Lopushansky Boundary Value Problems (2016) 2016:29 0 Boundary Value PrOblemS

DOI 10.1186/513661-016-0537-3

a SpringerOpen Journal

RESEARCH Open Access

@ CrossMark

Radial boundary values of Poisson
integrals on infinite-dimensional balls

Oleh Lopushansky”

“Correspondence:
ovlopusz@ur.edu.pl

Faculty of Mathematics and Natural
Sciences, Rzeszéw University,

1 Pigonia str., Rzeszéw, 35-310,
Poland

@ Springer

Abstract

We consider a Gelfand triple £/ — H — E, so that £ is a separable complex Banach
space with dual £/, and H is its dense Hilbert subspace. We investigate the problem of
analytic extensions on an open ball @ C £’ and their radial boundary values in the
Hardy spaces HZ (1 < p < 00) using the Poisson integrals on the unitary group U(co)
over H endowed with an invariant probability measure w. For this purpose, we
construct a Poisson-type kernel with the help of the symmetric Fock space I”
generated by H and prove that the set of radial boundary values of these analytic
functions entirely coincides with H,.
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1 Introduction

A goal of the current work is to describe a certain type of complex-valued Poisson ker-
nels generated by symmetric Fock spaces and associated Poisson integrals in the case of
Hardy spaces in infinite-dimensional settings. This allows us to get a solution of the radial
boundary problem for the corresponding analytic extensions.

The main results of the paper are as follows. We consider a Gelfand triple £ — H — E
consisting of a separable complex Banach space E with dual £’ and a densely embedded
Hilbert subspace H. In Section 2 we investigate the space H? of analytic functions on an
open ball @ in E’, which is conjugate-linearly isometric to the symmetric Fock space I"
generated by H. Its orthogonal polynomial basis is described in Section 3.

In Section 4 we introduce an invariant probability Wiener-type measure p on the
infinite-dimensional unitary group U(oco0) = | J U(j), irreducibly acting in H, where U(j)
are subgroups of unitary (j x j)-matrices. This measure is defined as the projective limit
of probability Haar measures (1; on U(j) and is a group analog of probability Wiener mea-
sures on Banach spaces, which were introduced by Gross [1]. Its description substantially
uses the theory of invariant measures over infinite-dimensional unitary groups developed
by Neretin [2] and Olshanski [3].

Using the known Prokhorov criterion and the Schwartz theorem, we show in Theo-
rem 4.1 that p is invariant under the right actions of U?(co) over U(oco) and that u is a
weak limit of a subsequence (u;,). In Theorem 4.3 a concentration property of the se-
quence (u;) is established.
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The Hardy spaces H}, (1 < p < 00) of Ll;-integrable complex-valued functions are de-
scribed in Section 5. An orthogonal polynomial basis in the Hilbert space Hi is given by
Theorem 5.1. Integral formulas for analytic extensions to the open ball Q C E’ by means
of a group generalization of the Paley-Wiener map associated with u are established in
Theorems 6.2 and 8.1.

The tools are applied in Section 8 to describe the radial boundary values of functions
defined by the integral Poisson formula. In the space #}, with 1 < p < co this problem is
described by Theorem 8.3. The existence of weak radial boundary values in H? is estab-
lished in Theorem 8.4.

Note that the Hardy spaces HJ, of analytic functions on infinite-dimensional polydiscs
were considered in the works of Cole and Gamelin [4] and Orted and Neeb [5]. Similar
spaces on more general infinite-dimensional domains that are not necessarily polydiscs
were investigated by Pinasco and Zalduendo [6], Carando et al. [7], and others.

2 On analyticity associated with Gelfand triples
Let (£, | - ||) be a complex separable Banach space, and E’ be its normed dual. Consider

a complex separable Hilbert space H with scalar product (- | -) and norm || - || = (- | -)}/?

such that the sequence of linear mappings E' — H qi E forms a Gelfand triple with a
continuous dense embedding /.

Denote B:= {h € H: ||h||y <1} and S := {h € H: |||y = 1}. The Hermitian dual H* of
H is identified with H via the conjugate-linear isomorphism *: H* — H** = H such that
n(h)=(h|n*) forallhe H,ne H*.

Since the embedding J is dense and H is reflexive, the transpose mapping J*: E' — H*
is injective continuous and has the dense range Z(J*).

Fix an orthonormal basis (e;)jen in H so that every functional e;.“ = (- | ¢j) belongs to Z(J*).
Following [6], we define the involution ¥: &+ h' := Y€ (h)e; forany =Y} (h)ej € H.
If n € H*, then n' is defined so that (n")* = (n*)7, that is, n(h") = ;17 (). These involutions
in H and H* are isometric and depend on the basis chosen.

Thus, we have the Gelfand triple E’ LH q]—> E with an injective covariance operator
JoJ* € L(E,E) such that J* := * o T o J, where the injective mapping J* is continuous and
has the dense range Z(J*). The unbounded inverse A = (J o J*)! is defined on the dense
domain Z(A) = H in E. Denote by

Q:={z€E':h=]"z€B}

the inverse image of the open unit ball B with respect to the injective mapping J*: E' — H.
Clearly, the set Q is the open unit ball in the dual space E’ endowed with the norm || z||+ :=
IJ*z|| induced from H.

It is important to note that the set Q is also open with respect to the norm topology in
E’ because this topology is stronger than that induced by J*, so it contains all open sets
induced from H.

Let H®" be the complete nth tensor power of H endowed with the scalar product
W 105} = U 1F) -y | ) for all i = I @ -+ @ By W, = W, @+ @ K, € H®" and
hi,h,eH (i=1,...,n).

Aso:{l,...,n} > {o(1),...,0(n)} runs through all n-element permutations, the com-
plete symmetric nth tensor power H®" is defined as the range of H®” under the orthogonal
projector S,z Y > M © -+ O hyi= (1) Y, o) @ -+ ® ho(n)-
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As usual, the symmetric Fock space is defined to be the orthogonal sum

I = @ H@n, HO0 _ C,

nely

of all series ¥ = €D, ¥, convergent with respect to the norm || - || = (- | -)//> defined by
the scalar product (Y | ') = > (¥, | ¥,).

The set of elements 4" :=hQ®---Qh=h©® - ©h:= h®" with any & € H is total in
H®" by virtue of the polarization formula for symmetric tensor products 1 ©--- © hy, =
(2"n")™1 > b0yt 01 On h®" with h ="}, Oxhy forany I, ..., h, € H (see, e.g, [8], Sec-
tion 1.5).

Let us consider the I"-valued function with a total range

93z (1-]"2) Zh®” J*z € B, W0 =1,

nely

which is analytic because [|(1—/)"®|% = > ||A)|2 = (1 - [|A]|%)™! < co. Using this func-
tion, we define the Hilbert space of analytic complex-valued functions in the variable

z € Q, associated with the symmetric Fock space I, as

2=y @={1-72) Y ver),  (YrleT),.=(0lv).

The space H? is endowed with the Hilbertian norm [[¥/*||4;2 := ||/ || . Note that ¥*(z) =
(y* o A)(h) for all i = J*z € B. The mapping ¥ — ¥* is a conjugate-linear isometry from
I' on H2.

Functions ¥* € H? are analytic in the variable z € Q, as a composition of the analytic
I'-valued function z — (1 —J*z)~®! and the linear continuous functional ¥* = (- | /) (see,
e.g., [9], Proposition 2.4.2).

3 Orthogonal homogenous polynomials
Denote by A = (A1,...,A;) € N with A1 > A > -+- > }; > 0 a partition of n € N, that is, n =
[A|:= A1+ --- + A;. Any A may be identified with a Young diagram of length £(A) = . Let Y
denote all Young diagrams, and Y,, := {A € Y: |A| = n}. Assume that Y includes the empty
partition @ = (0,0,...).

Let N{® .= {1 =@,..., 1) € NG : 1j # 16, Vj # k}. An orthogonal basis in H®" is formed
by the system of symmetric tensor products

eGY”=U{e®. CHANORE @e,z (1) €Y, x NEWL =1,

1

with the norm (see [10], Section 2.2.2)
|e* |- = VAlnl,  where Al:= Ayl .. Ayl 3.1)
Then e®Y := | J{e®¥: n € Z,} forms an orthogonal basis in I".

Throughout the paper we assume that there exists a unique sequence (z;) C E’ such
that the elements /*z; = ¢; form an orthonormal basis of H* dual to (e;). To any index pair
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(A1) €Y, x N, we uniquely assign the n-homogenous polynomial
()
;@) =]k = (1" 1), h=JzeH, =1,
k=1

considered as a function in the variable z € E’ and defined via the Fourier coefficients
{j(z) := (J*z | ej) of an element & =J*z € H. In other words, {}(z) = (¢} o A)(h) where
gj(2) = (h|e).

Lemma 3.1 The system of n-homogeneous polynomials in the variable z € E/,
¢ = {5 @) e ||;1: (A1) eY x Ni(*)}

with norms ||} |42 = €2 || forms an orthonormal basis in H?*. Every function y* € H?
for any z € Q has the following Fourier expansion with respect to ¢ *:
* 7 * 7 * -2/ %
V@)= Y. RGP = e vt 8 ) (32)

()eY xNE

Proof 1Tt suffices to observe that the following orthogonality relation holds:

(c2 1", = (e | %) = leIF: 1= 7.h=m
oI S 0: 1#jor k. O

Taking into account that /*z = ) {(z)e; and using the tensor multinomial theorem and
(3.1), we obtain the following Fourier decomposition with respect to the basis e®¥ in I':

(=72 = 302"

nely
®n A OA
£ (2)e
- Y (Tawe) - X S 33
neZ, “keN ()Y XN lle= 1

for all z € Q. Applying this, we conclude that every analytic function y* € H? with ¢ =
B, ¥n € I' (Y, € H®") has the Taylor expansion at zero

V@)=Y () 1v) z€9,

nely

where

EN-T (e | )
((72) ™" | ¥u) = > WC,X(Z)
()Y xne® AT

are Hilbert-Schmidt polynomials in the variable /z = J*z € H withany z € E'.
Lemma 3.2 Each analytic function y* € H* can be uniquely written as
U@ = (1O 1CC A = (V7O PG, 27 €Q, (3.4)

where C(z,2z) = (1 = J*2))™® | 1 = J*2)~®") and P(Z,z) = |C(Z,2)|*/C(z, 2).
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Proof From (3.3) it follows that the complex-valued function C(z/, z) in the variable z € Q
with fixed z’ € Q belongs to H2. Using that J*z =) gj(z)e;, we obtain

1
C(Z.2) = D> ()™ 1 72) ") = —
XZ: 1- (2 | ]*2)
R M) Mz)
-2 (Toeie) - L SR
neZ, \jeN unersn@ T

Expanding any ¥* € H? in the orthogonal series with respect to ¢, we obtain (3.2).
Substituting (3.2) into formula (3.4) and applying Lemma 3.1, we get

M) =) >
2 e 1%

f , M)W 18] )92
(v (z)lC(z,z))Hz=<Z§ W 18w

28
= eI

¥ W | 5

= s
(}L,[) ”el ||%"

So, the first equality in (3.4) holds. If w*(2)) := (y*(-) | C(z,-)[C(z,2)]7C(-,2)) 42, then

w*(z) = Yy*(z) for all z € Q. As a result, we obtain

¥ (@) =0 () [C,2),p
= (C@)[CED] ¥ (@) | C, )0 = (W () I P(2), 0.

Hence, the second equality in (3.4) holds. Finally, the totality in I" of elements (1 — J*z)~®!
with any z € Q yields the uniqueness of these representations. O

4 Invariant Wiener measures on U(oo)
We still assume that the orthonormal basis (e;) of H lies in the range of J*: E' — H, that
is, there exist (z;) C E’ such that J*z; = e;.

Let U(oo) = |J U(j) be the infinite-dimensional unitary matrix group with unit 1. The
group U(oo) acts irreducibly on H. Denote U2(00) := L(00) x U(oo) and U2(j) := U(j) x
U(j). The right action on U(co) (similarly, on U(j)) is defined as

u-g=wluy forallueU(), g=v,w)e 1% (00). (4.1)

Following [2, 3], we write every u; € U(j) with j > 1 in the block matrix form ; = "' 7]
with ¢ € C corresponding to the partition j = (j —1) + 1 so that v;_; is a (j — 1) x (j - 1)-
matrix. Consider the projective limit l(gl U(j) taken with respect to the Liv§ic-type map-

ping (which is not a group homomorphism)

Vi1 a viii—la@+8)7'b]: 41,
uj = = lxlj,l =
b t V]‘_l : t= —1,

j .
Tyt

from U(j) on U(j — 1), which is Borel and surjective and is commuted with the right ac-
tion of L/%(j — 1) (see [2], Proposition 0.1, [3], Lemma 3.1). In particular, it follows that

n;;lz [Vlgl (1)] > vjq forall v, € UG -1).
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Let 7;: l(gl U(j) 3 (u) = u; € U(j) be the projection, so that ;_; = nj_l o T,

In what follows, every U(j) is identified with its range under the natural inclusion
U(j) 9+ U(oo) that assigns to any #; € U(j) the block matrix [ J ] € U(00),and let U(oc0) be
endowed with the topology of inductive limit under the natural inclusions U(j—1) ¢ U()) (1
Accordlngly, / ._, are defined over U(o0) as block matrices transformations. Let 7T
n]“l 0.0 771(71 for] <k and rr]k for j = k be the identical mapping over U(c0).

Let us consider the dense injective mapping 7: U(oc0) &~ 1(121 U(j) that to any uy € U(k)

assigns the unique stabilized sequence (i) such that (see [3], n. 4)

nlf‘(uk) 2 j<k,

U(k) 3 up — (u)) € l(ir_nl,l(j), up= 3 ug: j=k, (4.2)
ur 0 .
[0 ]1]: j>k.

Denote by U, (c0) the group U (co) endowed with the induced topology under the mapping
7: U(00) 1<i_IllU(j). From (4.2) it follows that the identical mapping U(c0) > U, (00) is
continuous.

We equip every group U(j) with the probability Haar measure ;. As is well known
[2], Theorem 1.6, the image measure 77//_1(//«/‘) is equal to ;1. In other words, p;_1(R2) =
(o (nj_l)‘l](Q) for all Borel sets 2 in U(j — 1). Following [3], Lemma 4.8 and [2], n. 3.1,
with the help of the Kolmogorov consistency theorem, we uniquely define on l(in U(j) the
probability Radon measure [ as the projective limit of the sequence (1) under the map-

pings ”{_1'
= l(igluj sothat ;= nj(ff) foralljeN,
where the image JT,(<—) is such that 1;(Q2) = (fro T 1)(Q) for all Borel sets 2 in U(j).

Theorem 4.1 There exists a unique probability Radon measure | on U(co) such that
() = (u o T71)(R) for all Borel sets Q C l(ln U(j) and

[ru-gauto- [ fwanw, ¢ s < ciueo) (43)

where Cy(U(00)) is the algebra of bounded continuous complex-valued functions on U(00).
Moreover, there exists a subsequence of Haar measures (i;,) that weakly converges to i in

the sense that
klim ffdujk = ffdu Sorall f € Cy(U:(c0)), (4.4)

where Cp(U,(00)) is the subalgebra in C,(U(00)) of continuous functions on U (00).

Proof Let u (/) C U(j) be the set of matrices for which {-1} is not an eigenvalue. As is
known [3], n. 3, LVI(1) is open in U(j), and w;(U(j) \ [I(j)) = 0. In virtue of [3], Lemma 3.11,
the restrictions 71 : U(j) — U(j 1) are continuous and surjective. Define the projective
limit l(ln ug) under these continuous mappings. Note that 7;: lim U(j) — U(j) are also

continuous and surjective.
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As is well known (see, e.g., [11], Theorem 6), by the Prokhorov criterion there exists a
Radon probability measure [ on l(glljl () such that 7;(&t) = u; for all j € N iff for every
& > 0, there exists a compact set /C in 1(&1 I:[(]) such that (u; o 7;)(K) > 1 - ¢ forallj e N.In

this case, [1 is uniquely determined by the formula
() = inf(y1; 0 1) ().

Apply this criterion. Since ur(U(k) \ U(k)) =0, SUPg. i1(k) i (Ky) =1 as Ki runs over all
compact sets in U (k). 1t follows that for every ¢ > 0, there exists a compact set K C (k)

such that
wi(Ki) > 1—e. (4.5)
In accordance with (4.2), we put K; := njk(Kk) for j <k and K; := [If)k ](1)] for j > k. Taking

into account the definition of image measures, we have

) a(K) = [ o (77,1()_1](1@) s j<k

wi(Kp) = ,
P K - j>k

forallje N. (4.6)

Thus, for any compact set K = (Kj) C l(ln u (7) such that condition (4.5) for Ky = m(K) with
fixed k is satisfied and K; = 7;(K) for all other j # k are defined in accordance with (4.2),
the following condition holds:

(j o m)(K) = ua(Kx) >1-¢ foralljeN.

So, the necessary and sufficient conditions of Prokhorov’s criterion are satisfied. Thus,
there exists a unique Radon probability measure /& on 1(1_111 u () such that 7;(ft) = p; for all
j€ Nand

() = inf 1,() = pa(K) (4.7)

because of equalities (4.6). This measure [t can be extended to l(gl ug\ l(gl UI(j) as zero
since uy is zero on U(k) \ (k). Consequently, [1(KC - g) = inf; u;(K; - g) = ux(Ky - g) for all
g € U?(k). The invariance property of the Haar measures 1 yields

UK - @) = x(Ki - @) = ui(Ki) = u(K)  for all g € UP (k). (4.8)

Hence, [1 is invariant under the right actions (see also [2], Proposition 3.2). It remains to
note that the uniqueness property of the projective limit 1(&1 w;j implies that [t = .

The inductive limit U, (co) is regular because inclusions U(j) - U(j + 1) are compact.
Hence, any compact subset of U;(c0) is contained in a subgroup U(k) with fixed k. In

virtue of (4.7) and the equality /i = jz, we obtain

sup TK) =1 <since sup uk(l(k)=1>, (4.9)
K Krcu(k)
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where the supremum is taken over all compact sets K = (K}) in l(ﬁl U (j) such that 71(K)
coincides with Ky = m4(K). By the known Schwartz theorem (see, e.g., [11], Theorem 5)
condition (4.9) is necessary and sufficient for the existence of a unique probability Radon
measure 4 on U, (00) such that [7(R) = (1o t71)(S2) for all Borel sets 2 C l(l_I_Il U(j). In other
words, the measure J7_ coincides with the image of u under 7, that is, T =1(w). By (4.8)
and the equality & = i,

w(K -g) = u(K) forall K =774(Q) C U(c0), g € U*(c0),

which directly yields (4.3).

Let C,(U,(c0)) be endowed with the uniform norm. Since U,(co) is metric, the
Prokhorov criterion provides the relative compactness property of the sequence (i) in
the dual space C; (U (00)) endowed with the weak topology. This gives the equality (4.4)
since it holds over the dense subspace Cy(U/;(00)) of functions with compact supports.

g
Corollary 4.2 The following integral formulas hold:
[ran=[ane | | fu-gdty® w0, (4.10)
u2(j)
1 i .
/fd,u = E‘/.du(u)/_ f[exp(llt?)u] av, fe Cb(l,[(oo)). (4.11)

Proof Applying the invariance property (4.3) and the Fubini theorem, similarly to [12],
Lemma 2, we get the integral formulas (4.10)-(4.11). |

Consider a concentration property of a relatively compact sequence of Haar measures
(i) in the case where the corresponding group U(j) is endowed with the normalized
Hilbert-Schmidt metric

dps(u,v) = /jltrlu —v|ys, where |u—v|ys =/ (u—v)*(u—v).

This metric is a standard £2-distance between matrices u, v € U(j), viewed as elements of a
j2-dimensional Hilbert space, which is normalized so as to make the identity (j x j)-matrix
have norm one. The bi-invariance dys(u,v) = dys(u - g,v - g) for all g € U?(j) is a conse-
quence of the trace property tr(uv) = tr(vu). We define the e-neighborhood of K; C U(j)
by

(K))e = {uj € U(): dus(u;, K;) < e}

Theorem 4.3 For every ¢ > 0 and closed set K C U(o0) such that j1j(K;) > 1/2 where K; :=
K NU(j) forall j € N, the following equalities hold:

(K sn) :jlirgo W) ] =1, K= J&)erpy 1>0.

Proof As is well known (see [13]), (U(j),dus,u;) forms the Lévy sequence, that is,
lim;_, o 4;[(K});] =1 for any & > 0 and any closed set K C U/(o00) such that u;(K}) > 1/2
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for all j € N. The topological space U;(c0) is completely regular. Hence, the closed set

K, = U(K,r)g can be separated by a continuous function. Taking in (4.4) a function
f € Cp(U;(c0)) such that 0 < f <1 where f|x, =1 and fu(co)\x,,, = 0, we obtain

/w&m)z/}du=gg;/fdwkzgngU&JJ=l

for a weakly convergent subsequence (u;,). It follows that w(K;.;) = 1 because 1 =
w(l(o0)) > :u/(1<£+r])' O

5 Hardy spaces H), (1 <p < o)
In what follows, the space of complex functions f on U(oc) endowed with the norm

If 1,2 = JSUPdp, 1<p<oo,
w

€SS SUP,,c1y(o0) f (M), P =00,

is denoted by Lj,. It is clear that L% 9~ Lj; and Fllzz, < If o forall f € Lie.

We still assume that for any basis element ¢; in H, there exist z; € E’ such that J*z; = e;. By
transitivity the orbits {u(e): u € U(c0)} C S do not depend on the choice of e € SN Z(J*).
Fix an arbitrary e € SN Z(J*).

To a pair (A,1) € Y x N we assign the ¢(1)-dimensional complex subspace H, =
spanfe,,..., e, }- On the dense subspace | J H, in H there is well defined the C,(U(00))-

valued linear mapping
¢: h— ¢p(u) = (u(e) | h), u € U(c0). (5.1)

It can be shown that ¢ may be isometrically extended onto H as an Li—valued mapping,
which is still defined on E’ as ¢ o A.

Remark 5.1 Note that in the case of a Gaussian measure p on E there exists a unique
extension ¢: k> (- | k) from Z(J*) to the isometric embedding H 9~ L?, which is called

n

the Paley-Wiener map (see, e.g., [14]).

By the polarization formula for symmetric tensor products, to every e®* € e®¥ there
uniquely corresponds the function

M) = ([u@] M 1€, e, () = (u(e) [ ey), (5.2)

elk

20.)
¢rw) =] ]o¢
k=1

belonging to Cy,(U/(00)) in the variable u € U(00), where ¢,, := q)e,k.

We define the Hardy space H., (1 < p < co) with respect to the Wiener measure u as-
sociated with the covariance operator J o J* (resp., its subspace H%" with a fixed n € Z,)
to be the L% -closed complex linear span of the system

o = {¢f: (A1) €Y x Nﬁ()‘)} (resp.,cpY” = {qbl)\ ep”: (1) eY, x Nﬁm}),

where ¢f’ = 1. The following theorem for a different case is proved in [12], Theorem 6.
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Theorem 5.1 The system ¢" is orthogonal in Li, and

(1) — 1Al

D ——— L())
(E(A) =1+ Ay (A1) € ¥ x N (5.3)

712, -

Proof The orthogonal property ¢JM 1 ¢ with [1'| # || follows from (4.11) since

/- ]. U T
/¢j ¢rdu = g/‘f’f ¢>,*du/ exp[i(|2'| = [A])9]do =0

for any A, A € Y \ {J}. Let |A| = |A| and €(X") > £(A) for definiteness. Then there exists an
index k with an appropriate nonzero integer A} in the diagram A" = (A},..., A, ..., Ay;) €
Y \ {@} such that £(A) < k < £()'). In this case, we have ¢;\/ 1 ¢} because formula (4.11)

implies

/= ]. - T
/d’; ¢ dp = E/d)j d),’\du/ exp(ir ) dd = 0.

Consider the case |A'| = |A| and £(1)) = £()). If qb]*/ # ¢*, then 1’ # A. There exists an index
0 < k < £(2) such that A} # A. Similarly as before, ¢]N 1 ¢’ because

/- 1 ;- T
/¢]A ¢>,Adlt=gf¢lA d)fdu/‘ exp[i (A — Ax)0 ] do =0.

Let H, with 1 = (11,...,1¢0)) € Nﬁm be the £(1)-dimensional subspace in H spanned by
{ens ey b and U(1) be the unitary subgroup of U(oo) acting in H,. Let g, = (1,,w,) €
U?(1). Using (4.10) with U(z) instead of U(j) recursively by k = 1,...,£(X), we get

[1eifau- [ anw]] [l ) o
k=1 YU

Integrals with the Haar measures p, are independent of u € U(c0). Hence,

(£(x) — 1)l

_1 2 _
/umKW‘ u(e) e[ dpa ) = (€O =1+ A

by the well-known integral formula for unitary groups [15], n. 1.4.9. It remains to note that
the last formulas immediately yield (5.3) because [ du = 1. a

Theorem 5.1 directly implies that ¢ has an isometric extension onto H and that the

following orthogonal expansion holds:
2 21 2,2
H,=CoH, OH; @ --. (5.4)

Remark 5.2 In the case of a Gaussian measure p on E, decomposition (5.4) is called the

Wiener-It6 chaos expansion.
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6 Inverse integral formulas

The correspondence e®* > ¢’ allows us to define a conjugate-linear isomorphism I" —
H2. As a result, the linear isometry ®: H> — #, and its adjoint @*: 12 — H? can be
uniquely defined by the change of orthonormal bases

@25 e > @ |0} € H2 e ¥, s e N
Clearly, ®*: ¢} 9}l 5 > ¢ eP* 7 since (DL} | f)z = (¢ | @*f)ye for all f e H.
m
Hence, for any y* € H? with the Fourier coefficients y*(1,1) defined in (3.2), we obtain

. 12 1 e 2. (G — 1+ )
0] = , h = .
4 2 ‘/’( )||¢*|| o WherE 10712, (€GO - DIl

(Az)erN

In particular, ¢y, = > C,(z)d)e/ and ||qb]*Z||L2 =Y 152 = ||Z||%* for any z € E'. Hence, if
E’ is endowed with the norm || - ||+, then the embedding

poA: (E,|- )32+ ¢per €L, (6.1)

is the isometric extension of (5.1), and its image coincides with the subspace ’Hi’l.
We call the isometric embedding (6.1) the Paley- Wiener map corresponding to .
Thus, the mapping @ is an isometric extension of the Paley-Wiener map ¢ o A since
Olp=¢poA.

Lemma 6.1 The vector-valued functions with respect to the variable u € U(c0), Q 2 z >
(@ 0C)(u,2) and Q > z+—> (D o P)(u, 2), take values in the space L}, and may be written as
follows:

_ 2
(Q) o C)(M,Z) = é, (@ ° P)(M,z) 1 ”Z”]*

T RATEr PR 62

Proof Let h = J*z. The Fourier decomposition /1 =) {j(z)e; yields ¢ = ) Ej(z)@j. Apply-
ing @ to the Fourier decomposition of C(z’, z) under the variable z’ € Q, we obtain

(@ 0O\, )—ZCH Z(Zfz(z)%(u)) 1_;%

(A1) ”F neZy jeN

because [|e®*||7? = n!/A! coincide with multinomial coefficients. It follows that |(® o
CO)u,2)| <1 -|gu))<ooforallze Q.
Similarly, applying @ to the Fourier decomposition of P(:,z), we obtain

2(2 |¢f(z)|2)-1 12l
~le13) - guw)®

()\ l) ||el

LA
Z 20 W

(® o P)(u,2) =
e 1%

(A1)

Again using Theorem 5.1, we get

1- 12, ( ) 1= el _ 1 lel
@ P U,z =4_ Z|| 7% * = = .
(@0 Pwa) = g g = W) 2 0ell ) = 5y 5 = e

Asaresult, (@ o C)(-,z) and (@ o P)(,z) with z € Q take values in L7’ |
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Theorem 6.2 For any f € H,, the function

C[f](Z) = ((¢* Of)() | C("Z)>H2 = <(¢* Of)() | P('}Z)>'H21 ze Q;
belongs to the space of analytic functions H* and has the integral representations

o fau [ 1-lzlp
CrE) = | - il BT &,*Z(unzf(”)d“(”)' (6.3)

The mapping f — C|f] generated by ®* produces the isometry H>, >~ H?>.
Proof Consider the orthogonal decomposition with respect to ¢ and its @*-image

] 1921
fo X Jene er- 3 Jeasd

()Y xNEW (A1)eY xNEW

respectively, where f(x,1) := ||¢} ||Z§ [ fo! du are the Fourier coefficients. Substituting
their to C[f] and taking into account Lemma 6.1 together with orthogonal properties, we
get the first equality in (6.3)

FO0@NDH12, (& 169
=3 |TZ
r

O
()\’1) ||el

A
fZ|to¢ fau=[@ocr.aran= [ L9

() I 1=9y

To check the second equality in (6.3), we also apply Lemma 6.1. As a result,

Clf @) = ((@* o f)() | P(2)y

— llzll%

_ / (@ o P)(z, ) dyu = EACLAC]

11— ¢>]*z(
Hence, both integral representations in (6.3) hold. Since Z(®*) = H?, Lemma 3.2 implies
that the mapping @*: #’, > f > C[f] € H? is surjective. O

Remark 6.1 The L7?-valued function Q > z > (&P o P)(:,2) is a Poisson-type kernel for the
infinite-dimensional ball Q. The second integral formula in (6.3) is a Poisson-type formula
over the Hardy space Hi.

Remark 6.2 Since ®*: #2, 5 f — C[f] € H* is isometric and surjective, the integral for-
mulas (6.3) are inverse to the transform @, which is an isometric extension of the Paley-
Wiener map ¢ o A.

7 Directional derivatives
Now we calculate the directional derivatives of an analytic function * € H? at any point

z€ Q:

acQ, teR.

Y*(z + ta) — ¥*(z) _ dy*(z + ta)
t

0, ¥*(2) := lim ,
V(D)= lim il
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Consider the projector S; ® S,_1: H®" — H ® H®"D and its restriction S, :=
Sulygrownn defined as 7 © Y1 = Syn(n ® Y1) € H” for all n € H and .1 € HO"V.
The projector S, possesses the decomposition S, = S,;1 0 (S1 ® S;,—1). For any A € Y such
that |[A| =#—1and: e N‘W,

1 ) ()
e =

1
oot = ISmlen @) so ISl =

1
~Jlen
n

In fact, it suffices to decompose an element of H ® H®""-V with respect to the basis ele-
ments e, ® e2*.
Define the operator 8,,: HO"D — H®” for a nonzero a € Q as

San (]*Z)®(n—1) = 1Sy []*a ® (]*Z)®(n—1)]

_d(*z+ J*a)®"

®(n-1)
it )

=n*a 0o (I'z

t=0

)

where the last equality is a consequence of the well-known tensor binomial formula (x +
ty)®" =30 o (1) ()®™ © 22" with any x,y € H. Summing over # > 1, we define

m=0

* * ®Rn
(172 ® - @@ W2 AT

o _ @n]*a o (]*Z)®(n—1)'

t=0 n>1

n>1

Taking into account that ||S, || = #7!, we obtain

18.(1-7*2)" 7. = Y | a © (7F2) "%

n>1

2 2(n-1) 2
< lal} Y izl = llall}.

n>1

(1-72)" % (7.1)

Inequality (7.1) and the totality of {(1 - J*z)"®!: z € Q} in I" imply that the adjoint operator
83 of 5, on I" can be defined as 83y = D Va. Here 8% 0 HO" 5 4, — 8%, € HO"D

is defined as the adjoint operator &}, of 8., on H®" via the equality

*
n>1 8:,;1

(32 (2) ™ 1) = (72" 182, 0)

In fact, the image of J* contains all elements (e,,); hence, {(J*2)®"V: z € Q} is total in
H®"1)_So, by Riesz’s theorem there exists unique 87, ¥, € H°"", and 8}, is well defined.

As a consequence, from (7.1) we get |83V ]r < llal=|¥|lr foralla e Q and ¢ € T,
which means that §3y € I". So we have proved the following statement.

Lemma 7.1 For any function y* € H? associated with an element \ € I", we have that
0, * € H? and 0,4*(z) = (1-T*2)® | 83y) forall a,z € Q.

Theorem 7.2 For any function f € H:,, we have 3,C[f] € H?, and the following formula
holds:

[ f@)pra(u) dpa(u)
0.C[f1(z) = TAdnw? a,z€ Q. (7.2)
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Proof First, note that f¢y+, € 7—[,{ forall a € Q because ¢+, € H;. Moreover, 0,C[f] € H?

by Lemma 7.1. Using the first integral formula (6.3), we can write that

2l = V)
t=0
~lim < AC/ R (O > dp(w)
t—0 ¢t 1- ¢]*(z+ta)(u) 1- ¢]*Z(u)

T f(w) f(u)
=hny /(1— J*z+ta) | ue) 1-z] u(e)))d“(”)
N p—] (e))f () dpa(w)

=0t ) (1—-(*(z+ta)lule)d- {J*z|ue))

/ brea()f () dpu(u)
1- J)]*(um)(u))(l - é]*z(u)) '

= lim
t—0

Now we need to prove that, as t — 0,
Grealu)f (u) dpa(us) [f () Py+a (1) dpu(u)

(1- é]* (z+ta) (u))(l - qgl*z(u)) 1- ¢_>1*z(14))2

f 102, ()f () dpa(w)
(1= vt @)1= e )?

For a fixed z € Q, we put & := min{|1 — ¢y, ()| : u € U(0)}, s0 |1 — ¢y, (u) ] > &2,
o =< |1 _(5]*2(”)| = |1 _é]*(zﬂa)(”)‘ + |t$]*a(u)|-

This yields |1 — ¢+ (zs10)(#)| > & — |ty (1) > /2 for |tdye,(u)| < /2. It follows that

(w)f () dyu(u) It]
|/ 1- ¢]* z+ta) M)(l ¢]* (lxl))2 Ol/2 052_/If|

as t — 0. Hence, the integral formula (7.2) holds.

2—)0

8 Radial boundary values

Set J*z=rv(e) withze€ Q,0 <r<1,and v € U(c0), where e € SNZ(J*) is a fixed element.

Note that the corresponding complex-valued function

U(00) 3 u+> ¢yer(u) = (ule) | rv(e))

satisfies the equalities ¢+, (1) = Pry(e) (1) = rdye) () = rPpe (v u) where vlu = u - g is defined

as the right action with g = (1,v) € U?(00). In particular, ¢,(1) = 1.
We define the Poisson kernel as follows:
1-72

11— rge(v-1u)|?’

P.(v,u) := vue U(oo), 0 <r<l1.

The Poisson integral is defined for any function f € Hl, (1 < p < 00) as

Plf1(v) = /P,(v, w)f u)du(u), vel(o), 0<r<l.
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It is easy to see that P,[Ref] = Re P,[f] for all f € H},. The following statement is an ex-
tension of Theorem 6.2 to the Hardy space /, with an arbitrary 1 < p < co.

Theorem 8.1 For every function f € Hi, (1 < p < 00), the equalities

fdu _f 1- |zl

P = [ LY
) 1- ¢y, 1 — yec|?

fdu, z=rAv(e) € Q, (8.1)

hold, where the integrals are analytic in the variable z € Q.

Proof The space HZ, is defined as the L, -closed linear span of the orthogonal system ¢ .
On the other hand, the kernel P, is related to the kernel @ o P in (6.2) by the equalities

1- |22

Prv) = (@0 P)z) = 7o

z=rAv(e) € O,

where @ oP isan Lff -valued function in the variable z via Lemma 6.1. Therefore, equalities
(8.1) hold for any f € HJ, by orthogonality. The L7 -valued function @ 3 z+> (1- dp+.) s
analytic. Hence, the first integral in (8.1) is a complex-valued analytic function in the vari-
able z € Q as the composition of this L7°-valued function and the bounded linear func-
tional L’ 5 g — [ gf di with f € Hl, because the embedding Ly ¢ LI (1<p<o0)is
continuous. g

Lemma 8.2 For any u,v € U(c0) and 0 <r <1, the kernel P, satisfies the conditions

Pr(u,v) =P, (v,u) >0, /P,(u, vduv)=1= / P, v) di(u).

Proof The first equality is a consequence of the kernel P, definition. Putting f =1 in (8.1)
and using the first equality, we obtain the other equalities. 0

Theorem 8.3 For every f € L, (1 < p < o0), we have || P,[f] ||L1; < ”fHL’Z forall r €[0,1).
If, in addition, 1 < p < 0o, then

lim|P[f1-f],» =0, feH:. (8.2)
r—1 "

Proof First, note that the invariant property (4.3) yields
PO = [ P(Lv ) diat = [ P09 dut), e Ly

So,if p= 00, then [P, [f1llz: < Iflzze [ Pr(1,5)dua(s) = If e forall £ € LY.
Let 1 < p < 00. Using the Jensen inequality and the Fubini theorem, we get

1/p
Py, = [ ([ lronl duw) Pt duto < i

for all f € C,(U(00)). Via the denseness of Cj,(L/(c0)), this inequality holds for all f € L%,.
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By Lemma 8.2, P, [f](v) — f(v) = f[f(vu) —fWIP.(1, u) du(ur). Replacing in the previous
reasoning P,[f] by P,[f] - f, we similarly get

||Pr[f] _f|

1/p
o< /(/V(vu) —f(V)Ipdu(V)) Pr(1, u) dpe(u)

for all f € L%,. Under the continuity of the shift operator in L% (1 < p < 00), for every r €
[0,1), there exists 8 > 0 such that [ |f(vu) —f(V)IP du(v) < (1-r)? forall u € U(oco) such that
Re ¢.(u) < §. On the other hand, if r — 1, then for every § > 0, uniformly on u,v € U(c0)
such that Re ¢.(v™'u) > 6,

1-7r? 1-7r?

Prlv,u) = 1-2rRe ¢ (v1iu) + r2|¢.(v-1u)|? = 1-7r2-2rRe ¢, (v-1u) -

0.

It immediately follows that
/ P.(L,u)du(u) -0 asr— 1.
Re ¢e(1)>8

This proves the existence of the required limit relation (8.2) for all f € H2,. O

Theorem 8.4 For all functions f € H;> and n € LL,

m/PV[f]ndM:/fndu. (83)

Proof Using the Fubini theorem and Theorem 8.3 in the case p = 1, we obtain

/ Pl Indu = / / Po(v, 1) ) dpt(a)n(v) dpa(v)
- [ [ Psim) dutip i duo — [ uf du

: 1
for any functionn € L ,. O

Remark 8.1 The limit relation (8.2) holds for any f € L%, (1 < p < 00). As well, (8.3) holds
forany f € L. However, in these cases the approximating functions P, [f] are not analytic
but harmonic in a suitable meaning.
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