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Abstract

In this paper, we will establish some existence results of positive stationary solutions
for a reaction-diffusion system

-U"+Au=pt)pu+hflue), 0<t<T,

- =qt)u¥, 0<t<1,
u@)=u(1) =0,
p0)=¢(1)=0.

The main method used here is the well-known fixed point theorem of cone
expansion and compression.
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1 Introduction
The purpose of this work is to study the existence of positive solutions for the following

system:

—u" +  u=pt)ou+h(t)f (u,9), 0<t<l,
—-¢" =qt)u®, 0<t<l,

u(0) = u(1) =0,

9(0) = (1) =0,

1)

where A > -2

, @ > 0 are constants. By a positive solution, we mean a pair of functions
(u, ) with u, ¢ € C?(0,1) N C[0,1] is a positive solution of (1), if (u,¢) satisfies (1), and
u,9>0,t€[0,1], u,9 0.

During the last few decades, concerning local equations, the question of the exis-
tence of solutions is one of the important topics, and it therefore has attracted much
attention [1-7]. Usually, the proof is based on either topological methods or a varia-
tional approach. For example, in [1], Gu and Wang applied an abstract fixed point the-
orem and the estimate of the weighted L” norm to study a reaction-diffusion system as
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follows:

Uy — Auy = iy — buy, x€Q,t>0,
Uy — Ay =auq, x€Q,t>0,
ur=u; =0, x€0Q,t>0,

w1 (x,0) = u10(x) >0,  up(x,0) =uz(x) >0, x€Q,

where Q € RN is a smooth bounded domain, 4,5 > 0 are constants and g, 142 are con-
tinuous nonnegative functions on Q. In [2], by using the fixed point theorem of cone
expansion and compression, Wang and An investigated the existence and multiplicity of
positive solutions for the following system:

—u" + u=pu+h(t)f(u), O0<t<l,
" =puu, 0<t<l,
u(0) = u(1) = 0, ¢(0) = (1) = 0.

More recently, Chen and Ma obtained some existence results for (1) using the bi-
furcation techniques in [3, 4]. In addition, in [5-7], the authors used the variational
approach to study the existence, nonexistence, multiplicity, and qualitative behavior
of the solutions in the semiclassical limit for the Schrodinger-Poisson system as fol-

lows:

—Au+ V(x)u = Ky (x)pu + u?,
_A¢ :1<2(x)u2’

where 1< p <5.

We are mainly motivated by the recent nice works [2, 8, 9] and focus on the general local
equations (1): (a) the first equation of (1) has an external force such as f (i, ¢); (b) the second
equation of (1) has the nonlinearity of arbitrary growth #*. By employing the fixed point
theorem of cone expansion and compression, we will establish some existence results of
positive solutions for (1), if the exponent « satisfies two cases: (i) @ > 1; (ii) 0 <« < 1.

The remaining part of this paper is organized as follows. In Section 2, some preliminary
results are given. In Section 3, we show the main results. In Section 4, to illustrate the new
results, some applications are also given.

2 Preliminaries
Let us describe some known results established by Li in [11].

Lemma 2.1 IfA > -7, then the linear boundary value problem
—u' +Au=0, u(0) =u(1) =0,
has a nonnegative Green function G(t,s).

Lemma 2.2 The function G(t,s) has the following properties:
(i) G(t,s)>0,VYtse(0,1);
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(ii) G(t,s) < CG(s,s), Vt,s € [0,1];
(iii) G(t,s) > 8G(t,£)G(s,s), Vt,s € [0,1].

For convenience, we assume the following conditions hold throughout this paper:
(H1) q(2),p(t):[0,1] — [0, +00) are continuous, and satisfy

1 pl
C/o /0 G(s,s)l((s,r)p(s)q(t)drds<%,

where K (t,s) denotes the Green function G(¢,s) when XA = 0;
(H2) A(t):[0,1] — [0, +00) is continuous, and

1
0< / G(s,s)h(s) ds < cc.
0

Using the idea in [2], Lemma 2.1, and Lemma 2.2, it is easy to convert system (1) into a
fixed point equation as follows:

1,1
u(t) = / / G(t,8)K (s, T)p(s)q(T)u(s)u®(t) dr ds
0o Jo

1 1
G(t,s)h , [ K(s, “(t)dt ) ds.
+/0 (t,s) (s)f(u(s)/0 (s, T)g(r)u(7) r) s
Now define a mapping 7T : C[0,1] — C[0,1] by
1,1
Tu(t):/ / G(t,)K (s, T)p(s)g(t)u(s)u“(r) dt ds
0o Jo
1 1
+/ G(t,s)h(s)f(u(s),/ K(s,t)q(r)u"‘(r)dr) ds,
0 0

and define a positive cone P C C[0,1] as

P:{u(t)eC[O,l]: min u(t)zgllull},
tel6,1-6]

where 6 € (0, %) is a fixed constant, o € (0,1).
Through a standard proof process, we have the following.

Lemma 2.3 Assume that (H1)-(H2) hold. Then T(P) C P and T : P — P is completely
continuous.

The proofs of our main results are based on the following fixed point, which can be
found in [10].

Lemma 2.4 Let E be a Banach space, and K C E be a cone in E. Assume 21, Q2 are open
subsets of Ewith 0 € 1, Q1 C Q,andlet T : KN (Q\ Q1) — K bea completely continuous
operator such that either:

@) NTull < lull, u e KN o2 and || Tu|| > |lull, u € K N 3Qy; or

(i) | Tu|l = lull, v € KNOQ and || Tu|| < ||ul|, u € K N 3Qy.
Then T has a fixed point in K N (Q2\ Q).
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3 Main result
Theorem 3.1 Assume (H1)-(H2) hold, and « > 1. In addition, the following conditions
hold:

(H3) ¢(¢) satisfies

1-0
min / K(t,s)q(s)ds > 0;
te[0,1-0] 9

(H4) h(t) satisfies

1-0 1
O</ G(—,s)h(s)ds;
) 2

(H5) f € C[R* x R*,R*], and f(u, ¢) are nondecreasing in u and ¢ for u, ¢ > 0, moreover,

O<u<u, _
= flwe) <fwo),
O<p <0,

in addition, f(u, ¢) satisfies the following conditions:

lim f(s, ms) - oo, limf (s,M;s) _

5—00 S s—0 S

O;

where
1

1-6
my =c*! min / K(s,t)q(t)dr, M1=/ K(z,7)q(t)dr.
sel0,1-01 J, 0

Then system (1) has at least one positive solution.

Proof On one hand, since lim;_,¢ L (S’ZSM”) =0, there exists a n > 0 with n < 1 such that

f(s,Mys) <es, forO<s<n,

where € satisfies
1 1
eC/ G(s,s)h(s)ds < —.
o 2

Taking r € (0,7) and setting 2, = {u(t) € C[0,1] : ||u|| < 7}, then, for any u(¢) € 32, N P,

we have
Tu(t) = /01/01G(t,s)]((s,r)p(s)q(t)u(s)u"’(r)dr ds
+ /01 G(t,s)h(s)f(u,/()H((s,r)q(r)u“(r)dt) ds
1 el
= C/o /0 G(s,8)K (s, 7)p(s)q(tr) dt ds - r**®

1 1
+C/0 G(s,s)h(s)f(r,‘/(; K(z,t)q(t)dt - F )ds
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N

1
ey Cf G(s, )h(s)f (r, Myr*) dis
0

1
C/ G(s,8)h(s)f (r,Myir)ds
0

IA
N~ N~ N
~

A

1
r+erC/ G(s,8)h(s)ds
0

<r=|lul.
Consequently,
| Tull < |lull, Yuead2,NP.
On the other hand, since lim,_, w = 00, there exists a R > 0 such that
f(s,ms) = ps, Vs=R,

where p satisfies

1-6 1
pa/ G(—,s)h(s)ds>1.
g 2

Choosing R > {?,2}, and setting Qg = {u € C[0,1] : |u|| < R}, it is easy to verify that
m1n u(t) >ollul|l=0R>R, Vu(t)edQrNP.

telf,1

Then, for any u(t) € 9Qg N P, we have

< > // < ,S)K(s,T)p(s)q(r)u(s)u“(r)drds
1 ! N
+,/0 G(E,s>h(s)f(u,/o K(s,t)q(t)u (r)dt) ds
> /01 G<%,s>h(s)f(u,fll((s,r)q(r)u“(r)dr> ds

19

s |h(s)f < K(s, )q(t)u“(r)dr)ds

S

h(sf( )q(z )u"‘(t)dr) ds

1-6
,s)h f(<7||u|| o) u|* Ilgllnm,/ K(s,t)q(t)dr)ds

N

1-6
h(sf<a||u|| o“ mme]/ K(s,t)q(t)dt - a||u||) ds
0
s Jh(s)f (o llull, mo|ull) ds

8 | h(s)po|lull ds > ||ul|.

NI NI NE NE N
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Consequently,
I Tull > |lull, Yu(t) e 0QrNP.

Then by Lemma 2.4, system (1) has a positive solution (u(t), fol K(¢t,s)q(s)u*(s)ds). O

In the condition (H5) of Theorem 3.1, the function f(u, ¢) is required to be nondecreas-
ing in # and ¢ for u,¢ > 0. If the function f(u, ¢) is mixed monotone in the condition
(H7), we impose a stronger requirement on the function /() in the condition (H6). Then,
similar to the proof of Theorem 3.1, we can obtain the following theorem.

Theorem 3.2 Assume (H1)-(H4) hold, and o > 1. In addition, the following conditions
hold:
(H6) h(t) satisfies h(t) =0 for t € [0,0]U [1-6,1], and

1-6 1
O</ G(—,s)h(s)ds;
A 2

(H7) f € C[R* x R*,R*], and f(u, p) is nonincreasing in u and nondecreasing in ¢ for
u, ¢ > 0. In addition, f(u, ¢) satisfies the following conditions:

) . , M
lim fi(s 39) =00, hmfi(as 25) =0

§—00 S s—0 N

’

where

1-6 1
my =0c% min / K(s,t)q(t)dT, M, :/ K(z,7)q(t)dr.
s€[0,1-0] 9 0

Then system (1) has at least one positive solution.

Theorem 3.3 Assume (H1)-(H3), (H6) hold and 0 < a < 1. In addition,
(H8) f € C[R* x R*,R*], and f(u, ¢) is nondecreasing in u and nonincreasing in ¢ for
u,¢ > 0. In addition, f(u, ¢) satisfies the following conditions:

f(O—S)MISS) f(S, WI3S) _

lim ————= =00, lim————= =0,
s—>00 s s—0 S
where
1-0 1
m3 =0 min K(s, t)gq(t)dr, M;s = / K(z,7)q(t)dr.
s€[0,1-6] Jg 0

Then system (1) has at least one positive solution.

f(s,m33)

S

Proof Since lim_, ¢ =0, there exists a n > 0 with < 1 such that
f(s,m3s) <es, forO<s<n,

where € satisfies

1
EC/ G(s,s)h(s)ds < l
0 2
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Taking r € (0, n) and setting 2, = {u € C[0,1] : ||| < 7}, then, for any u(¢) € 92, N P, we

have
1 pl
Tu(t):/o /0 G(t,)K (s, T)p(s)q(r)u(s)u*(t)dr ds
1 1
+/0 G(t,s)h(s)f(u,/o K(s,r)q(r)u"‘(r)dr) ds
1 pl
= C/ / G(s,8)K(s,T)p(s)q(z)(t) dt ds - r'**
o Jo

1 1
+Cv/0 G(s,s)h(s)f(r,/0 K(s,t)q(r)u( r) dr) ds

< %ﬂm i C 1G(s,s)h(s)f(r, - K(s,r)q(r)u“(r)dt) ds
< 3r+c [ G.9m f(r, K(s,7)g(x)o* ||u||“dr) ds
<grec G(s s)h(s)f( min, K(s,r)qmaanun“dr) ds
< % G(s S)h(s)f( mln ; K(s, T)q(t)o“ dt ~r> ds
<r- nun.

Consequently,

| Tull < |lul, Yu(t)ecd2,NP.

JM = 00, there exists a R > 0 such that

On the other hand, since lim,_, o
f(as,MSS) Z PS, VS 2 E;

where p satisfies

1-6 1
,o/ G(—,s)h(s)ds>1.
P 2

Choosing R > {5,2} and setting Qg = {u € C[0,1] : |u|| < R}, it is easy to see that

mm u(t)>o||u||—oR>R Yu(t) € 9Qzr N P.

tel0,1

Then, for all u(¢) € 92 N P, we have

( ) // ( rS>K s, T)p(s)q(v)uls)u” () dr ds
+/0 (;,s>h(s)f(u,/011((s,r)q(r)u"‘(r)dt) ds
1 1
2/0 G<%,s>h(s)f<u,/0 K(S,t)c](f)bt“(t)dt)ds
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A%
q;\;
Q

,S h(sf( K(s,t)q(t)u“(t)dr)d

,S h(s)f< K(r, T)q(t)u®(7) dr) ds

A%
q\’_‘
Q

8 ) h(s)f (o llull, Mslul) ds

Il
h
Q

NI N N= NE N

8 |h(s)pllull ds > [lul.

q\
=
Q}
Q
TN TN TN TN /N

)
)
,S)h(S)f o llull, Msl|ul®) ds
)
)

m\a
Q

Consequently,

I Tull > llull, VYu(t) € 32 NP.

Therefore, by Lemma 2.4, system (1) has at least one positive solution. O
4 Examples
In this section, we only give some examples to illustrate the main theorems when A =0
and 0 = 7

Example 4.1 Let us consider the following boundary value problem:

—u" = Pou+tu® +¢3), 0<t<l,
—¢" =u?, 0<t<l,

u(0) =u(1) =0,

®(0)=¢(1)=0

where a = 2, p(t) = £2, q(t) = 1, h(t) = t, f(u, p) = u> + ¢>. Next via some simple computa-
tion, it is easy to see that /(t) : [0,1] — [0, +00) is continuous, and

1 1 1
/0 G(s,8)h(s)ds :/0 G(s,s)sds :/0 s(1-s)ds= % < 00,

3 3
1 1 4 1 3
f4 G(—,s)h(s)ds: /4 G(—,s)sds =—>0.
1 2 1 2 64

Then (H3) and (H5) hold. Since p(t) = t* and g(£) = 1, we obtain

1

1,1 1,1
C/ / G(s,s)K(s,t)p(s)q(r)dtds5/0 /(; G(s,8)K(t,t)p(s)q(r)dt ds = $<5,

mm/ K(t,s)q(s)d. ——>0
2]

te[
So (H2) and (H4) hold. Finally, f(u, ¢) are nondecreasing in # and ¢ for &, ¢ > 0, and

y , M.
lim M =00, ]imM =0,

5—00 s s—0 S
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3
where m = g% minse[%,%] f; K(s,7)q(r)dt = 32, M = folK(r,T)q(T)dr = 1. Thus (H6)

holds. Therefore, from Theorem 3.1, the above problem has at least one positive solution.

Example 4.2 Let us consider the following boundary value problem:

3
) — 42 ¢
u =tou+iy,,

u(0) = u(1) =0,
#(0) =¢(1) =0,

where a =2, p(t) = 2, q(t) = 1, f(u, ¢) = £ and

1+u
1
0, 05t<1,
— 1\2 1 1 3
h(t) = -3+ 15t=%
0, 3ct<1

Therefore, from Theorem 3.2, it is easy to see that the above problem has at least one
positive solution.

Example 4.3 Let us consider the following boundary value problem:

_ 42 2
—u’ = t*ou + tl’fr—w,
7 1
—(/) :],[2,
u(0) = u(1) =0,

9(0) = (1) =0,

where a = %, pt)=t3 q) =1, h(t) = t, f(u, ) = %. Therefore, from Theorem 3.3, it is

easy to see that the above problem has at least one positive solution.
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