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Abstract

In this paper, we consider the following high-order p-Laplacian neutral differential
equation with singularity:

(@, (x(0) = cx(t = 7)) ™)™ 4 F )X () + gt x(E - o) = e(t).

By applications of coincidence degree theory and some analysis techniques,
sufficient conditions for the existence of positive periodic solutions are established.
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1 Introduction

In this paper, we consider the following high-order p-Laplacian neutral differential equa-
tion with singularity:

(0 (60 — cx(t = D))" 4 £ (x(0) % () + g (£, 5 — 7)) = ele), 1.1)

where p > 2, ¢,(x) = |x[’~%x for x # 0 and ¢,(0) = 0; g: [0,T] x (0,00) — R is an L*-
Carathéodory function, i.e., it is measurable in the first variable and continuous in the
second variable, and for every 0 < r < s there exists /,.; € L2[0, T] such that [f(t,x(2))| < /.
forall x € [r,s] and a.e. t € [0, T']. g(¢,x) being singular at 0 means that g(, x) becomes un-
bounded when x — 0*. t and o are constants and 0 < 7,0 < T; e: R — R is a continuous
periodic function with e(t + T) = e(t) and fOT e(t)dt = 0. T is a positive constant, ¢ is a
constant and |c| # 1; n, m are positive integers.

Generally speaking, differential equations with singularities have been considered from
the very beginning of the discipline. The main reason is that singular forces are ubiquitous
in applications, gravitational and electromagnetic forces being the most obvious examples.
In 1986, Lazer and Solimini [1] discussed the second-order singular equation

1
U+ — =h(¢), (1.2)
u(x
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and they showed that, if /() was continuous and T'-periodic, then for all « > 0 a positive
T -periodic solution existed if and only if /() had a positive mean value. Afterwards, they
studied the singular equation

u” - ui"‘ = h(t), (1.3)
and they found that if « > 1, a positive T-periodic solution existed if and only if /(¢) had a
negative mean value. This last result was best possible in that for any o, 0 < @ < 1, & can be
chosen so that / had a negative mean value and the equation had no T-periodic solution.

Lazer and Solimini’s work has attracted the attention of many specialists in differential
equations. More recently, the method of lower and upper solutions [2—4], the Poincaré-
Birkhoff twist theorem [5-7], topological degree theory [8, 9], the Schauder fixed point
theorem [10-12], the Leray-Schauder alternative principle [13-15], the Krasnoselskii fixed
point theorem in a cone [16, 17], and the fixed point index theory [18] have been employed
to investigate the existence of positive periodic solutions of singular second-order, third-
order, and fourth-order differential equations.

However, the singular differential equation (1.1), in which there are p-Laplacian and
high-order cases, has not attracted much attention in the literature. There are not so many
results concerning the existence of a positive periodic solution for (1.1) even when we have
a neutral operator. In this paper, we try to fill gap and establish the existence of a positive
periodic solution of (1.1) using coincidence degree theory. Our new results generalize in
several aspects some recent results contained in [8].

T i _ 1 T
, o lulp = (/ |ul? dt> , h= —/ h(t) dt.
0 T 0
2 Preparation

Let Cr = {¢p € C(R,R) : ¢(t + T) = ¢(¢t)} with the norm |p|s = maxsejo,1) |¢(£)]. Define
operators A as follows:

In what follows, we need the notations:

|t|so = max |u(t) , |u]o = min |u(t)
te[0,T] te[0,T1]

A:Cr— Cr, (Ax)(t) = x(£) — cx(t - 7).

Lemma 2.1 (see [19]) If |c| #1, then the operator A has a continuous inverse A~ on Cr,
satisfying:
1)

~ f@) +>2 df(t —jr), for |c| < 1,¥f € Cr,

[A 1f](t) = f(t+r)21 : oo 1 , §
Aen Z},Zl Sift+ G+ 1)), forlc|>LVf eCr.

@ A1) < L, vf e Cr.

3) fy NAYFIOde < 2= [ |F(@®)]dt, ¥f € Cr.

Let X and Y be real Banach spaces and L : D(L) C X — Y be a Fredholm operator with
index zero, here D(L) denotes the domain of L. This means that Im L is closed in Y and
dimKerL = dim(Y/ImL) < +o0. Consider supplementary subspaces Xi, Y3 of X, Y, respec-
tively, suchthat X = Ker L@ X;, Y =ImL@ Y;.Let P: X — KerL and Q: Y — Y] denote the
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natural projections. Clearly, Ker L N (D(L) N X;) = {0} and so the restriction Lp := L|pg)nx;
is invertible. Let K denote the inverse of Lp.

Let © be an open bounded subset of X with D(L) N Q #@. A map N : Q — Y is said to
be L-compact in Q if QN(R2) is bounded and the operator K(I — Q)N : @ — X is compact.

Lemma 2.2 (Gaines and Mawhin [20]) Suppose that X and Y are two Banach spaces, and
L:D(L) C X — Y is a Fredholm operator with index zero. Let Q@ C X be an open bounded
set and N : Q@ — Y be L-compact on Q. Assume that the following conditions hold:

(1) Lx#ANx,Vx € 0QND(L), » € (0,1);

(2) Nx¢ImL,VxcdQNKerL;

(3) deg{JQN,Q2NKerL,0} #0, where ] : Im Q — KerL is an isomorphism.
Then the equation Lx = Nx has a solution in @ N D(L).

In order to apply coincidence degree theorem, we rewrite (1.1) in the form

(Ax1)"(2) = @y (x2(2)),

- (2.1)
xy (8) = ~f (ea (D)1 () — g(6,31(¢ - 0)) + e(2),

where }7 + % = 1. Clearly, if x(£) = (x1(£),%2(¢)) " is a T-periodic solution to (2.1), then x;(¢)
must be a T-periodic solution to (1.1). Thus, the problem of finding a T-periodic solution
for (1.1) reduces to finding one for (2.1).

Now, set X = {x = (%1(2),%2(8)) € C(R,R?) : x(t + T) = x(¢)} with the norm |x|s =
max{|%1|oos [*2loc }; ¥ = {x = (x1(8), 22(2)) € CHR,R?) : x(¢ + T) = x(¢)} with the norm ||x| =
max{|x|eo, |%'|co}. Clearly, X and Y are both Banach spaces. Meanwhile, define

L:D(L)={xeC""(R,R?):x(t + T) =x(t),t eER} CX > Y
by

(n)
L0 - <(Ax1> (r))

x5t

and N: X — Y by

(2.2)

(YD) < ( AO) ) .

(@)1 (€) - g(t, x1(E - 0)) + e(t)

Then (2.1) can be converted into the abstract equation Lx = Nx. From the definition of L,
one can easily see that

KerLl *R?,  ImL-= {ye Y./(;T<;;§i;> ds = (8)]

So L is a Fredholm operator with index zero. Let P: X — KerLand Q: Y — ImQ C R? be
defined by

(Ax1)(0) 1 [T (s
Px = ; = — ds,
x ( %,(0) ) Q T/o (yz(s)) ’



Xin et al. Boundary Value Problems (2016) 2016:33 Page 4 of 14

then ImP = Ker L, Ker Q = Im L. Setting Lp = L|p)nkerp and writing L1_>1 :ImL — D(L) to

denote the inverse of Lp, then

(L2450 - ((A-leu(t)) ,

(Gy2)(2)

n-1 1 ) ) 1 t
[Gnl() = ; E(AM)(‘)(O)L" + W/O (t=9)""y1(s) ds,
(2.3)

m-1

(Gl = Y 00 +

i=1

1
(m—-1)!

/0 t(t — )" yy(s)ds,

where (Ax;)?(0),i=1,2,...,n —1 are defined by the following:

—_
o
(=}
(=}
(=)

a 1 0 0 0
1 0 O
EiZ =B, whereFE = “ “
Cpn-3 Cp-4q4 Cys5 -*° 1 0
Cn2 Cp-3 Cpa -+ € (n-1)x (n-1)

Z = (%) (0),..., (A)"(0), (A%) (O), B = (b bsy...,byr) T by =~ f (T = 5)'
y1(s)ds, and ¢; = (jf—;)!, j=12,...,n-2. x(zl)(O), i=12,...,m-1, are determined by the

equation

a 1 0 - 0O O
¢ c 1 . 0 O
E,W =F, whereE,= 2 !
Cm-3 Cm-4 Cm-5 ~"*° 10
Cn-2 Cm-3 Cma -+ € O (m=1)x (m—-1)

W = ((x2)(”f1)(0), e (22)7(0), (02) (O) T, F = (dh, oy ..., dyr) T, di = — 55 fOT(T —8)'ya(s) ds,
and ¢; = (j%!,j: 1,2,....m-2.

From (2.2) and (2.3), it is clear that QN and K(I — Q)N are continuous, QN (£2) is bounded
and then K (I — Q)N(R) is compact for any open bounded Q C X, which means N is L-
compact on Q.

3 Existence of positive periodic solutions for (1.1)
For the sake of convenience, we list the following assumptions which will be used repeat-
edly in the sequel:

(Hy) There exist constants 0 < D; < Dy such that if x is a positive continuous T-periodic

function satisfying

T
f g(tx(2))dt =0,
0
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then
Dy <x(t) <D,

for some t € [0, T.
(Hz) g(x) <0 forallx € (0,D;), and g(x) > 0 for all x > D,.
(H3) Assume that

o g(t,x)
(0= Jim sopS

exist uniformly a.e. £ € [0, T1, i.e., for any € > O there is g. € L*(0, T) such that

glt,x) < (w(t) + z;)xp’1 +g.(2)

forall x >0 and a.e. t € [0, T]. Moreover, ¥ € C(R,R) and ¥ (¢ + T) = ¥ (¢).

(Ha) g(t,x) = go(x) + g1(t,x), where gy € C((0,00); R) and g : [0, T] x [0,00) — R is an
L?-Carathéodory function.

(Hs) [, go(x)dx =~

(He) There exist two positive constants a, b such that

[f(x(®)| < alslP>+b, VxeR.

Theorem 3.1 Assume that conditions (H1)-(Hg) hold. Suppose one of the following condi-

tions is satisfied:

Q) p>2and ‘;;'“f'T:”Z {p (L)D-D+m-2) 1
(a+]y] (n-1)(p-1)+(m—2) , bT2(ZymmS
(ii) p=2and “5i T:le (L P

Then (1.1) has at least one posztive T-periodic solution.

Proof Consider the equation
Lx=MNx, Ae€(0,1).

Set Q; = {x:Lx = ANx, A € (0,1)}. If 2(2) = (x1(£), %2(£)) T € €4, then

(Ax1)" () = hpq (2 (2)),

o (3.1)
A(E) = —2f (er(£); () - Ag(t 31 (£ — 0)) + Ae(t).
Substituting x,(t) = AI‘P(pp[(Axl)(”)(t)] into the second equation of (3.1)
(2 (Ax) ™ ()™ + 2 (31(0)),(£) + Mg (8,21 (¢ — 7)) = APe2). (3.2)

Integrating of both sides of (3.2) from 0 to T, we have

T
/ g(t,x(t-0))de=0. (3.3)
0
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In view of (H;), there exist positive constants Dy, D,, and & € [0, T] such that

D, <x1(8) < D,.

Then we have

1 (2)| = xl(“g‘)+/"3 x(s) ds §D2+/E |x(s)|ds, telg,&+T],

and
e (8)] = |m(e - T)| =

& &
xl(é)—/t_Tx/l(s)ds §D2+/t_T|xi(s)|ds, tel&,E+T).

Combing the above two inequalities, we obtain

|%1]0o = max ’xl(t)| = max {xl(t)|
te[0,T] tel&,6+T)
1/ (¢ §
< max {D2+—(/ |x/1(s)|ds+/ |xi(s)|ds>}
tel£,£+T) 2\ Je T
1T,
<Dy +— |x1(s)| ds. (3.4)
2 Jo
Since

(Ax)" (8) = (01(8) - exr(t - )" = x() - ex(t - o) = A" 1),
from Lemma 2.1 and the first equation of (3.1), we have

|x§n)| = max |A‘1Ax§n)(t)|

 telo,T]

_ MaXeepo,r) |(Ax) " (2)]
- 11—1cl|

‘pq(|x2|oo)
[1—]cl]

(3.5)

On the other hand, from x(szz)(O) = x(szz)(T), there exists a point ; € [0, T] such that
x(szl)(tl) = 0, which together with the integration of the second equation of (3.1) on the
interval [0, T yields

T
202"V (8)] < Z(x({”’”(tl) + % /0 |x(2’“>(t)|dt)
T
= )‘/0 |~f (x1(0)) %, (2) — g (6, 21(2 — 7)) + e(t)| dt

T T T
< /O I (xa(0) |5 (0)| dt + /0 le(b(t—0))|di + /0 O] de.  (3.6)
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Write
L={te[0,T]:g(t,.xm(t-0)) =0} L ={te[0,T]:g(t,xm(t-0)) <0}

Then we get from (Hj3) and (3.3) that

T

/ |g(t,x1(t—a))|dt:/g(t,xl(t—a))dt—/g(t,xl(t—a))dt

0 n I
=2/]g(t,x1(t—o))dt
52/1 (@) + &) (t - o) + g (1)) dt
2( ) T\ OF " de+2 Ty (2)| dt (3.7)
< . .
<2(phe) [ o w2 [ e

Substituting (3.4) and (3.7) into (3.6), and from (Hs), we have

T T
2%y ()] <a /0 @) |%,(2)| dt + b /0 |, (£)| dt

T T T
+2(|¢|oo+e)/0 \xl(t)\’”ldt+2/0 ]gs(t)\dufo le()| dt

1 /7 P2 T T
< a(Dz + = / ‘x’l(t)’ dt) / ‘xi(t)’ dt + b/ ’xi(t)‘ dt
2 Jo 0 0

17 , p-1 1
+2(|1¥ |0 + 8)T(D2 + 5/ % (@) dt) +2T2 gy +lelT.  (3.8)
0
For a given constant § > 0, which is only dependent on k > 0, we have
L+x)f <1+@+kx forxe(0,5].

From (3.8), we have

-2 T p-1
2 (m_l) : ( 2D2 l)p < / d)
Ol g ol /0 (0]

(¥l +a)T( 2D, )"‘1
+ ) T +1
217 fo |x1(t)|dt

T p-1 T 1
(/ |x;(t)|dt> +b/ | (6)| dt + 2T % |gels + leloe T
0 0
e (1, 20D (Wl +e)T () 2Dyp
S|\t T R T
Jo Ixi(@®)dt Jo Ixi(@®)dt
T p-1 T 1
(/ |x;(t)|dt> +b/ | (6)| dt + 2T 2 |ge|s + leloe T
0 0

o T T ) p-1
(5 52 [ )
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aDy(p —1) + (|¥|oo + &) TDop
+ 2P—3

T p-2 T L
(/ |x;(t)|dt> +b/ | (6)| dt + 2T % |gels + lelos T (3.9)
0 0

From the Wirtinger inequality (see [21], Lemma 2.4), we get

T . T ) %
/Ixi(s)ldssTZ(/ |%1(s)| ds)

0 0

1 T n-1 T ., %
r(sz) ([ rera)

T n-1 ;
T(E> U (3.10)

IA

IA

Substituting (3.10) into (3.9), we have

20" ()] <

(@+ (Wl + DT (T <”‘”“”‘”| ot
-2 m 1o

(@Ds(p 1) + (1| + &) TDp) TP (T (”‘“(‘”‘”| -2
i 203 o M1 oo

T n-1
+bT<ﬂ) |+ 272 gl + leloo T (3.11)

Substituting (3.5) into (3.11), we have

20| =

@+ (|Wloo +)T)TP (T \"DCD (g, (x2]00))7
22 (E) 1= fcl]PT

, @Ds(p=1) + (Y] + )TDoP) T ( T )W'”W) (¢4 (122]0))
23 27 1= cl]P

T n-1
eor( 2} 02l) i el
27 11— lell

(a+ (1Yo +8)T)TP ( T )“"”“"“ 2]

2p-2 2 11— |c|P!

, @2p=1) + (Y loo + ) TDP) T ( T )(’“W‘” oo |2

2r-3 21 11— |c||P~2
T\ % |
+bT| — +2T2 +leloo T 3.12
<27‘L’) |1_ |C|| |g8|2 | |oo ( )

Since [ (¢, (x2(0))) dt = [} (Ax1(£))™(£)dt = 0, there exists a point £, € [0, T] such that
%5(t2) = 0. From the Wirtinger inequality, we can easily get

1 T
ke < 5 / 1w, (0)| dt
0

)
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T(T\"( (" 2
B ([
T 0
T/ T m=2 -
< bY <E> |x(2 1)|c>o' (3.13)
Combination of (3.13) and (3.12) implies

T T m=2
(m-1)
[%2]00 < E(g) |x2 ‘OO

T TN\ [+ (Wl + DT TN iyl
~4\2m 2p-2 27 [1— |||t

, @2p=1) + (Y loo + &) TDP) T ( T )(’"”‘”‘” o |27

2r-3 2 11— |c||P-2

or( L "l 2T gy + el T
+ — + +e .
2t) M-l $ela T 1€loo

So, we have

|x2|00 = |x2|oo

@+ (1Yo +&)T)T? (T 0D
27|11 — |c||P! 2

(@Da(p=1) + (I¥|oo + &) TDy) TP ( T\ DE22
+ |x2|oo

2011 — || P2 2

sz T n+m-3 |x2|g;1 T/ T m=2 1
+—| — +—|— 272 +lelooT).
() eg(e) ertiehe)

Case (i): If p > 2, we can get 1 < g < 2. Since ¢ sufficiently small, we know that

(a+ ¥l T)T? ( T >("—1)(p—1>+(m_z)
Tl — |t <1,

2[1-felp \2m
there exists a positive constant M; such that
%20 < M. (3.14)
Case (ii): If p = 2, we can get g = 2. Since ¢ is sufficiently small, we know that

(a + “/f'ooT) 7 T (=1)(p-1)+(m-2) bTZ(zl)n+m—3
or — 1oL \ o =l
2011 = fel ! (2n) 41— c]]

there exists a positive constant M; such that
|x2 |c>o = Mlo

On the other hand, from (3.5), we have

x M7
"] < ¢q(1%2]c) <1 _ =M. (3.15)
11— Icl| 11— Icll
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Since x;(0) = x;(T), there exists a point 3 € [0, T] such that x](¢3) = 0. From the Wirtinger
inequality, we can easily get

1 (7 Ts ([T :
x| < 5/ |« (£)| dt < 72</ |/ (0)|” dt)
0 0

(n-2)
TN )
T 2\2m b oo

T( T\ |
<—(=—) M,=M,. (3.16)
2\ 2w

Hence, from (3.4), we have

TM,

1 T
|%1]oo <D + 5/ ‘x’l(t)}dt <D+ = M;. (3.17)
0

From (3.7), (3.16), and (3.17) we have

T
/ P 0)) dt’
0

A T
= 5/ |~f (%1.(2))% (2) — g (8,1 (£ — 0)) + e(2)| it
0

V], = 5 max

A -
< S (U1, T + 2(19 oo + ) TME™ + 29T g2 + Tleloo) = AMipa,

where |f|a; = MaXoey 1 <m; [f (%1(8))]. Since x(0) = x,(T), there exists a point 4 € [0, T]
such that x(#4) = 0. From the Wirtinger inequality, we can easily get

1 T
o<y [ lsold
0

1 1

1 T =
52</ |xg(t)|2dt)2
2 \Jo
T/ T\"? .
fa(%) 7

T/ T\"?
< 5 (§> )LMW,,Q = )\Mz.

Next, it follows (3.2) that

((pp(Axl)(”)(t + a))(m) + A"(f(xl(t + a))xi(t +0)+ )J’g(t + o,xl(t)))

= Me(t + o). (3.18)
Namely,

(0 Ax) ™ (£ +0)) ™ 4 W2F (st + 0))a (£ + ) + 22 (go (11(D))) + &1 (£ + 0, 11 (B))

=Me(t +0). (3.19)
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Multiplying both sides of (3.19) by x/(£), we get

((pp(Axl)(”)(t + a))(m)x/l(t) + Mf (%1t + 0)) (& + 0)x; ()

+2WPgo (%1(0))1 (8) + AP (£ + 0,1 ()% (£) = APe(t + o)) ().

Let T € [0, T], for any T <t < T, we integrate (3.20) on [, ] and get

x1(2)
AP /xl(z) go(u)du
= )J’/ go(%1(9)) () ds
= /t(¢p(Ax1)(”)(s + U))(m)x/l(s) ds— )\ /tf(xl(s + G))xi(s +0)x(s)ds

— A f ai(s+o,x1(5))x(s) ds + 17 / e(s + o)x(s) ds.

By (3.2), (3.7), (3.16), and (3.17), we have

/ t(fpp(Axﬂ(”)(s +0)) "% (s) ds

5/ }((pp(Axl)(")(s+a))(m)||x’1(s)‘ds
g (m)
< |xi|m/0 |(<pp(Ax1)<")(t+a)) " ’dt

T T T
§Ap|xi‘m(fo (. 0)|[%,0)] it + /0 le(ti(t - o)) de + fo |e(t)|dt)

< XM ([flats M + 2(1 oo + &) TME™ + 272 g7 | + Tlelns).

l

We have

/tf(xl(s + o))xi(s +0)xy(s)ds

S lflMgM% T,

t T
/ g(s+0,x1(s))x) (s) ds| < |x/1|/ |g(t,x(t—o)|dt§M§_1ﬁ|gM3|2,
T 0

where gy, = maxo<y<ar, |g1(£,%)| € L*(0, T) is as in (H3); we have

t
/ e(t +o)xy(t)dt| < MyT|e|s.

From these inequalities we can derive from (3.21) that

x1(t)
/ go(u)du

1(7)

/
=Ms;,

Page 11 of 14

(3.20)

(3.21)

(3.22)
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for some constant Mz, which is independent on A, x, and £. In view of the strong force
condition (Hg), we know that there exists a constant M5 > 0 such that

x1(t) >Ms, Vtelr,T]. (3.23)

The case ¢ € [0, 7] can be treated similarly.
From (3.14), (3.16), and (3.17) and (3.23), we let

Q={x=(r1,%)" 1 E1 < |#1|oc < Ea,

x| <Es, |%2l00 < Esand

%), <EsVte[0,T1},

where 0 < E; < min{Ms,D;}, E; > max{M;i, D5}, E3 > M>, E4 > My, and E5 > M3. Q5 = {x:
x€0QNKerL) then Vx € 9Q2 NKerL

o oul2(0)
Nx = — di
= (—f(xl(t»x;(t)—g(t,xl(t—o)ne(t)) t

If QNx = 0, then x,(¢) = 0, x; = E5 or —E,. But if x;(¢) = E,, we know

T
0:/0 {g(t,Es) —e(t)} db.

From assumption (Hj), we have x;(t) < D, < E,, which yields a contradiction. Similarly if
x1 = —E,. We also have QNx # 0, i.e., Vx € 3R NKer L, x ¢ Im L, so conditions (1) and (2) of
Lemma 2.2 are both satisfied. Define the isomorphism J : Im Q — KerL as follows:

](751,962)—r = (xz,—xl)T~

Let H(i,x) = —ux + (1 — w)JONx, (4,x) € [0,1] x 2, then V(u,x) € (0,1) x (32 NKerL),

H(u,x) = =1 [ lg(6m) —_:(t)]dt .
—pacy = (1= p) |2 |7~%x2

We have fOT e(t)dt = 0. So, we can get

_ T
—MX1 — 1TM f() g(trxl)dt
—xy — (1= 1) %217 %

H(u,x) = ( ) , V(u,x) €(0,1) x (0 NKerL).

From (H,), it is obvious that x T H(u,x) < 0, V(i,%) € (0,1) x (32 N KerL). Hence

deg{/QN, 2 NKerL,0} = deg{H(0,x), 2 N KerL,0}
=deg{H(1,x), 2 NKerL,0}
=deg{l, 2N KerL,0} #O0.
So condition (3) of Lemma 2.2 is satisfied. By applying Lemma 2.2, we conclude that equa-

tion Lx = Nx has a solution x = (x1,%,) " on Q N D(L), i.e., (1.1) has an T-periodic solution
x1(2). a
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Example 3.1 Consider the p-Laplacian type high-order neutral differential equation with
singularity

(0p(2(t) — 112t - 1))")" + 352 ()’ (£) + %(cos 2+ 4)>(t—0) - pr Py

=sin2¢, (3.24)

where ¥ > 1 and p =4, o and 7 are constants,and 0 <o,t < T.
Itisclearthat T =w,m=n=3,c=11, g(t,x) = %(cosZt +4)x3(t— o) — m, ¥(t) =

15(co82t + 4), [V]oo = 5, f(x(2)) = 3x*(£), and |f(x(t))| < 3|x*(t)| + 1; herea =3, b= 1.1t is
obvious that (H;)-(Hs) hold. Now we consider the assumption of the condition

(a+|¥|eD)T? (T (1=1)(p-1)+(m—2)

B+ Dmt 1

2% %103 27
~ 3+ %)JT4

Tl %108 ©

So by Theorem 3.1, we know (3.24) has at least one positive 7 -periodic solution.
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