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Abstract

In this paper, we prove the existence of global attractor and exponential attractor in
some stronger spaces for the strongly damped nonlinear wave equation when the
nonlinear term f(u, u;) depends on u; and contains a critical exponent with respect to
u and the external forcing term g merely belongs to the weak space H™'(€2).
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1 Introduction

We study the following strongly damped nonlinear wave equation:

Uy — Ay — Au+f(u,u) =g t>0,x €8,
u(x,t)=0 t>0,x €09, (L1)
u(x,0) = up(x), u;(x,0) =u1(x) t=0,x€ Q.

Here u = u(x, t) is a real-valued function defined on Q x [0, 00). Q2 is an open bounded set
of R® with a smooth boundary 3. f(&,v) € C{(R x R,R), and g € H(RQ).

In the case thatf = f(u) € C(R, R) with liminfj,— « @ > —X1, where 1 is the first eigen-
value of —~A on H}(£2), Webb first considered the asymptotic behavior of strongly damped
wave equations in [1]. Then, in [2], Carvalho et al. showed the existence of the global at-
tractor for wave equations with the critical nonlinearity. The regularity of solutions was
also investigated via a bootstrapping technique in [3, 4], and we mention that a similar
result has also been given by Pata et al. in [5, 6]. Recently, Sun and Yang in [7, 8] proved
the existence of global attractor and exponential attractor for the same equation with the
weaker external term g € H1(Q).

For another case, f = f(u, u;) € C(R x R,R), Massatt [9] and Hale [10] proved the exis-
tence of global attractor when the continuous semigroup of the mapping S(¢) : {uo, 111} —
{u,u,} is pointwise dissipative and a bounded map. Moreover, under the assumptions that
f(u,u;) is subcritical with respect to # and the external force term g belongs to L%(R2), the
author in [11] proved the existence of global attractor in the space H = H}(2) x L*(S).
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In this paper, we investigate the latter case with the conditions given in [8, 11]. Com-
pared with those in [11], the nonlinear term f (i, u;) satisfies the critical exponent growth
condition with respect to u (see (2.4)) and the external force g € H1(2), which is weaker
than the assumptions in [11]. We also remove the additional assumptions (4.26), (4.27)
in [8]. Motivated by the key ideas in [8], by making a shifting on the semigroup {S(¢)}:>0
with a (proper) fixed point ¢(x), we first show the global attractor A — ¢(x) is bounded in
a stronger topology. More precisely, A — ¢(x) is bounded in the space H° = D((-A) 1+Tﬂ) X
D((-A)%), o € [0, %) (see Theorem 3.1). Then, by proving that the semigroup {S(¢)};>0 is
Fréchet differential with respect to the initial value, we apply our standard method estab-
lished in [12] to obtain the exponential attractor for equation (1.1) without the restrictions
(4.26), (4.27) in [8]. In addition, with the regularity of solutions as in [6], we establish the
existence of exponential attractor in the stronger space Hy(2) x Hy(<).

In order to have a comparison, we organize this paper as follows. In Section 1, we briefly
review some results. Section 2 is devoting to proving that the existence of global attractor
in the space H°. In Section 3, we obtain the exponential attractor in the space Hy(Q) x
HA\(R).

2 Preliminaries
Let

(g, v) = / uvdx, lully = ()%, Vu,vel*(R),
Q

((u, v)) =/ VuVvdx, ||”||H5(sz> = ((u, 1/))1/2’ Yu,v e Hy(Q),
Q
H = Hy(Q) x LX),

HO = (HAQ) NH™) x H*(Q) = D((-A) ) x D((-A)%), o€ [o, %)

and

1/2
Ly)H = (Yl,yz)H(lJ(m,LZ(Q) = ((Mb Mz)) +(v1, 1), ”y”]—[é(Q)XLZ(Q) = ()’:J’)Hé(g)xLz(Q)»

"_yi”a = ”yi”’H“ = H (uirvi)T”le(Q),Ho(Q)’

Vyi = @ivi)',  y=v)" € Hy(Q) x L*(Q) or H*(Q) x H*(Q), i=1,2,

denotes the usual inner products and norms in L*(Q), H}(R), and H}(Q) x L*(RQ),
HY? (Q) x H°(Q), respectively.
Let u; = v, then equations (1.1) are equivalent to the following initial value problem in

the space H:

Y =LY +F(), x€Q,t>0,

1)
Y(O): YO :(MO!MI)TGH, t:O,
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where

v=(*), ov=(° 1), rm=( ° ),
v A —A —f(u,u) +g (2.2)

D(L) = D(A) x D(A),  D(A) = D(-A) = HX(Q) N H}(R).

Massatt in [9] proved that Il defined in (2.2) is a sectorial operator on # and generates
an analytic compact semigroup €' on # for ¢ > 0. By the appropriate assumptions on f
and the external forcing term g € L2(S2), they proved that there exists a unique function
Y()=Y(-,Yy) € C(R,,H) such that Y (0, Yp) = Yy and Y (¢) satisfies the integral equation

t
Y(t, Yo) =" Yo + / eL(t_s)F(Y(r)) drt,
0

which is also called a mild solution of equation (2.1).

The main purpose here is to study the case g € H1(Q2) and to provide some weaker
assumptions on f(u,v) than the one in [8, 11], that is, the function f(,v) € C*(R x R,R)
with £(0,0) = 0 satisfies the following condition:

,0
liminf'M >

|s|—+00 S

-\ (2.3)

and its partial derivatives f{ (i, v), f; (, v), f{1 (&, v), fi5(u, ), fos (11, v) satisty

M’(u, v)’ < C(l + |u|4), Yu,v € R, (2.4)
fiw,v) >~ Vu,veR, (2.5)
fo(u,v) <§ (small enough), Vu,veR, (2.6)

1@, )|, i (1, )], fon (14, V)| < C(l + |u|3), Vu,veR. (2.7)

Note again that in contrast to [8], here f = f(u, u;) without the addition assumptions (4.26),
(4.27) in [8], and in contrast to [11], here f = f(u, u,) is critical with respect to u, and its
partial derivatives ];/, fl]” is weaker than assumptions (3), (4) in [11].

Obviously, such conditions are satisfied in particular for the nonlinearities f(z, v) = u® +
8 sinv (in other words, a small perturbation of #°), etc.

As is well known, if g € H™1(R2), the solution of the elliptic equation (9 > £)

—Au+f(u,0)+0u=ge HYQ), (2.8)
ulypg =0,

only belongs to H}(S2). The regularity of the attractor (if it exists) is not higher than H
in this case. However, by a decomposition as in [8], u(¢) = u(t) + ¢(x) where ¢(x) is the
solution of equation (2.8) for some 6, and #(¢) satisfies

iltt - Ai‘t - All +f(it + ¢’ ﬁt) _f(¢7 O) = 8¢7

Ulpq =0.

(2.9)

Next, we will get the regularity of the solution #(%).
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3 Global attractor
We first present the following asymptotic regularity by the Galerkin approximate scheme
(see [8,13]).

Theorem 3.1 Let f(u,v) € C3(R x R,R) with f(0,0) = 0 satisfying the above assumptions
(2.3)-(2.7), g € HY, and {S(t)}s=0 be the semigroup generated by the weak solution of (1.1)
in the space Hy(Q) x L*(Q). Then, for each 0 < o < %, there exist a subset B, a monotone
increasing function Q, (-), and a positive constant v (independent of o) such that: for any
bounded set BC H,

disty (S(t)B, B;) < Qo (I|Bliz)e™, forallt>0,
where B, satisfies, for some constant A, >0,
BU = {g € H: ||§ - (¢(x))0) ||H1+<7(Q)><HU(Q) 5 AG’ < OO},

and ¢(x) is the unique solution of the above equation (2.8) by choosing 6 = no large enough,
that is,

—Ap+f($,0) +nop =g e HYQ), inQ,
@laq = 0.

(3.1)

Remark 3.1 From [8], we know that
1. for each 6 (> £), equation (2.8) has a unique solution ug(x) € H}(S2) satisfying

I Vatg|I” +2(0 — €) | up I3 < ||g||?{71;
2. [IVug| = 0, ||l — 0 as & — oo for any fixed p € [2,6).

Now, denote hy(u, u;) = f (14, u;) + Ou. From (2.4)-(2.6) and the mean value theorem, one
has, for any v € C}((0, 00), H),

1 1
3 Ivv)? + 3 [vell* + 2(ho (v + b, ve + 1) — ho (@, 1), v) — (B, (6, 0)v, v)

1 1
=5 Vvl + 3 Vell? +2{h6 (v + ¢, v) = ho (¢, 0),v) = (Hi (0, 0)v, v)

1 1
= Enwn2 +5 Vell® + 2o (v + @, v2) = ho (¢, ve) + ho (b, ve) — By (¢, 0), v)

— (1(¢,0)v,v)

1 1 / / /
=3 IVv|? + 3 lvell + 2(//119(13‘11/ + O, vV, v) + 2<h29(¢, z?zvt)vt,v> - (hm (¢,0)v, v)
1
VY] + §||v,||2+2<9—e>||v||2—9||v||2—25/ v dx—Cf(u 161%) v dx
Q Q
1
> | Vv|* + 5 [Vell* + (6 = 2¢ = C = 8)|IvII* = Sllvell* = CIIVII* VY2, (3.2)

where the constants C, §, and £ come from (2.4)-(2.6), respectively, and 9,9, € (0,1), ¢
is the solution of (3.1).
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Hence, by choosing 6 large enough in (3.2) with the assertion 2 in Remark 3.1, we know
that

1 1
Enwn2 +s Vell® + 2o (v + @, ve + ) — ho (b, 1), v) — (Hig (¢, 0)v,v) > 0,

forallve Cl((O, ), H). (3.3)

3.1 Decomposition of the equations
Let

h(u, ug) = f(u, us) + nou,

where the positive constant 7, is large enough and such that (2.8) and (3.3) holds when

6= Nno-
Now, we first decompose the solution S(£)(u, vo) = (u(¢), u,(¢)) into the sum

(u(t), us(t)) = S().(0) = K(£),(0) + D()£,(0) = (w(t), wi(t)) + (2(t), 2:(2)),

where K()£,(0) = (w(), w,(t)) and D(£)£,(0) = (z(t),z:(t)) solve the following equations,
respectively:

Wy — Awy — Aw + f(u,u,) — f(z,2,) =noz  in 2 x R,
Wwlse =0, (3.4)
(W(x; O)’ Wt(x’ 0)) = (07 0)’

and

Zy— Az — Az + h(z,z,) =g(x) in Q x RY,
Zlpa =0, (3.5)
(Z(xr 0)) Zt(xr 0)) = su(o)

Then we decompose further the solution z(x, t) of (3.5) as z(x, ) = v(x, £) + ¢(x), where
¢(x) is the unique solution of (2.8) and v(x, t) solves the following equation:

Vg — Ave— Av+ h(z,z;) — h(¢,0) =0 in Q x RY,
vl =0, (3.6)
(v(x,0), v¢(x,0)) = £,(0) — (¢(x), 0).

Hence,
(u(t), ue()) = (W(t), we(2)) + (2(2), z4(2))

(w(2), we(8)) + (V(E) + ¢, vi(£) + )
= (w(t),wt(t)) + (v(t) + 0, vt(t)), due to ¢, = 0. (3.7)

Hereafter, we always assume the assumptions in Theorem 3.1 hold and denote the
unique solution of (2.8) by ¢(x).
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3.2 The prior estimates in spaces H,#° (o € [0, %))
Now, we will give the prior estimates in space H or regular space H® for the above de-
compositions of the solutions z, v, w, u, respectively.

First of all, we have the following estimate (e.g., see [5, 8]) for the solution z of (3.5).

Lemma 3.1 There exists an increasing function Qi (-) such that, for any bounded set B C ‘H,
one gets, for any t > 0,

vz + /0 1V2) > dx < QuIBl + liglt),  VEL(0) € B. (3.8)

Proof Indeed, we consider the functional (by choosing qg(y) =f(y,0) + noy in [5])

z(x,t)
F(t) = F(z(2)) =2 /Q /(; (f(s,0) + nos) ds dx. 3.9)

We set £(¢) = z; + ez with € € (0,¢p), for some €y <1 to be determined later. Multiplying
equation (3.5) by & yields

1d 2 9
-2 - v
5 LT e@=-olval + Vel
= ellE]? - €2(z,8) + €(g,2) — €lf(2,0) + noz,2) + (f(2,0) —f(z,z) 2 +€2), (3.10)
where the energy functional E is defined as

E(®) = E(2(8)) = (1 - &) Vz|* + | 0| + F(2) - 2(g, 2). (3.11)

Obviously, from (2.4), we know that here the function ¢(y) = f(y,0) + 1oy satisfies the
assumptions (8), (9), (11), (12) in [5], and due to the mean value theorem, we have

(f(z.2) —f(2,0), 2, + €2) = (f3(2, ¥2/)20, 2 + €2)

< Sllzl? + 8¢ / 2zl d, (3.12)
Q

where ¢ € (0,1).

As to the assumption (2.6), if § is small enough, the term in (3.12) can be controlled by
the left-hand side of (3.10). Therefore, with the application of the same argument as in [5],
it is easy to get the inequality (3.8). It finishes the proof of Lemma 3.1. O

Then, for the solution v of (3.6), we have the following.

Lemma 3.2 There exist an increasing function Qq(-) and some constant ky > 0, such that,
for any bounded set B C H,

| (v, 2),ve(, 1) [, < Qa(lIBllrg)e ™, Vi =0,£,(0) € B,
that is,

|| (Z(x> t): Zt(x’ t)) - (¢(x), 0) ”H = QZ(”B”H)e_klt, Vi > O,SV(O) €B.
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Proof Asin [8,14], for € € (0,1) to be determined later, we define the functional
2 2 2 /
A(t) = || V() || + ||vt(t) || +€ ||Vv(t)|| + 2<h(z,0) - h(o, 0),v> +2€(vg, V) — (h1(¢>,0)v, v).
Then, from (3.3) and by taking € small enough, we have

1

Alt) > Z”év(t)Hi{ for all £ > 0,& € B.
Multiplying (3.6) by v, + ev(£) we have (note that z; = v; and ¢, = 0)

d € 2

%A(t) +eA@)+T + 3 Vv

= 2((hi(z, 0) - Iy (¢, O))zt, V) + 2((h(z, 0) — h(z, zt)), Vi + ev), (3.13)

where

= 2|| Vvt(t)H2 + % || Vv(t) ||2 —3e|lvl? = 22 vy, v) — €|| VY| + e(h;(qb,O), vz).
It is easy to see that I' > 0 as € small enough, and from (2.7), we have

2((h’1(z, 0) — 1y (9, 0))zt, V> = 2<hi’1 (rz +(1-7)p, O)Zt, vz)

= C/(1+|z|3+ 161%) 12| |v]* dx
Q

2_ € 2, @ 2
< alVz ]IV SEHVVH +:||Vz,¢|| A,

where r € (0,1) and the constant ¢, depends only on ||B||# + || Vé||.
By the mean value theorem, for the last term in the right-hand side of (3.13), we get

2((h(z,0) = h(z,20)), vi + €v) = 2{f (z,2:) = f(2,0), 2 + €2)
= f3(z, 02z, 2 + €V)

< 8|z ||? +5e/ |z,v| dx.
Q

Since § is small enough, from Lemma 3.1 and by noticing A(0) < Q(||B|l% + [|V¢||) and by
applying Lemma 2.2 [15], we can finish the proof of Lemma 3.2. g

Second, for the solution w(¢) in (3.4), we have the following result.

Lemma 3.3 For each bounded subset B C H and any o € [0, %), there exists an increasing
function Q. () such that

IK©)€4(0)]| 10 = || (W@, w(D) | 10 < Qo (IBll2g)e™" V&= 0,£,(0) € B, (3.14)

where the positive constant v, depends only on ||B|y and o.
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Proof Rewriting equation (1.1) as follows:

Uy — Ay — Au+f(u,0) =g+ f(u,0) — f(u,u;) t>0,x€ L,
u(x,t) =0 t>0,x€0%,
u(x,0) = uo(x), ur(x,0) = 1y (x) t=0,x€%,

and applying the same argument as in the proof procedure of Lemma 3.1 with the assump-
tions (2.4)-(2.6), and combining with (3.8), it is easy to show that

IVu@)| + || Vz@®)| <c(IBll%), Ve=o.
Now, rewrite equation (3.4) as follows:

Wy — Awg — Aw + f(u,0) + nou — (f(z,0) + no2),
=nou +f(,0) —f(u,u;) - (f(z,0) - f(z,2:)) inQ xR,
wlae =0,

(W(x’ 0)’ Wt(xr O)) = (07 O)

(3.15)

Denoting ) =f(u,0) + nous, e = f(z,0) + noz like the one in [5], and testing equation
(3.15) with A w;, we are led to the identity (denote y (t) = (w(t), w,(t)))

li 2 1+0)/2,, |2
57 17Ol + [A% 7w
=—(pw) - p(2), A7wr) + (g, A7 w,)
+{f(,0) = f(u,ur) = (f(2,0) - f(2,2:)), A" ws). (3.16)

Due to (2.4), we get

~((w) — P(2), A”wr) < c(L+ llullfs + Nzl 6 ) Wl sor0-200 | AT We | Jercti0)
<c(1+]A%u] " + |AY20] ) AT 2w ] AT 2|
I”.

< ey @]2 + 540w, (3.17)

By virtue of (2.6), we have

(f(,0) = f () = (F(2,0) = f (2, 20)), A" wy)
= (~fy(u, Dau)u, + £ (2, 0220020, A" wy)

= 5(||Mt||L6/(5—2rr) + ||Zt||L6/5—2<7) ||Aawt||L6/(1+20)

1+0)/2

< 5(||Mt||L6/(5—20) + ||Zt||L6/5—25) ”A( Wy H

<c+ % ”A(lm)/zthZ, (3.18)

where ¥, € (0,1).
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Additionally,

(g a7wi) < A g|[[A% 2w | < e+ %MA(““thll? (3.19)
Plugging (3.17)-(3.19) into (3.16), we obtain

d 2 2

S0l =clv@l; +e (3:20)
and the Gronwall lemma entails

[r@l; <é*-1,
which concludes the proof. O

Now, based on Lemmas (3.2) and (3.3), one can also decompose the solution u(¢) as

follows.

Lemma 3.4 Foranye€ >0,
u(t) =vi(t) + wi(t), forallt=>0, (3.21)
where v, (t) and w(t) satisfy the following:
! 2
/ [Vvi(t)| " dr <e(t-s)+Cc forallt>s>0, (3.22)
and
|AT m@|* <K forallt>o0, (3.23)

with the constants C. and K. depending on €, the initial value || §,(0)|3 and ||g|| 1.

Due to (3.7) and Lemma 4.5 in [8], one can easily deduce Lemma 3.4.
Next, we will show further that the estimate w in (3.14) can be chosen independent of
the time ¢.

Lemma 3.5 For every o € [0, %), there exists a constant Jg, which depends only on the
‘H-bound of B (C H) and o, such that

| K805, = | (W) we(®)) |30 <Jpo forallt> 0 and &,(0) € B.

Proof The idea comes from [8, 16, 17] but with different details.
Multiplying (3.15) by A% (w,(¢) + ew(¢)), we obtain

1d

EE/QM%(M + ew)|2 - <ewt,A"(wt + ew))

- (Awt,A"(wt + ew)) - (Aw,A”(wt + ew))
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= —{f(u,0) - f(2,0), A% (w; + ew)) + (noz, A” (w; + €w))

+ (f(u’ 0) _f(u: ut) - (f(Z, 0) _f(zi Zt))rAa Wt>»

where € (> 0) is small enough to be determined later.

We only need to deal with the right-hand side term, and the others can be estimated
easily as those Lemma 4.4 in [18].

From (2.4), we first deal with the first dual product,

’(f(u,O) —f(z,0),A% (w; + ew))‘ < C/ (1 +lul* + |z|4)|w| ’A”(wt + ew)‘ dx.
Q
Applying Lemma 3.4, we have
/ |ul*|w||A%w| dx < C/ (Iv* + w1 *) [w(e) | | A7 w(t) | dx (3.24)
Q Q

and

l+o

(f(1,0) - £(2,0), A7 )| < caQu(I1Blln) | V()| A5 wio)|?

1 ‘o
+eo (Ke +110l2) Qs (I1Bll2e) + C + A w)|.

Similarly,

|(f(1,0) = £(2,0),4°w,)| < caQu(IBll30) [ Vi (8)]* A" F wio)||*

l+o

1
+ ¢ (Ke+ 19112) Qs(I1Bllw) + € + A" w0)|

By the mean value theorem, similar to (3.18), we have

(f(bt, 0) —f(l/l, ut) - (f(zr 0) _f(z; Zt))rAUWt)

(—le(u, Dothy)ty +fz/(Z; ﬂZZt)ztrAUWt)

IA

s ( el Lor5-20) + || 2e]l po15-20 ) ”Ao W ” 16/(1+20)

1+0)/2

< B(HMt”LG/(S—Za) + ||Zt||L6/5—20') ”A( Wy H

e Bty

and

{f (4, 0) = f(u,u,) - (f(2,0) - f(2,2,)), A" w)
= (~fy (w, Vau)uy + £ (2, 9220) 21, A" W)
= 3(||u,g||L6/(5_zn) + ”Zt”LG/S—ZU) ”AUW”Le/(uzJ)

1+0)/2

< 8(||Mt||L6/(5—2(r) + ||Zt||L6/5—2a) ”A( w”

<ot S A0y
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Therefore, we can finish the proof by using the Gronwall-type inequality as was done in
[18], Lemma 4.4. O

Finally, for u(t), the following decomposition is valid, which will be used later to con-

struct an exponential attractor.

Lemma 3.6 Foreacho € [0, %) and for any bounded (in H®) subset By C H?, if the initial
data &,(0) € ¢(x) + By, then

[S©).(0) = (#),0) |50 = [ ((0), () = ($(x), 0) [0 < Ko
Vt>0,£,(0) € ¢(x) + By,

where the constant Kp, , depends only on the H° -bound of B, and o .

Proof By taking the following decomposition: u(¢) = () + ¢(x), where ¢(x) is the unique

solution of (3.1) and #(¢) solves the following equation:

Uy — Aty — At + f(1,0) — f(,0) = o + f (1, 0) — f (s, ;) in Q x R*,
ilya =0,

(ﬁ(xr 0)’ i‘t(x’ 0)) = gu(o) - (¢)1 0):

by applying Lemma 3.4, we get similar estimates to those in Lemma 3.5. Noting that the
initial value data (iz(x, 0), ; (x, 0)) = £,(0) — (¢,0) € H?, the conclusion can be obtained.
O

Hence, the proof of Theorem 3.1 follows from the above lemmas as in [8].

4 Exponential attractor

In this section, based on the asymptotic regularity obtained above, we will construct an
exponential attractor by the abstract method devised in [12]. Here it is different from [8]
to prove the asymptotic smooth property (as it was called by EMS 2000 in [19]) under the
additional assumptions (4.26), (4.27) in that paper.

By our abstract method devised in [12], one defines here S as the map induced by
Poincaré sections of a Lipschitz continuous semigroup {S(£)};>0 at the time t = T* for
some T* > 0; that is, S := S(T*) and S : B¢, (A) — B, (+4) is a C! map. L(X) = {L|L: X —
X bounded linear maps}, £, (X) = {L|L € £L£(X) and L = K + C with K compact, ||C| < A}.

For the discrete semigroup {S"}:°, generated by S, we have the following lemmas.

Lemma 4.1 (see Theorem 1.2 [12]) If there exists A € (0,1) such that D,S(x) € L (X) for
all x € B, (A) then {S"}52, possesses an exponential attractor M.

Lemma 4.2 (see Theorem 1.4 [12]) Suppose that there is T* > 0 such that S = S(T*) satis-
fies the condition of above lemma 4.1 and the map F(x, t) = S(t)x is Lipschitz from [0, T] x X
into X for any T > 0. Then the flow {S(t)}:>0 admits an exponential attractor M..
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As regards the Fréchet differential of semigroup, we have the following crucial lemma.

Lemma 4.3 Counsider the linearized equation of (1.1),

Uy — AU, — AU +f] (w, u)U + fy(w, u,) U, = 0,
Ux,)lae =0, (4.1)
(Ll(x, 0)! ut(x’ O))T = (S’ n)T'

Ifthe function f (u, v) satisfies conditions (2.3)-(2.7), then (4.1) is a well-posed problem in E,
the mapping S(t) defined in (1.1) is Fréchet differentiable on E for any t > 0, its differential
at @y = (o, 1) is the linear operator on E : (€,1)" — (U(t), V(t))T, where U is the solution
of (41) and V = U,.

Proof According to assumptions (2.4)-(2.6), (4.1) is a well-posed problem in H.

In the sequel, we first consider the Lipschitz property of the semigroup S(¢) on the
bounded sets B (C H). Letting ¢o = (ug, u1)” € D(L), o = @o + (€, 0)7 = (up + &, u1 + n)T €
D(L), it follows from the above estimate that the solutions S(t)go = ¢(2) = (u(t), u.(t))T €
D(L), $(t)go = ¢(t) = (@(t), :(£))" € D(L).

Obviously, the difference ¥ = & — u satisfies

Yu— Ay — Ay = —[f(ft, i) —f(u, Mt)]' (4.2)

Taking the scalar product of (4.2) with ¥, = i1, — u, in L*(2) and by the mean value theo-

rem, we have

| &

(Iell® + IV Y I12) + 1V

| =
&

t

(=[f G i) — f (s )] = [f (s ) = f (1) ], 2
= (A (e + 01(0 — 1), e ) — fy (vt 110 + D2l — 142) ) Ve, V)
(by (2.4), (2.6) and the Poincaré inequality)

5/ CU+ lul* + 1@l*) Y19l dx + 811l 2oy
Q

< C(1+ [l o + NallFo ) 1 Ml s 11l 6 + 5II¢¢II%2(Q)
(due to Lemma 3.6 and the Poincaré inequality)

< CEIVY g + 28IV Vel g (43)

Since § is small enough, applying the Gronwall inequality to (4.3), it is easy to show the
semigroup {S(¢)};>o is Lipschitz, i.e.,

190 - v @02 = i) - w@] + |V - Vuo|

<e“(Inl* + IVEN?), Ve=o. (4.4)
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Integrating (4.3) in dt on [0, t], this, on account of (4.4), yields

t
/ IVyI*dr < e (lInll* + IVEIP), VE=o0. (4.5)
0

Furthermore, applying the same argument as in [6] with the assumptions (2.4)-(2.6), we
can obtain the same estimates for ||y,(£)|| and ||Vi;(£)|], that is,

[0 = 9@ 1,2 = @) =@+ | Viie() - Vi (0)]

<e(Inl? + IVEN?), V&= o0. (4.6)

Next, consider the difference 6 = & —u— U, with U the solution of the linearized equation
(4.1). Obviously,

6(0)=6(0)=0,  6,(0)=6,(0) = 0; (4.7)
and
Ou — A0, — AO = =[f (i, i) — f () — f{ (s, u)U — fo () Uy | = n, (4.8)

where i1 = —[f(&t, ;) — f (u, uy) — f (u, u)U — f; (u, 1) U]
By the mean value theorem, we have
h= =[] (w+ 93— w), 1) — f i) + ;) = f oty 1) (2 = 0)
- [fz,(”’ Uy + 04l ~ Mt)) —fz/(u; ”t)](ﬁt —uy)
+fy ()0 + fr (1, 14)0r, (4.9)

where ¥; € (0,1), i = 3, 4.
Taking the scalar product of each side of (4.8) with 6, in L2(2) and by (4.7), we find

1d
2 dt
= (h) Qt)

(161> + 1VO1%) + VO

(by assumptions (2.6), (2.7))
s/ 16 (Ca (L + 1221 + [0l ) 02— uaf® + Co (L + |ul®) (it — 1) (31 — 1)
Q

+ C3(1+ |u?)Oulity — ue* + Ca(1 + [u]*)16] + 516,]) d, (4.10)

where 93,19, € (0,1).
We will deal with every term in the right-hand side of inequality (4.10); we have

/ 101 Cr (1 + 1221 + |l ) 03152 — ul|* dx
Q

5C<f9(1+|£¢|+|u|3)2dx>1/2(f9(|£¢—u|2|9t|)2dx>l/2
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IA

C</Q|£t—u|4|9t|2dx>1/2
C</Q[|12—u|4]3/2dx)1/3</Q(|9t|2)3dx>1/6

1
= IVO,I* + ClI Vit — V|| %; (4.11)

IA

/ (Ca(1 + 10 G — 1) i — 0)16]) hx
Q

SC</Q(1+|u|3)2dx>1/2(/9(|ﬁt_ut||g_u||9t|)2dx)1/2
5C(/Q(|9t|2)3dx)1/6</ﬂ(|ﬁt_ut|2|ﬁ_u|2)3/zdx)”3

2 ~ 2 ~ 2
< ClO:I% + Nt — 1% 17— ull

1 - -
<7 IVO? + ClI Vit, — Ve |* || Vit — V|| (4.12)

/(1+ ) Baliie — 2161 dx
Q

< C</Q(1+ |u|3)2dx>1/2(/9(|ﬁt—ut|2|0t|)2dx>l/2
C</Q|Z¢t—ut|4|9t|2dx>l/2
C</Q(|itt—ut|4)3/2dx>1/3<f9(|9t|2)3dx)m

< Clli - uells + 6N 26

IA

IA

- 1
< ClIVit, - Vu||* + E||V9t”2; (4.13)

fc4(1+ 1) 101161 dx
Q

2/3 1/3
5C4</ (1+|Ml4)3/2dx) (/ |9|3|9t|3dx>
Q Q
1/6 1/6
5c</ |9|6dx> <f |9,¢|6dx)
Q Q

1 1
< C|VO|3 + —IVE|3. (4.14)
4 4
Plugging (4.11)-(4.14) into (4.10), we have

d
E(H@tll2 +1vol?)

<C(l6* +11vel?)

+ Co(IVa = Vul® + Vit = Vue PV = Vul? + | Vit = Vu||*),
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where C; > 0, C; > 0. By the Gronwall inequality and the estimates (4.4), (4.5), (4.6), we
obtain

t
16,11 + VO < %expw f (| vits) - Vuls)|*
1 0

+ || ae(s) — wes)||* | Viats) = Vasls) | + | Viae(s) = Vaae(s) | ") ds

< Cs(InP + I€1%)* - exp®, Ve>0,
where C;3 > 0, C4 > 0, that is,
|90 -v@®-UO|,.2 < CG([ED [5,02)" - exp™ V=0,

Therefore,

W@ - (6) - UDIG,
||(§’ 77)T||]2L16XL2

A ORI PR

—0 as(&n)! — 0inD(L). (4.15)

Since H = H)(R2) x L*(R) is dense in D(L), (4.15) is true for solutions U(t), v (), U(t) € H.
Next, to prove the decomposition (4.1), one has the following.

Lemma4.4 L-((5,m)") = (U, Uy) = (U, Uny) + (U, Uze) = C-((6,m)") + K - ((§,m)7) (where
the operator C is contractive and K is compact as in Lemma 4.1), separately, satisfying the
following equations:

Uy — AUy - AlL =0,
Ui(x,8)]3q = 0, (4.16)
(ul (?C, O)’ ult(x) 0))T = (‘5» U)T;

Uy — Al — AU, +f1/(1/l; u) Uy +fz/(u, u)Uy =0,
Usr(x,t)aq = 0, (4.17)
(Uz(x, 0)1 u2t(xl 0))T = (0! O)T

Proof For (U, Uy;), we set
s(t) = Uye(t) + ey (2).

Here € € (0,¢p), for some €y <1 to be determined later. Testing equation (4.16) with ¢
yields

1d
5 Erea-ola” ] + |4 | = elie)? - iun,0), (4.18)

where the energy functional E is given as

E=(1-¢) At + o]
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We have the inequality

3
-+%mxvs%wN“wW+dww

Inserting it into (4.18), one gets

d 2
it <1 —e- %) |AY2 L + @3 - 4e)12]% <0, (4.19)

so, for €y small enough,
d 1/2 2 2
E15 +e|| A" ||" + 20 - 4e)lIg]? <0, (4.20)

which implies that (U3, Uy;) = C - ((€,1)7) is contractive.
Furthermore, multiplying (4.16) by A° Uy, + €A° U, as in Lemma 3.5, we have

IC-(EnT) 50 = |t U5 <J5o forall £ >0 and £,(0) € B.
Similarly, multiplying (4.1) by A” U, + €A° U, we have

IL- &) |50 = | U|5, <Jse forallt>0and&,(0)<B.
Thus,

|K -6, [ = (U Un) oo = (U, U) = (U, U)o <0

forall £ > 0 and &,(0) € B,

which implies that K - (£,1)7 = (U, Us;) is compact and the proof of Lemma 4.4 is fin-
ished. O

We also need the following Lipschitz continuity of {S()}.

Lemma 4.5 The mapping (t,£,(0)) — &,(t) is Lipschitz continuous on [0,t*] x By, where
the absorbing set B, is given in Theorem 3.1.

Proof For any &,,(0) € B,, t; € [0,t*], i = 1,2, we have

|S(81)82,(0) = S(£2)€.,(0) | 5,
< [[S(t1)54, (0) = S(11)54, (0) | 5, + || S(t1)8u, (0) = S(£2)8, (0) | 5,

The first term has been estimated in (4.4); for the second term, we have

|S(t)64,(0) = S8, 0] 5, < ‘ /

SM)H |

|t — 1o
LOC(O,t*;H)

[ggoe.
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and we note that || %(S ()€, (0)) |l Loo(0,+;7) can be estimated as in [6] with the assumptions
(2.4)-(2.6). 0

Therefore, applying the abstract results devised in [12] to Lemmas 4.4, 4.5, we obtain
the exponential attractor for the original semigroup {S(£)};>¢ in the space H.

Also applying the same argument as in [6] with the assumptions (2.4)-(2.6), we can ob-
tain the same estimates about ||V, (t)|| and u(¢). Thus, similar to Theorem 4.13 in [8],
we indeed have the following results (with a stronger attraction for the second component

ue(£) of (u(t), uy(1))).

Theorem 4.1 Let the assumptions of Theorem 3.1 hold, then there exists a set £, such that
(i) & is compact in Hy(Q) x H(Q) and positively invariant, i.e., S®)E C € forall t > 0;
(ii) dimp(E, HY(Q) x Hy(RQ)) < o0;
(iii) there exist a constant o > 0 and an increasing function Q : R* — R* such that, for
any subset B C H with ||Blly <R,

1
dist,1 () rl () (S(#)B,E) < Q(R)—te_‘” forallt > 0;

7

(iv) €=(¢(),0) + &, with E; bounded in Hy(Q) N H" (Q) x H}(RQ) (0 < 1), where
@(x) is the unique solution of (3.1).
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