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1 Introduction
In this paper, we investigate the multi-point boundary value problem for the fractional

differential equation

‘Dy.u(t) = a(t)f(t, u(t)), 0<t<+00, (1.1)
m-2

w(0)=0,  ©90)=0,  Diu(+o0)= Bul&), (12)
i=1

where °Df, and ”Dg:l are the Caputo fractional derivatives, n —1<a <n (n>2), q =
2,3,...,n-1,0<& <& < <€yp<+oo,and B;>0,i=1,2,...,m— 2, m > 3, satisfy
0< Y2 BE < T(a).

Recently, the theory on existence of positive solutions of fractional differential equations
is a rapidly growing area of research. For more details on the basic theory of fractional cal-
culus and fractional differential equations, one can see the monographs of [1-6] and the
references therein. However, the theory of the boundary value problem for nonlinear frac-
tional differential equations is still limited to the finite interval [7-11], and many aspects
of this theory need to be explored. In the near future, there has been a significant develop-
ment on boundary value problems for fractional differential equations on infinite intervals
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[12—22]. To the best of our knowledge, results as regards the boundary problem referring
to the differential equations involving the Caputo fractional derivative on infinite interval
are relatively scarce.

Liang et al. [19] discussed the following nonlinear fractional differential equations with
multi-point boundary value problem on an unbounded domain:

D u(t) + a(t)f(t, u(t)) =0, O0<t<+00, (1.3)
m=2
w0)=u'(0)=0,  D*u(+o0) =) fu(&), (L.4)

i=1

where D, and D*! are the Riemann-Liouville fractional derivatives, 2 <o <3, 0 < & <
&r<- - <&y a<+o0,and B;>0,i=1,2,...,m—-2,satisfy 0 < ZZIZ BiEX ™ < T'(a). By using
a fixed point theorem on a cone, they obtained the existence of multiple positive solu-
tions.

Assia et al. [20] considered the following fractional boundary value problem on the half-

line:
‘Diut) =f(t,u(t),u'(t)), ¢>0, (1.5)
u(0) =4"(0) = 0, tlingo DI y(t) = au(l), (1.6)

where °D¥, and °D7! are the Caputo fractional derivatives, 2 < g < 3. By using the non-
linear alternative of Leray-Schauder and the Guo-Krasnosel’skii fixed point theorem on a
cone, they obtained the existence of positive solutions.

Liang et al. [21] investigated the following fractional boundary value problem on an in-

finite interval:

Dy (¢ (D u(2))) + a(e)f (6 u(t)) =0, 0<t<+00, (1.7)
m-2
w(0)=u'(0)=0, D 'u(+o0)=) Bu(&),  Diu(®)lo=0, (18)

i=1

where Df, is the standard Riemann-Liouville fractional derivatives, 2 <o <3, 0 <y <
Li=12....m—-2,0<& <& < - <&yun<+00, Pp(s) = s|P~2s, p > 1. They established
solvability of the above fractional boundary value problems by means of the properties of
the Green function and some fixed-point theorems.

Wang et al. [22] also investigated the problem (1.3)-(1.4), the difference is in using mono-
tone iterative method to develop two computable explicit monotone iterative sequences
for approximating the minimal and maximal positive solutions.

Our main results of this paper are in extending the results in [19] from the low order to
the high order case. In addition, our research topic involves the Caputo fractional deriva-
tive, which is different from [19]. We employ the monotone iterative method [22-25],
which is indeed an important and useful contribution to the ones used in relevant pa-
pers.

The plan of this paper is as follows. In Section 2, we shall give some definitions and
lemmas to prove our main results. In Section 3, we employ the monotone iterative method
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to establish the two computable explicit monotone iterative sequences for approximating
the minimal and maximal positive solutions of boundary value problems (1.1) and (1.2). In
Section 4, an example is presented to illustrate the main results.

In order to facilitate our study, we make the following assumptions:

(H1) f € C([0,+00) x [0, +00),[0,+00)), f(£,0) £ 0 on any subinterval of [0, +00), and
f(t, (1 + t*Y)u) is bounded when u is bounded on [0, +00);

(H2) a() : [0,+00) — [0, +00) does not identically vanish on any subinterval of [0, +00)
and 0 < [y a(t) dt < co.

2 Preliminaries
For convenience of the reader, we present here some necessary definitions and lemmas
from the fractional calculus theory.

Definition 2.1 ([3]) The fractional integral of order « (¢ > 0) ofa functionf : (0, +00) - R
is given by

i L[ f6)
%Jm‘rmuéu—WW“’

where I'(-) is the Gamma function, provided that the right side is point-wise defined on
(0, +00).

Definition 2.2 ([3]) The Caputo fractional derivative of order « > 0 of a continuous func-
tion f : (0, +00) — R is given by

1)
Fn—-a) Jy €—spr1™

‘Di+f(t) =

where I'(-) is the Gamma function, provided that the right side is point-wise defined on
(0,+00), and n = [&], where [«] is the ceiling function of «.

Definition 2.3 ([3]) Let E be a real Banach space. A nonempty closed convex set K C E
is called cone if

(1) ifxe K and A >0, then Ax € K;

(2) ifx € K and —x € K, then x = 0.

Lemma 2.1 ([3]) Let o, >0 and n = [«]. Then

‘DE P = re =t B>n,

" T(B-w)
‘D& tf=0, k=012,...,n-1
Lemma 2.2 ([3]) LetRea,ReB >0, f € LP(a,b) (1 <p < 0). Then

I8 f@) = L) = D12 £ (0),

forallt e (a,bl.Ifa + B >1, then the relation holds at any point of [a, D].
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Lemma 2.3 ([3]) Let Rea >0 and f € [P(a,b) (1 <p < 00). Then
‘DEIS () =f(2),
forallt € a,b].

Lemma 2.4 ([4]) Fora >0, g € C([0, +00)), the homogeneous fractional differential equa-
tion °Dg. g(t) = 0 has a solution

g)=a+ct+ o3t + -+t

wherec; eR,i=1,...,n,and n = [a].

Lemma 2.5 ([4]) Assume that u(t) € C[0,00) N L'[0,00) with the derivative of order n
that belongs to C[0,00) N L'[0,00), let the Caputo fractional derivative of order o > 0.
Then

I3 °Dy u(t) = u(t) + c1 + cot + 32 + -+ cut" !

)

wherec; € R,i=1,2,...,n,and n = [o].

The following lemma is fundamental in the proofs of our main results.

Lemma 2.6 ([26]) Let V = {u € Cy, ||ul| < I, wherel > 0}, V(¢) = {lft((f)_l,u € V). Then
V' is relatively compact on Cu, if V(t) is equicontinuous on any finite subinterval of
[0, +00) and equiconvergent at infinity, that is, for any ¢ > 0, there exists N = N(¢) > 0

such that

u(ty) u(ty)
a1 1| <&
1+¢ 1+15

where Coo = {u € C([0, +00), R) : sup,¢ (o, ) llz(cf)_ll <+oo} and forallueV, t,t, > N.

3 Main results
Lemma 3.1 Let h(t) € L'[0, 00) be a nonnegative continuous function. Then the boundary
value problem of fractional differential equation

‘Dy.u(t) =h(t), 0<t<+oo, (3.1)

m-2
u0)=0,  u0)=0,  Dilu(+oo) =Y pus), (3:2)
i=1
has a unique solution

u(t) = /OO G(t,8)h(s) ds,
0
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where

(t=5)2L t Y B9
F@ " ym2pe TX2pE
0 < s <min(Z &) < oo,

(t=s)*1 ¢

T@ T Yras
0<§,,<s<t<oo,

() N SR D il | i
Tl 7 y"288 D)2 pk
0<é1<s<& <t<oo,k=2,3,...

G(t,s) = ‘ ‘

¢ YT BilE-s) !
Y gE T@Y 12 pE
0<t=<s<é&<oo,
¢ EXPR BilE—s) !
S Biki Tle) Y2 Bt

_t
=) ’
:‘21 ﬂisi

0 < max(t, &,,_n) < s <00.

0<t<§&_1<s<é& <o0,k=2,3...
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Proof In view of Lemma 2.4, it is clear that equation (3.1) is equivalent to the integral

form
u(t) =I5 h(t) + ¢ + cot + 3t + -+ "

forsomec; €R,i=1,2,...,n,n=[a].

By the boundary value conditions #(0) = 0, u@

c =0, c3=C4=¢C;=---=¢, =0
and

u(t) = I§ h(t) + cot.

Applying Lemma 2.1 and the boundary condition ‘D u(+00) = Y1)

tain
‘D u(+o00) = hm (10+h(t) + D3 (eat))
= tLil}lw10+h(t) = /000 h(s)ds,
u(&;) = I h(&) + &,
consequently

fooh(S)dS L5 3 Bik(E)
Y B Y Bk

C =

(0) = 0, we imply that

, we ob-
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Substituting ¢, by its value, it yields

IR L £ =
u(t) = F(a)/o(t $)“h(s)ds + /0 h(s)ds

SR Bk
¢ S B Jo &= 5)* " h(s)ds
F(e) X757 Bk
= /OO G(t,s)h(s) ds.
0

The proof is completed.

Define Co = {1 € C([0, +00), R) : sup,c (o, 0) lt‘l(j)_ll < +oo} endowed with the norm

lulley = sup 40!
= te[0,+<>o)1"'t0t_1

Lemma 3.2 ([27]) C is a Banach space.

Define a cone K C Cy by
K ={ue Cyx:ut)>0,te[0,+0)}.

Define an operator T : K — Cq, as follows:

Tu(t) = /00 G(t,s)a(s)f(s,u(s)) ds.
0

Page 6 of 16

Set h(t) = a(t)f (¢, u(t)) in Lemma 3.1. We deduce that « is a solution of the boundary

value problem (1.1)-(1.2) if and only if it is a fixed point of the operator T

Lemma 3.3 The function G(t,s) in Lemma 3.1 satisfies the following properties:
(i) G(t,s) is continuous on [0, +00) x [0, +00);
(i) G(t,s) >0, foranyt,se (0,+00);

(iii) 0< ﬁ(ti’f)l < Zéz ﬂi,for any t,s € (0, +00).

Proof 1t is easy to see that (i) holds. So we prove that the rest are true. Let

(¢—s)! b ey Bilsi— )

e , 0 in(z, ’
R o PR v T
g(ts):(t—s)afl-'— t 0<€ s<teoo

- M —yrPge T
_ o)1 m—2 (e el
g3(tys) = (t S) ¢ _ tzi:l( IBl(Sl S)

+ )
Pl@)  Yr2g& T X’ e
0<&1<s<&E <t<oo,k=2,3,..,m-2,

b e BiEi -

t, =
T T STy

, 0<t<s<é&<oo
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Yy CE i
YrlBE T Xr’ g

0<t<é& 1<s<é& <o0,k=2,3,....,m—2,

g(t,s)

go(t,s) =

, 0 <max(t,&,-2) <s<oo.

t
S Bk
Let gk(¢,s) (k =1,2,3,4,5,6) be defined by the above formulas. We will show that

gi(t,s) >0, 0<t<s<§&<oo.

Since
£ BilEi — )%t
(t’ ) = -
b S B () Y02 Biki

A D iy 7

T gE D) Y B

_ t<F(a> - ﬁii‘“)

() Y757 Biki
>0,
we deduce

g(t,5) >0, 0<t=<s<§<oo.
By using an analogous argument, we can conclude that

gl(t, S) >0, 0<s=< min(tr 51) <00,
gz(t,S)ZO, 05%}}172 §S§t<00,
g3(t,s) >0, 0<§&_1<s<& <t<oo,

g5(t,8) >0, 0<t<& 1<s<§& <00,k=23,....,m-2,
and
go(t,s) >0, 0 <max(t&,—2) <s<oo.

Therefore, we get G(¢,s) > 0, for any ¢, s € (0, +00).

Next, we will prove (iii) is true. We will show that lgfi,if)l < Zéz 5 0<§, 2<s<t<oo.

o(ts)  (t—s)! t

1+t 1 1+ )N (w) ’ Z:ZIZ BiE(1 + te1)
(=) Y ik + T ()
S BiEQ + ) (@)

e Y Biki + (@) e Sy Bii+ ()
T BE @) T YN BET (@)
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- ta—l N t - ta—l . t

T D) YUPRE T Y BET Y BE
1 2

DYy’ (h+0= parind: )

t,5) 2
so we have 0 < £ < __2,
1+t Yt B
By using an analogous argument, we can conclude that

,0<&,0<s<t<oo.

o< 8®s) 2,2 ,
Lo R,
t,s 2

0 = gg( a—)l = m-2 4
1+¢ Zi:l Bi

< g4(t15) < 2 ,
I o ZZIZ Bi
- &(ts) __ 2 ,
B o Zi’”j B:

0 <s <min(t, &) < 0o,

0<é1<s<é <t<oo,

0

0<t<s<é&<oo,

OStSSK—1<SEEK<OO)

k=2,3,...,m—2,and

g6 (ty S) < 2

0 <max(t, &) <s<oo.
= 1 = ) ’ = 'Sm =
1+t~ Zl’zl Bi

Therefore, we get 0 < ﬂi’f)l < =% o for any s,t € (0, +00). The proof is completed. [J

i=1 Fi

Lemma 3.4 If (H;) and (Hy) hold, the operator T : K — K is completely continuous.

Proof We divide the proof into the following five steps.

Step 1: We show that T: K — K.

In view of the continuous and nonnegative of G(t,s), f € C([0, +o0) x [0, +00), [0, +00)),
and a(t) € L}[0, 00) is nonnegative, it is easy to see that Tu(t) > 0 for ¢ € [0, +00).

By condition (H;) and Lemma 3.3, for any fixed « € K, we have

u(t)
— <||lu , tel0,+00
et < . [0, +00)

and there exists Y, such that

(CICT— | TG oy (s uts)) ds
te[0,+00) JO

te[0,+00) 1+ ta_l 1+ ta_l

IA

2 o]
sup T/ a(s)f(s, (1457 us) 1) ds
te[0,+00) Zi:l ,Bi 0 1+s%
27,

542,”_25/ a(s) ds < oo,
i=1 PiJ0

so T(K) C K.
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Step 2: We show that T: K — K is Continuous
Let u, — u as n — +00 in K. Then * HSQ 1 =g s"‘ —1 as 1 — +oo on [0, 00). Hence

Tu,,(t) Tu(t)
T

~ G(t,5) ° Glt,s
/0 1+tas_la(s)f(s,u,q(s)) ds—/(; Toge la(s)f(s,u(s))

< /00 Gt,5) )[f(s, Uy, s)) f(s, u(s))|a’s
0

1+t"‘1

2 *© w1y Un(S) w1y U(S)
Sm/() a(s)L/(s,(1+s )m>—f(s,(1+s )1+Sa_l)‘ds

With the help of Lebesgue’s dominated convergence theorem and the continuity of f, we

have

(Tun)(®)  (Tu)(2)

i +1| — 0, asm— o0,
£€[0,+00) 1+¢ 1+t

I T — Tullc,, =

that is, T is continuous.

Now take 2 C K be bounded, i.e., there exists a positive constant / such that ||u||¢c,, <!/
forall u € Q.

Step 3: T(S2) is uniformly bounded.

By condition (Hj;), let

T, = sup{f(t, (1 + t“_l)u), (t,u) € [0, +00) x [O,Z]}.

For any u € Q, by Lemma 3.3, we have

|(Tu)(2)]

te[0,+00) 1+t

sup /000 Gt,s) a(s)f(s, u(s)) ds

te[0,+00) 1+l

2 °° ooy U(s)
te[O +00) Zl 12 ,6; f ﬂ(S)f<S, (1 i ) 1+ Sa_l> ds

27, o
< Zmi; 3 / a(s)ds < oo,
=1 PiJ0

I Tullc

therefore T'(2) is uniformly bounded.
Step 4: We show that T'(2) is locally equicontinuous on any finite subinterval of [0, +00).
Forany 6 >0, f,t; € [0,0] and u € Q, without loss of generality, we assume that £, > £;.
Then

‘(Tu)(fz) (Tu)(tr)
T+657t 14t

G(t2,5) G(t,s)
[ L) s [ E e (s o) as
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( G(tl N )
-
<[
0
Furthermore, we deduce that

r

G(ty,s)  G(t,s) N G(t,8)  G(t1,5)
T+280 1480 148870 14477

G(tz,S) G(tl; S)
T+6570 14571

a(s)f (s, u(s)) ds

G(tl)s) G(tl S
1+ tg"l 1+t

)a(s)f(s, u(s)) ds

G(tz,S) G(tl,S)
T+ 1457t

s (s, u(s)) ds

F((x)/ (tp — )% la(s)f(s, u(s)) ds + Zlm? BE, /000 a(s)f (s, u(s)) ds

1+t0‘
£ Y07 Bi [31 (& — 5)als)f (s, uls)) ds b o
. e - /0 (6 - 9" a(s)f (s, u(s)) ds
I 0 0 B Sy 6 = 9" als)f (s, u(s)) ds
Z;”?ﬁ,-a/o (s (s, () s + ) >0 Bt

_1+t‘“( a)/ (t2 = )" als)f (s,149) ds

- i _ ool
F(a)/o (t1 —9) a(s)f(s,u(s))ds

t o0 t o
+ Z:ﬁi B /0 a(s)f (s, u(s)) ds - Z:ﬁ; B /0 a(s)f (s, u(s)) ds

0 Y B [ (€ — 5 als)f (s, uls)) ds
F(C( anlzﬂzgt

LY By =9 als)f (s, u(s) ds
() Y07 Bt
- 1
. #(

1 a- a1y _H#0)
¥ F( ) t (tz S) 1a(s)-f(s’( 1)1:{:;1>ds‘

+ (tz__ U a(s)f(s, (1+ s""l) ) ) ds‘

)

m / 1 (k=)' = (1 - s)“‘l)zz(s)f(s, 1+ ﬂ) ds‘

1421

S Bk Jo 14501
N (ti—t) Z ﬂz foz(& s)*la(s)f (s, (1 +5* l)lfs(i r)ds )
(o) Y1 Bk
Tl t2 tl 1 ty s
< 1+ tg—l( (o) / a(s)ds + @ , (ty —5)*'a(s) ds

a(s)ds +

(ta—t1) [* (t-t) Y7 Bi Jo G =9 als) dS)
R ;) . (3.3)
Yo BigiJo L) Y 107 Bi&i
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Since 0 < fowo a(s) ds < 0o, by the integration of Cauchy’s test for convergence, we can
get

/m‘ G(ty,s)  Glty,s) als)f (s, u(s)) ds — 0,
0

1+250 1+6870

uniformly as t; — £».
Similar to (3.3), we can deduce that

T+ 1+t

/m‘ G(ti,s)  G(t,s) a(s)f (s, u(s)) ds — 0,
0

uniformly as t; — £,.
Thus, we conclude that

(Tu)(2)  (Tw)(tr)

T+t 1471

uniformly as #; — £;, and hence T(Q2) is locally equicontinuous on any finite subinterval
of [0, +00).
Step 5: We show that T': K — K is equiconvergent at co.

m=2 g g a-1 _
For convenience, we denote A = Z}j&;f% and A = Zimzlz Bi&;.

Since lim;_, o # =0, there exists N > 0 such that

ty 5]
-

<ér (3.4)

t
<p-—|+
1+t

4
1+t

for any £, > t; > Ny, &1 > 0.
o—1
Similarly, there exist M > 0, N3 > 0 such that lim;_, % =1and

(-5t (-9t 1 (tr —s)* (t—s)*t
1+t 1+t 1+t 1+t
tH—M a-1 H-M a—1
5‘1_(2 z1 ’1_(1 )—1 <& (3:5)
1+ 1+¢f
forany £, >t >N, e2>0and 0 <s <M.
Let N > max{Nj, N, }. For any u € , by (3.4) and (3.5), we have
(Tu)(t2)  (Tu)(tr)
L+t 14+t
o G(tz,s) /oo G(tlrs)
= , ds — , d.
/0 , tgfla(s)f(s u(s)) s o tf"la(s)f(s u(s)) s
0 G(ter) G(tly S)
= - , d.
[ (B - oo as
t t

i ‘A(1+t§1) A+

N CE . (ty—s)*
5/0 <‘ F@A+67) T+ a)

hA tHA
' ’ L+t @+ )ﬂ(s)f(s, u(s)) ds
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? (ty —s)*7
' /rl (‘ Fr@+sh|”
HA
’ ‘ 1+ - a +2t§’1) )“(S)f(S; M(S)) ds
HA

/-+OO tZ tl
+
t AQ+1t5 L A+ (1+t"‘ 1+ 57

b g, o e
Sfo (mJFXJrSIA) S)f<s’(1+s )1+sa1)ds
+ /:2 (1 + % + slA)a(s)f(s, (1+5*7) : _b:(:z_1> i
+ /t2+w<% +e )tl(s)f(s,( ) (s) )ds

1+
<7 &2 +81+8A a(s )ds + 1+ Lt aA tza(s)ds
=T T A 1 1 t1

+ (% + 81A> /t;oo a(s) ds)

-0

tz tl
AQ+7Y)  AQ+£T

)a(s)f(s, u(s))

uniformly as t; — £,.

In conclusion, for any ¢ > 0, there exists a sufficiently large N > 0 such that forany u € ©,

ulty)  ulty)
L+ 1+t

Vti,t, > N.
This implies that 7 : K — K is equiconvergent at co.
By the Arzela-Ascoli theorem, we see that T': K — K is completely continuous. The

proof is completed. d

Now we will list the following condition in this section:

(Hs) f(¢,-) isnondecreasing for any ¢ € [0, +00), and there exists a constant b > 0, such that

ft, @+t ) < zbf;ool Bifor (t,u) € [0,+00) x [0, D].

Theorem 3.1 Assume (H;), (Hy), and (H3) hold. Then the multi-point boundary value
problem (1.1)-(1.2) has the minimal and maximal positive solutions v*, u* in (0, b], which

can be obtained by the following two explicit monotone iterative sequences:

Vsl = /+00 G(t,)a(s)f (s, vu(s)) ds
0

with initial value vy(t) = 0,

Uil = /‘+00 G(t, s)a(s)f(s, un(s)) ds
0
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with initial value uy(t) = b. Moreover,

V0§V1§"'<Vn§"'§V*§"'

Sut = Sup <o <up <.

Proof Denote ® = {u € K, ||u|lc,, <b}. Then we have T(P) C . In fact, let u € . Then
by (H), (H3), and Lemma 3.3, we get

/0 66, a(s)f (s, u(s))

ITullc,, = sup ds

te[0,+00)

2 +00
< m/o a(s)f( ,(1+SQ_I)%> ds

+00 m-2 o
i Bido 2 [, als)ds
=b.

1+t

So T(®) C @.
Denote that v(t) = 0, v; = Ty, and v, = T?vy = Ty, for all £ € [0, +00). Since vy(£) =0 €
Pand T: P — @, v, € T(P) C ®and v, € T(P) C O. We have

vi(t) = (Tvo)(t) = 0 = vo(2),

for all £ € [0, +00).
By (Hs), for u,v € ® and u > v, we deduce

Tu(t) = /0+0° G(t, s)a(s)f(s, u(s)) ds

> / - G(t, s)a(s)f (s, v(s)) ds
0

= Tv(t).

We know that T is a nondecreasing operator.

So we have
va(t) = (Tn)(8) = (Tvo)(2) = n (1),

for all ¢ € [0, +00).
By the induction, define v,,;; = Tv,, n=0,1,2,.... The sequence {v,}’°; C T(®) C ® and
satisfies the following relation:

Vil (t) = Vn(t):

forall t € [0,+00), n=0,1,2,....

In view of T is completely continuous and v,,; = Tv,, {v,}5; is relative compact. That
is to say, {v,}2; has a convergent subsequence {v,, }?2, and there exists a v* € ® such that
— v*as k— oo.

Vi
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By the above part and v,,;1(¢) > v,(¢), for all ¢ € [0,+00), n =0,1,2,..., we can get
limy,_ o0 v, = V*.

Since T is continuous and v,.;; = Tv,,, we have Tv* = v*. That is to say, v* is a fixed point
of the operator T'.

Denote ug(t) = b, uy = Tug, and uy = T?ug = Ty, for all t € [0, +00). Since uy(t) € ® and
T:®— ®,u; € T(®)C ®,and uy € T(P) C d.

By (Hjs), we deduce

w(t) = / G(t,8)a(s)f (s, uo(s)) ds
0
-2
YN
2 e bY I B
=y ﬂ/ O s
=b= Mo(t),

/‘wo a(s)f(s, (1 + s“‘l)uo(s)) ds
0

for all ¢ € [0, +00).
Since T is a nondecreasing operator, we have

uz(£) = (Tur) () = (Tuo)(2) = w1 (2),

for all £ € [0, +00).
By the induction, define u,,; = Tu,, n = 0,1,2,.... The sequence {u,}32; C T(®) C &
and satisfies the following relation:

Unl (t) = Mn(t);

forall £ € [0,+00),n=0,1,2,....

With an analysis exactly parallel to the proving process of lim,_, o, v, = v*, we see that
there exists a u* € ® such that lim,,_, o, ,, = u*.

Since T is completely continuous and u,,,; = Tu,, we have Tu* = y*. That is to say, u* is
a fixed point of the operator T

Now, we will show that * and v* are the maximal and minimal positive solutions of the
boundary value problem (1.1)-(1.2) in (0, b].

Let ¢ € [0, b] be any solution of the boundary value problem (1.1)-(1.2). That is, T'¢ = ¢.
Noting that T is nondecreasing and vo(f) = 0 < ¢(¢) < b = uo(¢), we have v1(¢) = Tvp(2) <
¢ (t) < Tug(t) = uy(t), for all £ € [0, +00).

Similarly, we can obtain

va(£) < (2) < un(2),

forall £ € [0,+00), n=0,1,2,....
Since lim,,_, o 4, = u* and lim,_, o, v, = V¥, by the above formulas we obtain

VoSN SV Sy

Sut = Sup <o < <.



Li et al. Boundary Value Problems (2016) 2016:5 Page 15 0f 16

Since f(t,0) # 0, for all ¢ € [0, +00), 0 is not a solution of the boundary value problem
(1.1)-(1.2). We know that #* and v* are the maximal and minimal positive solutions of the
boundary value problem (1.1)-(1.2) in (0, 5], which can be obtained by the corresponding
iterative sequences in

Vsl = /+00 G(t, S)a(s)f(s, v,,(s)) ds
0

with initial value vy(£) = 0,

+00
Upyl = / G(t, s)a(s)f(s, u,,(s)) ds
0
with initial value u(£) = b. The proof is completed. a

4 Examples
In this section, we will present an example to illustrate our main results.

Example 4.1 Consider the following boundary value problem:
5
‘Do u(t) =e'f(t,u(t)), 0<t<+oo, (4.1)

W(0) = u®(0)=0,  “Diu(+o00) = %u(i) + éu(l), 42)

where a(t) = e and

1 1 u_\5
00+eh) + 10(1+t%) » uel01],
1

1 1 5

+ ( ) u>l
4 3/

100(1+£%) 10 1at3

f(t’ M) =

Here o = %

It is clear that f(¢,0) = 0 on any subinterval of [0, +00) and f (¢, (1 + t%)u) < %, SO con-
dition (H;) holds.
In view of [ a(t)dt = [ ™" dt =1, so condition (H>) holds.
Taking w(t) = ét, ¢(t) = e, b =1, by a simple computation, we have
3 .1
11 0 + 5 1

3
f(t'(1+t2)u)§ﬁ§72fo+we—fdt_4

so condition (H3) holds.
By Theorem 3.1, we see that the boundary value problem (4.1)-(4.2) has the minimal
and maximal positive solutions in (0, 1], which can be obtained by two explicit monotone

iterative sequences.
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