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Abstract
Consider the periodic boundary value problem

Ut)+rut-t)+ VFtult-1))=0, ae.tel021],
u(0) —ut) = 0(0) - uRT) =0,

where T > 0'is a given constant, r € R is a parameter. Periodic solutions are obtained
by using linking theorems.
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1 Introduction

Consider the periodic boundary value problem

u(t) +ru(t—7t)+ VE(t,u(t - 1)) =0, a.e.tel0,27], 1)
u(0) —u(2t) = (0) — (27) = 0,
where 7 > 0 is a given constant, € R is a parameter. F : [0,27] x RN — R satisfies the
following assumptions:
(A) F(t,x) is measurable with respect to ¢, for all x € R¥, continuously differentiable in x,
for a.e. t € [0,27], and there exist 2 € C(R*;R*) and b € L'([0,27]; R*) such that

|F(t,)],

VE(t,x)| < a(lx])b(®)

for all x e RN and a.e. t € [0,27].

Variational methods are very powerful techniques in nonlinear analysis and are exten-
sively used in many disciplines of pure and applied mathematics, including ordinary and
partial differential equations, mathematical physics, and geometrical analysis. The exis-
tence and multiplicity of solutions for Hamilton systems and Schrédinger equations have
been studied extensively via critical point theory; see [1-8].

In the past several years, some results on the existence of periodic solutions for the func-
tional differential equation by the critical point theory have been obtained (see [9-18]). In
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[16], the authors obtained the multiplicity results for periodic solutions to (1.1) by using
critical point theory. Our proof method in this paper is different from the literature [16].
Motivated by the above observation, in this paper, we study the existence of periodic

solutions to the system (1.1). The following theorems are the main results of our paper.

(H1) There exists a constant R; > 0 such that
(i) F(t,x)>0,V|x| <Ry, te[0,27]; or
(ii) F(t,x) <0,V|x| <Ry, t€[0,27].
(H2) limy, o inf £42 5 0 uniformly for ¢ € [0,27].

x|

(H3) limp—o VE@) _ uniformly for ¢ € [0,27].

[

(H4) There exist @ >1 and a > 0 such that

|VE(t,x)| < a(lx|* +1), V(tx)e[0,27] x RV,

(H5) There exist 4 >2,0 < f <2, R>0,and a function b(t) € L'([0,27]; R*) such that
WF(t,x) < (VE(tx),x) + b(t)|x]”, VIx| >Rt e [0,27].

(H5') There exist 8 >a >1and b > 0, R > 0 such that
(VE(t,x),x) - 2F(t,x) > bl|x|f,  V|x| > R,t €[0,27].

Theorem 1.1 Assume that (H1)-(H5) hold, if O is an eigenvalue of L (L is defined in Sec-
tion 2), BVP (1.1) has at least one nontrivial solution.

Theorem 1.2 Assume that (H1)-(H4) and (H5') hold, if 0 is an eigenvalue of L (L is defined
in Section 2), BVP (1.1) has at least one nontrivial solution.

Remark 1.1 The condition (H5) and the condition (H5’) are appeared, respectively, in [7]
and [8].

2 Preliminaries

In order to seek 27-periodic orbits of (1.1), let us transform (1.1) to

i(t) + rAu(t — ) + A°VF(A,u(t—m)) =0, ae. tel0,27], 2.1)
u(0) — u(27) = u(0) — &2(27) = 0,

by making the change of variable £ — Zt = A~'¢, which implies that a 27 - periodic solution

of (2.1) corresponds to a 27 -periodic solution of (1.1). Hence we will only look for the 27 -

periodic solutions of (2.1) in the sequel.

Let L%(S',RY) be the space of square integrable 27 -periodic vector-valued functions
with dimension N, and C*(S!,RY) be the space of 27 -periodic C*® vector-valued func-
tions with dimension N. For any u € C*°(S', RY), it has the following Fourier expansion in
the sense that it is convergent in the space L?(S', RV):

ag 1

+00
u(t) = — > (ajcosjt + bysinjt),
j=1

N

Vol
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where ag,a,b; € RY. Let H'(S*,RY) be the closure of C*(S',R") with respect to the
Hilbert norm

400 1/2
MM=D%FQZuwﬁWM+mm}.

Jj=1

More specifically, H'(S}, RN) = {u € L2(S}, RN) : |lu|| < +00} with the inner product

2
(u,v) = /0 [((0),v(2)) + (iu(2), (0)) | dt

for any u,v € H'(S!,RY), where (-, -) denotes the usual inner product in RN. The norm on
H'(SY, RN) is defined by

1/2

27 9 9
nmw{ﬁ(Wm!ﬂmM)m]. 22)

It is well known that H(S', RY) is compactly embedded in C(S', RY) (see Proposition 1.2
of [15]). Define two operators L and L; from H!(S, RN) into H*(S*, RN) as follows: for any
u € H'(S',RN), which are given by

2w
(Lou)(v) = / (u(t +7T), f/(t)) dt,
0
2
Q)0 =-ri? [ (e, v(0) s,
0

for all v € H*(S',RN), where i(t) and H*(S',RY) denote the weak derivative of z and the
dual space of H*(S%, RY), respectively. By the Riesz representation theorem, we can iden-
tify H*(S',RN) with H'(S!, RY). Thus, L;u can also be viewed as an element belonging to
HY(SY, RYN) such that (L;u,v) = (L;u)(v) for all u,v € H'(S},RN), where i = 0 or 1. It is easy
to check that L, and L; are bounded linear operators on H'(S',RN). Note that H'(S!, RN)
is compactly embedded in C(S!, RY), thus L, is compact on H!(S',RN).

Lemma 2.1 [16] The operator L := Ly + Ly, that is,

2w 2
(Lu,v) = (Lu)(v) = /0 (it + 1), U(2)) dt — rA* fo (u(t), v(0)) dt

is self-adjoint on H*(S',RN). The operators Ly and L, are also self-adjoint on H*(S',RN).
Lemma 2.2 [16] The essential spectrum of Ly on H' (S, RN) is just {-1,1}.

In view of the above facts, 0 is not in the essential spectrum of L as it is a compact
perturbation of the self-adjoint operator Ly. This implies that 0 is at most an eigenvalue

of finite multiplicity of L.

Remark 2.1 H'(S',RY) has an orthogonal decomposition

H'(S,RN)=H" & H" @ H",
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where H° = KerL is finite dimensional, and H*, H™ are L-invariant subspaces such that
for some o >0,

(Lu,u) > o ||lu|? (2.3)

forallu e H*,

(Lu,u) < —o |lull® (2.4)
forallu e H™.
Remark 2.2 By [16], we can choose the proper r to make that the set {j > 0| (_1);2":’ 2
0} # ¥, which means H® # ¢, where j € Z.
Lemma 2.3 [5] There exists C > 0 such that

lullr < Cllull, llatlloe < Clluell, (2.5)
forp=1+a,2, |l = Maxecioon |u(t)], Yu € H(S',RN).

Now consider the functional ¢ defined on H!(S!,RN) given by
1 2
o(u) = 5<Lu, u) — kz/o F(At,u(t)) dt. (2.6)

Since F satisfies the assumption (A), a standard argument shows the following.

Lemma 2.4 [16] The functional ¢ is continuously differentiable on H'(S',RN) and ¢’ is
defined by

2w
((p’(u), v) = (Lu,v) — A2 / (VF(M, u(t)), V(t)) dt (2.7)
0

forallve H'(SL,RN).

Lemma 2.5 [16] A critical point u € H'(S},RN) of functional ¢ is equivalent to a 27-
periodic solution of system (2.1).

In this paper, we will use the following local linking Theorem A to prove our theorems.
The following concepts appeared in [4, 7, 8].

Let X be a real Banach space with direct decomposition X = X! @ X2. Consider two
sequences of subspaces:

X{)CX{C"'CXj

such that X =,y X, j=1,2. For every multi-index o = (a1, @) € N2, we denote by X,
the space Xy, ® X,,. Wesaya < B if o1 < By, ap < .
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Definition 2.1 [4] A sequence {o,,} C N? is said to be admissible if, for every o € N? there
isme N suchthatn > m = o, > «.

Definition 2.2 [4] Let f € C}(X,R). Then the function f satisfies the (PS)* condition if
every sequence {u,,} such that {«,} is admissible and

Ug, € Xa,, supf(ug,) < 00, ﬂn(uan) -0
n

contains a subsequence which converges to a critical point of f, where f, = fx, -

Definition 2.3 [4] Let X be a Banach space with a direct sum decomposition X = X' @ X2.
The function f € CY(X,R) hasalocal linking at 0, with respect to (X1, X?),if, for some r > 0,

fx)>0, VxeX'|x|<r,

f®) <0, VxeX?|x|<r.

Theorem A [4] Suppose that f € C*(X,R) satisfies the following assumptions:
(f1) f has a local linking at 0 and X' # {0};
(£2) f satisfies (PS)* condition;
(f3) f maps bounded sets into bounded sets;
(fa) for every m € N, f(x) — —o00 as ||x|| — oo on X}, & X>.
Then f has at least one nonzero critical point.

3 Proofs of theorems
In this section, ¢; stand for different positive constants for i € Z*, Z* is the set of all positive
integers.

Let

X=X'®X? (3.1)
where X! = H*, X* = H- & H°.

Lemma 3.1 Under assumption (H2), (H4)-(H5), the functional ¢ satisfies the (PS)* condi-
tion.

Proof Let {u,,} be a sequence such that {«,} is admissible and
Us,, € Xoyy  SUPP(he,) <00, @, (Ug,) — O.
n

For the sake of notational simplicity, set u,, = u,,,.
Claim 1. {u,} is bounded in X.
If not, passing to a subsequence if necessary, we assume that ||, || — 0o as n — 0o. Set

_Un_
leen |l

{Vu}. Write v, = v, + v, +12 and v =v* + v~ +1°, then

Vy = then {v,} is bounded in X. Hence, there exists a subsequence, still denoted by

V=V, 10— inX, Vy — V inC(Sl,RN).
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In view of (H4), we have
|F(t,x)| < ci(lx"* + |x]), VxeRYandte[0,21].
For |x| <R and ¢ € [0,27], one has
|F(t,%)| < o1 (" + [x]) < 1 (R +|R]) := A,
together with (H5), one has
WE(t,%) < (VE(x),x) + b(t)|x]” + nA, VxeRY andt € [0,27].

Hence, by (2.6) and (2.7), we have

2w

Page 6 of 12

(3.2)

(3.3)

(% - 1) (Lunrun) = IW(Mn) - <§0/(un): un) + }\2/ [/J«F()‘t’ un) - (VF()‘I: un)r un)] dt

0
2w
sc2+cZ||un||+>Ff [bOlunl? + uA]de
0

<o+ oollugll + cslluall? +cs.
This implies that
(Lity, ) < s + Callthy]| + callts ||

since u > 2. Together with (3.4), we have

Lu,,u
(Lv,, vy) = W — 0, as n — 0o,
n

since 0 < 8 < 2. Hence,
(Lv,v) =0.
That means that
(LV+,V+> + (Lv’,v_) =0.
By using (2.3) and (2.4), we discuss two cases:
If |v*|| = 0, we have ||v~|| = 0, then we obtain ||v|| = [|V°| = [|[v.]l = 1.
If |v*|| # 0, we have ||[v~| #0, then we obtain |v|| #O0.
So we get v(t) £ 0 for t € [0,27]. Set

Eo={te[0,27]: v(t) #0},

then meas(Ey) > 0.

(3.4)



Meng and Ding Boundary Value Problems (2016) 2016:32 Page 7 of 12

From (H2), we get

2
F(At,u,)dt
lim Jo” FOLw)dt

lin| =00 ll26, 11>

JZT 1My o0 i F (L, 1)
>

- llu, 12
F(\t,u, .. F(tu,
z/ [ lim inf(ibz’)mﬁ]dtzf [ lim 1nf(71:)|v|2}dt>0. 3.5)
Eq Llunl—00 |ty Eq Lltnl—00 7R

By the boundedness of ¢(u,) and (3.4), we have

o) _ (Lwpiy) 32 [y FOtu)dt _ ey +callwyll + callun|® 32 [y Fut, u,) dt

lnll® 20wl 124,112 B 2| [unll? 124,112

’

which together with 0 < 8 < 2 implies that

[T FOtu,)dt
hm 1nf7 =
[ARES [l 1|2

This contradicts (3.5). Therefore, {u,} is bounded in X.
Claim 2. {u,} possesses a strong convergent subsequence in X.
Write u, = u’ +u, + u® and u = u* + u™ + u°, then

ut —~ oyt ug —u® inX, uf —u* in C(SI,RN).

n

In view of (3.2) and u;, — u~ in C(S', RY), it is easy to verify
2w
/ (VF(At,u,) — VF(At,u),u, —u”)dt — 0, asn—> oo.
0
Note that
(‘/’/(Mn) —¢'(u),u, - u_> — 0, asn— oo
Thus,
(o' () — @' (W), 1, — ™)
2w
= —(L(u; -w),u, - u‘) + AQ/ (VF(At,u,) — VF(Mt,u), u, — u”) dt
0
9 2
>0 |u, —u |+ / (VE(t,u,) — VF(At, u),u;, — ™) dt.
0

This yields #;, — u~ in X. Similarly, #; — u* in X. Hence u,, — u in X. Hence, {1,} pos-

sesses a strong convergent subsequence in X. The proof of Lemma 3.1 is complete. d

Lemma 3.2 Under assumption (H2), (H4), and (H5'), the functional ¢ satisfies the (PS)*

condition.
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Proof Let {u,,} be a sequence such that {«,} is admissible and

U, € Xoyy  SUPP(Uha,) <00, ¢, (Ua,) — 0.
n

For the sake of notational simplicity, set u,, = u,,,.
Claim 1. {u,} is bounded in X.
If not, passing to a subsequence if necessary, we assume that ||, | — oo as n — co. In

view of (H5’), there exists ¢5 > 0 such that
(VE(t,x),x) = 2F(t,x) > blx|f —c5,  V(t,x) € [0,27] x RV. (3.6)

Hence, we have
2
20(tn) = (¢ (1), ) = 12 / [(VF(At, un), un) — 2F (AL, 1) ] dlt
0
2
> AZ/ [blu,,l’g - 65] dt
0
2
= b)»z/ || dt — 27w c5A2.
0

This implies that

T
fo |Mn|ﬁdt

— 0, asun— oo. (3.7)
ll2a |l

Letu, = u’ +u, +u’ € H* & H- & H°. By (H4), we have
2
(0 (), a?) = (Lust, at) - 22 / (VEG, u,),147) it
0

2
= ol - [ (k| + ) s
a

2 b ([T B p
> oz |2 - ax2em) (/ Iunl‘”adt) it - 2w ar?ut]
0

= oy | - @) Cllua || - 22 2C |

for all n, where we use the Holder inequality and (2.5). We have

llze |

ll2tn I

— 0, asn— 0. (3.8)

Similarly for u;,, we also get

ll24;, I

— 0, asun— oo. (3.9)
[z, |

Again, by (H5'), we have

(VF(t,x),x) —2F(t,x) > b|x| —cs, V|x|>R>1,te€]0,21],
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since B >« > 1. Since dimH? < oo,

2w
20 () — (¢ (tn), ) = k2/ [(VF(At, un), un) — 2F (AL, 1)) dlt
0
2
> )Lz/ [b|u,,| —06] dt
0
2w
=2 [ (bfut] - bl ~ bl —cc)
0
> o7 |u| = ez o] = e7 o] = 7.
So we get

0
ll2,,l

ll22n

— 0, asun— oo. (3.10)

Hence by (3.8)-(3.10), one has

0 + -
u u, ||+ (|\u, |l +|u
_ lluall < Nl || + Nt |l + o, 0, asn— oo,
l[atn ll2tn I

a contradiction. Therefore, {u,} is bounded in X.
Using similar arguments to the proof of Claim 2 in Lemma 3.1, {,} possesses a strong

convergent subsequence in X. The proof of Lemma 3.2 is complete. d

Lemma 3.3 Under assumption (H1)-(H4), the function ¢ satisfies the conditions (f1), (£3),
and (f4) of Theorem A.

Proof We only consider the case (i) in (H1). The other case is similar.
(1) We claim that ¢ has a local linking at O with respect to (X!, X2).
By (H3), for any ¢ > 0, there exists § > 0 such that
|F(t,x)| <elx?>, Vte[0,27],]x] <6. (3.11)
By (3.2) and (3.11), there exists cg > 0 such that

’F(t,x)! <elx* + cglw)*®, Vee[0,2t],x RN, (3.12)

Hence, for u € X', we have

N =

2
o(u) > <Lu,u>—k2f (elul® + cglul"*) dt > %Hullz—skzcllullz—CSKZCIIMIIM.
0

Taking ¢ = 0/(422C) and noting that « > 1 in (H4), we can find a constant p; > 0 such
that

@) >0, VueX with[lul| < pr.
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On the other hand, let u = u° + u~ € X? satisfying ||u|| < po = R1/(2C) and let
Q ={tel02n]llu | <Ri/2}, ={te[0,27]||u|>Ri/2}.

Then we have
0] < ], < ] < R2

for all £ € [0,27]. Consequently,
lul < [u| + |u"| <Ry, forallteQ.

Hence, from (H1)(i), we obtain
/ F(t,u)dt > 0.
Q

On the one hand, one obtains

lul <|u®|+ || <Ri/2+|u| <2|u|, forallte Q.

It follows from (3.12) that
1+a

|F(At,u)| <elul® + cglul* < 48|Lf|2 +21+“03|u’| ,

for all ¢ € Q,, which implies that

/ F(At,u)dt 548/ |u"2dx+21+“cgf |M7|1+adt
2w ) o .
< 48/ iu_| dx+2l+aC8/ |u_| +o¢dt
0 0

< 4eC? ||u’ ||2 +(2C) % ||u’ H e,

Setting & = o/(16C?), we have

o =S} 32 [ FGswar =S e [+ 0]
Consequently,

@(u) <0, Vue X with [lull < pa,
where p; < pp is small enough.

(2) We claim that for every m € N, ¢(u) — —o0 as [|u|| — oo on X}, & X>.
Since X,ln and H° are finite dimensional, we can choose o,, > 0, C,, > 0 such that

(Lu*, u*) <om ||u’r , forallu® e X,ln,
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lull < Cullull2, forallue X}, & HP.
By (H2), there exists ¢y > 0 such that

F(t,x) > 2’:—’”|x|2 —co, Vie[0,27],¥x RV,

m

So for u € X}, & X2,

o(u) = %(Lm,m) + %(Lu‘,u")—kz fo " F(0t,u(t)) dt
< 2 - 22 [ o
P (P I P Iy P A e
A e S P

for ||u|| — oo.
(3) By (3.2), we see that ¢ maps bounded sets into bounded sets.
The proof of Lemma 3.3 is complete. O

Proof of Theorem 1.1 By Lemmas 3.1 and 3.3, all conditions of Theorem A are satisfied.
Thus, problem (2.1) has at least one nonzero critical point. O

Proof of Theorem 1.2 By Lemmas 3.2 and 3.3, all conditions of Theorem A are satisfied.
Thus, problem (2.1) has at least one nonzero critical point. d
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