaling of the ground state in the entire space.

Concentrating solutions for fractional problems involving critical or almost critical ex-
ponents were considered in [14]. See also [15] for some concentration phenomena in
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particular cases, and also [13] and the references therein for related problems about
Schrédinger-type equations in a fractional setting.

The goal of this paper is to show, by variational techniques as developed by Rabinowitz
[16], Wang [17], Ding and Liu [18] in the classical case, that semiclassical solutions con-
centrate around some certain points that depend on both linear and nonlinear potentials
for the nonlocal superlinear problem (1.1) and the critical problem (1.2).

For any p € [1, +00), the fractional Sobolev space W*?(RN) is defined as follows:

WP (RY) o= {ueLp(RN) L0 ¢ (e xRN)},
-yl

endowed with the natural norm

—u@)P ’
- »
Il = (./]R julf v+ /]RN /1;N e — y N2 dxdy) ’

where the term

1
[u(x) — u(y)? Z
o = (/RN/RN PR

is the so-called Gagliardo (semi) norm of u.
For p = 2, we take into account the definition of the space H*(RY) = W*2(RN) via the
Fourier transform. Precisely, we may define

ST

H(RN) = {u e I*(RY): /RN(1 + &%) |ae)|* dt < +oo},

where ™ denotes the Fourier transform. The dual space H*(RY) is defined in the stan-
dard way. The natural place to look for a bound state of (1.1) or (1.2) is the space H*(RV).
The fractional Laplace (—A)*u of a function u € H*(RYN) is defined in terms of its Fourier
transform by the relation

(CAyu = g0 € L*(RY).
To describe our results, set

7:=minV, Vi={xeRY: V(x) =1}, Too := liminf V (x);

|x|—o00

K :=max W, W o= {x eRN:W(x) = K}, Koo = limsup W (x).

|x]— 00

Assume that the external linear and nonlinear potentials V(x) and W (x) satisfy:

(Po) V, W € L®(RN) are uniformly continuous and inf V' > 0, inf W > 0.
(P1) Either (i) T < to0, and there exist R > 0, x, € ¥ such that W(x,) > W (x) for all |x| > R;
or (ii) k¥ > ks, and there exist R > 0, x,, € # such that V(x,,) < V(x) for all |x| > R.

Observe that, in case (P1)(i) we can assume W(x,) = max,cy W(x) and set

dy={xeV W) =W)}U{xe ¥ : W) > W(,)};
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in case (P;)(ii) we can assume V(x,,) = min,c V(x) and set
dy={xeW V)=V, U x e ¥ : V(x) < V(x)}.

Obviously, <7, and %, are bounded. Moreover, &%, = o4, =V N W if ¥V N W # . In par-
ticular, &7, = ¥ if W is constant, and 7, = # if V is constant.
For the nonlinear fields, by writing F(t) := fot f(t)dt, webegin with the superlinear case:

(1) feCHRY,R*Y),f(t)=0fort<0,f(t) =o(t);

(f2) f(T” is nondecreasing with respect to ¢ > 0;

(f3) thereare p € (2,2%), ¢; > 0 such that f(£) < c;(1 + ##7!) for t > 0;
(fs) there exists u > 2 such that 0 < uF(t) <f(¢)t forall t > 0.

Our first result reads as follows.

Theorem 1.1 Let (Py), (f;)-(fs) be satisfied.
(A) Suppose (P1)(i) holds, then for sufficiently small & > 0:
W4(RN) to (1.1) exists;
(i) (concentration) w, possesses a (global) maximum point x. such that

(i) (existence) a positive solution w, € ) 72

lim dist(x,, .<7,) = 0;
e—>0

(iii) (decay estimates) there exist constants 0 < Cy < Cy such that
8(N+23)C1|x_x£|—(N+23) < Wg(x) < 8(N+25)C2|x _xgl—(N+2s);

(iv) (convergence) setting ve(x) := we(ex + x.), for any sequence x. — x¢(¢ — 0),
Ve — u in H*(RN) with u(x) being a least energy solution of

(=AY v+ V(xo)v=Wi(xo)f(v), v>O0.

In particular if ¥V N W # 0, then lim,_¢ dist(x,, ¥ N #) =0 and, up to a
subsequence, ve — u in H*(RN) with u(x) being a least energy solution of

(-APv+tv=«f(v), v>0.

(B) Suppose (P1)(ii) holds, then all the conclusions of (A) (with <7, replaced by <)
remain true.

For the critical problem (1.2), we strengthen (f;) as follows:
(fy) there exist g >2, u > 2, and ¢p > 0 such that cot? < F(t) < %f(t)t forall £> 0.
Our result concerned with the nonlocal critical problem (1.2) is as follows.
Theorem 1.2 Let (Py), (f1)-(f;) be satisfied.

(A) Suppose (P1)(i) with T € (0, 7o) holds, then for sufficiently small € > 0, all the
conclusions as in Theorem 1.1(A)(i)-(iv) are valid.
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(B) Suppose (P1)(ii) with « > ko holds, then all the conclusions of (A) (with <, replaced
by 4, remain true. (See the definition of To, ko in Section 4.)

In the case s = 1, Theorems 1.1 and 1.2 were found by Ding and Liu [18]. The case of
W (x) = 1 was previously considered by Rabinowitz [16] and Wang [17].

The organization of this paper is as follows: In a preliminary section, Section 2, we de-
scribe the appropriate functional setting for the study of the problem (1.1) or (1.2), includ-
ing the definition of an equivalent problem. In Section 3 and Section 4, we consider the
superlinear problem (1.1) and the critical problem (1.2), respectively. The proof of the main

results is variational and relies on an elementary idea entailing mountain-pass arguments.

2 Preliminaries and functional setting

Let 0 < s <1, as we have recalled in the introduction, for ¢ € H*(RY) the standard defi-
nition of the fractional Laplacian (-A)*¢ is given via the Fourier transform ™. (-A)’¢ €
L2(RY) is defined by the formula

(CAYP = |£1%6 (). 21)

When ¢ is assumed in addition sufficiently regular, we obtain the direct representation

Px) — ¢ (y)

—A)S =Cns RN 654
arew=Cr, | TS

dy, (2.2)

for a suitable constant Cy and the integral is understood in a principal value sense.
Another useful local representation, found by Caffarelli and Silverstre [19], is via the
following boundary value problem in the half space RN*! = {(x,y) : x € RN,y > 0}:

V-("*Vg)=0, inRN*,

- (2.3)
o(x,0) =p(x), onRN,

Here ¢ is called the s-harmonic extension of ¢, the extension function belongs to the space
— ol s mN+
X3RN = CR(RNT) ™D with

1
2
ot _ 1-25 7 7|2
1615 vty = (ks fR e\ dxdy) ,

where k; is a normalization constant. With this constant, we have the extension operator
to be an isometry between H*(RV) and X§(RN*!). That is,

161 @y = @ lzsevy = [ (—A)3 6]

Moreover, ¢ can be explicitly given as a convolution integral with the s-Poisson kernel
Py(x, ),

) = /}R Pzl dz, (2.4)
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where Ps(x,y) = dN,S%, and dy ; achieves f]RN Py(x,y) dx = 1. Then under suitable
(x[>+[y1%) 2
regularity, (—A)*¢ is the Dirichlet-to-Neumann map for this problem, namely

1 _
k—(—A)S¢>(x) =— lim y""%9,¢(x,). (2.5)
s y—0*

The characterizations (2.1), (2.2), and (2.4) are all equivalent, for instance, in Schwartz’s
space of rapidly decreasing smooth functions. The constants in (2.2), (2.4), and (2.5) satisfy
the identity 2sdy sk; = Cn 5. Their explicit values can be consulted for instance in [20].

It is standard that (1.1) or (1.2), by setting u(x) = w(ex), respectively, is equivalent to

(=AY’ u + Vo(x)u = W (x)f () (2.6)
and
(=A)Y’u + Vo (x)u = W, (x)h(u), (2.7)

where h(t) = f(£) + t571, for t > 0, h(t) = 0 for t < 0, and H () := F(u) + %Mzg" V.(x) =
V(ex), W.(x) = W(ex). We will in the sequel focus on these equivalent problems.
In the following we will denote

el := (AN|(—A)EM|2dx+ AN V(sx)uzdx>2

as the norms in H*(R"), which are all equivalent to the standard norm || - ||;s of H*(RY)
because of the boundedness of V(x) and W (x). We will also denote by | - |, the usual norm
of LP(RN). Associated to the problem (2.6) or (2.7) we consider the energy functional I,
or I}, respectively,

L(u) = %/RN|(_A)%M|2dx + %/RN V(ex)u® dx — /RN W (ex)F (1) dx,

I (u) = %/RNI(—A)%M|2dx+ % fRN V(ex)u® dx — /]RN W (ex)H (u) dx.

These functionals are well defined in H*(RN), and, moreover, the critical points of I, and
I’ correspond to weak solutions to (2.6) and (2.7), respectively.
With the above extensions (2.3) and (2.5), we can reformulate our problem (2.6) or (2.7),

respectively, as

V-(y"¥V¢)=0, inRN*,

$(x,0) =p(x), onRN, (2.8)
—kslimy— 0+ Y129, (%, y) = W(ex)f (¢) — V(ex)p, in RN+

V.(y"¥Vg*) =0, inRV,
¢*(x,0) = ¢*(x), onRN, (2.9)
—kslimy— o+ Y1729,0* (x,) = W(ex)h(¢*) — V(ex)p*, in RV,
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An energy solution to problem (2.8) is a function ¢ € X (RN*!) such that
ks / YB(V, V) dxdy + f V(ex)ppdx = f W (ex)f (¢)g dx,
RN+ RN RN

for all ¢ € X3(RN*1). For any energy solution ¢ € X3(RV*!) of problem (2.8), the function
® = ¢(-,0) defined in the sense of traces, belongs to the space H*(RN) and is an energy
solution to the problem (2.6). The converse is also true. Therefore, the formulations of
(2.6) and (2.8) are equivalent. This is the same as for (2.7) and (2.9).

The associated energy functional to the problem (2.8) or (2.9) is, respectively,

1@=% [ Ay [ vieniapa- [ wenr@ax
2 Ri\”l 2 RN RN
or
* (7% kS 1-2s k|2 1 Zx|2
]€(¢> ): S/ y }V(b } dxdy+§/ V(sx)’d) } dx
RIJ:HI RN

- W(ex)H (¢~>*) dx.
RN

Clearly, critical points of /. and J in X§(RY*!) correspond to critical points of I, and I* in
H*(RN), respectively.

Remark 2.1 In the sequel, and in view of the above equivalence, we will find both for-
mulations of the problem, in RN or in RY*1, whenever we may take some advantage. In
particular, we will use the extension version (2.8) or (2.9) respectively, when dealing with
the fractional operator acting on products of functions, since it is not clear how to calcu-
late this action.

Another tool which is very useful in the following is the trace inequality,

2
/ )/1‘2S|Vz(ac,31)|2 dxdy > C, (/ |z(x, 0)|rdx> ) (2.10)
]R1+\1+1 RN

foranyl1<r< A%\gs, N > 2s, and any z € X§(RN*1), where C; = Ci(s,r,N) > 0. It is equiva-

lent to the fractional Sobolev inequality

2
/|(—A)éu\2dxzc2</ |u|’a’x>, (2.11)
RN RN

foranyl1<r < %, N > 2s, and any u € H*(RN). In the following we will denote the
critical fractional Sobolev exponent 27 = 2.

Remark 2.2 When r = 2%, the best constant in (2.10) will be denoted by S(s, N). This con-
stant is explicit and independent of the domain; its exact value is

sto.) 2 ZETEEIN A=)
S T TN (BB )y

2|
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So we have

N-2s

N
/ yl—Zs|VZ(x,y)|2 dxdy > S(s,N)(/ |z(x,0)|NZ*£V25 dx) ) 2.12)
RQI+1 RN

for any z € X§(RY*1). This will be used in Section 4, the best constant in (2.11) is then
ksS(s,N).

Recall that we say that u € H*(RY) is a weak solution of (2.6) if
(—A)% u(-A )%<p dx + f Vex)up dx = / W (ex)f (u)g dx, (2.13)
RN RN

for all ¢ € H*(RYN).
First of all, under our assumptions, we have the following lemma.

Lemma 2.1 Any weak solution u € H*(RN) of (2.6) or (2.7) is positive.

Proof Since f(¢) = 0 on R™, choosing ¢ = u~ € H*(RY) in the variational formulation (2.13)
yields

/ (—A)%u(—A)%zf dx = —/ V(ex)uu™ dx + / W (ex)f (u)u™ dx
RN RN RN

:/ V(ex)(u‘)zdx
RN

Hence, it follows from the definition (2.2) of (-A)’u

(A u(-A) 2y dx
RN

=f u’(—A)su”dx—!(—A)%u_‘i
RN

_ Cns / (W' @) -~ O &) ~u ()
2

:‘CNS/ / W) ety -mpu P < Ay i |2
]RN IRN

|x y|N+23

B 2
PR -l

Inturn, weget lu |12 = |(=A) 24~ |3+ [n V(ex)(u™)? dx < 0, namely u~ = 0, hence the weak
solution u € H*(RY) for (2.6) is nonnegative. Moreover, # cannot vanish at an interior
point as follows from the maximum principle [21]. This completes the proof. g

3 Study of the nonlocal superlinear problem (1.1)
In this section, we will prove Theorem 1.1. We only need to give the details for (B) because
the argument for (A) is similar to that for (B).

Suppose that (f;)-(f4) hold and let (Py) and (P;)(ii) be satisfied; without loss of generality,
weassumethatw, =0e€# (v, =0V NH If V' NW #P)anda:= V(0) = minyey V(y) <
V(x) for all |x| > R, then V(0) = a, W(0) = k. We remark by (Po) that V,(x) - V(0) = a,
W, (x) — W(0) = k uniformly on bounded sets of RN as ¢ — 0.
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Before proving the main results, we denote the Nehari manifold, the critical set, the least
energy, and the set of least energy solutions of I, as follows:
N = {u e H*\ {0} : I, (u)u = 0},
A ={ueH :I(u) =0},

Ye := inf L(u),

uc N

Ke = {u € A L(u) = y. }.
Observe that, in virtue of (f;), we have
F(t) > a1|t|"* — a|t|?, forallt > 0. (3.1)
By (f1) and (f5), for any § > O, there is C; > 0 such that
F(t) < 8|t|* + Cs|t|P’, forallteR. (3.2)
These inequalities imply u < p. Setting f(?) = %f (t)t — F(t), we have

— -2 -2
Fo = " o= """ F. (3.3)
21 2
3.1 The function |/,
In this subsection, we are going to establish some results for the function I,.
It is easy to check by (3.1) and (3.2) that functional I, possesses the mountain-pass struc-

ture.

Lemma 3.1 There exist o > 0 and an open set B C H*(RN) (both independent of €), such
that:

(i) I:(u) > o for u € 9B;

(i) lims o0 Le(f1) = —00 if u(x) > 0, u # 0.

Consequently, let us consider the family

T, :={y € C([0,1], H*(R")) : ¥(0) = 0,1, (¥(1)) < 0},

and the minimax schemes c, := inf, cr, max;ejoq) I (v (¢)). Moreover, there is ¢ > 0 indepen-
dent of € such that a <c, <c.

Using a standard argument as in the classical case in [18, 22], we have the following.
Lemma 3.2 ¢, = inf,cps@ny, (o) MaXe=o L (1) = infye s, L (u).
The following lemma is clear by the assumptions.

Lemma 3.3
() Foreach u € H*(RN)\ {0}, there is a unique t, = t,(u) > O such that t,u € N;.
(ii) Moreover, there is T > 0 independent of € > 0 such that t. < T.
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Proof Since the proof of (i) is standard, we only need to prove (ii).
Indeed, by (i), for any fixed u € H*(RN) \ {0}, there exists unique t,u € .#; so that

q@szWMﬁ=f W(ex)f (ta)totedx
]RN

> Cyinf W - ¢l — C3inf W - £2|ul; (1> 2).

This proves that there is T > 0 only dependent of u such that t, < T. This completes the
proof. d

Lemma 3.4 There is 0 > 0 independent of ¢ € (0,1) such that ||u||ys > 0 for all u € .

Proof Since V(x) > t, there is 1 > 0 independent of ¢ such that
yillullZs < / (|(—A)%u|2 +Ve()|ul*) dx, forall u e H*(RV).
RN

Since W(x) < «, it follows from (3.2) that, for any § > 0, there is C; independent of ¢ such
that, for all u € H5(RY),

[, Wt ds < Gty + ol
R
Now, for u € A,
el <l = [ W dr < il + CoClully,
R

taking § = 2%, there is 6 > 0 independent of ¢ such that ||u| ;s > 6. Thus we complete the

proof. O

For any a > 0, b > 0, consider the constant coefficient equation
(-AYu+au=>bf(u), ue HS(IRN). (3.4)

The solutions of (3.4) are critical points of the functional

1 s (2 a
Ly(u) = §|(—A)2u|2 + §|u|§ —b/RN F(u)dx,
defined for u € H*(RY). Let y,;, be the mountain-pass level and .4, the Nehari manifold
of Iab-
The following lemma is similar to the one of [18].

Lemma 3.5 For equation (3.4) we have:
() o= {u € HRY)\ (0): I, () = 0} # .
(i) Vap = inf{lup(u) : u € Agp} = inf{lyp(u) : u € A, \ {0}}.
(iil) yup is attained.
(iv) Let a;>0 and b; >0 (j =1,2) with min{a, — ay, by — by} > 0, then Vap, < Vayp,- If
additionally, min{a, — a,, by — by} > 0, then Yab, < Vayb,-
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Next, we state the regularity results whose proofs are the same as the ones in [23].
Lemma 3.6 Suppose that u € H*(RN) is a weak solution to (3.4) and f satisfies conditions
(f1)-(fs). Then u € LYRN) for all q € [2,+00) and u € CO*(RN) for some 1 € (0,1). More-

over, |u(x)| — 0 as |x| — oo.

Using the same iterative argument as for Lemma 3.6, we obtain u, € (., WsA(RN),
Using Lemma 3.5, we have the following energy comparison between ¢, and y,,, which
will be useful for the existence and concentration results.

Lemma 3.7 limsup,_ ¢ < V.

Proof Denote V*(x) = max{c, V(x)}, W¥(x) = min{d, W(x)}, VE(x) = V<(ex), and W (x) =
W4(ex), where c, d are positive constants.
Define the auxiliary functional as follows:

1 s 1
19u) := E’(—A)iu‘i +3 /RN VE(w) ul? dx - /RN W (x)F(u) dx,

for any u € H*(RN), which implies that I, (z) < I¢*(u), and thus y.4 < cgd, where cgd is the
least energy of Igd. By the definition of t and «, we get V[ (x) = V,(x), W¥(x) = Wq(x).
Therefore,
I7(u) = L(w), (3.5)
and V[ (x) - V(0) = a, W¥(x) - W(0) = k uniformly on bounded sets of x as ¢ — 0.
Now, we claim limsup,_, o 17 (4) < V.
Indeed, let e is a ground state of I, that is, I,.(e) = Y, there exists £, > 0 such that
t.e € A7 for sufficiently small ¢, where .47 is Nehari manifold for function I7*. Thus
o <I*(t.e) = rgg([j"(t@).
One has

IT*(tee) = Ly (tee) + l/ (V;(x) - oz)|t,36|2 dx +/ (K - Ws’((x))F(tse) dx. (3.6)
2 RN RN

We can assume that t, — £y (as ¢ — 0) by Lemma 3.3. This, together with the decay of
toe, implies

/RN (VI (%) - a)lteel” dx = o(1)
and

[ = wE)Feerde- o).
Notice from (3.6) that

I (tee) = Iy (tee) + o(1) — I (toe) ase — 0.
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Consequently
Cgk = 1;’( (tse) = Luc(toe) < I?>ag(1ak(te) =T (e) = Ya -
From (3.5), we obtain c.* = ¢,. Thus, we complete the proof. O

3.2 Existence results

Lemma 3.8 c, is attained at some u, € X, for all small ¢ > 0.

Proof Given ¢ > 0, let uy € .#; be a minimizing sequence of I,, which is clearly a (PS),,
sequence for I: I (ux) — ¢, and I (ux) — 0 as k — oo. It is easy to see that {u;} is bounded
in H*(RN). Assume that u — u, € % in H*(RN). If u. #0, then clearly I, (u.) = c..

Next we check that #, # 0 for all £ > 0 small.

Assume that there exists a sequence g; — 0 with Ug; = 0, then u; — 0 in H*(RN), and
thus ux — 0 in Lfoc

Choose by (P;)(ii) b € (ks, k) and consider the functional Ig’b, let £ > O be such that
tiuy € ,/VS‘”’, this implies that #; < C for some constant C > 0. Assume t; — £ as k — 00.
By (Py)(ii), the set O, := {x € RN : V,(x) < a or W,(x) > b} is bounded. Remark that

Igi(tkuk) < I;;(ux). We obtain

for g € (1,2%) and ux(x) — 0 a.e. in x € RN,

b _ rab
¢, < I ()

1
= Iyan) + 5 [ (V2 - Vi 00) s
+ / (W, () — W2 (%)) F(txtar) dos
RN !
1
= L (teug) + 5 ./og, (zz - ng(x))ltkuklzdx

+/ (ng(x)—b)l-"(tkuk)dx
o

= Is/- (tkuk) + 0(1) = Is]-(uk) + 0(1) = Cs,-'
Notice that y,; < c?f , hence y,, < ¢e;- In virtue of Lemma 3.7, letting &; — 0 yields

Yab = Yax»

which contradicts v, < Y. (see Lemma 3.5(iv)). Therefore, c, is attained at 0 # u, € %,,
which ends the proof. d

3.3 Concentration and convergence of ground state

Lemma 3.9 Assume that (f;)-(f4), (Po), (P1)(ii) and for all ¢ sufficiently small, let u, € Z.,
then u, possesses a (global) maximum x, such that lim,_, dist(ex,, <,) = 0, and for any
sequernce ex, — Xo, Ve(x) = us(x + x.) converges in H*(RN) to u(x), which is a least energy
solution of

(=AY u+ V(xo)u = Wi(xo)f (u).
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In particular, V O\ W # @, then lim,_, o dist(ex,, ¥ N #') = 0, and up to subsequences, v,

converges in H*(RN) to u being a least energy solution of
(=AYu+tu=«xf(u).

Remark The proof of this lemma will be lengthy but will be along the main lines of the
proof of the corresponding results in the classical case in [18, 22]. We shall first show
that there exists a sequence of points {x,} in RN such that (i) most of the ‘mass’ of u, is
contained in a ball (of fixed size) centered at x, and (ii) x, is bounded. This will be done
in Step 1 and Step 2. Then in Step 3, we show that any limit point of ex, belongs to %7,
and Step 4 together with Step 1 shows that u, (x + x.) converges to the least energy solution
of corresponding limit equation. Furthermore, Step 5 tells us such solution i, is at least a

singular peak bound state.

Proof Step 1. Let u, € H*(RN) be the critical point of I, so that I, (i) = c,, we see that {u,}

is a bounded set in H*(RN). A concentration argument and Lemma 3.4 show that there

2

exist a sequence {x,} C RV and constants R > 0, o > 0 such that lim,_,, fBR(xg) u,>o.

Set v, (x) := 1. (x + x,), then v, satisfies
(=AY, + Ve(x)ve = We(x)f (ve), 3.7)

where V,(x) = V(e(x +x.)), Wa(x) = W(e(x + x,)), with energy

A 1 s 1 ~ ~
L) = )i+ /R V- /R WWE)

” 1A
=1 (ve) - 51; (Ve)ve

= / Wg(x)(%f(vs)vs _F(VS))
RN

1
=L (u:) - Elé(us)us =1 (u;) = c,.

We may assume v, — u in H*(RV), and v, — win L]

for g € [1,2}) with u #0.

By V,W e L*, without loss of generality, we may assume that V(ex.) — V, and
W(ex.) — Wy as ¢ — 0. Furthermore, since V, W are uniformly continuous, for any
x € B,(0), one has

|V(s(x +xg)) - V(8x£)| — 0 and |W(e(x + xg)) - W(ex8)| — 0.

Therefore V.(x) — Vy and W, (x) > Wyase — 0 uniformly on bounded sets of x € RN,
Consequently, by (3.7), for any ¢ € C°(RN),

0 = lim ((—A)Svg + \Z(x)vs - Wg(xy(vg))w dx

e—>0 JpN

_ /R Ay Vou=Wof ),
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which implies that u solves
(=A)Y'u+ Vou = Wof (), (3.8)
with the energy
@)= 3yl 530 [ a2 -wo [P
YoWo ' 2 2 2 0 RN 0 RN
1
= / W()(—f(u)u—F(u)) > VyoWe-
RN 2

By Fatou’s lemma and Lemma 3.7,

YWoWy = <[RN WO(%f(u)u—F(u))
<liminf | W.(x) Gf(vg)vg - F(n))
£— RN

= limiélfjg(vg) <limsupl(u:) < Yv,w,-
£ e—0

Therefore,
b!Ll;%jS(VS) = !H}% Ce = IV() Wo and 1—‘V()V(/() (M) = VYvoWo- (39)

As a consequence, u is the least energy solution of the limit equation (3.8).

Step 2. {ex,} is bounded.

Assume that ¢|x.| — +00, by V(ex,) = Vo, a = V(0) < V(x), |x| > R, and W(ex,) —
Wo, k = max W, we deduce that V > a and W, < «. So it follows from Lemma 3.5 that
YVoWo > Vax-

However, by Step 1 and Lemma 3.7, ¢, = yv,w, < Ya, a contradiction. Therefore, we

can assume gx; — xo (as € — 0), then V = V(xy), Wo = W(xo), and we read (3.8) as
(=AY u+ Vi(xo)u = W(xo)f (),

where u is the least energy solution.

Step 3. ex, — <, as ¢ — 0, that is, xg € .<7,.

Assume that xy ¢ 27, by the definition of 2%, we have V(xg) > V(0) = a, which, com-
bined with W (xo) < «, leads to Yv(xy)wix) > Vax- However, by Lemma 3.7,

lim ¢, = Yy (xo)W(xg) > Yax = limce,
e—0 e—0

a contradiction.
Step 4. Let v,, u be defined in Step 1, then v, — u in H*(RN).
It suffices to prove that there is a subsequence {ve;} so that Ve, = uin H(RN).

Recall that, as the argument shows, u is a least energy solution to

(=AYu+ V(xo)u = Wixo)f (u).

Page 14 of 26
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Let n € C°(RN*!) be a nonincreasing cut-off function verifying n = 1 in B{(0), n = 0
in B}(0)°. Let now w;(x,y) = r)(M ¥)i(x,y), where Tr(z) = u. One has wj(x,0) — u(x) in
H(RN) and wj(x, 0) — u(x) in Lq q € [2,27). Denote zj(x,y) = isj(x,y) - wj(x,y), where
Tr(z) = z;, Tr(f/sj) = Ve Tr(w;) = w;(x, 0).

Next we prove z; — 0 in H*(RV).

Firstly, we remark that {z;} is bounded in H*(RN) and using similar argument to [22],

one has

Jim f | W, (x)(F(Ve;) - F(3) - F(w))) dx| = (310)
and

Jim ‘ [, 7 65,) 1@ ~fonp)ods| <o, (3.11)

umformly in ¢ € X3(RY*1) with 11l ry+1) < 1. By the decay of u, (3.10), (3.11), and the
facts that V.. (x) — Vi(xop), W.. (x) — W(xo) as j — oo uniformly on bounded sets of x, one

checks dlrectly the followmg.

7 (3 ks 1-25 175, 7% 1 i -
J(%) = 5 ANHJ} (Vz;, Vz;) dxdy + 2 /];w Ve; (%)(2),2) dix

/ W, ()F () dx

k, o )
2 /RN+1 y ZS(WVSI"Z = 2{Vg, Vwj) + |Vw;|*) dx dy

1 ~ . - ~ -
+ 5 /RN Vs,(x)(|Va,|2 — 2V wj + W12) dx — ./IRN ng(x)F(zj)dx
= Ty Fe) = Tvure () + /R W, @)(FG) - F&) - Fowp) da
+0(1) = 0(1)
as j — oo, which implies that 78/ (z) — 0, and thus L}. (z)) = 0, where 7£j is the extension

function of the problem as in (2.7) corresponding to jgj.

Similarly,

T G =k / Y (VE, V) dxdy + / V. ()5 ¢) dx
/ RN+ RN
- [ s
:7é,(‘~’s;)¢—ks/ y1—25<ij, V(;S)dxdy—/ Vsj(x)(wj,qﬁ) dx
N+1 ]RN
fR WL () £ E)b dx

—o(1) + /R W @) - G) - f ) = o)
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as j — oo uniformly in ”¢”X8(R¥“) <1, which implies jgj(%,) — 0, and thus iéi(zj) — 0.

Therefore,
~ 1. 1 1
o(1) = I;(z) - ;I;j(zj)zj > (5 - ;) Izl

Consequently, z; — 0 in H*(RY).
Step 5. ve(x) — 0 as x| — oo uniformly for all small ¢.
Since u,v, €
infer that

q>2

1-2 y
lve —ullr < lve —ull 2" - lIve — ull7q)

where 52 + 2 =1,
q r

Therefore,

0 1-6
lve — ullwsr < Cllve — ull\ys2 - Ive — tllyysas

for some constant C >0 and 6 > 0.

Consequently, v. —u — 0 in [ .,

W4(RN) and v, — u in H*(RN) = W2(RY), for any r € (2,4q), we

Ws4(RN). Moreover, by a Sobolev embedding,

WSA(RN) < CO%(RN) (for g large enough), we deduce that v, — u — 0 in C**(RY), it
follows from the decay of u that |v.(x)] — 0 as |x| = oo uniformly in & > 0. Thus, we

complete the proof.

O

By virtue of Step 5, it is clear that one may assume the sequence {x.} in Step 1 to be

the maximum points of u,. Moreover, from the above argument, we readily see that any

sequence of such points satisfies ex, converging to some point in %7, as ¢ — 0.

3.4 Decay estimates

Step 5 in the previous lemma shows a uniform decay estimate; unlike the classical case

s =1, we find suitable comparison functions as in [23] based on the Bessel kernel K to see

that the solution v, has a power-type decay at infinity instead of exponential.

Lemma 3.10 There exist 0 < C; < Cy and R > 1 such that, for all small ¢ > 0,

C1 C2
N+2s < te(x) < N+2s’
o — e | o — e |
forall |x| > R.

Before starting to give proof, let us consider for 7 > 0 and g € L*(RY) the equation

(-AYp+mp=g, inRN,
Then in terms of the Fourier transform, this problem, for ¢ € L?, reads

(€1 +m)d =g
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and has a unique solution ¢ € H*(RY) given by the convolution

dx)=Kxg-= .[RN K(x - 2)g(z) dz,

where K is the fundamental solution of (—A)* + m, called the Bessel kernel,

— 1

K(E):W.

Moreover, the decay properties of the kernel are obtained in [23] using the basic idea of
[24, 25], that is,

lxﬁ,ﬂ% <K@ < m% (3.12)
for |x| >1and C, > C; > 0.
Proof of Lemma 3.10 First of all, we have the following claim.
(i) There is a continuous function v; in R¥ satisfying
(=AYvi+av; =0, if|x|>1 (3.13)
and
vi(x) > le% (3.14)
for an appropriate C; > 0, where a = sup V. (x).
(ii) There is a continuous function v, in R satisfying
(=AY vy +1tv =0, if|x|>1 (3.15)
and
va(x) < N (3.16)

for an appropriate C, > 0, where 7 < inf V(x).

Indeed, consider the function v; = Ky % X5, where X, is the characteristic function of
the unit ball B, and K; = % ‘1(””‘1%'25) is a fundamental solution of (-A)* + a. Clearly v
satisfies equation (3.13) outside B; and the decaying estimate (3.14) thanks to (3.12).

Similarly, we consider the function v = IC; * X, where B, is the ball of radius r = 7 %
and Ky = F ‘l(m) is a fundamental solution of (—A)® + 1. Then, by scaling, v, (x) = v(rx)
satisfies equation (3.15) and using (3.12), we obtain (3.16).

By the continuity of v, and v;, there exists a constant C; > 0 so that w,(y) = v.(y) —
Civi(y) = 0 in 0B;. Moreover, ((—A)* + a)w,(y) > 0 in B{. By the maximum principle [20]

we can conclude that w,(y) > 0 in B{. As a consequence, v, (y) > Mgﬁ for |y| > 1, that is,

G
ue®) Z o N
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On the other hand, the uniform decay estimate of v, in Lemma 3.9, Step 5, and (f;) allows
us to take Ry > O sufficiently large such that

(=AYve + TV, = \?/g(x)f(vg) + (‘L’ — \Z(x))vs <0, in th,

now we consider the function v, and the claim we found, which satisfies (3.15) in Bf and
then in By .

In view of the continuity of v, and v, there exist constants C, > C; > 0 such that
Wwe () :=ve(y) = Cova(y) <0, in dBg,.
Moreover,
((~AY +1)we(y) <0, inBg,.

Using a similar comparison argument, we conclude that u, (x) < m—fﬁ for |x| > R and
all & > 0 small. The proof is completed. d

Proof of Theorem 1.1 (B) Define w,(x) = u.(3). Then w, is a solution of (1.1) for all & > 0.
Since z, is a maximum point of |w,|, we have
C18N+25 C28N+25

O o= 2
|x—Zg|N+25 € |x_Z£|N+23’

for some constants 0 < C; < C,, and

lim dist(z,, 7,) = 0.
e—0

Then we proceed similarly to (A). O

4 Study of the nonlocal critical problem (1.2)
In this section, we will prove Theorem 1.2. We only need to give the details for (A) because
the argument for (B) is similar to that for (A).

Suppose that (f;)-(f;) hold and let (Py) and (P;)(i) be satisfied; without loss of generality,
weassumethatx, =0e€ ¥ (v, =0 # NV if ¥ NW #¥)and b:= W(0) = minyey W(y) <
W (x) for all |x| > R, then V(0) = t, W(0) = b. We remark by (Py) that V.(x) - V(0) =7,
W, (x) — W(0) = b uniformly on bounded sets of RN as ¢ — 0.

Plainly one only verifies that I possesses the mountain-pass structure as Lemma 3.1. As
in Section 3 we define replacing I, by I} the notations: mountain-pass level ¢?; the Nehari
manifold .4.*; the critical set %, and the least energy solution set %,. Observe that

¢t =inf{I}(u) :u € A"}
and 0 < ¢} <c.

4.1 Autonomous equation
In this subsection, we give some results for the autonomous problem

e”(-A)u +au =bh(u), ueH(RY), (4.1)
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which are useful for the study of the nonlocal critical problem (1.2). Here h(u) = f () +
us f as before satisfies the assumptions (f;)-(f4), a4, b > 0 are constants.
Consider the functional I}, : H* (RN) — R associated to this equation,

I, (u) ——|( INLY |u|2 b/ Flu)dz~ |u|

then I, is of class C* on H*(RY).

Let ¢!, be the mountain-pass level; .4/} the Nehari manifold; 2 the critical set, y;
the least energy, and %, the least energy solution set.

Let us notice that inequalities (3.1) and (3.2) imply that I, satisfies the mountain-pass
conditions, we can define the mountain-pass level

¢t := inf max/ t
ab yel“* te[0,1] b(y( ))

where I'?, := {y € C([a, b], H®),y(0) = 0,I’,(¥ (1)) < 0}. It is easy to verify

¢, = inf max[ tu) =
" LeH\{0) 120 () = Vap:

Next we show y is attained, under proper assumptions for a, b > 0.

N
Proposition 4.1 y}, is attained if v}, < I := (5013 2S , where Sy = k;S(s, N) is the Sobolev
Nb

constant as in (2.11).

Proof Since y;, = inf,c N I’ (u), let {u,} € A} be a minimizing sequence of I, , which is
clearly a (PS)y;h sequence: I, (u,) — v}, and I, (u,) — 0 as n — oo.
Remark that 2 < 1 < p < 2% and

1 1 1
y;b +0(1) :[:b(un) - ;I;[/J(Mn)un = (5 - ;) ”Mn”ils

Thus, {u,} is bounded in H*(RN). By Lion’s concentration principle, {u,} is either van-
ishing or non-vanishing. Assume that {u,} is vanishing, then |u,|, — 0, p € (2,2}). Since
a >0, by (f;)-(f}), one gets

0(1) = Lj ()t > |(~A) 1y} ~ blus[3; + 0(0). (4.2)

By the Sobolev embedding inequality (2.11),

SoltnlZ: < |(=A)2u);. (4.3)
Note that
1 sb *
Ve +0(1) = Ly 1ta) = - Lo ottty = S lutal 53 (4.4)

It follows from (4.2)-(4.4) that

(So)% - s

N-2s’

ab—
NbZ;
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a contradiction. Therefore, {u,} is non-vanishing, that is, there exist y,8 > 0, and x,, € RN
such that, setting v, (x) = u,(x + x,), along a subsequence |, 5,(0) [v,|? > 8. Without loss of
generality we assume v, — v. Then v # 0 is a solution of (4.1), and so y; is attained. Thus,

we complete the proof. d

Next we claim v, </ if a < bR, where

2 N 2s(g-2)
2s

2g¢572 5(S, Teq+N)-N;
Rq_(u) T (N>252<q<20).

q

Si7(q—-2)N
Indeed, let u be a ground state of
(=A)’u + au = bg(u) (4.5)

with g as in (f;), which is equivalent to
s b
(-A)Yz+z= ;g(Z), (4.6)

after a change of variable, z(x) = u(-%-), with the least energy
a?ls

1 s 2 1 b
Vb = —’(—A)2z|2+ §|z|§— ;/RN G(z)dx

2
> b
(1), o L))
axs/)ly @ JRN als

1 s X
:E"‘A) <>

N_p
=a% Yab.

LS|
+_
, 2

Denote

) ~A)2ul? + |ul?
P N ST
ucHs\{0} |u|q

If g(t) = cot?72, then by the mountain-pass theorem, the least energy corresponding to
(4.6) denoted by y (q) satisfies

2
q-2( a \© %
<—|— Sq .
Vg(Q)_ 2 (ch) q

This implies that the least energy corresponding to (4.5) denoted by y,;(g) satisfies

25-N 25-N —-2( a \2 %L
V@) =a"F i (@) < Mg ab)=a’F T2 L) g7 (4.7)
a 2q bCo

Note that /, is strictly decreasing with respect to b > 0, in virtue of (4.7), setting

2 .
= 2s(g—2)

N
2ch S (So)ﬁ 2(sq+N)-Nq
Rq:= (q— ’
i (@-2N
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if a < bRy, then y,,(q) < lp. By (£f,), we have

=5l A)iul; + |u|§—bco|u|g.

This implies that v, < y.(q) and thus v, <y if a < bR,,.
In order to prove Theorem 1.2, next we will be concerned with a € [7,7] and b €
[€00> k]. In particular we are looking for 7y > v and kg < « such that

Yab(q) < Ik < Iy, (4.8)

for either a € [1, 1) and b € [k, k] Or a € [T, Too] and b € (ko, k].
Observe that (g, a,b) < A(q,a,kx) and [ > I, if b € [koo, k]. Furthermore, A(q,a, b) < I,

if
2 2s(q-2)
K 051072 2(sq+N)-Ngq
aA<To:= N-2s q
K 2

N=2 q-2
2Asq+N)-Ng 1. Nk e 2\ 2
b>kg:= (Teo) 2@ ST ¢y !
(So)% - s

In conclusion, (4.8) holds if either 7 < 19, @ € [, 1), and b € [koo, k], OF k > Ko, b € (Ko, k]
and g € [T, Txo].
From the above argument and Proposition 4.1, we have the following results.

Lemma4.1l Ift <y, a€[t,7),and b € [koo, k], 0r k > ko, b € (ko,«],and a € [t, 7], then
Y, < lp and, consequently, %;‘b #9, vy, is attained.

The following comparison result is similar to the one in Lemma 3.5(iv).

Lemma 4.2 Letforj=1,2, either T < 7y, a; € [t, 7o), and b; € [k, k] 07 k > Ko, b; € (K0, K],
a; € [T, Too]. Assume min{ay — ay, by — by} > 0, then 7/;1171 < y;ZbZ.

4.2 The function I}
In this subsection, we will discuss the properties of the functional I}
Plainly one easily verifies that I possesses the mountain-pass structure and

cy:= inf max I (y(t inf max[* tu 1nf I
¢ yerttelo] (y( ) = ueHs\{0} ¢ (t2s) = ueN* ®),

where ¢} is the mountain-pass minimax value associated with I, T'} = {y e C([0,1],
H(RN)): y(0) = 0, (y(1)) < 0}.

Similar to the proof of Lemma 3.6, we also have the following energy comparison be-
tween ¢} and yrp.

Lemma 4.3 If 1t € (0,7), b € [Koo, k], then limsup,_ o ¢k < v}, <l <1
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4.3 Existence results

Lemma 4.4 Ift € (0,), ¢} is attained at some u} € X, for all small & > 0.

Proof Given ¢ > 0, let u} € 4* be a minimizing sequence of I, which is clearly a (PS)
sequence for 7. It is easy to see that {u} is bounded in H*(RYN). Assume that up — u; €
J* in HS(RN). If u? # 0, then clearly I (u) = c;.

Next we check that #} # 0 for all £ > 0 small.

Assume that there exists a sequence ¢; — 0 with u;‘/ =0, then 7 — 0 in H*(RN) and

thus u} — 0 in L}

i forge(1,2f) and uf(x) > O a.e.inx € RV,

Since 7 < 75 and 7 < 7y by the assumptions, choose min{r, 7o} > @ > 7, and consider the
functional Ij”b as in Lemma 3.7, let £z > 0 be such that f;u} € Jig*”b , then {#;} is bounded
and we may assume f; — Z as k — 00. By (Py), (P1)(i), the set O, := {x € RN : V,(x) <
a or W, (x) > b} is bounded. Remark that I;‘/_(tku}:) < 1:,(”7;)' We obtain

*ab *ab *
Caj S IS/' (tkuk)

1
< I;‘j (teuy) + 5/ (a- Vg/(x))|tku,t|2dx

. / (W, (x) - b)H (1) dx
Ogj

< 1:1, (tku,’:) +o(1) = c:/

as k — oo, hence cjj"b =< ¢;,- Notice that y, < cj}f‘b ,hence y < ¢;;- Invirtue of Lemma 4.3,
letting &; — O yields

* *
Yab =< Vb

which contradicts with y; < %, (see Lemma 4.2). Therefore, ¢} is attained at 0 # u} € Z;,
which ends the proof. d

4.4 Concentration and convergence of ground state

Lemma 4.5 Assuming (f;)-(f,), (Po), (P1)(i) with t < 1, and, for all ¢ sufficiently small, let
u: € #r, then u; possesses a (global) maximum x, such that lim,_,( dist(ex,, <7,) = 0, and
for any sequence ex. — xo, Vi (x) := u’(x + x.) converges in H*(RN) to u*(x), which is a least
energy solution of

(=AY u+ Vixo)u = W(xo)h(u),

note that h(u) = f(u) + u> . In particular, ¥V N\ W #, then lim,_, o dist(ex,, ¥ N #) =0,
and up to subsequences, v converges in H*(RN) to u* being a least energy solution of

(=AYu+tu=«h(u).

The proof of this lemma will be along the main lines of the proof of Theorem 1.1. We
argue step by step.
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Proof Step1.Let u? € H*(RY) be the critical point of I* so that I* (u}) = ¢}, we see that {u}
is a bounded set in H*(RN). Then {u} is non-vanishing.

Indeed, assume {#}} is vanishing, then ||, — 0 for p € (2,2}). By (f;)-(f;), one gets

o(1) :I:’(u:)u: > |(—A)%u:|3 - /RN Wg(x)|u:|2§ dx. (4.9)
On the other hand
K * * 1 */ * k S * ;k
¢ +o() =1 (uf) - Sk ()t = N /]RN W, (x) |oc = dx. (4.10)
Recall that
2
S . 2 % % 2;F
/ [(=A)2uf| dsz()(/ | ‘dx) . (4.11)
RN RN

It follows from (4.9)-(4.11) that

e N N an
liminfc} > [y = —S5°k =,
0 s

£—>

contradicting Lemma 4.3. Therefore {#}} is non-vanishing, that is, there exist a sequence
{x.} C RN and constant R > 0, o > 0 such that lim,_, fBR(xa) u?>o.
Set v(x) := u}(x + x,), then v} satisfies
(=AY + V(! = We(0)h(v?), (4.12)

&

where Vg (x) = V(elx + x)), Wg (%) = W(e(x + x.)), with energy

T *x 1 LA 1 Fp * ~ "
B = gleaivileg [ Vowe- [ )

SB0) - )

&

- [ w3 ) + (- )

) - g ) = 1) =

We may assume vi — u* in H*(RY), and v} — u* in L] _for g € [1,2}) with u* #0.

Since V, W € L*°, without loss of generality, we assume that V(ex,) — Vyand W(ex,) —
Wp as e — 0. It is easy to check that \Z (x) > Vo and \/AVS (x) > Wp as ¢ — 0 uniformly on
bounded sets of x € RV,

Consequently, by (4.12), for any ¢ € C°(RN),

0=1lim | ((=A)v:+ V()v; - We(h(v}))o dx
£—> RN

= / ((AYu* + Vou* = Woh(u*)) g dx,
RN
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which implies that u* solves

(—AYu* + Vou™ = Woh(u®), (4.13)
with the energy
* *\ 1 % %2 1 %2 "
FVOWO(M)'Zil(_A) u |2+§V0 RNM -Wo RNH(u)

i /RN WO[Gf(u*)u*—F(u*)) + (% _ 2; >|M* :

2 *
} = yV() Wo

by Fatou’s lemma and Lemma 4.3,

* 1 * * * 1 1 *
YWowp = <[RN WO[(E/((” )” _F(” )) + <§ - 2_?)|”
< limiélf/ \)%(x)[(%f(@)@ —F(Vl‘)> + (% - 21—*>|V§|ﬂ

e—> RN s

= liminfJ; (v}) < limsup 1} (7)< wy-

Therefore,

gl_rf(l)js* (V:) = gl_rf(l) C: = y\joWo and 1—‘*VoWo (u*) = y\joWo‘
As a consequence, u™* is the least energy solution of the limit equation (4.4).

Step 2. {ex.} is bounded.

Assume that g|x.| - +00, by W(ex,) —> Wp, b= W(0) > W(x), |x| > R, and V(ex.) —
Vo, we deduce that Vy > 7 and W, < b. So it follows from Lemma 4.2 that y‘*}o wo > Vi

However, by Step 1 and Lemma 4.3, ¢} — y(}o Wy = v}, a contradiction. Therefore, we

can assume gx, — xg (as € — 0), then Vy = V(xg), Wy = Wi(xo), and we read (4.13) as
(=AY u* + Vixg)u™ = W(xo)h(u*),

where u* is the least energy solution.
Step 3. ex, — 4, as ¢ — 0, that is, xy € <.
Assume that xy ¢ 27, by the definition of 27, we have W (xo) < W(0) = b, which com-

bined with V(xo) > 7, leads to ¥, )y (., > Vac- However, by Lemma 4.3,
: k% * : *
gg% Ce = yV(xo)W(xo) > Vb = gg% Ce»

a contradiction.

Step 4. Let v¥, u* be defined in Step 1, then v} — u* in H*(RYN). See Step 4 of the proof
of Lemma 3.9.

Step 5. ve(x) — 0 as |x| — oo uniformly for all small ¢. See Step 5 of the proof of
Lemma 3.9. g
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4.5 Decay estimates
Now repeating the arguments of Lemma 3.10 we obtain the following lemma.

Lemma 4.6 There exist 0 < C; < Cy and R > 1 such that, for all small ¢ > 0,

C1 C2
o Nes = e (%) < Tx — x |N+2s’
e — o | e — o |
forall |x| = R.

Proof of Theorem 1.2 (A) Define w,(x) = u,(%), then w, is a solution of (1.2) for all ¢ > 0.

&

Since z, is a maximum point of |w,|, we have

C18N+2S C28N+2s

s S0 (¥) £ ————
|x_Z£|N+2s € |x_Z8|N+2$’

for some constants 0 < C; < C,, and
lim dist(z,, «,) = 0.
e—>0

Proceed similar to (B). a
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