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Abstract

This paper deals with the vectorial Schrédinger operators with §-interactions
generated by Ly a0 = f% + QW) + Yooy Akd(x = Xy, x € [0,+00). First, we obtain an
embedding inequality. Then using standard form methods, we prove that the
operator Hy 40 given in this paper is self-adjoint. Finally, a sufficient condition and a
necessary condition are given for the spectrum of the operator Hy 4o to be discrete.
By giving additional restrictions on the symmetric potential matrix Q(x) and Ay, we
also give a necessary and sufficient condition for a special case. The conditions are
analogous to Molchanov's discreteness criteria.
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1 Introduction
The present paper deals with the vectorial (matrix) Schrodinger operators with §-
interactions generated by the formal differential expression

d> =
Lyaq:= T2’ Qx) + ZAkrS(x —-x), x€[0,+00), (1.1)
k=1

(R,,C™) and Ay = (afj ;']’.zl € R are real valued and

symmetric 1 x m matrices. Denote A := {A;}72; C R™, and let X := {x}2;, C R, be

loc

where Q(x) = (g;(x))]j_, € L

a strictly increasing sequence such that xy — +oo. The minimal operator Hx 4o can be
defined as follows:

H , oY :=L(Y) =-Y" + QW)Y,

Dom(HY 4 o) = {Y € L2, (R, C) 1 Y, Y € WH(R,\X,C™),

comp
L(Y) € L*(R,,C"),Y(0) =0, Y (x+) = Y (xx-),

Y'(x+) = Y (k=) = AcY (%), k € N} (1.2)

Here 0 is the m-dimensional zero vector. It is clear that H?(, 4,0 1s asymmetric operator, and

the minimal operator Hy 4 q is the closure of H?(,A,Q in L*(R,, C™), that s, Hx a0 := Hg)(A,Q'
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L%(R,,C™) is the Hilbert space of vector-valued functions with the scalar product
[o¢]
(g, v) = / (u, v), dx,
0

where u = (g, un,y .. tt) T, v =1, V2y oo, Vi) T, (U V) =V 1t = Yo Vi, u,vi € LA(R,).

Schrédinger operators with §-interactions can be used as solvable models in many sit-
uations. The operators Hy 4, in the scalar case describes §-interactions of strength at
the points x;. Numerous results can be found in [1-5]. Also, there are some papers about
a vectorial operator with §-interactions. For example, a detailed spectral theoretic treat-
ment of Schrédinger operators with distributional matrix-valued potentials is developed
in [6]. Some results about the defect index of the matrix case Hy 4 o when Q is missing
are obtained in [7]. However, there are a few results about the spectral properties of such
operators.

The main objective of the present paper is to give conditions for the spectra of the vec-
torial Schrodinger operators Hy 4, to be discrete. First, we prove that the operator Hy 4 ¢
given in this paper is self-adjoint. If the singular part in (1.1) is missing, then Hy = Hx ¢ is
justa classical vectorial Sturm-Liouville expression. Liu and Wang [8] gave some criterions
that guarantee the operator Hg to have a purely discrete spectrum. This result was proved
by direct sum decomposition methods of operators and estimation of the corresponding
quadratic forms. Clark and Gesztesy [9] derived Povzner-Wienholtz-type self-adjointness
results for the classical matrix Sturm-Liouville operators. A generalization of this result
to the case of scalar (m = 1) operators with point interactions was obtained by Albeverio
et al. [1]. Second, after we derive an embedding inequality of vector-valued functions, we
obtain some criterions that guarantee the operator Hy 4 ¢ to have a purely discrete spec-
trum. The condition is an analog of the classical discreteness criterion due to Molchanov
[10]. Our result reads as follows:

/ o pmin(Q@)) dx+ > pumin(Ar) —> 00 asx — oo, (1.3)

X E(xx+E)

However, condition (1.3) is no longer necessary in the case of matrix Hamiltonians Hy 4,
(see Theorem 1). This results coincides with the corresponding result obtained by Albeve-
rio et al. [1] in the scalar case (m = 1), whereas in this case it is also necessary. Subsequently,
giving additional restrictions on the symmetric potential matrix Q(x) and Ak, we obtain a
sufficient and necessary condition for a special case (see Theorem 3).

This paper is organized as follows. In Section 2, we introduce some basic definitions
and lemmas and a generalized embedding theorem. Section 3 contains some lemmas and
quadratic forms associated with the operator Hx 4, for our main results. Some criteri-
ons based on the Molchanov’s theorem, which guarantee that the operator has a purely
discrete spectrum, are given in Section 4.

2 Preliminaries

Let ) be a Hilbert space with inner product (-, -), and let t be a densely defined quadratic
form in $) with lower bound —c, that is, t[u] > —cIIuIIf.O, ¢ € R. Let t[+, -] be the sesquilinear
form associated with t. Then the equality

(u, V)¢ = tlu, v] + 1 + ¢)(u, v)
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defines a scalar product on Dom(t) such that ||u«||¢ > ||u|| for all # € Dom(t), where
lullf == t[u] + A+ c)lulf, ueDom(t).

The form t is called closable if the norm || - ||¢ is compatible with | - ||, that is, for every
|| - [le-Cauchy sequence {u,}52; in Dom(t), ||u,|ls — O implies ||u,|l¢ — 0. Let )¢ be the
|l - [l¢-completion of Dom(t). In this case, the completion )¢ can be considered as a subset
of $). The form t is closed if the sets £y and Dom(t) are equal. Let A be a self-adjoint lower
semibounded operator in ), that is, (Au, ) > —c(u, u) for all u € Dom(A) and some ¢ € R.

Denote by t/; the densely defined quadratic form given by
t,[u] = (Au,u), Dom(t,) = Dom(A).

Clearly, this form is closable and lower semibounded, t; > —c, and its closure t4 satisfies
ty > —c. We set 4 := 9y, . By the first representation theorem [11], Theorem 6.2.1, for any
closed lower semibounded quadratic form t > —c in $), there corresponds a unique self-
adjoint operator A = A* in §) satisfying (Au, u) > —c(u, u) for all u € Dom(A) such that t is
the closure of t,. The form t is uniquely determined by the conditions Dom(A) C Dom(t)

and
(Au,v) =tlu,v], ueDom(A),v € Dom(t).

Lemmal LetA = A* be alower semibounded operator in §), and let t4 be the corresponding
form. The spectrum o (A) of the operator A is discrete if and only if the embedding iy : $H4 —
8 is compact.

Proof See [11]. (N
Definition 1 Let the operator A be self-adjoint and positive on £, and let t4 be the cor-

responding form. The form t is called relatively form bounded with respect to t4 (ts-
bounded) if Dom(t4) C Dom(t) and there are positive constants a, b such that

|t[f]] < atalf] + BIFI%,  f € Dom(ty).

The infimum of all possible « is called the form bound of t with respect to t,4. If a can be

chosen arbitrary small, then t is called infinitesimally form bounded with respect to t4.

Lemma 2 Let ty be the form corresponding to the operator A = A* >0 in 9. If the form t is

ta-bounded with relative bound a < 1, then the form
ti:=tg +t Dom(tl) = Dom(tA),

is closed and lower semibounded in §) and hence gives rise to a self-adjoint semibounded

operator. Moreover, the norms || - |4 and | - Iy, are equivalent.

Proof See [12]. (]
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We also need a generalized embedding inequality of vector-valued functions, which
we state here. In [13], p.232, Theorem A.2, Muller-Pfeiffer gave an embedding theo-
rem for scalar functions. We extend the theorem to vectorial functions. For an inter-
val I, let u(x) = (u1(x), ua (%), ..., um(x))T, where uj € whr(I), j =1,2,...,m, and we de-

note by W*?(I,C™) the space of all such vectorial functions. The norm is | z||?

wha(r,cmy ~

1 k ;
> ||u,.||$v,,p(1), il = (koo Sy 168 )P d)?. If w; € CK(D), j = 1,2,...,m, then we
denote by C¥(I,C™) the space of all such vectorial functions. The norm is ||u||2ck(1 omy =

k I .
7 il 0 Nill ey = Y SUPaer 14 @)1, 1 ; € LK(D), j = 1,2, ..., m, then we denote by
LK(I,C™) the space of all such vectorial functions. The norm is ||u||ik(1,cm) =3 ||M,'||ik(1),
lluill iy = ( f, lu;i (%)), We get the following embedding inequality for vectorial func-
tions.

Lemma 3 If[>k >0 and1<p < oo, W ((x1,%,),C") is continuously embedded into the

space C*((%1,%,), C™), and, for any € > 0, there exists a constant C, such that

2 0|2 2
el ey mmrom = €08 [y apicm + Cel bl nnom 2D
Sor all u € W ((x1,x,), C™).

Proof Using the embedding theorem in [13], for any ¢ > 0 and every component function

u;, i=1,2,...,m, there are constants C;, > 0 such that

7 y<efu

2 012 2
”Ck(xl,xg = ||U7(x1,x2) + Cl’,é‘”ui”[}’(

x1,%2)*

Then

m
2 _ 12
[ P N 177
i=1

m m
S Z & || ufl) ||ip(x1'x2) + Z Cl’,é‘ || Uu; ”%P(xl,xz)
i=1 i=1

m m
02 2
<Y el |y + D Cellilloey ayys
i=1 i=1

where C, = maxj<;<;,{C;.}. For integer />0 and 1 < p < oo,

m 2 i
“u(l) Hi!’((xbxz),(c”‘) B (Z“ul(l) “L!’(xl,xz)) = Z“ufl) Hfl’(xbxz);
i=1 =1

hence, we get (2.1). O

3 Quadratic forms associated with the operator

We begin this section with the operators Hy 4,0 and their corresponding quadratic forms
in the Hilbert space L%(R,, C™). First, we recall some notation for the convenience of the
readers. The inequality Q(x) > (>)0 means that for any Y(x) = (y1(x),y2(%), ..., ym(x))7,
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(Qx)Y (%), Y (%)) = (>)0, and Q(x) is called bounded from below if (Q(x)Y (x), Y (x)),, >
—c(Y(x), Y(x)),,, where c is a constant. Then we consider the quadratic forms

aly] = /o QWY W), Yw), dx, 3.1)

Dom(q) = {Y € L*(R,,C") : [q[Y]| < 00}.

We denote by min(Q(x)) and pimax (Q(x)) respectively the minimal and maximal eigenval-
ues of Q(x), and by pmin(Ax) and pmax(Ax) respectively the minimal and maximal eigen-
values of Ax. The quadratic form ¢[Y] is called semibounded from below (above) if and
only if 50 is fmin(Q())(ttmax(Q(x))). We denote by to[Y] the following quadratic form:

to[Y]:= / OO(Y’(x),Y/(x))mdx, Dom(t,[Y]) = Wy (R,,C™). (3.2)
0

Together with the form q, we consider the form

tolY]:=to[Y] +q[Y] = /O [(Y'(x),Y' (%), +(Qx)Y(x),Y(x), |dx, (3.3)

Dom(tg) = W,*(R,,C™) N Dom(q)

={Y € L*(R,,C") N ACioc(R,, C™), to[Y] < +00, Y (0) = 0 }.

Dom(ty[Y]) is the set of all Y € L2(R,,C”) such that Y(x) is absolutely continuous,
Y' € L*(R,,C™), and Y(0) = 6. The form t,[Y] is symmetric and closed. Dom(q) is the
setofall Y € L*(R,,C™) such that [;°(Qx)Y (%), Y (%)),s dx < +00. The form g is also sym-
metric and closed. Thus, to[Y] = to[Y] + q[Y] is symmetric and closed (see [11], Chap-
ter VI, Theorem 1.31). If the potential Q(x) is lower semibounded with bound —¢, that
is, (Qx)Y,Y) > —c(Y,Y), VY € C™, then Dom(ty) equipped with the norm ||Y||faQ =
Y1121 + tolY]+ (1 + )| Y13, is the Hilbert space ¢ := $, := W2 (R,,C™; Q). Let
tz[Y] = Z(Aky(xk); Y(xx)),, (3.4)

k=1

be defined on the domain
Dom(tg) = {Y c Lz(IR+,(C’"),tR[Y] < +oo}.

Denote by tlf [Y] the sum of k positive (negative) parts of (AxY (xx), Y (k) that is,

G 1Y) =) (AcY (), Y(i)) (3.5)

k

+
m’

—

Dom(tz[Y]) = {Y € Wy (R,,C™), t5[Y] < +o0}.

Similarly,

qF[Y]:= fw(Q(x)Y(x), Y(x))j;dx, Dom(q*) = {Y € ACioc(R,, C™), q*[Y] < +00}.
0
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Then we define the form

txa,0 =t +tr, tQ=t0+tQ:t0+q++q_,
to=to+q", to=to+q,

Dom(tx 4,q) = Dom(tg) N Dom(tg),

which is naturally associated with the differential expression, and the form is as follows:

txaolY] = /0 [(Y’(x), Y/(x))m +(QW)Y (x), Y(x))m] dx
+ ) (AY (), Y (), (3.6)

k=1

Notation If the form txaq is nonnegative, then Hx 4,0 = Nty 40 denotes the domain
Dom(tx,a,q) equipped with the norm

1Y 15y 00 = telYT + [V + 1Y 2, 0

x+1
suop/ |,u;mX(Q(x))|dx < 400, sup Z |/"Lr_nax(Ak)| < +00, (3.7)

x> x> xp€[xx+1]

where ik, (Q()) = (max (QW)) £ [Umax (Q)) /2, w(A)* = {(AR) ), and pi, (Ay) =
(Mmax (Ak) £ [ max (A1) /2.

Lemma 4 If the minimal operator Hpyin = Hx 4,q is lower semibounded, then the operator
Hx 4,0 is self-adjoint, Hy 4,0 = (Hx,4,0)*.

Proof Without loss of generality, we assume that Hy 4, > 1. It is sufficient to show that
ker((Hx,4,0)*) = {6}, that is, the equation

—-Y'(x) + QW)Y(¥) =6, xeR,\X,Y € Dom((Hxa,q)") (3.8)

has only a trivial solution (the derivative is understood in a distribution sense).
Assume the converse, that is, let Y (x) = (y1(x), y2(x),. ..,y (x))T be a solution of equation
(3.8). Let x; € C°(R,,C™) (i =1,2,...,m) be such that 0 < | x;|| <1and

e, 0<x<1/2, .
xix)=1" - i=1,2,...,m,
6, x>1,

where | - || is the Euclidean norm. Let the matrix X(x) be the combination of x;(x), i =
1,2,...,m, thatis, X(x) = [x1(x), x2(x),..., xm(x)]. Define

Y, (x):=X,(x)Y(x) =X(x/n)Y(x), meN.

Obviously, suppY, C [0,#]. Since Y, (xx—) = Y,,(x¢+) and x; € C3°(R,,C™") (i=1,2,...,m),
we get

Y (k) = Yy (ee=) = X (i) [ Y () = Y (=) | = X e Ar Y (1) = A Y (),
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and hence Y,, € Dom(Hyn). Furthermore,
(Hoia Y V) = /0 T([7w + QY W)] Yuw), d
= - /0 Oo(zx,;(x) Y'(x) + X, (%)Y (%), X, (¥) Y (%)) dx
= /O oo[(2)(,;(x)Y/(x),xn(x)Y(x))m + (X ()Y (%), X, (%)Y (%)), | dx. (3.9)
By Hyaq =1,
(HoinY,, Y;)) = (Y0, Y;) = /O (K@Y (), X, ()Y (), . (3.10)

On the other hand, transforming the first part of (3.9), integrating by parts, and noting
that X,,(x) has a compact support, we get

/m(2X;(x)Y’(x),X,,(x)Y(x))m dx = /00 2Y () X, (%) T X (%)Y (x) dx
0 0

= E:/ 2yi(X)Xi’i(x/n)xi/,i(x/”)y;(x)dx
i=1 0
m 0 1 i / 2 |

i o Vi (x/n)) d
ZH /o 5 07 @) (xii(/m)) dx

- [l
+ (xfwim)) ] dx, (3.11)

where x;;(x/n) denotes the ith component function of y;(x/n), which is the ith column of
the matrix X, (x) (i =1,2,...,m). The second part of (3.9) is as follows:

Lm(XZ(x)Y(x),Xn(x)Y(x))m dx = Z /Oooy?(x)xi’,;(x/n)xl;i(x/n) dx. (3.12)
i=1
By (3.9), (3.11), and (3.12) we get
- oo 2 / 2 oo ! !
(HminY,, Yy) = Z/ y; (x)(xl-’i(x/n)) dx = / (Xn(x)Y(x),Xn(x)Y(x))m dx. (3.13)
=1 Y0 0
Therefore, by (3.10) and (3.13) we obtain

n/2 n/2 00
/ (Y(x), Y(x))mdx = f Y)Y (x)dx < / Y ()T X, (%) X, (%)Y (x) dx
0 0 0
< / Y WTX ()X ()Y () dx
0

c (" Cc [
=3 /n , Y(x)"Y(x)dx = 3 /n /Z(Y(x), Y(x)),, dx, (3.14)
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where C := sup,[o 1) [X'(x)|. Noting that Y € L2(R,,C™), inequality (3.14) yields Y = . This

contradiction completes the proof. d

Before proceeding further, we need the following fact.

Lemma 5 If
n+l
Co := sup/ | tmax (Q(2)) ] dt < 00, (3.15)
neNJn
Ci :=sup Z |,ufmax(Ak)| < 00, (3.16)
nEkae[n,;ﬁl]

then the forms q and tg := t} + t; are infinitesimally to-bounded, and hence the form tx 4 q
is closed and lower semibounded, and Dom(ty,a,q) = W"*(R,, C™) algebraically and topo-
logically.

Proof By Lemma 3, for any ¢ > 0, we have the following inequality:

n+l n+l
1Y ¢, cm < s/ (Y'(®),Y' (), dt + Cg/ (Y(®),Y(), dt

<e|Y = CellY 72, (3.17)

2
|| WL2([n,n+1],C™ [n,n+1],C")’

where x € [1,n + 1], and the constant C, > 0 does not depend on Y and # € N. Combining
(3.15) and (3.16) with (3.17), we obtain, for Y € Dom(ty) = WS’Z(RHC’"),

/ QY@ Y(),, dx+ 3 (AcY (e, V() ,

R+ k=1
o n+l

= Z( f (QWY @), Y(),, dx+ > (AcY(x), Y(xk))m)
n=0 n xk€lnn+1]
S n+l

<[ Q)Y Pdx Y [pmata0] 1P
n=0 v" xp€[nn+l1]

00
=< (CO + Cl) Z l Y||2C[n,n+l]

n=0

< (Co+ CelY 3@, om + (Co+ COCY 12, omy-
Since ¢ > 0 is arbitrary, the forms q and ty are infinitesimally form bounded with respect

to to. It remains to apply Lemma 2. O

We refer to A := {Ax}°, C R™ again. We denote by /2 (||A]|) the weighted space
of m-dimensional vector sequences f = {f¢}?2; C C™, where ||A| is any norm of a ma-
trix A, and every element f; of the sequence is an m-dimensional column vector. Let
Je = iirfezs - Jiom) s then {fi )2, € 12,i=1,2,...,m, and hence |[fii* = Y po; [fail* < o0
and [[f 1> = 27 Ifi:l|*. The space 22,(|A|l) equipped with the weighted norm W12, any =

1
O > Ak fii1») 2 is a Banach space.
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Lemma 6 Assume that Q(x) > 0 and Ay > 0 for k =1,2,.... Then the form tx 4 q is non-

negative and closed.

Proof Itis obvious that the form tx 4 ¢ is nonegative if Q(x) > 0 and Ax > 0. Now we prove

the closeness of the form ty 4 . Let us equip $x,4,0 = Dom(tx 4,o) with the norm
1Y 15y = tlYT+ R[]+ 1Y 1225, o)

Let {Y,,}32, be a Cauchy sequence in f)x 4,q. Since Wé’2(R+, C™) and 2,(||A|)) are Hilbert
spaces, there exist Y € W&’Z(RH C™) and

A A (VA
such that
=0

nlinc}o ” Yn - Y||Wé’2(R+,Cm)

and
o0
) 2
nhﬁn;o ; AN Ya(tr) - &|” =0,

where &; and Y,, are m-dimensional vectors. Since the space Wé’z(RH C™) is continuously
embedded into C(R,,C™), the Banach space of bounded continuous functions on R,.

Therefore,
lim Y,(x) = Y(x),
n—oQ

and then Y € iy 4,¢ and
nli)ngo ” Yl’l - Y”.FJX‘A‘Q =0.

In addition, since Q(x) > 0 and {Ax}?2; > 0, HHx,4,¢ is a Hilbert space with the inner product
[o¢] o0
(Y, 2) x40 = / (Y’,Z/)m dx+/ ((Q(x)+E)Y,Z)mdx
0 0

+ Z AkY(xk) Z xk))
k=1

where E is the identity matrix. Then the form tx 4 g is closed. d

Lemma 7 Ifthe form tx a q is lower semibounded, then the set Dom(HY, A,Q) isacore of the
fO}"Wl tX,A,Q~

Proof We need to show that Dom(HY, 4,0) is dense in Dom(tx, 4,q) with respect to the norm

[I Y||5XA 0~ =tolY] + tr[Y] + ||Y? .Let D/, be the linear span of C*° functions with

L2(R,,CmM)"



Liu et al. Boundary Value Problems (2016) 2016:24 Page 10 of 16

compact support in a single interval (x;_1,%;), i € N. Each function f; € C§°((x;-1,%;), C™)
can be extended to [0, 00), and the extended function

- ), xexi_1,%i),
filx) = file) i)

0, x € [0, 00)\ (%i_1, ;)
belongs to D/, C Dom(H)%,A,Q)'

We need to prove that for # € Dom(tx 4,¢) and for all f € Dom(H)O(’A'Q),

o]

((QW) + E)u,f), dx + Z(Aku(xk),f(xk))m =0 (3.18)

k=1

(u,f):/ooo(u/,f’)mdx+/o

implies that # = 0. Equation (3.18) holds for all f € Dom(H$ 4,0)» and thus, for each interval
(x;_1,%;), the equation

xi X

f (u.f), + / ((Q+Eu,f),, =0
Xi-1 Xi1

holds for all f; € C5°((x;_1,%;), C™). Then u” = (Q+ E)u on each interval (x;_j, ;) in the sense

of distributions.

Since equation (3.18) holds for all f € Dom(H)% A)» integrating by parts, we get
ue Dom((H)(g, A,Q)*)‘ Then by a similar method as in Lemma 4, the only function u €
Dom(tx,4,0) satisfying equation (3.18) is u = 0. So we obtain that the set Dom(Hg A,Q) isa
core of the form ty 4 ¢. O

Lemma 8 Ifthe form tx u q is closed and Hy 4 q is self-adjoint, then the operator associated
with the form ty 4 o coincides with Hx a,q = (Hx 4,0)".

Proof Integrating by parts, we can get from (1.2) that Dom(H?(, A’Q) C Dom(tx,4,0). For
u,ve Dom(Hg)(’AvQ),

txa0lu,v] = /0 [(«,V), +(QWu,v), |dx+ Z(Aku(xk), v(x1)),,

k=1
= (H%AQM, v).
Assume that T is the self-adjoint operator associated with tx 4. Since Dom(H)% AQ) 18

a core of the form ty 4, by Lemma 7, by the first representation theorem we have u €
Dom(T) and Tu = Hy , o, and hence T = Hx,q- O

Lemma 9 Assume that Q(x) > 0, x € R,. Let the forms tq and t}, be defined by (3.3) and
(3.5). Then the form ty 4+ q = tq + t}, is nonnegative and closed.

Proof The proof is similar to that of Lemma 6. O

1oc(R4), and let the forms tq and tlf be given by (3.3) and (3.4).
() If tax (Q(x)) and p,,, (Ax) satisfy (3.7), then the form tx ,q is closed and lower
semibounded. Moreover, Dom(tx 4,q) = Dom(ty 4+ o+), and the operator associated

Lemma 10 Letq; €L}

With tx 4, coincides with Hx 4,0.
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(1) If tmax (Q(¥)) = Moy (QX)) and pimax(Ax) = Uiay (Ax), then conditions (3.7) are
necessary and sufficient for the form tx 4, to be lower semibounded.

Proof (i) By the Lemma 9 the form tx 4+ qis closed. Moreover, by Lemma 5, t;, and t; are
infinitesimally t;,-bounded and hence infinitesimally tx 4+ o+-bounded. Using Lemma 2,
we complete the proof.

(ii) Sufficiency is implied by (i). Let us prove necessity. Assume the converse, that is, the
second condition in (3.7) does not hold. Then there exists {#;};° C N such that

Z /"Lt:mx(Ak) <=1 jE N. (3.19)

xi€lnjmj+l]

Define ¢;(x) := ¢(x — 1), j € N, where ¢ € C°(R,,C") is such that suppg € (—%, %),
0 < |l¢ll <1, and ¢(x) = e, x € [0,1], where e; denotes the m-dimensional column unit
vector whose first component is 1. By (3.19) and the form (3.6) we obtain ty 4,ol¢] <
-n; + ||‘p”%vl'2(n{<+,cm)’ and we note that when n; — o0, tx 4, is not lower semibounded.
Hence, the contradiction finishes the proof. d

Corollary1 If

- Monax (Ak)
f ———= > 00, di = Xy — X1, 3.20
lllelN dr > —00 k = Xk — Xk-1 ( )

then the form ty 4 = ty a0 is closed, and lower semibounded, and Dom(ty 4) = W&’Z(RH c™).
Moreover, the operator associated with the form ty 4 coincides with Hx 4.

Proof Clearly, (3.20) yields (3.15) and (3.16). Lemma 10 completes the proof. O

4 Discrete spectrum
4.1 Sufficient conditions and necessary conditions

In this section we find conditions under which the vectorial Schrédinger operator Hy 4,0
has a purely discrete spectrum. The discrete spectrum of a self-adjoint operator T, 0,(T),
is the set of all isolated eigenvalues of T with finite multiplicity, and the essential spectrum
of T is the complement in o (T) of 04(T) (see [14, 15]).

Theorem 1 Assume that q;; € L}

loc

(R,) and (3.7) is satisfied. Then the operator Hx 4, is
lower semibounded and self-adjoint, and its spectrum o(Hx,a,0) is discrete if, for every
>0,

/“s ,u.min(Q(x)) dx + Z Mmin(Ax) = 00 asx — oo. (4.1)

xpE(xx+E)
If the spectrum o (Hy 4,q) is discrete, then
X+€&
/ HMmax (Q(x)) dx + Z Mmax(Agx) = 00 asx — oo. (4.2)
x XpE(xx+E)

Remark 1 Before giving the proof, we note the following facts about matrices.
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(i) Ifa matrix-valued function Q(x) > 0, then its eigenvalues are all positive.
(i) If Qx) € Llloc(R+: Cm>*™), then the eigenvalue functions are also integrable.

Proof We divide the proof into two steps.
(i) First, assume that the potential Q(x) is lower semibounded. Let Y (x) = (y1(x), y2(x
o Ym@)T
Sufficiency. Without loss of generality we assume that (Q(x)Y (x), Y (x)),, > (Y (x), Y (%)) .-
By Lemma 6 the form tx 4 is closed in §) = L*(R,,C™). Let $x.4,0 be the Hilbert space
generated by ty 4 . Let us show that the unit ball in $x4,0,

Uxaqi= 1Y € W (R, C") : 1Y 32, com

QY ), Y®)™ [, om + D (ALY (50, Y (51)),, <
k=1

is compact in L2(R,, C™). Since the embedding W'2([0,a], C") < L2([0,a], C") is com-
pact for any a > 0, it suffices to show that the tails |, 130 (Y(x), Y (x))m dx uniformly tend to
zero in Uy 4,¢.

Let us divide the semiaxis R, into intervals €2, := €2,(2¢) of length 2¢, Q; N Q; = @.
Clearly, for any Y € W2(R,,C™) and any %,z € Q,,, we have

X

(Y@),Y'@)),, dt’

< 2/x|(Y(t), Y'(r)),| dt

|| Y(x || wl2(Q,,cmy’ (43)

(Y, YW),, - (Y2, Y(2),,| =2

Since Y is continuous on R,, there exists ¢, € ©,, such that

/Q QWY@ YW), dx+ 3 (AY (), Y(x0),,

XkeSn
/ ZZ%J&% dx + Z |:Z Zﬂl]y/ Xk _)/l xk):| dx
@ el g1 e L oi=1 j=1

2'/9 Mmm Z|yl| dx + Z Mmin Ak Z’y; xk

Xken

=Z|yi<tn)|2( [ (@) s+ 3 a0 (@)
i=1 n

Xk €Qy

Integrating (4.3) over 2, and taking (4.4) into account, we obtain

/Q (Y(x), Y(x)) dx

<2e(Y(tn), Y (t0)) + 26|, Y(x)”%vlﬂ(ﬂ,,,«:m)
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<2¢ </Q (Q(x)Y(x), Y(x))m dx

-1
+ Z (AkY(xk): Y(xk))m) (/ Mmin (Q(x)) dx + Z Mmin(Ak))
Xke 2 $2n Xk €N

+2¢| Y (x) ||?Vlv2(szn,(cmy (4.5)

According to condition (4.1), there exists N € N such that

/ w pmin(Q@) dx+ Y pmin(Ar) >1 forn>N. (4.6)

xpE(xx+E)

Combining (4.5) and (4.6), we get
/ (Y(x,Yx dx<2/ x)Y(x
IN
[o¢] m m
<2¢ Z(/ quifyfyi dx
n=1

noi=1 j=1
+ Z [ZZ”@)’;’(M)%(M)})
xkeQu L i=1 j=1

+2¢ ” Y (x) ” ivl»?(lR,,,Cm)

< 2e.

Hence, |, 130 (Y(x), Y (x)),» dx uniformly tends to zero in Uy 4 . By Lemma 1 the spectrum
o (Hx,4,0) is discrete.
Necessity. Assume that condition (4.2) is violated. Then there exist ¢ > 0 and a sequence

xr — oo such that the inequality

/xn+8 max (Q(x)) dx + Z MUmax(Ax) < Cr<oo, mneN, (4.7)

Xp €(XpXn+€)
holds with some C; > 0. Let ¢ € WY2(R,) with ||¢| w12 = 1 and suppe C (0,¢). Let
on(x) = p(x—x,), neN. (4.8)

Clearly, [|¢,llw12 = |@llw2 = 1. Since sup, g, [¢(x)] = C; < 00, we get

txaolen] + lloal?s = A [(9,), 0, (%)), + (9n(x), 0u(x)),,

+

+ (QW@n(x), pu()),, ] dx + Z Axn(), n(x1)),,

k=1

<1+ / HMmax (Q(x)) Z |(pn,i|2 dx
+ i=1
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+ Z Mmax (Ak) Z|<ﬂn,i(xk)|2
=1

Xp €(XpXn+e) i
Xpte
<1+ C% / Mmax (Q(x)) dx + C% Z Mmax(Ak)
Xn X € (X xn+E)

<1+C3C,.

Thus, the sequence {g,}{° is bounded in $x 4 ¢ but is not compact in L*(R,,C™). By
Lemma 1 the spectrum o (Hx 4,0) is not discrete.

(ii) Assume now that Q(x) satisfies condition (3.7). Then by Lemma 10(i) the operator
Hy 4,q is self-adjoint and lower semibounded if Ax (k =1,2,...) satisfy (3.7). Furthermore,
by (3.7), max(Q(x)) and uf . (Q(x)) satisfy (4.1) simultaneously. By the above considera-
tions, the spectrum of the operator Hy 4 g+ is discrete if u; . (Q(x)) satisfies (4.1). Note
that g~ is infinitesimally tg+-bounded if Q(x) satisfies condition (3.7). This yields

Wl'z (RJH (Cm; Q) = ﬁtQ = ﬁtQ+ = W1'2 (RJH Cm; Q+)’
and the proof of Lemma 1 is finished. d

Remark 2 This result coincides with the corresponding result obtained in [1] in the scalar
case (m = 1), and in this case it is also necessary. But in the vectorial case, condition (4.1) is
no longer necessary. In the next subsection, by giving additional restrictions on symmetric
potential matrix Q(x) and A we obtain a sufficient and necessary condition.

Corollary 2 Let Q(x) and Ay satisfy (3.7). Then the spectrum o (Hyx 4,q) is discrete when-
ever

Y min(Ai) =00

xpE(xx+E)

for every € > 0. If, in addition,

sup [ i () it < o0

x>0

for some ¢ > 0, then

Z :U«max(Ak) =00

xpE(xx+€)
is necessary for o (Hx 4,q) to be discrete.
Proof The proof is immediate from Theorem 1. d

Corollary 3 Let the symmetric potential function Q(x) and the matrix sequence {Ay} sat-
isfy (3.7). Assume also that d. = infien di > 0. Then the spectrum o (Hx 4,0) is discrete if,
forevery e >0,

/x+€ Amin (Q(x)) dx — 00 asx— oo. (4.9)
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Proof Sufficiency is immediate from Theorem 1. O

4.2 Sufficient and necessary conditions for a special case
In this subsection, we give some restrictions on Q(x) and Ay to get a sufficient and neces-
sary condition for the spectrum o (Hy 4,) to be discrete:

(1) Zi#qi,»(x) <ag;(x),j=1,2,...,m 0 <a<l;

) Zi#afj < bag,;‘: 1L,2,....mk=12,...,0<b<1.

Let Q(x) = Qi(*) + Qa(x) and Ay = A + Aga, where Qi(x) = (g;;(x)8;)]j.; and Ay =

(ai;(Si,»)Zle. By (3.1) and (3.4) we denote the following forms:

alY] = Y] + qa[Y] = /0 QY. YW),, dv+ [ (@Y, ¥(),

0

te[Y] =t (Y] + tR,[Y] = ) (AeaY (@), Y(x0),, + Y (Aw2¥ (), Y1),
k=1 k=1

Theorem 2 Under conditions (1)-(2), q2[Y] is q1[Y] relatively form bounded with bound
a <1, and tg,[Y] is tg,[Y] relatively form bounded with bound b < 1.

Proof

BlY] = /0 (@Y (), Y (), dx = /0 S ayyyds

ij=Liij

< /0 0y gpidr=a /0 (Q@Y (), YW), dx=aq[Y]+ Y]

j-1

Similarly, tg,[Y] < btg,[Y] + c||Y||?, where ¢ is a positive constant. Then by Definition 1
the theorem is proved. 0

We denote the operator corresponding to the differential expression
Ly = —d?ldx* + Qi(x) + ZA;dS(x - Xx)

by H. Obviously, H equals the direct sum of scalar operators H; on L*(R,) that are defined
by the expressions

Ly = —d*1dx* + qii(x) + Z aifié(x — Xk).

Then o (H) =U”, 6 (H;), which is obtained by the direct sum decomposition method of op-
erators (see [16]). Denote ty = q;[Y] + tg, [Y] + to[Y]. Note that ty 4 ¢ = ty + q2[Y] + tg, [Y],
q2[Y] + tg, [Y] is ty relatively form bounded, and ty is associated with the operator H.

By Lemma 2 the norms | - and || - ||y are equivalent. If iy : Oy < L*(R,,C™) is

lexa,
compact, then iy : 9y, a0 LZZQRH(C’“) is also compact. Thus, if o (H) is discrete, then
o (Hx 4,q) is also discrete.

It is evident that H has a purely discrete spectrum if and only if the operator H; has such
a spectrum for all i =1,2,...,m. But the operator H; is the ordinary ‘scalar’ Schrodinger
operator with positive potential and §-interactions, and the theorem of discrete criterion

in [1] holds. Hence. we get the following theorem.
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Theorem 3 Let Q(x) and Ay satisfy conditions (1)-(2). Then the spectrum o (Hy a,q) is
discrete if and only if, for each i =1,2,...,m and for every ¢ > 0,

X+€
/ qii(t) dt + Z af‘i—>oo as x — 00.
X

X E(xx+E)

Example 1 Let m =2, Y(x) = (51(x),72(x))7, Q(x) = (’“2‘2 ), Ay = (k+1 L ), and % = Vk.

0 x4 1 2k
Then by Theorem 3 we have that the spectrum of such an operator is discrete.
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