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Abstract

This paper studies a Caputo type anti-periodic boundary value problem of impulsive
fractional g-difference equations involving a g-shifting operator of the form

a®q(m) =gm + (1 - g)a. Concerning the existence of solutions for the given problem,
two theorems are proved via Schauder’s fixed point theorem and the Leray-Schauder
nonlinear alternative, while the uniqueness of solutions is established by means of
Banach’s contraction mapping principle. Finally, we discuss some examples
illustrating the main results.
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1 Introduction

The quantum calculus (calculus without limits or g-calculus) is concerned with differ-
ence operators and allows one to deal with sets of nondifferentiable functions. Quantum
difference operators appear in several branches of mathematics, such as orthogonal poly-
nomials, basic hyper-geometric functions, combinatorics, the calculus of variations, me-
chanics, and the theory of relativity. For the fundamental concepts of quantum calculus,
we refer the reader to the text by Kac and Cheung [1].

In recent years, the topic of g-calculus has attracted the attention of several researchers
and a variety of new results can be found in [2-15] and the references cited therein.

In [16] and [17], the authors studied the problems involving nonlinear impulsive g,-dif-
ference equations. In [18], some new concepts of fractional quantum calculus were intro-
duced in terms of a g-shifting operator ,®,(m) = gm + (1 — q)a, and existence results for
initial value problems of impulsive fractional g-difference equations were obtained.

In this paper we study the following anti-periodic boundary value problem of an impul-
sive fractional g-difference equation:

¢ Dgex(t) =f(t,x(2)), €k €10,T],t#

Ax(t) = x(t}) - x(tx) = ol L2 x(80),  k=1,2,...,m,
uDgx(t}) = 1 Dy #(t) = 0 (o LIS x(tr),  k=1,2,...,m,
x(0) = —x(T), 0D4x(0) = —,, Dy, x(T),

(1.1)
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where 0 =tg <ty < <ty <tpun=171, §kDg,’j denotes the Caputo gi-fractional derivative

of order ag on Ji, 1 < ax <2,0 < qr < 1, Jx = (b, tr1), Jo = [0, 4], k=0,1,...,m, ] = [0, T],
feCUXxRR), g9 € CR,R), k=1,2,...,m, tklf:, 4 I7¥ denotes the Riemann-Liouville
qk-fractional integral of orders Bk, v« >0 on Ji, k=0,1,2,...,m - 1.

The rest of the paper is organized as follows. In Section 2, we present some background
material for the problem at hand and prove an auxiliary lemma for the linear variant
of problem (1.1). Section 3 contains the main results which are established by means of
Schauder’s fixed point theorem, the Leray-Schauder nonlinear alternative, and Banach’s
fixed point theorem. Section 4 deals with some illustrative examples for the existence re-
sults obtained in Section 3.

2 Preliminaries
First of all, we recall some basic concepts of g-calculus [18].
The g-derivative of a function f on the interval [a, b] is defined by

F@) —f(a®,(2)

PO =

, t#a and (,Dyf)(a)= tlim(aqu)(t), (2.1)
and g-derivative of higher order is given by

(uDif) (1) = DS aDgf)(8), (DY) (0) =f(®), keN.

The g-derivatives of a product and ratio of functions f and g on [a, b] are

ﬂDtI(fg)(t) :f(t)aDqg(t) +g(aq)q(t))aqu(t)

= g(t)aqu(t) +f(aq)q(t))aDqg(t) (2.2)
and
f _ 8@)aDyf (t) — f(£)aDyg ()
“D"<g>(t) T e0glo,) 23)
where g(£)g(,®,(2)) #0.

The g-integral of a function f defined on the interval [a, b] is given by

(ugf)(t) = / fS)ads=1-q)t-a) Y qf(a®u(®), telabl, (2.4)
a i=0
with

(L) = LGN, (L) O =fO), keN. (25)

The fundamental theorem of calculus applies to the operators ,D,; and ./, as follows:

(aDqalyf) () = £ (2). (2.6)

If f is continuous at ¢ = g, then

(algaDyf )(t) = £ (£) — f (a). (2.7)
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The formula for g-integration by parts on the interval [a, b] is

b b
/ £(5)aDgg(s) adlys = ()DL - / 2(u04(5))aDyf (5) . 2.8)

Now we enlist some useful properties of the g-shifting operator ,®,(m) = gm + (1 - q)a
as follows:
(i) HGDI;(m) = ﬂCD’;‘l(aCDq(m)) with ,®(m) = m, for any positive integer k.
(if) o1 =)y =1, o0n —m) = [15 (n = @1 (m)), k € NU {oo}.
(if)) a(n—m) = i I, % y eR.
Next we turn to the definitions of the Riemann-Liouville fractional q-derivative and the
g-integral on the interval [a, b].

Definition 2.1 [18] The fractional g-derivative of Riemann-Liouville type of order v > 0
on the interval [a, b] is defined by (ﬂDgf)(t) = f(¢) and

(uDyf) (@) = (anIalfl‘”f)(t), V>0, (2.9)
where / is the smallest integer greater than or equal to v.

Definition 2.2 [18] Let & > 0 and f be a function defined on [, b]. The fractional g-inte-
gral of Riemann-Liouville type is given by (,llgf )(¢) = f(t) and

1
Fq(‘x)

(ulgf) (t) =

/ ta(t 0 @) S (S) adys, o> 0,t € [a,b)]. (2.10)

From [18], we have the following formulas:

wip_gf o LaBrD e

oDy (¢ a)’ = FB—arD) (t-a)™, (2.11)
ap_gp o _LaBrD) s

- a)f = STEFTST (t — a)P+e. (2.12)

Lemma 2.1 [18] Let «, B € R* and f be a continuous function on [a,b], a > 0. The
Riemann-Liouville fractional q-integral has the following semi-group property:

AL IZf () = oI5 I0f () = oIS f (). (213)

Lemma 2.2 [18] Let f be a q-integrable function on |a,b]. Then the following equality
holds:

DL =f(®), fora>0,t€abl. (2.14)

Lemma 2.3 [18] Let a > 0 and p be a positive integer. Then for t € [a,b] the following
equality holds:

pr-1 (t _ a)a—p+k

olyaDf O =oDRulif O =) e iy

Dif(@). (2.15)
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In this paper we first give the definition of Caputo fractional g-derivative as follows.

Definition 2.3 The fractional g-derivative of Caputo type of order & > 0 on the interval

[a, b] is defined by (;Dgf)(t) =f(¢) and
(;D‘;f)(t) = (alg““aD;f)(t), a>0, (2.16)
where 7 is the smallest integer greater than or equal to «.

Lemma 2.4 Let o > 0 and n be the smallest integer greater than or equal to .. Then for
t € [a, b], the following equality holds:

DI (D) 3 (e—a)t Dif(a) (2.17)
par r,k+1)* ‘ ’

Proof From Lemma 2.3, for o = p = m, where m is a positive integer, we have

m ym m m - (t_d)k S ('l)k k
Iq “qu(t):“Dq“qu(t)_kX:O: Fq(k+1) (@) =f® - 20: k+1 (a).

Then by Definition 2.3, we have

n-1 )k

wc o o jn—o (t -
alq aqu(t) = ulq alq qu(t) = Ll qu(t) f(t) ZO: q(k 1) J(a) D
Lemma 2.5 Let h € C(J,R). Then the unique solution of

¢ Dgix(t) =h(t), tel CI0,T)tHt,

Ax(tk) = ol D x(tr), k=1,2,...,m,

1D X(6) = o Dy %(t) = 97 (4 11;:; ), k=1,2,...,m
x(0) = —x(T), 0D4%(0) = —,, Dy, x(T),

(2.18)

is given by

m

1(0) =~ D L) + o ()]

i=1

1 m
hl Z tz 11al () + (p;k(ti—llgii:llx(ti))}

I\J

1 & .
Sunlann(T) + <t - —) [—5 IR i 1)

i=1

1
t¢; (t: 11)/‘ lx(t ))} - Etmlgy’:lh(T):|

k

+ Z[ti—ll:;iijllh(ti) T @i (fifllgi:llx(ti))]

i=1



Ahmad et al. Boundary Value Problems (2016) 2016:16 Page 5 of 14

k
+ Y (= ) 2 R + ) (i, () )
i=1
+ L5k h(2), (2.19)
where Z?(-) =0.

Proof Applying the Riemann-Liouville fractional go-integral operator of order oy on both
sides of the first equation of (2.18) for ¢ € Jy and using Lemma 2.4, we obtain

_ ODqu(O)

1205, D33 x(t) = x(t) — x(0) nG)
0

tolgg 1 t =4, L0 (),
which yields

x(t) = Co + Cit + tol,%)h(t), (2.20)
where Cy = x(0) and C; = ¢Dy,x(0). In particular, for ¢ = t;, we have

x(tl) = C() + Cltl + lolggh(tl) and tquox(tl) = C1 + 301;g_lh(t1). (221)

For t € J;, on application of the Riemann-Liouville fractional ¢; -integral operator of order

a1 to (2.18) and using the above arguments, we get
x(6) = x(8)) + (¢ = 1) Dy x(8) + o [51 (). (2.22)

Using the impulsive conditions x(¢) = x(£;) + gol(tolfgx(tl)) and ¢ Dy, x(t]) = 1, Dgyx(t1) +
@5 (oI x(11)), we obtain

x(t) = Co + Cut + [ I20h(tr) + 1 (5o 120%(11) ) ]

+ (¢ - tl)[tolgg‘lh(tl) + ¢ (tolggx(tl))] + tllgllh(t).
In a similar manner, for ¢ € /5, we have

x(t) = Co + Cut + [ L20h(t1) + 91 (1o L20x(81)) ] + [ h(t2) + 92 (o 01 0(82))]
+(t = 0) [ I50 (1) + 0 (1o 110 x(11)) ]

+(t = t2) [ I3 ht2) + 05 (o 1 %(82)) | + I3 H(E).

Repeating the above process, fort € Jy € J, k=0,1,2,...,m, we obtain

k
2(t) = Co+ Cit+ Y [ I h(t) + @i, I (8:)) ]

i=1 15 15
k
Y (=)o L9 () + 7 (o, 17 x(8)) )
i=1

+ o L% (o), (2.23)
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where Z?(-) = 0. Notice that x(0) = Cy and

x(T)=Co+ C T + Z[ti—llzj:llh(t) + (p,(tl Wiy -1x(t ))]

i=1
m
+ Y (T = ) L7 t) + 7 (o, I x(80)) }
+ 1, L h(T).

On the other hand, we have
=G +Z b LS () + @ (1 D () | + o I (),
which implies ,, Dg,%(0) = C; and
=C + Z t 1I‘)" 17 + @; (a llyf:llx(ti))} + tm];‘r:’_lh(T).

Now making use of the boundary conditions given by (2.18), we find that

m

1 1
Co = =5 T = 5 3 Laa L e + i 1 0(69) ]

i=1

I\JIP—‘

m
1
Z Mo 2 1—1h(t) +¢f (ti7112:11x(ti))} - Etmlg,:’h(T)
i=1

and

1 & 1
C = ) Z{t, J“’ 1y, L)+ ¢} (tL 1IV’ (e ))} im qm_lh( 7).

i=1

Substituting the values Cy and C; in (2.23) yields the solution (2.19). O

3 Main results
Let PC(J,R) = {x: ] — R : x(¢) is continuous everywhere except for some ¢ at which x(¢})
and x(#;) exist and x(¢;) = x(t), k = 1,2,...,m}. Observe that PC(J,R) is a Banach space
equipped with the norm ||x|| pc = sup{|x(¢)|: t € J}.

In view of Lemma 2.5, we define an operator A : PC(J,R) — PC(/,R) by

m

-Ax(t) = _1 [t, 1101, ! (tnx(t )) + %(t, 1113[ lx(t ))]
2

i=1

-- Z(T We L8 7Yf (8, () + @ (o, 1 2(8)) }

m

1 T 1
Sl (T, HT) 4 (t— 5) [_5 S 7 (1 x(0)

i=1
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o (o 0) ) - %fm’?Z‘lf(T,x(T))}

+ i[fz‘-llthf__llf(ti’x(ti)) T (fz 1 ql Hx(t ))]
z;—:
+ 2 (= 0o T (o %(6) + 07 (a1 2(0) )
i=1
+ oIyt f (6, %(8)), (3.1)
where
a[f;f(u,x(u)) = Fql(p) (s))g’*l)f(s,x(s)) adg$,

P E {0507-..,0(;41;0[0—1,...;0[m—LIBO)'--’ﬁm—byO:-thmfl}rqe {qo"--’qm}"le {to,...,tm},
and u € {t,t1,t2,...,ty, T},

For computational convenience, we set

1 . —_
Q-2 % (it 38 (Tt
25 Taa (@1 +1) 1 A 7Y
mi L s (3.2)
(al 1) ’ :
3 3 " T
0 = 5my+ 5 My ) (T =t) + pmMs. 33
2= oMM+ 2;( ,)+4m 9 (3.3)

Now we present our first existence result for the problem (1.1), which is based on the

Schauder fixed point theorem.

Theorem 3.1 Assume that

(Hi) there exist continuous functions a(t), b(t), and nonnegative constants My, My such that
[ft,x)| <a®) +b@)lxl, (tx)e] xR (3.4)
with sup,; |a(t)| = a1, sup,; |b(t)| = by, and
’gok(x)’ <M;, !go,f(x)’ <M,, VxeRk=12,...,m. (3.5)
Then the anti-periodic boundary value problem (1.1) has at least one solution on J if
b1 < 1. (3.6)

Proof Let us define a closed ball Bg = {x € PC(J,R) : || x|l pc < R} with

le + Qz

R ,
by
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where a3, b; are defined in (H;) and €23, 2, are, respectively, given by (3.2) and (3.3). Clearly
By is a bounded, closed, and convex subset of PC(J,R). Now we show that the operator
A:PC(J,R) — PC(J,R) defined by (3.1) has a fixed point in the following two steps.
Step1. A:Br — Bg.
For any x € By, using (2.12), we have

[

|Ax(t)| = E Z ti 1Igl1 tl’x tl )| |¢l(tt 17g;— 1x(tl))”
i=1

1
+ 5 Z(T_ ti){ti_lfﬁffl (t“x ! ’(p, (fz 11% lx( ))‘}
i=1

1 T|1 &
@) 5§l o)

i=1

ot e ) }mfz,:"‘llf(mm)l]

k

+ Z[fi—llgii:ll V(ti:x(t )‘ “pl(tl 1]131 1x( ))H
i=1
k

+ Z(t— ){t, 1[2‘!11 -1 (t,,x )| |(pl (tz 11%:1196(&))”
i=1

+ oy (t,x(2))]

17

= E ;[(ﬂl + b1||x||PC)t, lla’ 11( 0 +M1]

1 m
EZT t){ (@ + by lxllpc) o, 171G + Mo }

1
+ E(ﬂl + by ||%l pc) 1, L2 1(T)

tm qm
T|1 &
’ E[E > (@ + bullxllpe) o 25 71) + Mo }

i=1

+

N =

(ar + b1||x||pc)tm1;‘;"-11(T>]
m

+ Y (a1 + brllxllpe) o 5515 + M ]
i=1

m
- Z {(a + byllxllpc) e 710 + My }

+ (@1 + bulxllpc ), 27 1(T)

m+1

2 (t -t 1) - (
2 q,-_l (az—l 1)

3
ay + by ||xl|pc) + EMMI
i1

m

. )11
ST - ti){ G0 s byeloc) +M2}

i-1 Fq,',l (ai—l)

+
N W
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m+1

(ti — ti_g)% 1™ T
= Z = (m +billxllpc) + —Mom
q, ( (078 1 4

= a1 Q1 + Qo + bi]|%llpcR1 <R,

which implies || Ax| pc < R. Therefore, A : Br — Bg.
Step 2. The operator A: PC(J,R) — PC(J,R) is completely continuous on Bg.
Let SUP (1 x)e/ x By |f(t,x)| = Fy. For any 7,72 € Jk, k=0,1,...,m, with 7; < 75, we have

1R (4 — )17 mMy
Ax(w) = As(rn)| = [ -l | 5 0 S F
| Ax(12) (W] <l T1||:2 ; T, (i) 1t
(t 0‘1 1-1
+|n -1l |: T gy f1tM
2 1 Z ql (C\!l 1) ! ?

¥ Fl ,/Tz (T2 =g q)qk)(ak_l) g S
Fqk ((X]() ti 1k

1
(ag-1)
_/ tk(Tl_fchQk)qk 4 S
173

’

which is independent of x and tends to zero as 7, — 71 — 0. Therefore A is equicontinuous.
Thus ABg is relatively compact as ABg C By is uniformly bounded. In view of the conti-
nuity of f, ¢ and ¢, k =1,2,...,m, it is clear that the operator A is continuous. Hence the
operator A : PC(J,R) — PC(J,R) is completely continuous on Bg. Applying the Schauder
fixed point theorem, we deduce that the operator A has at least one fixed point in Bg. This
shows that the problem (1.1) has at least one solution on J. O

In the next existence result, we make use of Leray-Schauder’s nonlinear alternative.

Lemma 3.1 (Nonlinear alternative for single valued maps) [19] Let E be a Banach space,
C a closed, convex subset of E, U an open subset of C,and 0 € U. Suppose that F : U — C is
a continuous, compact (that is, F(U) is a relatively compact subset of C) map. Then either
(i) F has a fixed point in U, or
(ii) thereisau e dU (the boundary of U in C) and 0 € (0,1) with u = 6 F(u).

In the sequel, we set

By~ (ti—tig)fi
Q=Y 3.
S Ty e D) 7

3N (T-0)ti=te)™ T 3 (b=t (3.8)

E 1 Fqi,l(l’i—l + 1) 4 i F%'—l (Vi—l + 1)

Q=

Theorem 3.2 Assume that

(Hg) there exist a continuous nondecreasing function  : [0,00) — (0,00), a continuous

Junction p: ] — R* with p* = sup,; |p(t)| and constants M3, My > 0 such that

Ift,x)| <p@y(xl), VEx) el xR (3.9)
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and
loc@)| < Mslxl,  |@p )| < Malxl, VxeRk=1,...,m; (3.10)

(H3) there exists a constant N > 0 such that

(1 -M3Q3 — M4sQ24)N
P (N)Q2

>1, MgQg + M4Q4 <1, (311)

where Q3, Q4 are, respectively, given by (3.7) and (3.8).

Then the problem (1.1) has at least one solution J.

Proof We shall show that the operator A defined by (2.5) has a fixed point. To accomplish
this, for a positive number p, let B, = {x € PC(J,R) : ||x|lpc < p} denote a closed ball in
PC(J,R). Then for x € B,, t € ], and using (2.12), we have

1 , .
[Ax®)] = 5 3 [PV (0 1@ + pMaw J1(5)]
i=1
1 = * o;_1-1 Vi
+ 5 D (T =t Y (0 571 + pMay, \T1(6)}
m

T
" %”*‘”(p)tmféxﬁl(Tﬂ 5[%2{19*10( i Ly (E)

i=1

. 1 _
+ PM4tl~,1I;jj111(ti)} + EP*‘//(P)t,,,Ig;” 11(T):|

£ Y [PV P () + pMy,  I51(8:)]
i=1

+ Y (T =t){p Y (p)e L1718 + pMay,, 1115 }
i=1

+ PV (p)e,, I A(T)

= p YU (p)Q + pM35Q3 + pMsQ4 =K,

which implies that || Ax|/pc < K.
To show that the operator .4 maps bounded sets into equicontinuous sets of PC(J, R),
we take 71, Tp € Jx for some k € {0,1,2,...,m} with 7; < 72 and % € B,. Then we have

|.Ax(12) - -Ax(fl)|

% m+1 @i 1-1 m .
t:—t_q)%-1 M ti—t._q)Vi1
Sm_mpl/f(/))z:(z ll) +;O 42:(1 ll)
2 Fqi_l (aifl) 2 Fq,-_l (Vifl + 1)

i=1 i=1

o1~ -1
+|fz—r1|Z[(t ( 3 r V(o) + pMar
‘It o

i=1

7
(ax-1) (ax-1)
/ ( T2~y q)‘Ik)qik tkqus - / tk(Tl s q)‘Ik)qik tkqus

73

(i —tia)"! ]
ql (Yis1 +1)

WP “¥(p)
Fqk (Olk)

)
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which tends to zero independent of x as 71 — ;. Thus, by the Arzeld-Ascoli theorem, the
operator A : PC(J,R) — PC(J,R) is completely continuous.
Finally, for A € (0,1), let x = A Ax. Then, as in the first step, we can get

lxllpc < p*¥ (I%llpc) @ + 116 pc M3 + ||| pcMaS2u,
which can alternatively be written as

(1 - M3Q3 — MaQu)|lxllpc
p*U(llxllpc) -

In view of (H3), there exists N such that ||x||pc # N. We define U = {x € PC(J,R) : ||x||pc <
NJ}. Note that the operator A : U/ — PC is continuous and completely continuous. From
the choice of U, there is no x € U such that x = L. Ax for some A € (0,1). Consequently,
by the nonlinear alternative of Leray-Schauder type (Lemma 3.1), we deduce that A has a

fixed point x € I which is a solution of the problem (1.1) on /. This completes the proof.
O

In the last theorem, we apply Banach’s contraction principle to establish the uniqueness
of solutions for the problem (1.1).

Theorem 3.3 Assume that there exist a function YW(t) € C(J,R*) with W = sup,; [W(?)|
and positive constants Ms, Mg such that

[f(t,2) - f(t,9)| <W@)Ix-yl, V(tx)e] xR (312)
and

ok (x) — ok ()| < Ms|x —yl,

(3.13)
loc(®) — i) <Melx-yl, xy€eR,
fork=1,2,...,m.If
WQl + M5Qg + M6Q4 <1, (3.14)

then the problem (1.1) has a unique solution on J.

Proof For anyx,y € PC(J,R), we have

| Ax(z) - Ay(t)|
1 m
= 5 2 Lo G (60) = £ )| + Mo T 1= 18]
i=1

1« .
+§Z(T—ti){t,._11;“;_-; f (8 x) —f (8, 9)| + Mo, IV = y1(8:) )

U 1 . oj_1—
+ Etmlqm V(T’x) f + - |:§ ; ti_ 11 llf(tnx) f z:y)’
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1
+ Moy, I Ha = y|(8) ] + Etmlg,;”'llf(T,x) —f(T,y)|]

‘l\+1*

[ L5 |f (80 %) = £ (8, 9)| + Msi 5 e = 91 (8)]

i=1

+ ) (=t o LT f (8 2) = £ (8,)| + Mg I) | = y1(2:)}

-

I
[=

1

S [f(t,x) - f (&)
< (W + M5Q3 + MeQ4)llx - yllpc

which yields
| Ax — Ayllpc < (W + MsQ3 + MeS2) % — yllpc.

By (3.14), we conclude that A is a contraction. Thus, by Banach’s contraction mapping

principle, the problem (1.1) has a unique solution on /. This completes the proof. O

4 Examples

In this section, we present three examples to illustrate our results.

Example 4.1 Consider the following anti-periodic boundary value problem for impulsive

Caputo fractional g-difference equations:

k+3
¢ D2 x(t) =262 +1+ g sin tlf‘x(g)‘ £€[0,2]\ {t, b2, 85},
k2-3k+4
2k-1
(g 1 2y x()?
(tk) e 25k . te=5k=1,2,3,
( 5 - L x(t) (4.1)
k2 3k+4 k2—5k+8
2 A5 K
=k“cos(log(L + [ 1 *1  x@)), =73,
k2-5k+8
x(0) = —x(2), OD%x(O) = —%D%x@).

Here oy = (k +3)/(k +2), qx = 1/(k*> = 3k + 4), k= 0,1,2,3, B = 2k —1)/2, yioy = 2k +
5)/2, ty = k/2, k =1,2,3, m =3, T = 2. With the given information, it is found that Q; =
7.575532753. Also, we have

1 x?
V(t,x)| =262 +1+ —sin’¢
8 1+ x|

1
‘ <2241+ 3 sin’ ¢|x|,

2

<e  |pi@)|=|Kcos(log(1+2l))| <9, k=1,2,3.

el™
()] = k 1€

With B = sup,¢ (o) |(1/8) sin? £| = 1/8, we obtain BQ; = 0.9469415941 < 1. Thus all the con-
ditions of Theorem 3.1 are satisfied. Therefore, by the conclusion of Theorem 3.1, the

problem (4.1) has at least one solution on [0, 2].
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Example 4.2 Consider the anti-periodic impulsive boundary value problem of fractional

g-difference equations given by

k245
Dk2*3 () = i =L (log, (B 4 2))2, £ €[0,5/3]\ {t1,..., ta},
k4 —4k+6
2e(cpk1
Ax(tk) = m Sin(tk_ll 12 x(tk))r b = %rk =1,...,4,
k2—6k+11 (4.2)
" L k
tkaz_zlme x(tk) B tk’leLelkmx(tk) B mtkfllszékm x(tk), = ¥
— (2 - _ 5

x(0) = —x(3), oD%x(O) %Déx(s)'

Here o = (k> + 5)/(k* + 3), qx = 1/(k* — 4k + 6), k = 0,1,2,3,4, i1 = (2 + (1) 1)/2,
Vie1 = (4 + (=12, te = k/3, k=1,2,3,4, m=4, T =5/3. Using the above data, we find
that ©; = 6.316994013, Q3 = 2.358729544, Q4 = 0.6481929403, and

1 x| 2 1 (]«
fie) = we (k’g (5+2) = <2+t)2(7+2)’

1
loc)| = bl |ei)| = e |z|, k=1,2,3,4.

11 + / |_12

Setting v (x) = (x/4) + 2, p* = sup,cjo53 11/(2 + £)*| = 1/4, M3 = 1/12, and M, = 1/4, we
find that M3Q3 + M4Q4 = 0.3586090304 < 1. Also, there exists a constant N such that
N >12.80927819 satisfying (3.11). Clearly the hypothesis of Theorem 3.2 holds true. Thus
the conclusion of Theorem 3.2 implies that the problem (4.2) has at least one solution on
[0,5/3].

Example 4.3 Consider the following impulsive anti-periodic problem of a fractional
q-difference equation:

K2+k+3
k2+2 et sin(2e+1) x2()+2)x(0)] 1
c Dk2 5k+8 (t) B 2430 T+|x(2)| + 2’ te [0’3/2] \ {tb B t5},

2k+1
Ax(ty) = Ztan(, 1 2, x(t)+3 t=%k=1,..,5
k2 -7k+14

2k%—4k+3 4.3
il T @)l (43)
+ _ K2_7k+14 3 _k
tkDﬁx(tk) - tk,lD%x(tk) - 242 _4k+3 + 4’ tk 4’
“5k+8 k2-7k+14 T
5k(1+\zk_11 1 x(te)l)
k2 -7k+14

x(O):—x(%), oDéx(O)z—sD%x(%).

Here oy = (k2 + k + 3)/(k* + 2), gqx = 1/(k* -5k + 8), k = 0,1,2,3,4,5, i1 = (2k +1)/2,
Vi = (2k? — 4k + 3)/2, ty = k/4, k =1,2,3,4,5, m = 5, T = 3/2. With the given values, we
find that ©; = 5.173430458, Q3 = 0.2141916028, and 24 = 1.375385103. Also, we have

2e~!sin(2t + 1)

If (8,21) — £ (t,%2)| < 2130

|1 — %,

7k 7
locn) — ec02)| = ghan_l)’l —tan™' 35| < gljﬁ -2l

1

0 (z1) — 9 ()| = =

1

V4 zZ
121 22| cla-zml k=12345.

1+ |z] 1+|z|
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It is easy to see that W =1/15. Hence, W) + M5Q3 + M 24 = 0.9198406284 < 1. Thus all
the conditions of Theorem 3.3 are satisfied. Hence it follows by the conclusion of Theo-
rem 3.3 that the problem (4.3) has a unique solution on [0, 3/2].
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