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1 Introduction

Recently, Conti and Di Plinio et al. [2—4] presented the notation of time-dependent global
attractors and studied the long-time behavior of the wave equations and oscillation equa-
tions in the topology space equipped with the norm related to the time, respectively. Moti-
vated by these results we investigate the existence and regularity of time-dependent global

attractors for a class of nonclassical reaction-diffusion equations

u—e(t)Auy — Au+ru=f(u) +glx), x€,
ulao =0, teR, (1.1)

u(x, ) = u. (%), > 1.

Here Q2 is a bounded set of R” (n > 3) with smooth boundary dQ2. 1 > 0, t € R, and &(¢) is

a decreasing bounded function satisfying

lim &(¢) =0, (1.2)

t—+00

and there exists v > 0 such that

suﬂg“s(t)! + |8'(t)|] <. (1.3)
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The nonlinearity f € C}(R) with £(0) = 0, is assumed to satisfy the following conditions:

lim sup& <M, VseR, (1.4)

|s|—o00 S

If'(s)| < C1+1s|72), VseR, (15)

where 1, is the first eigenvalue of —A in H}(€2), C is a positive constant.

The nonclassical reaction-diffusion equation arises as a mathematical model to de-
scribe physical phenomena, such as non-Newtonian flows, solid mechanics, and heat con-
duction [5-7]. Aifantis provides a quite general approach for obtaining these equations
(see [5, 8]).

When ¢(¢) in (1.1) is only a positive constant, the long-time behavior of solutions for (1.1)
has been extensively studied by several authors in [9-19] and the references therein. For
instance, some authors obtained the existence of global(pullback) attractors of solutions
for both the autonomous case [9, 10, 12, 14, 16] and the nonautonomous case [15, 17,
19]. Anh and Toan [18] investigated the existence and upper semicontinuity of uniform
attractor in H'(RY) for this problem; besides, they also considered the case of singularly
oscillating external forces on R [20]. The existence of exponential attractors was obtained
in [11, 13, 15]. In the general case of a time dependence, to the best of our knowledge, only
Ding and Liu [1] proved the existence and regularity of time-dependent global attractors
of (1.1) when the force term g € L2(Q) (2 C R?) and the nonlinear term f satisfies the

following conditions:

(i) lim sup& <M, VseR,

[s|—o00 S

(ii) V”(s)| <C(1+ |s|), Vs e R.

In this paper, following the general lines of the approach used in [2—4], we investigate the
existence and regularity of the time-dependent attractors for the process U(t, t) generated

by (1.1) under weaker conditions than [1].

2 Preliminaries
Without loss of generality, denote H = L2(Q) with the inner products (-, -) and norms || - ||.

For 0 <o <2, we define the hierarchy of compactly nested Hilbert spaces
H,=D(A%),  (wv), =(AZw,AZV),  |wl, = |AZw].

Then, for £ € R and -1 < o <1, we introduce the time-dependent spaces
H = Hyo,

endowed with the time-dependent norms

2

2 2
el = llully +e@lulls,;-
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The symbol o is always omitted whenever zero. In particular, the time-dependent phase
space where we settle the problem is

H'=Ho=L1%  H,=H, with|ul3, =ul®+e@)lu],
then we have the compact embeddings
H?@Ht, -1<o0<],

with injection constants independent of ¢ € R. Note that the spaces H, are all the same as
linear spaces; besides, since £(¢) is a decreasing function of ¢, foreveryu € Hyandt > 7 € R
we have
&(7)
Il < llull, SmaX{l, E}nun%qt.
Hence the norms || ””%ﬂ and || u||%_[1 are equivalent for any fixed ¢, T € R, but the equivalent
constant blows up when ¢ — +o0.

3 The main results

3.1 Apriori estimates

Under the assumptions of (1.2)-(1.5), if g € H™1(R), then using the standard Galerkin ap-
proximation method ([21]), we can obtain the result concerning the existence and unique-
ness of solution for the problem (1.1); see, for example, [6, 9, 10]. Thus, based on the sub-
sequent Lemma 3.2 we get the following results.

Lemma 3.1 Assume that (1.2)-(1.5) hold, for any u, € H., there is a unique solution u of
(1.1) satisfying

ueC([r, 8, Hy).

Furthermore, let u;(t) € H. be two initial conditions such that |u;(t)||, <R (i=1,2) and

denote by u;(t) the corresponding solutions to the problem (1.1). Then the following estimate
holds:

[ia(6) = 12D, < P a(0) =20, VEZ T, (3.1)

for some constant K = K(R) > 0.

Proof We only need to prove the estimate (3.1). Let C be a generic positive constant
depending on R but independent of u;(r). We first observe that the energy estimate in
Lemma 3.2 below ensures

|ue )|, <C i=12 (3.2)

We write u;(t) = U(t, T)u;(t), u = U(t, T)uy(t) — U(E, T)us (7). Then the difference between
the two solutions satisfies

ur—e(t)Auy — Au+ Au = f(u1) — f(ua),
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with initial datum u(t) = u;(z) — uo(t). Multiplying by 2% in L2(Q2) we obtain

d
Enﬁu%{t + 207l + (2 - & @) 17117 = 2{f (1) — f (u2), 7).

Combining with the embedding H}(Q) < L*""-? (n > 3), and according to (1.5) and
(3.2), we have

2(f 1) f (ur), )|
=2 [ (70w - )l ds =2 [ (76 + 1 O)uc)f]
@ Q

2 n=2

fc_/g(l"'|u|”4T2)|ﬁ|2d9C§CI:/Q(1+|u|n4T2)g:|n.|:‘/Q|ﬁ|2‘ﬁi| "

4/(n=2) \ =2 —n2
= C(l + ||u||L2n/(n—2))||u||L2n/(n—2) < Cllully.

Thus, we end up with the differential inequality

d o =2
Ellullyt = Cllull3,
and an application of the Gronwall lemma on [, £] completes the proof. O
By means of the Lemma 3.1, a family of maps witht >t e R
Ut t):H, — H, actingas U(t,7)u, = u(t),
define a strongly continuous process on a family of spaces {H;}:cr.

Lemma 3.2 Assume that (1.2)-(1.5) hold. For any u, € H., t > t, let U(¢, T)u, be the solu-
tion of (1.1) with initial value u.. Then there is a positive constant K, such that

luvu.|, <K, Veixr.

I,

Proof Multiplying (1.1) by 2u + 2u, in H we obtain

d
E[“ + Ml + (1+e@) lull? - 2(F(u),1) - 2(g, u)]

+ 22 [ul® + (2 - &' @) ull} - 2(f (), u) — 2(g, ) + 2[|ue|1> + 26(B) | T = 0. (3.3)
Let

E@®) =@+ M)lul®*+ (1+e@®)lulf - 2(Fw),1) - 2(g, u),

I(t) = 2 |ull® + (2 - ' @) lull} - 2{f (w), u) - 2(g, u),

it yields

d
EE(t) +1(t) <0,
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namely

E(t) < —/‘tl(s) ds + E(1),
where
E(t) = U+ Mllaee | + (14 (0)) e I} = 2(F(uc), 1) = 2(g, 14r).
In view of the condition (1.5), there are 0 < v <1 and ¢ > 0, such that

2AF(u),1) < 1 - v)ul? +¢, (3.4)

(fw),u) <@ =v)|lull} +c, YueH,. (3.5)

Thus, combining with (1.4), (3.4), and (3.5), there exist two positive constants A; and M,
such that

2 1%
E(®) = (L Mllull” + (14 e (@) lel? = A= v)lullf - e = ~liglr = 2 lully
2 v 2
> Mlull” + <§ + 8(t)) lully = M,
and
2 / 2 2 209 L)
10) = 20ul’ + (2= ' O) Jul} =200 - V)l =2 = gl — 3wl
v
> Alul® + (5 + S(t)) llull} - Mo.
So we deduce that
v
Auo)] + <5 , s(t)) @) = My
t 2 v 2
<- AHu(s) || + 3 +&(s) ||u(s)H1 - M, | ds + E(7).
T
Therefore, for any K > M,, there exists £, > T such that
v

Muteo)|? + (5 N 8(t0)> uto)|> < K.

As aresult, if  is a solution of the systems (1.1), if we let B, = Utzr U(t, 7)B;, where
2 v 2
Br = {ur € IB1'(R) : )"”u‘r” + <§ + 8(.’:)) ||ur||1 < I(},

then B, is a bounded time-dependent absorbing set of {U(¢, 7)};>.. Moreover, B; is posi-

tively invariant. O



Ma et al. Boundary Value Problems (2016) 2016:10 Page 6 of 11

On the other hand, from the above discussion, for every R > 0 there exist positive con-
stants u and £y = £ (R) such that

Mu®]+ 1+ e@) |u@®]; <u? Ve<t-t. (3.6)

3.2 The time-dependent global attractors and regularity
The main result concerning the asymptotic behavior of problem (1.1) is contained in the
following theorem.

Theorem 3.3 The process U(t,t) generated by problem (1.1) admits an invariant time-
dependent global attractor U = {A;}icr in H;. Besides, A, is bounded in 'H}, with a bound
independent of t.

In order to show that the process is asymptotically compact, we shall exhibit a pullback
attracting family of (non-void) compact sets. For this purpose, we exploit a suitable de-
composition of the process in the sum of a decaying part and of a compact one.

3.2.1 The decomposition
Under the conditions (1.4)-(1.5), like in [15] we write f = fy + fi, where fy, 4 € C(R) fulfill,
respectively, for some k > 0,

[fols)| =C(1+ |s|%), VseR, (3.7)
fo(s)s<0, VseR, (3.8)
2
M(s)’§C(1+|s|V), VseR,0<y<n+2, (3.9)

n_
lim sup& <A1, VseR. (3.10)

|s|—o00 N

Since the injection i : L*(R2) — H1(RQ) is dense, we know that for every g € H}(2) and
any 1 > 0, there is a g” € L?(2) which depends on g and 7 such that

lg =g ;1 <n- (3.11)

Let 98 = {B;(Ro)}:cr be a time-dependent absorbing set as in Lemma 3.2 and let 7 € R
be fixed. Then, for any u, € B;(Ry), we divide U(Z, T)u, into the sum

Ut T)ur = u(t) = Uo(t, T)u, + Uh(t, T)us,
where

Up(t, T)u, =V'(2), Uy (8, T)u, =w'(t),
respectively, solve the following systems:

V+e@AV] + AT+ M = fo(W) +g—g", x€X,
: + e(t)Av, SoW) +g-g (3.12)

Uo(t,T) = Uy,



Ma et al. Boundary Value Problems (2016) 2016:10 Page 7 of 11

and

W] + e(O)AW] + AW + AW = f(u) - fo(vT) + g7, x€ Q.
Ui(t,7) =0,

(3.13)

In the following, the generic constant C > 0 depends only on 8.

Lemma 3.4 Under the conditions (1.2)-(1.5), there exist two constants § > 0 and K; > 0
such that

ot T)uc ||, < Ce? D 4K, VE>T.

I
Proof Multiplying (3.12) by 2v" in H we obtain

d

LT+ @]+ 220 P+ @ - e @)} = 206(7) +¢ - v)

By (3.5), we have

2{f0 (v”),v") =2 /fo(v”)v" dx <0,
Q
and using the Cauchy and Young inequalities we get

2g-g"v") <2]g =&, |V n < g =&" 15 + |V}

In view of (1.3) we get 1 — &'(t) > &(t) > 0, thus we find

d
O+ 1)+ 22|+ e@] v < .
Taking § = min{2X,1} > 0, then

2

d
Ut o[, + 8 st 5, <

[
Applying the Gronwall lemma on the interval [, ¢] with ¢ > 7, it follows that

|Uo(t, T)uae 5, < Nae 13y, € + /6.
The proof is complete. O

Summing up, the following uniform boundedness holds:

iup[” U, t)u, ”'Hz + || Uy(t, T)u, ”'Hz + || Ui (t, T)u, ”H;] <C. (3.14)

In order to prove our further result, we also need the condition

limsupf'(s) <A1, VseR. (3.15)

|s|]—o0



Ma et al. Boundary Value Problems (2016) 2016:10 Page 8 of 11

Lemma 3.5 Under the conditions (1.2)-(1.4) and (3.15), there exists M = M(*8) > 0 such
that

sup|| LA (¢, 7)u | i3 <M.
t>1 ¢
Proof Multiplying (3.13) by 2AY3w" in H we have

d /

LW s+ e@lw 5] + 22w [y + (2 @) w5
=2(f(u) —fo (V") +g", AV3w")
=2(f(w) - f(v"), AW + 2(f (V1), AP w") + 2(g", AP w").

Using the Young equality, it leads to
2(f(0) £ (), AT} =2 [ (o) = (7)Ao d
<2 [ | (- 0(u=v)|lu- |47 ds
<c [ w4t ds < clw| 47w | < €+ 3w},

Since 3(3 )Y <1, from (3.9) it follows that

2/{A(), AW
3n+4

n 4
sc/@+pqnmmwmm§c</u+vw w{) </pW%M%4)
Q

= €O+ 17 Bonen AWy = C1+ 77 [ 42507

dewmfc+ﬂWW@’

where we have used the embedding H; = D(A 7 ) — L2 with the facts that 36:34 < n2”2 and

Hyj3 = D(AY3) — L32 . Moreover, making use of the embedding Hy/3 C L'%>(Q2), we have

1
Z(gn,Al/SWn> =< 2Hg" HLIS/B HAI/SWn HLIS/S = C”gn H lwlass < CHgn ”2 + E”Wn“i/&

As a result, we deduce

m(mwm3+s(meig+2Amwn@+«1—au»nwwigsc.

Using 1 — &(¢) > &(t) > 0, we conclude

d
dt(||wn”1/3 + 8@)”""””4/3) + 2)‘”Wn”ug + 8(t)||w77”4/3 <C.
Taking § = min{2X,1} > 0, we have

d 2
E || ul(t; T)ur

||7‘Lt + 8” UL (¢t T)u, H?—t; <C.
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Applying the Gronwall lemma on the interval [z, £] with £ > T we obtain
2 s(t—
|th(t D [0 < e 5056 + Cl.
The proof is complete. d

3.2.2 Existence of the invariant attractor
In line with the Lemma 3.5, we consider a family of K = {K}};cr, where

K, = {u(t) e H}? : ””(t)HH}B <M.

It is clear that K, is compact since embedding H!® € H, is compact; besides, since the
injection constants are independent of ¢, X is uniform. Finally, Lemma 3.2, Lemma 3.4,
and Lemma 3.5 imply that X is pullback attracting; indeed,

8¢(B:(Ro), Ky) < Ce, Ve>1,

where 8,(B, C) is the Hausdorff semidistance of two nonempty sets B, C.

Hence the process U(¢, ) is asymptotically compact, which proves the existence of the
unique time-dependent global attractor U = {A;};cr. The invariance of U follows by the
strong continuity of the process stated in Lemma 3.1.

3.2.3 Regularity of the attractor
The minimality of U in K establishes that A; C K; for all £ € R. Therefore, we immediately
obtain the following regularity result.

Lemma 3.6 A, is bounded in H'® (with a bound independent of t).

To prove that A, is uniformly bounded in !, as claimed in Theorem 3.3, we argue
as follows. Fix t € R, for u, € A;, we split the solution U(t, t)u, = u(t) into the sum
Uo(t, T)u, + Uy (t, T)u,, where Uy(t, T)u, = v'(¢t) and Ui (¢, T)u, = w'(t), instead of (3.12)-
(3.13), solving, respectively,

Vi +e(AV] + AV + =g —9g", xeQ,
t (H)Av, g£-& (3.16)
Uo(t,7) = us,
wi + e(AW] + AW + W' = f(u) +g", x€ X,
¢ +e(t)Aw; f(u)+g (3.17)
Ul(T, T) =0.
As a particular case of Lemma 3.4, we know that
|tho(t,)u. ”7—[1 <Cet 4 n?ls, V>t (3.18)
t

Lemma 3.7 Under the assumptions (1.2)-(1.5), the following estimate holds:

sup | Ui (t, )tz | 0 < My
t>1 t

I

for some M; = My (U) > 0.
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Proof Multiplying (3.17) by 2Aw" in H we obtain

d

LW I+ e@w ]+ 22w 7+ 2= £ @) w7 [ = 2{f o) + g7, Aw?).

Together with embeddings H; () < L%(R2), Lemma 3.2, and (3.15), we have
2[{f (), Aw")| =2 /Q /() Vi - AV | de < 20, /Q Vi AV dx
< 2|Vl [ AW < C o 2 [
2g", aw') < 2[g" || 4w’ | < 4lg"|* + %IIW”II%
Therefore, we conclude
d . o 2 > / 2
W+ e@]w]y) « 22w [ + Q= @) [w], < C.
From (1.3) we have 1 — ¢/(¢) > £(¢) > 0, so we deduce
d 2 2
E” U (t, T)u, ||H} + 8| Uh (8, T, ||H} <C.
Applying the Gronwall lemma on the interval [z, #] with ¢ > 7, we obtain
[t vue 5 < Ny €77 + CIs.

The proof is complete. d

Proof of Theorem 3.3 For all £ € R, inequality (3.18) and Lemma 3.7 imply that
lim §,(U(t,T)A.,K}) =0,
T——00
where
K} = {ule) € 3+ 0]y < M1 ).
Since U is invariant, this means
8:(AnK}) =0.

Hence, A; C K} = K}; that is, A, is bounded in ! with a bound independent of £ € R. [J
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