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Abstract

In this paper, the existence of solutions for a second-order impulsive differential
equation with two parameters on the half-line is investigated. Applying variational
methods, we give some new criteria to guarantee that the impulsive problem has at
least one classical solution, three classical solutions and infinitely many classical
solutions, respectively. Some recent results are extended and significantly improved.
Two examples are presented to demonstrate the application of our main results.
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1 Introduction

In this paper, we consider the following boundary value problem with impulses:

—u'(t) + cu(t) = Ag(t, u(t)), ae.te[0,+00),
Au' () =L(u®)), j=L2,....p, 11)
' (0%) = h(u(0)), u'(+00) =0,

where ¢ and A are two positive parameters, 0 = £y < f; < --- < f, < +00, Au'(tj) = u’(tl,*) -
u’(tj‘) = limt_)tlf u/'(t) — limt_>t1,— u/'(t), v/ (0%) = lim,_ o+ #/(£), and #/(+00) = limy_, ;o ' (£),
h 1 e C(R,R), and g € C([0, +00) x R, R).

Boundary value problems (BVPs) on the half-line occur in many applications; see [1-3].
Due to its significance, many researchers have studied BVPs for differential equations on
the half-line, we refer the reader to [4—11].

On the other hand, impulsive differential equations have been widely applied in biology,
control theory, industrial robotics, medicine, population dynamics and so on; see [12-17].
Due to its significance, a lot of work has been done in the theory of impulsive differential
equations, we refer the reader to [18—24]. Some classical approaches and tools have been
used to investigate BVPs for impulsive differential equations. These classical approaches
and tools include the method of upper and lower solutions [23, 25], fixed point theorems
[26] and topological degree theory [27, 28].
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Recently, some researchers have used variational methods to investigate the existence
and multiplicity of solutions for impulsive BVPs on the finite intervals [29-37]. However,
as far as we know, with the exception of [38, 39], the study of solutions of impulsive BVPs
on the infinite intervals via variational methods has received considerably less attention.
More precisely, in [38, 39], the authors studied the following BVP:

—u(t) + u(t) = 2g(t,u(?)), ae.tel0,+00),
A () =L(u(y)), j=12,....p, 1.2)
' (0%) = h(u(0)), u'(+00) =0,

where X is a positive parameter, /,1; € C(R,R) and g € C([0, +00) x R,R). They obtained
the existence and multiplicity of solutions for (1.2) via variational methods.

Obviously, problem (1.1) is a generalization of problem (1.2). In fact, problem (1.2) fol-
lows from problem (1.1) by letting ¢ = 1.

Motivated by the above facts, in this paper, we will improve and generalize some results
in [38, 39].

In this paper, we need the following conditions.

(A1) h(u), Ij(u) are nondecreasing, and k(u)u > 0, [j(w)u > O for any u € R.
(Az) h(u)u >0, Ii(u)u > 0 forany u € R (j=1,2,...,p) and there exist constants L,L; > 0
such that

‘h(u)—h(v)’§L|u—v|, ‘I,»(u)—],»(v)‘gLﬂu—vl forany u,v e R,

where L, L; satisfy L + Y7, L; < ﬁ—lz, B will be given in (2.2).
(A3) There exist d,q > 0 such that

£ 1+ e’ ‘
73 +2§/0 Ij(s)ds+2/0 h(s) ds

and

28° [, max <a G(t,§) dt I35 Gt qe) dt
_ <o

2 2= = ,
‘ Leg? + YO J3 o) ds+ [ his)ds

(04T

where G(t,u) = [, g(t,s)ds, B will be given in (2.2).

Let | - |; denotes the usual norm on L¥[0, +00). Now, we state our main results.

Theorem 1.1 Assume that (A1) (or (A3)), (As) hold and the following conditions are satis-

fied.

(Ay) There exist a positive constant o € (1,2) and ay, ay, az € L0, +00) such that
\g(t,u)| < a1 (0)|ul + ax(£)|u|*™" + as(t)

fora.e.te[0,+00) and all u € R.
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(As) There exists a constant m satisfying

1+ C)Wl2 p me” m a2
T+2Z/ I,»(s)ds+2/0 h(s)azsgE
j=1

such that

Jo> Gt me™) dt
d? '

lails <

Then, for each A\ € ]%, % [, problem (1.1) has at least three classical solutions.
Remark 1.1 In (H,) of [38], [ > 1 is needed; see (2.5) of [38].

Remark 1.2 Obviously, Theorem 1.1 generalizes Theorem 3.1 in [38]. Furthermore, the

function

g(tu) = “{?e;t’ ush,
e

1
2 +600u2 —599/B - L), u>p,

(1.3)

does not satisfy (H;) in [38], while it satisfies (A4), and there are indeed many functions
h and I; not satisfying (H;) in [38], while they satisfy (A,), for example, /() = 6,1 and

Ii(u) = 6u(1 + sinu), where 0 < 6, < 23% and 0 < 6, < ﬁ.

Theorem 1.2 Assume that the following conditions are satisfied.

(Ag) There exist positive constants c3, 1 < o <2, and c1,¢a,Ca,C5,¢6 € L0, +00) such that
|G(t,w)| < c1@®lul* + (@) (Jul” +c3), gt w)| < cal®)|ul +cs(8)|ul”™ + co(t)

fora.e.te[0,+00) and all u € R.
(A7) h(w)u >0, [[()u>0 foranyucR (j=1,2,...,p).

Then, for each A €]0 , problem (1.1) has at least one classical solution.

|
7 282%|c1h

Remark 1.3 Let ¢ = 1, it is clear that Theorem 1.2 improves Theorem 3.1 in [39]. In fact,
there are many functions not satisfying the condition (S2) in [39], while they satisfy (As),

for example, the function g(¢,u) = e *(u + us ).

Theorem 1.3 Assume that the following conditions are satisfied.

(Ag) There exist constants ¢, c; >0 and §,8; € (0,1) such that
|I/(u)f §c;|u|‘si, |h(u)| <cul® foranyueR.
(Ag) There exist ki, ky € L1[0,+00) and y1 € (0,1) such that

gt u) <k@)|u|" + ko(t), fora.e te[0,+00)andallueR.
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(A1g) There exist an open set ] C [0, +00) and constants T,n > 0 and v, € (1,2) with y, <
min{min, <j<,{8;}, 8} + 1 such that

G(t,u) = nul, Vtu)e] xR, |ul<T.

Furthermore, suppose that g(t, u), I(u), and h(u) are odd about u. Then problem (1.1) has
infinitely many classical solutions for A > 0.

Remark 1.4 By (S3) and (3.3) in [39], one has d € L%([O, +00), [0, +00)) (in (S3)). Let
¢ =1, it is clear that Theorem 1.1 generalizes Theorem 3.2 in [39]. Furthermore, there are
many functions g, /4, and j; satisfying our Theorem 1.3 and not satisfying Theorem 3.2 in

3 3 1
[39]. For example, let I;(u) = —u5, h(u) = —u5, and g(¢, u) = (@ - ﬁ)ll?

The remainder of this paper is organized as follows. In Section 2, we present some pre-
liminaries. In Section 3, we give the proof of Theorems 1.1-1.3. Finally, two examples are

presented to illustrate the main results.

2 Preliminaries
In order to prove Theorem 1.1, we will need to the following critical points theorem.

Theorem 2.1 ([40, 41]) Let X be a reflexive real Banach space, let ® : X — R be a sequen-
tially weakly lower semicontinuous, coercive and continuously Gdateaux differentiable func-
tional whose Gdteaux derivative admits a continuous inverse on X*, and let V : X — R bea
sequentially weakly upper semicontinuous and continuously Gateaux differentiable func-
tional whose Gdteaux derivative is compact. Assume that there exist r € R and xo,x, € X,

with ®(xg) <r < ®(x1) and V(xg) = 0 such that
(i) SUPg(x)<r W(x) < (r— @(xo))%,

i .= 12&)=Bxo) _ r=P(x) i _ i i
(i) foreach r € A, :=] Vo) ey V) [, the functional ® — AW is coercive.

Then for each A € A,, the functional ® — AV has at three distinct critical points in X.

In order to prove Theorem 1.3, we will need to the following definitions and theorems.
Let X be a Banach space, ¢ € C}(X,R) and e € R. Let

Y= {] C X —{0}:J is closed in X and symmetric with respect to 0},
K, := {u eX:o(u)=e ¢ (u)= 0}, @° = {u €X:ou) < e}.

Definition 2.1 ([42]) For A € X, we say the genus of A is # (denoted by y (A) = n) if there
isan odd f € C(A,R" \ {0}) and 7 is the smallest integer with this property.

Definition 2.2 Suppose that X is a Banach space and ¢ € C}(X,R). If any sequence
{u,} C X for which ¢(u,) is bounded and ¢’(u,,) — 0 as n — 00 possesses a convergent
subsequence in X, we say that ¢ satisfies the Palais-Smale condition.

Theorem 2.2 ([43]) Let ¢ be an even C' functional on X and satisfy the Palais-Smale
condition. For any n € N, set

Y, =1A e X:v(A) >ny, d, := inf .
{Aez:y4)=n} Alerlznigg<p(u)
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(i) If X, #¥ and d, € R, then d,, is a critical value of ¢.
(ii) If there exists ko € N such that

dy=dyy = =dygy = c€R,
and e # ¢(0), then vy (K,) > ko + 1.
Let us recall some basic concepts. Set
E= {u: [0, +00) — R | u is absolutely continuous, #’ € L?[o0, +oo)}.

Denote the Sobolev space by

i fuer ] [ r JuoP)ar<oo),
0

with the norm

el = (]0 (| @ +c|u®) dt) § @2.1)

this norm is equivalent to the usual norm. Hence, X is a reflexive Banach space.

Let C:= {u € C[0, +00) | sup,c(g,,o0) |4(t)| < +00}, with the norm [|u||c = sup,c(o,, o0 [4()]-
Then C is a Banach space. In addition, X is continuously embedded in C, thus, there exists
a constant 8 > 0 such that

lullc < Bllullx forany u € X. 2.2)

Suppose that u € C[0, +00). Moreover, assume that for every j = 0,1,2,...,p -1, u; =
ul(y,4,,) satisfy u; € C*(tj, tj41) and u, = Ul(t,,100) € C?(tp, +00). We say u is a classical solu-
tion of problem (1.1) if it satisfies the equation in problem (1.1) a.e. on [0, +00), the limits
' (0%), v/ (+00), u’(t;'), u’(tj‘) (/=1,2,...,p) exist, and the impulsive conditions and bound-
ary conditions in problem (1.1) hold.

For every u € X, put

)4 ulty) u(0)
D(u) = %||u||§( + ,XI: /0 Ii(s)ds + /0 h(s) ds (2.3)
and
W (y) = /+Oo G(t,u)dt. (2.4)
0

It is clear that @ is Gateaux differentiable at any u € X and
+00 b
(@' (u),v) = / [/ @)V (2) + cu(t)v(e)] dt + le(u(tj))v(tj) +h(u(0))v(0) (2.5)
0 =

for any v € X. Obviously, &' : X — X* is continuous.
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Clearly, ¥ : X — R is continuously Gateaux differentiable functional at any u € X and

(\IJ’(u), v> = /(; g(t, u(t))v(t) dt (2.6)
forany v e X.

Lemma 2.1 Ifu € X is a critical point of ® — AV, then u is a classical solution of problem
(1.1).

Proof The proof is similar to that of [38], and we omit it here. O

Lemma 2.2 Assume that (A;) are satisfied, then ® is sequentially weakly lower semicon-
tinuous, coercive and its derivative admits a continuous inverse on X*.

Proof Let {u,} C X, u, — u in X, we see that {u,} converges uniformly to « on [0, M] for
any M € (0, +00) and liminf,_, » ||t4x||x > |l#|lx. Thus

un(tj) 1, (0)
liminf ®(z,) = 11m1nf<—||u,,||x + Z/ Ii(s) ds+/ h(s) ds)
n—00 0

u(0)

%||u||X+Z/ 1(s)ds+/ h(s)ds = ®(u).

So @ is sequentially weakly lower semicontinuous. Furthermore, in view of (2.3) and (Ay),

we have

u(0)

Lo S Lo
d><u>:§||u||x+j21/0 s@ds+ [ nsds= 3l

Thus, ® is coercive.
Next we will show that @' admits a continuous inverse on X*. For each u € X\{0}, by
(2.5) and (A,), we have

+00 b
(@ (), u) = /0 [ @) +c|u@)[*]dt + > 1 (u(t))uty) + h(1(0))(0) = [[ull3.

j=1

S0 1imyy x> +00 (P’ (1), u) /|| |l x = +00, that is, @’ is coercive.
For any u,v € X, in view of (A3) and (2.2), we have

(@' () - &' (V) u—v) = |lu— v||X+Z (u(t) - L;(v(8)) ] (u(ty) - ()

j=1

+ (h(u(O)) - h(v(O))) (u(O) - v(O))

p
> |:1—;32(L + ZL,)} llu—vl%.
j=1

Since L + Z 1 Li< 52, so @' is uniformly monotone. By [44], Theorem 26.A(d), we see

that ®' admits a continuous inverse on X*. O
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Lemma 2.3 Assume that (A;) holds, then ® is sequentially weakly lower semicontinuous,

coercive and its derivative admits a continuous inverse on X*.
Proof The proof is similar to the proof of Lemma 2.2, and we omit it here. d

Lemma 2.4 Suppose that (Ay) is satisfied. If u, — u in E, then g(t,u,) — g(t,u) in
L0, +00).

Proof Assume that u,, — u. In view of (A4) and (2.2), we have

gt un) — g(t,1)| < (ar(E)|tu] + a2(O)|1a|* ™ + a3(0)) + (a1 ()|l + a2 () |ul*™ + a3(2))
< (lnllc + llullc)ar (@) + (luall & + lullE")ar(e) +2a5(e)

< B(luullx + Nuellx)ar (@) + B (aaa I + Nl ) a2 (0) + 2a3(2).
Applying the Lebesgue dominated convergence theorem, the lemma is proved. O

Lemma 2.5 The functional V is a sequentially weakly upper semicontinuous and its

derivative is compact.

Proof Let {u,} C X, u, — u in X, we see that {u,} converges uniformly to u on [0, M] for
any M € (0, +00). It follows from the reverse Fatou lemma that

M
limsup ¥ (u,) = limsup lim G(t,u,)dt
n—+00 n—+o0 M—+00 Jq
M
< lim limsup G(¢t, u,,) dt

M—+00 Jo  psto00

=/memﬂ=wm
0

So W is sequentially weakly upper semicontinuous.
Next we will show that W' is compact. Let {,} C X, u, — u in X. By Lemma 2.4, we get

W’ () — W'(

sup | (%)~ ¥/}

Iviix=1

sup
Iviix=1

/0 (g(t’ Uy) _g(t) u))th

< Ivlic sup / gty ) — g(t, )| dt

Iviix=1J0

< ﬂ/o |g(t, u,) —g(t, u)| dt— 0

as k — oo, for any u € X. Thus, W' is strongly continuous on X, which implies that ¥’ is a
compact operator by [44], Proposition 26.2. d

3 Proof of Theorems 1.1-1.3

Now we give the proof of Theorem 1.1.
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Proof By Lemma 2.3, ® is a sequentially weakly lower semicontinuous, continuously
Géteaux derivative and coercive functional whose Gateaux derivative admits a contin-
uous inverse on X*. By Lemma 2.5, ¥ is a sequentially weakly upper semicontinuous and
continuously Gateaux differentiable functional whose Gateaux derivative is compact.

Letr= %, uo(£) = 0, uy (¢) = ge™* forany £ € [0, +00), one has ug, u; € X, ®(ug) = V(1) =
i
0, ®(iq) = % + le ge }Ij(s) ds + foqh(s) ds, V(i) = 0+oo G(t,ge™") dt. Therefore, we
get

W (1) d Jo 7 Gt,ge™) dt
) B~ o)~ 7 it S s iRl
2 j=1.J0 J 0

and by (A3), we obtain ®(ug) < 7 < O ().
On the other hand, for any u € X such that ®(x) <r, we have |u|x < (2r)%. Owing to
(2.2), one has ||ullc < Bllullx < ;‘3(2;‘)% =d. Therefore,

sup \D(x)ff max G(t, &) dt. (3.2)
D(x)<r 0 |&l<d

By (3.1), (3.2), and (A3), condition (i) in Theorem 2.1 is satisfied.
For any u € X, in view of (A;), (A4), and (2.2), we obtain

1 P u(t;) u(0) +00
D(u) — AV (u) = §||”||§(+Z/ ' Ij(s)ds+/ h(s)ds—k/ G(t,u(t)) dt
7 Jo 0 0
1 2 2 o o
> E—Kﬁ lail | lullx = Alaali B |ullk — ABlazlil|ullx.

In view of (As), we get

r— ®(uo) d? d? 1

=52 S s < (3.3)
SUPg (<, () 2B%Supgpy, W(x) ~ 282 [ G(t,met)dt ~ 2B%|aih

1
0

AW (u)) = +o0. So condition (ii) in Theorem 2.1 is satisfied. Hence, by Theorem 2.1, for
each A €] é, ail [, the functional ® — AW has at three distinct critical points in X. That is,
for each A € ]a—12, ail [, problem (1.1) has at least three classical solutions. O

Then, for any A €]0, m[ (with the conventions 5 = +00), we get 1im ;o0 (P (1) —

Now we give the proof of Theorem 1.2.

Proof First of all, we will show that ® — AW is weakly lower semicontinuous. Let {u,} C X,
u, — u in X, we see that {u,} converges uniformly to # on [0, M] with M € (0, +00) an

arbitrary constant and liminf,_, o || %, x > ||#| x. By Lemma 2.4, we have

n—00

. . . . 1 2 p un(tj) Mn(o)
liminf(®(u,) — A (1)) > hnrggf(i N4, ]|% + le /0 I(s) ds + /0 h(s)ds
u

— Alimsup W (u,)

n—00
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V

u(0)
> —||u||x+2/ ds+/ h(s) ds

— A lim sup W (z,,)

Hn—>+00

u(0)

1 ) P u(tj)
5||u||X+Z/0 1,(s)ds+/o h(s) ds
j=1

+00
- )»/ G(t,u)dt
0

D(u) — AV (u).

v

Then & — AW is sequentially weakly lower semicontinuous.
Second, we will show that ® — AW is coercive. By (Ag), (A7), and (2.2), we obtain

1 14 u(t;) u(0) +00
D(u) — AV (u) = §||u||§(+z‘/ ' Ij(s)ds+/ h(s)ds—k/ G(t,u(t)) dt
7 Jo 0 0
1 2 2 o o
> E—Kﬁ lealy )Nl = Aealy (B Null§ + c3),

for any u € X. Since 0 < ¢ < 2, for any A €]0, m[ (with the conventions % = +00), we
obtain limy,— oo (P (x) — AW (1)) = +o0, that is, & — AW is coercive. Hence, & — AW has
a minimum (Theorem 1.1 of [45]), which is a critical point of ® — AW. Thus, for each

rel0 [, problem (1.1) has at least one classical solution. O

’ 2ﬂ2|c
Now we give the proof of Theorem 1.3.

Proof Let ¢ = ® — AW. Obviously, ¢ € C'(X,R). In the following, we first show that ¢ is
bounded from below. By (Ag), (Ag), and (2.2), we have

ult;) u(0) +00
o) = —||u||X+ Z/ I(s)ds+/ h(s)ds—k/ G(t,u(t)) dt
0
1 o 8+1
> Sl = DB Ml — ¢ B ully!
j=1
+00
—)\/ (k)| + ko (0)|uel) dt
0
1 o 8+1
> Sl = Y G ully” — ¢ B i
j=1
=17 il = 2B Kol aelx. (3.4)

Since §;,6 € (0,1) and y; € (0,1), (3.4) implies that () — oo as ||u||x — oo. Consequently,
¢ is bounded from below.

Next, we prove that ¢ satisfies the Palais-Smale condition. Suppose that {i,} C X such
that {¢(u,)} be a bounded sequence and ¢'(u,,) — 0 as n — 00, it follows from (3.4) that
{u,} is bounded in X. From the reflexivity of X, we may extract a weakly convergent sub-
sequence, which, for simplicity, we call {u,}, u, — u in X. Next we will prove that u, — u
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in X. By (2.5) and (2.6), we have

(¢ () = @' @) (= 14) = Nty = w3 + [P(24,,(0) = 1 (4(0)) ] (4,,(0) — (0))

Eqm

I
—_

(5 () = (14(57))) (1 (8y) - (5y))

J

a / (et 1n(0)) - (6, 10))) (1 (8) - 1)) dlt

0

Obviously,

(¢' () — @' (1)) (st — 1) — 0.

Page 10 of 15

(3.5)

(3.6)

We claim that if u; — u in E, then g(¢, u;) — g(¢,u) in L}[0, +00). The proof is similar to

that of Lemma 2.4, and we omit it here. By (2.2), we obtain

/0 (¢t un(0)) g (6 u(0))) (1(0) - ue0)) dlt
< (luallc + lullc) [0 lg(t,100(0)) — g (8, u(0)) | e

< B(ltallx + ll) /0 lg(t10a(0)) g (t,u(0)) | dt — 0

as n — 00. Since u,, — u in X, for any M > 0, we get u,, — u in C[0, M]. So

p
> (1 (ua @) — Ii(w®)) ) (ua(t)) - () — 0

Jj=1

[11(44(0)) = h(4(0)) ] ((0) — u(0)) — 0

(3.7)

(3.8)

In view of (3.5)-(3.8), we obtain ||z, —u||x — 0 as n — o00. Then ¢ satisfies the Palais-Smale

condition.

It is easy to see that ¢ is even and ¢(0) = 0. In order to apply Theorem 2.2, we prove now

that
for each n € N, there exists ¢ > 0 such that y(w‘s) > n.

For each n € N, we take # disjoint open sets B; such that

n
UB,' cJ.
i=1
Fori=1,2,...,mletu; € (Wé’z(Bi) N X) and ||u;||x =1, and

E, =span{uy, z,...,un},  Jo={u€E,:llullx=1}.

(3.9)
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Forany u € E,, there exist 1, € R, i =1,2,...,n, such that

u(t) =y diui(t) fort € [0,+00). (3.10)
i=1

Then

17 (/Owo|u(t)|ndt)

NS
NS

= (ZIMIV2 fB |ui(2)|” dt) (3.11)
i=1 i

and

ol - /0+°°(|u;<t)|2 + clu(o)?) de
Zﬁ/ [, + c|ui(e) ") de
-3t [ ol seluto e
=i1k?||ui||§(
:ankf (3.12)

Since all norms of any finite dimensional normed space are equivalent, so there exists
M, > 0 such that

Mollullx <|ul,, forueL,. (3.13)

In view of (Ag), (Ayp), (2.2), (3.11), (3.12), and (3.13), we get

0

,02 ) 14 ou(t) pu(0) +00
o(pu) = e el s + Z/ Ii(s)ds + / h(s)ds — A/ G(t,pu(t)) dt
o Jo 0
pu(0)

P A
- 7||u||x+j21/0 sds+ [ hoyds
—AZ/ t pu(t

IA

2 p
1Y ) 8i+1
Sl + D cloBY  ully” + ¢ (op) el

Jj=1

n
—anp” Y [hl” | o] at

2 p
P ) Si+l
=7||u||§+§ oB) Hlully” + ¢ (oB)° Hlulllet - Anp™ |l
j=1
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2 p
14 . 8i+1
< Sl 2GR iy + ¢ (o) lully !~ An(Mop) 1l
j=1
P &
= S+ 2 GB) + d(oB) !~ hn(Mop)™, (3.14)
j=1

forVue],,0<p < %
Since y, € (1,2) with y, < min{min; <;<,{8;}, 8} + 1, there exist £ > 0 and § > 0 such that

o(6u)<—e foruej,. (3.15)

Let
Jo=(u:uel),  Q={0G1hy.. . h) eR:Y A7 <8,
=1

then it follows from (3.13) that
ou)<—¢ foru e]ﬁ.
Together with the fact that ¢ € CY(X,R) and is even, it implies that
Pceres. (3.16)

By virtue of (3.10) and (3.12), there exists an odd homeomorphism mapping f € C(J2, 92).
By some properties of the genus (see 3° of Propositions 7.5 and 7.7 in [42]), one has

ve@)=v() =n (3.17)
so the proof of (3.9) follows. Let

d, := inf s .
nf ulg]w(u)

It follows from (3.17) and the fact that ¢ is bounded from below on X that —co < d,, <
—& < 0, thatis, for any n € N, d,, is a real negative number. By Theorem 2.2, ¢ has infinitely
many critical points, and so problem (1.1) has infinitely many solutions. O

4 Examples
In order to illustrate our results, we give two examples.

Example 4.1 Consider the following problem:

—u(t) + u(t) = 2g(t,u(?)), ae.tel0,+00),
Au' () = L(u(y)), j=1, (4.1)

u'(0%) = h(u(0)), u'(+00) =0,

where h(u) = u, I;(u) = u.
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Compared to problem (1.1), ¢ = 1. It is clear that (A;) is satisfied. 8 is defined in (2.2).
When 8 lies in different intervals, we can choose different g satisfies the conditions. So we
only consider one case. If 8 < Y10 e take

2 )
VBe™, us<p,
g(t,u): —t( u 1 B
e (355 + 600u? =599/ — 355), u>p.
Then
JBetu, u<p,
G(t,u) = P 3 8 3 g2
e [555 +400u? — (5994/B + 155)u + 20082 + 3551, u>p.

Take #; = Inv/2, a1(t) = S5, @ = 2, ax(t) = 400e™", a3 = J50 ba(t) = €, bu(t) = 600e™,
bs(t) = «/Be”*, and choose constants d,q > 0 and m satisfying 682q < d < min{p, @ﬂq}
and %mz = Z—i. A simple calculation shows that (As), (A4), and (As) are satisfied. Applying
Theorem 1.1, then, for each A € ];—2, ail [, problem (4.1) has at least three classical solutions.

Example 4.2 Consider the following problem:

—u(t) + u(t) = 2g(t,u(?)), ae.tel0,+00),
Au' () = L(u(y)), j=1, (4.2)

u'(0%) = h(u(0)), u'(+00) =0,

where A > 0, [;(u) = —ug, h(u) = —u%, and g(¢,u) = (m - ﬁ)u%.

Compared to problem (1.1), ¢ = 1. By simple calculations, all conditions in Theorem 1.3
are satisfied. Applying Theorem 1.3, then (4.2) has infinitely many classical solutions.
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