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Abstract

This paper deals with the global existence and boundedness of solutions to the
following quasilinear attraction-repulsion chemotaxis system:

Uur=V-DWVu) -V - (xuvv)+ V- Euvw), xe,t>0,
0=Av+au-8v, xe2,t>0,
0=Aw+yu-48w, xe2,t>0,

under homogeneous Neumann boundary conditions in a bounded domain 2 C R”
(n = 2) with smooth boundary, where D(u) > cpu™ " with m > 1 and some constant
¢p>0.ltis proved thatif §y - xa >00rm>2- % then for any sufficiently regular
initial data, this system possesses a unique global bounded classical solution for the
case of nondegenerate diffusion (i.e, D(u) > 0 for all u > 0), whereas for the case of
degenerate diffusion (i.e, D(u) > 0 for all u > 0), it is shown that there exists a global
bounded weak solution under the same assumptions.

MSC: 35K55;35Q92; 35B35; 92C17
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1 Introduction
Chemotaxis is widespread in nature. It describes the oriented migration of cells or bacteria
toward the concentration gradient of a chemical substance. In 1970, Keller and Segel [1]
derived the well-known and widely studied Keller-Segel attractive model. The most obvi-
ous feature of this system is that the solution may blow up in finite time (see [2-9] and
references therein). Hillen and Painter [5] suggested the chemotaxis model with nonlin-
ear diffusion and aggregation by considering the volume-filling effect. Therefore, there are
many papers on the global existence or finite time blow-up of solutions (e.g,, see [10-23]).
In many biological processes, the migration of cells or bacteria is generally influenced
by a combination of attractive and repulsive chemicals [24, 25]. The scholars in [26, 27]
have proposed the corresponding attraction-repulsion chemotaxis model

uy=Au—-V-(xuVv)+ V- (EuVw), xe€Q,t>0,
vy = Av+au— By, xe€Q,t>0, (1.1)
TWe = AW+ yu —ow, xe€2,t>0,
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under no-flux boundary conditions, where 2 C R” is a bounded domain with smooth
boundary. Here x >0, >0,a¢>0,8>0,y >0,8>0,and 7 = 0,1 are parameters. The
unknown functions u(x, t), v(x,t), and w(x,t) denote the cell density, the concentration
of an attractive signal, and the concentration of a repulsive chemical, respectively. If we
take & = 0, then model (1.1) is the classical attractive Keller-Segel model. The first cross-
diffusive term and the second in the first equation of (1.1) mean that the movement of the
bacteria is directed toward the increasing concentration of an attractive substance and
away from the increasing concentration of a repulsive chemical, respectively. The second
and third equations in model (1.1) indicate that chemoattractant and chemorepellent are
produced by cells and have attenuation. There are fewer results for (1.1) than the classical
attractive Keller-Segel model, mainly since the latter possesses a useful Lyapunov func-
tional whereas the former does not admit such a functional. When # =1 and 7 =1, the
global existence and asymptotic dynamics of solutions of (1.1) were studied by [28, 29].
Whenn=2,7=1,and £y — xa > 0, the model (1.1) possesses a unique global bounded
classical solution with any sufficient regular initial data (see [30, 31]). When n = 2 or 3,
7 =1,and £y = xo, Lin et al. [32] proved that (1.1) admits a unique global bounded clas-
sical solution, and large time-behavior is considered. When 7 = 0, the global solvability,
critical mass phenomenon, blow-up, and asymptotic behavior were studied in [33, 34].
Recently, Jin and Wang [35] studied the boundedness, blow-up, and critical mass phe-
nomenon of solutions to a variant of (1.1) for n = 2. Liu et al. [36] also studied the pattern
formation of model (1.1) with t =1 from both analytical and numerical aspects.

To the best of our knowledge, presently, there is no rigorous result on the attraction-
repulsion chemotaxis model with nonlinear diffusion. Thus, this paper mainly aims to
understand the competition among the repulsion, the attraction, and the nonlinear diffu-
sion. Precisely, we will consider the global existence and boundedness of solutions to the
following quasilinear attraction-repulsion chemotaxis system of parabolic-elliptic type:

u,=V-(Dw)Vu) =V - (xuVv) + V- (EuVw), x€Q,t>0,

0=Av+au- By, xeQ,t>0,

0=Aw+yu-3dw, xeQ,t>0, (1.2)
du _ dv _ dw _

H==20=0, x€dQ,t>0,

M(xi 0) = M()(x), X € Q,

where Q C R” (1 > 2) is a bounded domain with smooth boundary 9€2, and 9/9v rep-
resents the derivative with respect to the outer normal of 2. As usual, we assume that
Xx,& > 0 and that «, B, y, and § are positive parameters. For the diffusion coefficient D, we
assume that

D e C*([0,00)) (1.3)
and there exist some constants ¢p > 0 and m > 1 such that

D(u) > cpu™  forall u> 0. (1.4)

In addition to (1.3) and (1.4), we will require that D(u) satisfy

D(u)>0 forallu>0 (1.5)
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in some places. In particular, when D(x) does not satisfy (1.5) (i.e., D(¢) > 0 for all « > 0),
equation (1.2); may be degenerate at u = 0.

We will show that we can allow for the case of attraction dominating the repulsion (i.e.,
&y — xa < 0) and still obtain global existence results due to the nonlinear diffusion. Thus,
our results confirm that the attraction-repulsion system with nonlinear diffusion can pre-
vent blow-up of solutions in higher dimensions as mentioned before.

We now state the main results of this paper.

Theorem 1.1 Let Q@ C R” (n > 2) be a bounded domain with smooth boundary. Assume
that ug € Wh®(Q) is a nonnegative function and D(u) satisfies (1.3), (1.4), and (1.5). Sup-
pose that

2
Ey—xa>0 or Ey—xa<Oandm>2-—.
n

Then there exists a unique nonnegative bounded solution (u,v,w) belonging to C°(Q x
[0,00)) N C*L(Q x (0,00)) that solves system (1.2) classically.

Remark 1.1 Theorem 1.1 shows that the solution is still global, provided that the diffusion
is strong enough even if the attraction prevails over the repulsion, which provides a sup-
plement to the dichotomy boundedness vs. blow-up in attraction-repulsion chemotaxis

equations of parabolic-elliptic type with nonlinear diffusion.

Remark 1.2 For n = 2, Theorem 1.1 also shows that both the attraction and repulsion

cannot result in blow-up when the linear diffusion is replaced by a nonlinear one.

For the case of D(u) only fulfilling (1.3) and (1.4), since equation (1.2); with 7 > 1 may be
degenerate at u = 0, system (1.2) does not admit classical solutions in general as the porous
medium equation does. However, we can prove that system (1.2) in this case possesses at
least one nonnegative global bounded solution (i, v, w) in the following weak sense.

Definition 1.1 Let T > 0. Then a triple of nonnegative functions (u, v, w) defined on Q x
(0, T) is called a weak solution to (1.2) if

(1) u e L>((0, T);L>(2)) and D(u)Vu € LE,_((0, T); L*(R)),

(2) veL®((0,T); W-°()) and w € L®((0, T); Wh>*(Q)),

(3) (u,v,w) satisfies (1.2) in the distributional sense, that is, for every

p e CP (2 x [0,7)),

T
/ / (D)Vu-Vo - xuVv-Vo + EuVw- Vo —up,) dxdt
0 Je

= / uo (x)g(x, 0) dx,
Q

T T
/ f(Vv-Vgo +,Bv<p)dxdt:/ / aup dxdt,
0o Jo 0o Ja

T T
/ /(VW-Vgo+8W<p)dxdt:/ /yu(pdxdt.
0o Ja 0 Ja
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If (1, v, w) is a weak solution to (1.2) on  x (0, T) for all T € (0, 00), then (i, v, w) is called
a global weak solution to (1.2).

Theorem 1.2 Let Q C R” (n > 2) be a bounded domain with smooth boundary. Assume
that uy € Wb*(Q) is a nonnegative function and that D(u) satisfies (1.3) and (1.4). Suppose
that

2

Ey—xa>0 or Ey—-ya<Oandm>2-—.

n
Then there exists at least one nonnegative global weak solution (u,v,w) to system (1.2).
Moreover, (u, v, w) satisfies

””‘("t) ”LOO(Q) + ”V("t)HLOC(sz) + HW("t) HLOO(Q) <C forallt>0,
where C > 0 is a constant independent of t.

The rest of this paper is organized as follows. In Section 2, we first prove the local exis-
tence and uniqueness of a solution to system (1.2) and then give mass estimates. In Sec-
tion 3, we give some fundamental estimates for the solution (u, v, w) to system (1.2) and
then prove Theorem 1.1. In Section 4, we establish the existence of global bounded weak
solutions to system (1.2).

2 Preliminaries
In this section, we first state the local well-posedness of system (1.2) and then give the
mass estimates.

Lemma 2.1 Assume that uy € WY*(Q) is a nonnegative function and D satisfies (1.3),
(1.4), and (1.5). Then there exist Tmax € (0,00] and a unique triple (u,v,w) of nonneg-
ative functions from C°(Q x [0, Tmax)) N C*HQ x (0, Tmax)) solving (1.2) classically in
Q x (0, Tyax). Moreover,

if Tax < 00,  then Hu( — 00 ast— Tmax. (2.1)

D)

Proof (i) Existence. Let T € (0,1), which is specified below. We define

Sr = {u e X| ”u(~,t) ”LOO(Q) < |lugllro(q) + 1 =: R for all t € [0, T]},
which is a bounded closed convex subset of space X := Co%2 x [0, T)).
For any given # € St, there exists a unique (v, w) such that v and w solve the following

elliptic equations

-Av+Bv=au, x€Q,te(0,T), 2.2)

-, x€dQte(0,T), '
and

-Aw+Sw=yn, xe€Q,te(0,7), 2.3)

w g, x€dte(0,T), '
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respectively. Then we can find a unique u solving the following parabolic equation:

u,=V-(D@)Vu) +V - [(=xVv+EVwu], xe€,t€(0,T),

u =0, x€9Q,te(0,7), (2.4)
M(x, O) = MO(x)¢ x € Q.

Thus, we can introduce a mapping ® : (€ St) —> u by defining ® (i) = u.

We next show that ® has a fixed point for T sufficiently small. The elliptic regularity
[37], Theorem 8.34, implies that (2.2) admits a unique solution v(-, ) € C'*%(R2) for some
6 € (0,1). Similarly, (2.3) also possesses a unique solution w(-, ) € C**?(R2). Moreover, the
Sobolev embedding theorem and the L” estimates yield that

IVVileo@xom) = Cllvilzeeo,ryw2e) < Callillzoo,myer )

and

IVWliLoo@x (0,1 < Cillwll oo 0,1 w2r () < Callitlloo(o, myzr ()

with p > n and some constants C; > 0 and C, > 0. It then follows from [38], Theorem 6.1,
that u € C*2(Q x (0, T)) with

< Cs (2.5)

[l
(@x(0,7))

s
for some 6 € (0,1) and C3 > 0, where C3 depends on ming<s<g D(s), [ V|l ;o0 (0,7.ct @) and
” VW”LOO((O,T);C‘Q (Q)) Thus, we Obtain

(-, 2) ||Loom) < lluollzooqy + [l ) — uo ||LOO(Q) < lluollzeo) + Cst?.

Hence if we take T < (CLB)%, then
(-, 8) ||LOO(Q) < lluollz=i@ +1=R forallte[0,T], (2.6)

which implies that u € S7. Then we conclude that ®(S7) C S and ®(Sr) is compact in
St by (2.5). Moreover, we can easily deduce that ® is a continuous operator. Thus, the
Schauder fixed point theorem gives that there exists at least one fixed point u € St of ®.

(ii) Regularity and nonnegativity. By the elliptic regularity theory we see that v(,¢) €
C2*0(Q) and w(-, £) € C***(Q). It then follows from (2.5) that v(x,£) € C***3 (X x [, T])
and w(x, t) € C2+9'%(Q x [n, T]) for all n € (0, T). The parabolic regularity theory [38],
Theorem 6.1, entails that

[

ux,t) € C*"1*2(Q x [, T1) forallne(0,T).

We may prolong the solution to the interval [0, Tp,x) with either T, = 00 or Tiax < 00,

where, in the latter case,

(> 0) ||LOO(Q) — 00 ast— T
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Finally, the parabolic and elliptic comparison principles ensure the nonnegativity of i, v,
and w.

(iii) Uniqueness. The proof for the uniqueness of solutions to system (1.1) is inspired by
a method in [23]. We suppose that (1, v1, ;) and (uy, vo, w,) are two classical solutions to
system (1.2) in Q x (0, T') with the same initial data. Fix T} € (0, T).

It is clear that v; — v, satisfies the equation

A —v2) + B(vi — v2) = a(ug — up). (2.7)

Thus, we differentiate (2.7) on ¢ and then take v; — v, as a test function to have

2dt/’v dx+——/|v1—1/2| dx

= — ), (v —vy)d
a/g;(”l uz)e(vi — o) dx
=—a /Q V(A(ul) —A(ug)) V(i —wv)dx+ay /Q(uIVVl — Vo) - V(vy — vy) dx

-k /s;(mel —usVwy) - V(v —vy) dx (2.8)

forany ¢ € (0, T1), where A(s) = fos D(s) ds. For the first term on the right-hand side of (2.8),

we obtain from the mean value theorem and the Young inequality that

- a/ V(A(ul) —A(uz)) V(v —vy)dx
Q
= oz/ (A(ul) —A(uz)) Ay —vy)dx
Q
- o / (A1) — A1)t — 113) dx + B f (AGn) = A1) (1 - v2) dx
Q Q

zaﬁc4/(ul_MZ)(VI_VZ)dx_C(ZCAL/Q(Ml_uZ)de

C 2
< 42'3 —uy|*dx (2.9)

Q
[v1

Q

for some positive constant Cy € [D(s1), D(s3)], where

s1 2= min{ |1 [l oo @x (0,70 |42 ll2(@x 0,71} and
$3 1= max{|lu1 || oo (@x (0,10, |42l 2 @x(0,71)) }-

For the second integral on the right-hand side of (2.8), we can use the Holder’s inequality

to have

ay f (1 V1 — Vo) - V(vy — vy) dx
Q

1

1
2 2
<ay </ |u1Vv1—u2VV2|2dx> (/ |V(v1—vz)|2dx> . (2.10)
Q Q
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Notice that |uy| < Cs, |Vvy| < Cg, and |Vw;| < C; with some positive constants Cg, Cs,
and C; in Q x (0, T1). Thus,

/|u1VV1—u2sz|2dx
Q
52/ |u1—u2|2|Vv1|2dx+2/ u§|V(v1—vz)|2dx
Q Q

< 2C§/ |u1—u2|2dx+2C§/ |V(v1 —vz)‘zdx. (2.11)
Q Q
Inserting (2.11) into (2.10) and using Young’s inequality, we obtain

ax / (1 Vv — s Vi) - V(v — va) dx
Q

§axx/§<C§/;z|u1—u2|2dx+C52/Q|V(v1—vz)|2dx>2(/Q|V(V1—vz)|2dx>
Eaxﬁ(Q(/ |u1—u2|2dx>7
Q
+C5</Q|V(v1—1/2)|2dx>7></9|V(V1—1/2)|2dx>7
saxﬁQ(/ Iul—uzlzdx>2</|V(V1—V2)|2dx)2
Q Q

+ axﬁ@/ |V(v1 - V2)|2dx
Q

1
2

2C 4 2c2
§a 4/ |u1—u2|2dx+< X 6 +ax«/§C5)/’V(v1—V2)}2dx. (2.12)
8 Ja Cq Q

Similarly, we can conclude that

—O{E / (u1Vw1 - MzVWz) . V(Vl - Vg)dx
Q

2 272
_ %G 482C2

2
- dx +
= /Q|u1 Uy |“ dx

+aE~N/2Cs (f |V(n —m)[* dx> ’ (/ V(w1 - wy)|? dx) i (2.13)
Q Q

/ |V(v1 — V2)|2dx
Q

To estimate the last integral in (2.13), we notice that w; — w; satisfies the equation
—A(w1 —wy) + 8(wi —wy) = y (11 — up).

Taking w; — w, as a test function, we obtain

/ ‘V(wl - wz)yzdx =y / (1 — ) (w1 —wp)dx -6 / (wy — wy)? dx, (2.14)
Q Q Q
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which, together with Young’s inequality, yields that

2
/|V(w1—Wz)|2dx§5/ |w1—wz|2dx+y—/ |u1—u2|2dx—6f w1 — ws|* dx
Q Q 43 Jq Q

2
= % /Q |ty — us|? dx.

Thus, the last term in (2.13) can be estimated as

otS\/iCs(‘/|V(v1—V2)|2dx>§</|V(w1—wz)|2dx>2
Q
£22C2

80( C4

/|V(W1 W2)| dx +

2C 2,22
< ¢ 4/ |ul—u2|2dx+g r G /\V(vl—vz)|2dx. (2.15)
8 Ja 3Cy  Jg

Summarily, combining (2.8), (2.9), (2.12), and (2.15), we obtain

2dt/|v vz) dx+—d—/ [vi — vp|? dx+ 4/Q|u1—u2|2dx

4x2C:  48°C £2)%C2 2
< 2C, V(i - d.
=< ( G + s + 5Cs +axv/2Cs /S;| (n V2)| x

—w|?dx.

By Gronwall’s inequality we derive that v; = v, and u1 = u; in Q x (0, T1). By (2.14) we also
have w; = wy in Q x (0, T1). Hence, v; = v5, 4y = iy, and w; = w, in Q x (0, T) due to the
arbitrariness of T7 € (0, T'). This implies the uniqueness of solutions. O

The following lemma deals with the mass identities.

Lemma 2.2 Let the assumptions in Lemma 2.1 hold. Then the classical solution (u, v, w) of

(1.2) fulfills

(- t)”L1 =luolpq forallt € (0, Tmax), (2.16)
v ) 1 = Enuony(m forall t € (0, Trax), (2.17)
[ 8) 30y = S lttollireyfor all ¢ € (0, Tin) (2.18)

Moreover, we have
u(x,t)>0 forallxe Q,t>0, (2.19)
provided that ug > 0.

Proof We integrate each equation of (1.2) with respect to x € 2 and then obtain

d
—/udeO, a/udx:ﬂfvdx, and y/udx:B/wdx
dt Jo Q Q Q Q

Page 8 of 22
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for all £ € (0, Thax)- It is clear that (2.16)-(2.18) hold. By the maximum principle, we obtain
the positivity (2.19) of u. O

3 Global bounded classical solutions in the case of nondegenerate diffusion

In this section, we mainly investigate the existence of global bounded classical solutions
to system (1.2) with nondegenerate diffusion. We first consider the case that the repulsion
prevails over the attraction (i.e., £y — xa > 0).

Lemma 3.1 Assume that £y — xa > 0. Suppose that uy € W-*(Q) is a nonnegative func-
tion and D satisfies (1.3), (1.4), and (1.5). Then, for any p > 5, there exists a constant C >0
independent of t such that the solution (u,v,w) of (1.2) fulfills

/ w(x,t)dx < C forallt € (0, Tmax)- (3.1)
Q

Proof We multiply the first equation in (1.2) by ##~! and integrate by parts over 2 to have

1d
-z P
pdt_/gux

:/Qup‘lv-(D(u)Vu) dx—/

WV - (xuVv)dx + / W’V - (EuVw)dx
Q

Q

-1
= —(p—l)/ W2D(u)|Vul? dx + u/ Vi’ - Vvdx
Q V4 Q

-1
_p-1E / Vil - Vwdx
p Q
-1
-—(p- 1)/ WD) | Vul? dx + 2= / WP (=x Av + & Aw) dx
Q b Ja
for all £ € (0, Tpax)- Thus, from the second and third equations in (1.2) we obtain
d -2 2
— | #dx=-pp-1) | u’Du)|Vu|”dx
+ o= [ wledw— Gy - - xpv]ds (32
Q

which, together with v > 0, yields that

i updxf—(éy—xa)(p—l)/up+1dx+$8(p—1)/upwdx. (3.3)
dt Q Q Q

By £y — xa > 0 and Young’s inequality we deduce that

sa(p-n/ Wwdx < w(p—l)/ W dx + le WP dy, (3.4)
Q 2 Q Q
where C; := &8 % [%]p . Substituting (3.4) into (3.3) yields

d _
—/ updxf—w(p—l)/up+1dx+C1/wp+ldx‘ (3.5)
dt Q 2 Q Q
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Following a similar procedure as in [33], we go to estimate the term [, w”*! dx. Here we
give a sketch for completeness. Since w solves

—-Aw+dw=yu, x€€,

3.6

=0, x€0Q, 3:6)
where § > 0 and y > 0, we can apply L? estimates [39, 40] on (3.6) to obtain

”w(-, t) H werg) = C, ” u(-,t) ||me) for all £ € (0, Trax) (3.7)

with some constant C; > 0. Then by the Gagliardo-Nirenberg interpolation inequality [41]
and the L! estimates of w (Lemma 2.2) we find that

1) 1)(1-6 1
/ WP dx < G| D] 0 w2000 4 ol
Q

< Callulllyigy + Ca forallt € (0, Tonw) (3.8)

with some constants C3 > 0 and C, > 0, where

oo L
1+

XN
SC

Since p > 7, it is easy to check that 6 € (0,1) and (p + 1)0 < p. Hence, using Young’s in-
equality twice, we have

/Qw’”l dx < Ca(|lullp(gy +1) + Ca

Q p
<C, K/ u‘“ldx+u p +2C,
Q p+1llkp+1)

= C4K/ wWhdx + Cs(k)  forall £ € (0, Tax)- (3.9)
Q

Substituting (3.9) into (3.5), we obtain

d
E/ ufdx < - §v - X —= (- l)fu”+1dx+C1C4K/ P L dx + CCs (k).
Q Q

Then by taking
_Ey—x)p-1)
4C1Cy
we have
a [ , §y —x« il
— | Wdx<-—"—p-1) | " dx+Cs forallte (0, Tmx) (3.10)
dt Jq 4 Q

where Cq := C;Cs. By Young’s inequality again, we obtain

§y —xa " Q| 4p 4
Jorars T o [otan B | .
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for t € (0, Trmax). Thus, we conclude that

d
— f u? dx + / wWdx <C; forallte (0, Tmaw), (3.12)

1]

o Balr____ 2
Where C7 = C6 + il [(Ey—)(ot)(p2*1)]

?. By Gronwall’s inequality we have

/ uP(x,t) dx < max{/ uf dx, C7} for all £ € (0, Timax),
Q Q

which implies the desired uniform estimates. d
Next, considering the case that the attraction dominates over the repulsion, we can de-

duce a similar uniform estimate under the assumption of m > 2 — % We will show that the

stronger diffusion plays a key role in deducing such a uniform bound.

Lemma 3.2 Assume that £y — xa <0 and m > 2 — 2 . Suppose that ug € WLO"(Q) isa

nonnegative function and D satisfies (1.3), (1.4), and (1. 5) Then, for any p > 7, there exists
a constant C > 0 independent of t such that the solution (u,v, w) of system (1.2) Sfulfills

/ ux,t)dx < C forallt € (0, Trmax)- (3.13)
Q
Proof Combining (3.2) with (1.4), we derive
d 4CD(p l)p / p+m 1
adl 'y
dt /Q wars (p +m—1)? |
+ (p—l)/ W [E8w + (xa — Ey)u— xBv]dx
Q
for all ¢ € (0, Tax). This, along with v > 0, yields
el [
dt Jq (p +m—1)?
+(p- 1)58/ wWwdx+(p-1)(xa - Ey)/ P dx.
Q Q

By Young’s inequality we obtain

a uf dx < — dep(p - l)p/|

< /up+1dx+C2/ wPldx, (3.14)
(p+m 1 Q Q

where Cy := (p - 1)(xa — £y + £8) and C; := (p — 1)&4. Similarly to the deduction of (3.8)
in Lemma 3.1, we find that there exist some constants C3 > 0 and C4 > 0 such that

1) 1)(1-0 1
/ Wl d < 3| DPw| & [l e + Callwilin,

< Callullfyigy + Ca forallt € (0, o),



Wang Boundary Value Problems (2016) 2016:9

where (p +1)0 = np+2p —€(0,p)byp>3
,LWHMSCMM@@+D+Q
gc«/ﬂﬁ“¢wu90+2a
Q
= C4/ wdx + Cs forall ¢ € (0, Timax),
Q

where Cs := C4(|€2| + 2). Hence, inserting (3.15) into (3.14), we obtain

4 1 =
upd CD(p )p/|V 1|2dx+C6/u"”'lafx+C7,

where Cg := C; + C,Cy and C; := C,Cs. Sincep > £ and m>1,wehavep >

and then obtain

2 2(p+1)
p+m-—1

2n
< .
n-2

<
p+m-1

Page 12 of 22

Using Young's inequality twice yields

By the Gagliardo-Nirenberg inequality we derive that there exists Cg > 0 such that

2(p+1)
1 p+m -1 =1
./ whdx=|u2 | o)
e LT (@)
p+m -1 01 p+m-1 1-61 L‘*_l)
< Cg(||Vu u 2 prm-l 4 Cgllu
N N T S e
20 (p+1)
< Cy HVu p”” Pl Co o forall £ € (0, Toax),
where
ptm=1 _ p+m-1
2 2(p+1)
91: l_l+p+m_1 (0,1)
n 2 2
and

(1-61)(p+1)
Co —max{C8||u|| 1)(p+ C8||u|

Since m > 2 — %, we have

= poml

200(p+1) p p
p+m—1 %+ >

1_
n

Thus, we use Young’s inequality to derive

(p+l

Q/M“Wf@@Wu +C6Co
Q

2CD(p 1

<Gam- 1>z/|

(1-61)(p+1) 1
} IIlaX{Cg”Mo” 1 ) C8||u0||1]ir(g)}

(3.15)
(3.16)
) 2 2
> n— Vznn
2(p+1)
” p+m prm—-1
Lp+m prm—1 (Q)
(3.17)
(3.18)



Wang Boundary Value Problems (2016) 2016:9

where

01 (p+1)
ptm-1 2c -1 T prm=1-0] (p+1)
ClO = C6C9 + (C6C9)p+m—l—91(p+l) M ! .
(p+m-1)2

Inserting (3.18) into (3.16) yields

d 2cp(p-1)p
ZEL”“M— p+m- sz‘

where Cy; := C; + Cyp. Since p > g and m > 1, it is easy to check that

for all £ € (0, Tyax), (3.19)

2 2p 2n
< < .
p+m-1 p+m-1 n-2

By using the Gagliardo-Nirenberg inequality again, we can find a constant Cj; > 0 such
that

pemol | 2D

P _ p+m-1

/ ufdx = Hu 2 N
Q Lp+m—1 (Q)

292 srm—1 p+m 1 2p(1- g%) p+m-1 —ZP 1
- - =
< Coo| V"5 | ) |75+ Gl
()] Lprm=2(Q)
<Ci;s ||Vu ”5275')1 +Cy3 forall ¢ € (0, Trax), (3.20)
where
1
p+m-1 1=
0> 5 11, pod €(0,1)
n 2 2
and
(1-62)
Ciz3 = maX{C12||Mo||L1(92p Cialluo|?, }
. 2 260p  _ p-1 p-1 _ 2(p-1) .
Since m >2 — =+, we find that pam1 = 1], < l_%+p+2—%—1 == < 2. Thus, using
n

Young’s inequality yields that

2¢p(p - 1)p /‘ prm-1
p

u < —— Vu
Ity = 07 =gyt .|

(3.21)

where

—ezp + 11
C14 = 7@ - 1)2 prmar Cljfynil_ézp + C13.
2cp(p-1)p

Substituting (3.21) into (3.19) yields that

d
— / uf dx + / wdx < Ciz forall £ € (0, Tmax), (3.22)

Page 13 of 22
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where Cis5 := Cy; + Cia. Thus, using Gronwall’s inequality, we have

/ u’ dx < max{/ uf dx, Cls} for all £ € (0, Tyax),
Q Q

which implies the desired uniform L? estimates. O
We now turn to the existence of global bounded classical solutions.

Proof of Theorem 1.1 According to the L? estimates of w (see (3.7)), we obtain from Lem-
mas 3.1 and 3.2 that

sup ||w(~,t) || w2r) = C, forallte (0, Thax)
0<t<Tmax

with some positive constant C;. Then, by choosing p > n, from the Sobolev embedding
theorem we can derive that there exists a constant C, > 0 such that

sup H vVw(.,

0<t<Tmax

£) Hmm <C, forallte (0, Tpa). (3.23)

Similarly, there exists a constant C3 > 0 such that

sup [ Vv, 8)| ooy = €3 forallt € (0, Thpax)- (3.24)

0<t<Tmax

With the aid of Lemmas 3.1 and 3.2 and using Lemma A.1 in [20] (see also [42]), we can
conclude that there exists a positive constant C, > 0 such that

||u(-, t) ||LOO(Q) <Cy forallte (0, Thax), (3.25)

which, together with the extensibility criterion (2.1), implies that T, = +00. Thus, (u, v, w)
is a global bounded classical solution to system (1.2). O

4 Global bounded weak solutions in the case of degenerate diffusion

In this section, we consider system (1.2) with degenerate diffusion (i.e., D(x) > 0 for all
u > 0). We first consider the following regularized system with nondegenerate diffusion
for € € (0,1), which satisfies all the formal arguments:

Ut =V - (De(e)Vite) =V - (x4 VVe) + V- (Eu V), x€Q,t>0,

0= Av, +au, — Bv, x€Q,t>0,

0=Aw, +yu, —éw,, x€Q,t>0, (4.1)
dup _ dve _ Owe _

Ge=ge=5:=0, x€dQt>0,

ue(%,0) = uo(x), xe€Q,

where D; is defined by
D,(s):=D(s+¢) foralls>0.

Thus, D, satisfies (1.3), (1.4), and (1.5). The following proposition is a direct consequence
of Theorem 1.1.
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Proposition 4.1 Let ¢ € (0,1), and let uy € W»*(Q) be a nonnegative function. Suppose
thatéy — xa>0o0réy —xa <0andm>2 - % Then system (4.1) admits a unique global
bounded classical solution (ug, v, w,).

Next, we go to find some estimates to (u, Ve, w,), which are independent of ¢ and used
to obtain some convergence properties. By taking ¢ — 0 we will establish the existence of
global bounded weak solutions. The following two lemmas based on the ideas in [18] are

used to prove the existence of the limit function of V f Y D(z) dz.

Lemma 4.1 Let T > 0, and let the assumptions in Proposition 4.1 hold. Let (u., v, w,) be a
solution to system (4.1) on (0, T). Then

—_

||D%(u€ +&)Vu,

2
| 2020 < 2””0”L2 +GT, (4.2)

where Cy is a positive constant independent of ¢.

Proof Taking u. as a test function on the first equation in (4.1) and integrating it over
Q x (0, T), we derive

1
5 (14D [ o) = N0l 2 )

T T
—f /D(u8+8)|Vu£|2dxdt+/ /XMEVVS-VMdedt
0o Ja 0o Ja
T
—/ /Sungg~Vu8dxdt
T
/ /D(u£+£)|Vu€| dxdt+—/ /Vvs~Vu§dxdt
2 Jo Ja
/ ‘/ng Vu? dxdt
x (" £ "
——/ /D(u5+8)|Vu5|2dxdt——/ /u?Avgdxdt+—/ /uiAwgdxdt.
0o Ja 2 Jo Ja 2 Jo Ja

It then follows from the second and third equations in (4.1) that

1
5 (1D oy = ol 2gy)

T T
——/ /D(u6+e)|Vu5|2dxdt—£/ /(ﬁvs—aue)uﬁdxdt
o Ja 2 Jo Ja
s T
+ —/ /(SWE—yug)ugdxdt.
2Jo Ja

From Proposition 4.1 we obtain that there exist some positive constants cj, ¢3, ¢3, ¢a, and
¢s independent of ¢ such that

e [l 200 (@) < €15 IVellzoe (@) < €2, lwellzoo (@) < €3,

IVvellzo) <cas  and [ Vwg|lzoq) < cs.
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Therefore, we have
1 2 9
5(” ua(T) HLZ(Q) - ”MO ”LZ(Q))
’ 2 1,
- D(u, + €)|Vu, |* dxdt + 54 (xBea + (Ey + xa)er + £8¢3) 20T,
0o Ja
which yields the desired estimate

1 1
| D3 (e + &) Vure < Sluolzq + G T,

||L2(0,T;L2(
where Cy = 2c}(xBea + (Ey + xa)ar +E8c3) K. O

Lemma 4.2 Let T > 0, and let the assumptions in Proposition 4.1 hold. Let (u.,v.,w;) be
a solution to system (4.1) on (0, T). Then

Ug+E 2

d L 2 Ug+e
H«/E—/ D2(2)dz + sup L‘HV/ D(z)dz
dt Jo 120,T:L2(Q)  t€(0,T) 0

12(2)

<G +GT+GT? (4.4)

where C, is a positive constant independent of €.

Ug+€

Proof We multiply the first equation in (4.1) by 4 < I
2 to obtain

d u5+p
[l
Ug+€

=/ V-(D(u£+8)Vu5)i/ ) D(z)dzdx—/ V~(Xu5VV€)i/ D(z)dzdx
Q dt Jo Q dt Jo

D(z) dz and then integrate it over

N\»-

2
D2(z )dz) dx

d Ug+E
+ / V. (&uSsz)E/ D(z)dzdx
d
/ D(u, +€)Vu, - (D(ug +6)Vu,) dx
1 d Ug+e 1
- X / (Vu, - Vvg + u. Ave)D2 (u, + 8)(—/ D2 (z) dz) dx
Q dat Jo

Ug+e

d
+& / (Vug - Vg + ugAws)D%(us + 8)(% D%(z) dz) dx,
Q

0

where we used £ = 0””8 D(z)dz = D3 (e +6)% yr us” D3 (2) dz. By Young’s inequality we ob-

d [rete 2
— D2(z)d d
_/;z<dt/0 (2) z) x
1 Ug+E 2 1 Ug+e 2
5——1HV/ D(z)dz +—f(i/ Dé(z)dz> dx
2dt 0 12(Q) 4 Jo\dt Jy

1 d [%* 2
z il D3
+4/Q<dt | 2(z)dz> dx

tain
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+x2 / (Ve - Vve + u: Ave)2D(u, + ) dx
Q

+ &2 / (Vitg - Ve + iz Aw, )2 D(u, + €) dx. (4.5)
Q

Since |1 ||zo() < ¢1 and D € C*([0, 00)), we have || D(u. + €)||1x(q) < ¢ With some con-

stant ¢ > 0. Thus, by Young’s inequality and (4.3) we derive
f (Vi - Vv + e Ave )2 D(u, + €) dx
Q
< 2/ (|Vus|2|va|2 + u§|Av8|2)D(u8 +¢&)dx
Q

= 2||VV8”%°Q(Q)

v/ " Di(2)dz
0

2
+2cfcoo/ | AV, |? dax
12(Q) Q

) uste 2
<2Vl |V [ Dl
0

12(Q)
ugte | 2
\Y% / D2(z)dz
0 L2(Q)

+4ckco / («®u? + B*v2) dx
Q

<20 +4cfcoo(ot ¢+ B )|§2|.

Similarly,

/ (Vg - Vw, + u Aw, )2 D(u, + €) dx
Q

ugte 2
v D2(z)dz
0 L12(Q)

<2c +4cies (el +8°c3) 19l

Substituting the last two inequalities into (4.5), we obtain

ugte 2 Ug+E
/(%/ Di(z )dz) dx+—” D(z)dz
Q 0

Ug+E 2
/ D% (2) dz
0

12()

2

L2(Q)

<4(x’ci +8&c)

+8¢icoo x> (%} + B2C3)|Q + 8¢ coct? (e} +82c3) €.

Setting Cinax := 4max({(x2c; + £2c2), [2cicoo x 2 (0®c} + B2C3) |2 + 2 con (v 2t + 863) |21}
yields

2 2

D?(2)dz

H Ug+ée

d Ug+€
+ — H v / D(2)dz
LZ(Q) dt 0

Ug+E
v / D
0

12(Q)
2

Nl

< Cinax (2)dz + Crax- (4.6)

12(Q)
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Multiplying (4.6) by t and integrating it over (0, T'), we obtain

2 Ug+E
\Y% / D(z)dz
0

Ug+E 2

d 1
t— D2(z)d t
H«/_dt ; 2(z)dz +

L2(0,T;L%(R2))
2

12(R)
2
=<

v/ " D) de
0

ug+e
+ CmaXT”V/ D2(z)dz
0

L2(0,T;L2(R))

+ Cnax T 4.7)

L2(0,T5L2(2))

By (4.2) the integrals on the right-hand side of (4.7) can be estimated as

Ug+€
H v / D(2)dz
0

2 2

Ug+€
= HD%(MS + S)V/ D%(z)dz
0

L2(0,T;L2(R2)) L2(0,T;L2(R2))

Ug+E 2
scooHV/ DH(2)dz
0

L2(0,T;L2(R2))

1
< coo(inuonizm) + clT> (4.8)

Then substituting (4.8) into (4.7) and using (4.2) again, we have

’v/s D) dz
0

1 1
< cw(i o122, + clT) + cmaxT(5||uo||§2(Q, v CIT) + Coa T

2 2

+t
L2(0,T;L2(R2))

d ug+e
— D2
v

L2(Q)

<C+CT+ (jz]ﬂz,

where C, := max{%coolluoII%Q(Q),Cmabe [%Cmaxlluoniz(g) + Cmax + €0Ci]}. By taking the
supremum with respect to ¢ on (0, T) we complete the proof of (4.4). O

We now prove Theorem 1.2. Our method is also partially inspired by [18].

Proof of Theorem 1.2 For any given T > 0, we have ||u |1 (0,7;02(2)) < C (p € [1, 00]), where
C is a positive constant independent of 7" and ¢. Then there exist a subsequence {u }jen
and a function u € L*°(0, T; L?(R2)) such that

U, — U weakly” in L™ (O, T; L”(SZ)) (4.9)

for any p € [1,00], where & — 0 as j — 0o. By using D € C*([0,00)) and ||, (¢)||10() <
¢; again, from Lemma 4.1 we deduce that fOM”ED% (z) dz is bounded in L2(0, T; H(R)).
Hence, there exist a subsequence (still denoted by {ue; Jjen) and a function ¥ € L*(0,T;
HY()) such that

/ ' J/D%(z) dz— 19 weaklyin LZ(O, T;Lz(Q)),
’ , (4.10)
gj+q 1 ) ) )
v/ D3(z)dz — V¥  weakly in L*(0, T; L*(R)).
0
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On the other hand, by letting v > 0, from Lemma 4.2 we have

2 2

Ug+E

HJ‘ D3 (2) dz

Nh—-

(2)dz

H Mg+6

12(1,T;L2(Q L2(7,T;:L2(R))

<Cy+CT +CT?

which implies that f”‘”g D2 2 (z) dzisbounded in H'(, T; L*(R2)) (in particular, it is bounded
in H'(z, T; HY(2)). Thus, by the Aubin-Lions lemma there exists a subsequence (still de-
noted by {ue, }jen) such that

U +6j
/ " Di)dz— v strongly in L*(7, T;L*(2)) and a.e. on  x (z, 7).
0

1
Set f(r) := for Dz(z)dz. We see that f(r) is a strictly increasing and continuous function.
Thus, the inverse function f~1(r) of f exists and is continuous. Moreover, we can obtain
that

Ue; = U =f7(9) stronglyin L*(r, T;L*(2)) and a.e. on Q x (z, T). (4.11)
Since 7 > 0 is arbitrary, we deduce from (4.10) and (4.11) that
9 = / D3(z)dz € I*(0, T; H(Q)). (4.12)
0

Since ||V, (£) |y (g < €2 + €4, there exist a subsequence {Ve; bjen (hereafter, we still denote

the subscript of the subsequence by {v,,}jen for simplicity) and functions v such that

Ve, =V weakly™ in L™ (0, T; LOO(Q)),

(4.13)
Vv — Vv weakly” in L® (0, T; LOO(Q)).
Similarly, there exist subsequence {We; bnen and functions w such that
We, — W weakly” in L* (O, T;L™(Q)),
(4.14)

Vw,, — Vw  weakly” in L™ (0, T;L(R))

due to [[we(8) | roo(q) < €3 + C5.
Forany given T € (0, 00), we take ¢ € C°(€2 x [0, T)). Then multiplying the first, second,
and third equations in (4.1) by ¢ and integrating those on € x (0, T') we see that

fOT fQ(D(ugj + &) Vit - Vo — Xt Ve, - Vo + Eue VW - Vo — g ) dxdt
= [ uo(®)p(x,0) dx,

fOT Jo(Vve; - Vo + Bve,p) dxdt = fOT Joauepdxdt,

fOT fQ(ng,. -V + Swgp)dxdt = fOT Jo vuepdxdt.

(4.15)
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1
Noting that D3 (u, + €)|Vo| < cZ||Vollz~ and thus D? (u, + £)|Ve| € L2(0, T; L2(S2)), we
see from (4.11) that

D% (uy; +)Ve — DX )V strongly in L*(0, T; L*()),

which, together with (4.10) and (4.12), yields that

T
/(; L(D(ugj + Ej)Vqu . V(p) dxdt

T 1 Ui tej
= / / (DZ(ME/ +¢)Vo - V/ D2(z) dz) dxdt
o Je 0
r 1 !
—>/ f(D2(u)V¢-V/ DZ(z)dz) dxdt
0o Ja 0
T
= / / (D(w)Vu - Vo) dxdt (4.16)
0o Ja
as j — oo. Similarly, since
u,; Vo — uVe strongly in L* (O, T; Lz(Q))

by (4.11), from (4.13) and (4.14) we see that

T
/ /(—XMS/VVSI, Vo +&u, Vw,, - Vo) dxdt
o Ja
T
—>/ /(—Xqu~V(p+§qu-Vg0)dxdt (4.17)
o Jao

as j — 0o. Summarily, by collecting (4.9), (4.13), (4.14), (4.16), and (4.17), from (4.15) we
obtain that

foT fQ(D("‘)V” Vo - xuVv-Vo+&uVw- Vo —ue,) dxdt
= [ o (x)p(x,0) dx,

Jo Jo(Vv- Vo + prg)dxdt = [ [, aupdxd,

S o (Vw -V + swe)dxdt = [ [, yupdxdt

(4.18)

upon letting j — co. Hence, (¢, v, w) is a global weak solution to system (1.2). Moreover,
we deduce from (4.9), (4.13), (4.14), and Theorem 1.1 that

llatlloc (0, 7200 () < Himuinf [[ag; || oo (0, 7i20 () < €15
]—)OO

VIl zoo (0, 75100 () < liminHVe,||L°<>(0,T;L°°(sz)) =< ¢y,
J—> 00

IWllzoo (0, Tizo0 () < liminf [|wy; [l (0,72 (2) < ¢35
J—> 00

which implies the uniform boundedness of (u, v, w). Thus, we complete the proof of The-
orem 1.2, O
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