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Abstract

This paper is devoted to the study of the dynamical behavior of a Boussinesq system,
which is a basic model in describing the flame propagation in a gravitationally
stratified medium. This system consists of an incompressible Navier-Stokes equation
coupled with a reaction-advection-diffusion equation under the Boussinesq
approximation. We prove that this system possesses time dependent periodic
solutions, bifurcating from a steady solution.
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1 Introduction and main results

The Boussinesq-type equation of reactive flows is a basic model in describing the flame
propagation in a gravitationally stratified medium, and its non-dimensional form is given
by

U +U-VYU-vAU+VP=Tp,
VU =0, (1.1)

T, +(U-V)T - AT =g(T),

where (£,x) € R* x R3, U € R? is the velocity field, T is the temperature function, v > 0
denotes the Prandtl number, which is the ratio of the kinematic and thermal diffusivities
(inverse proportional to the Reynolds number); P(x, £) € R denotes the pressure; the vector
p = pE corresponds to the non-dimensional gravity E scaled by the Rayleigh number
p > 0. The reaction term of Kolmogorov-Petrovskii-Piskunov (KPP) type is of the form

aT(1-T)

g(T) = 1

Here, « is the reaction rate. See [1] for the derivation of this model and the related param-
eters.

When the initial temperature T is identically zero (or constant), the above system re-
duces to the classical incompressible Navier-Stokes equation:

U, +(U-V)U-vAU + VP =0,

vU =0.
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Since the work of Sattinger [2], Iudovich [3], and Iooss [4] in 1971, the bifurcation of sta-
tionary solutions into time-periodic solutions (i.e. Hopf bifurcation) of incompressible
Navier-Stokes equation has attracted much attention, see [5-10], etc. When the linearized
operator possesses a continuous spectrum up to the imaginary axis and that a pair of imag-
inary eigenvalues crosses the imaginary axis, Melcher, et al. [11] proved Hopf bifurcation
for the vorticity formulation of the incompressible Navier-Stokes equations in R3. Their
work is mainly motivated by the work of Brand et al. [12] who studied the Hopf-bifurcation
problem and its exchange of stability for a coupled reaction diffusion model in R*. Inspired
by the work of [11, 12], this paper is to establish the corresponding Hopf-bifurcation result
for the three-dimensional Boussinesq system.

The Boussinesq system is a very important model in fluid mechanics, which exhibits
extremely rich phenomena, for example, Rayleigh-Bénard convection [13-15], geophys-
ical fluid dynamics [16, 17] etc. A key problem in the study of the dynamic behavior of
Boussinesq system is how to understand the time-periodic solutions, quasi-periodic solu-
tions and traveling waves, etc. There were several papers on the existence of time-periodic
solutions [18] and traveling waves [19-24] for the Boussinesq system (1.1). To our knowl-
edge, there is no theoretical result on bifurcation analysis for the Boussinesq system on
R3.

In the present paper, we consider the reactive Boussinesq system with external time-
independent force in R®

U+ (U - VYU -vAU+VP=Tp +f(x€), (1.2)
VU =0, (1.3)
T+ (U-V)T - AT =g(T) + h(x,¢), (1.4)

with initial conditions
U(xr 0) = UO(x): T(xx()) = TO(x)r (15)

where f(x,€) and h(x,€) € R® x R are external time independent forces, which depend
smoothly on some parameter €, g(T) = T(1 — T). Meanwhile, external forces f(x,€) and
h(x,€) can be chosen suitably so that (U, (x), Tc(x), Pc(x)) is the solution of the steady
Boussinesq system

—vAU+ (U -V)U +VP=Tp +f(x¢),
VU =0,

=AT +(U-V)T =g(T) + h(x,e¢),
with the condition
lim U.(x)=0, lim T.(x)=0.
|| — 00 x| =00

Furthermore, assume that the steady solution (U (x), T.(x), P (x)) satisfies the following
certain decay properties:
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(AO) For p € (3,4) and s > 2,

|t

Te (x) || Lf’

P, <C,
where C and L¥ denote a positive constant and the weighted Lebesgue space to be specified
blow.
We also assume that the solution of system (1.2)-(1.4) has the form
U(x, t) = u(x: t) + UE (x)v T(x’ t) = V(x, t) + Te (x); Pe(xr t) =P(x; t) + Pe(x);
where
(Ue(®), Te(®), Pe(®)) = (e (®) + ¢, Te(x) + 1, Pe (%)),

and (uc (x), T (x), P (x)) is the solution of the following steady problem:

—vAU+ (U -V)U +VP=Tp +f.(),
VU =0,

—AT+(U-V)T =g(T) + he(x),
with the condition
lim U.(x)=0, lim T.(x)=0.
|| — 00 x| =00

Then the deviation (u(x, £), v(x, £), p(x, t)) from the stationary (U (x), T. (x), P (x)) satisfies

ur—vAu+cogu+ (e - Viu+ - Vue + (u-V)u+ Vp = V?)), (1.6)
Vu=0, 1.7)
Ve— AV —vV+ 0, v+ (Ue - VIV + (1 - T, + (w-Vv+2vT, +v* = 0. (1.8)

Here, for general matrices u = (14;);j-123,

T
V.u= (Xs: Ox; Uyjs 23: O, Uajy 23: Ox, I/lgj) .
j=1 j=1 j=1
In fact, by the incompressible condition (1.7), it follows that
V-(uvT)=u~Vu+uV-u=u~Vu.
So, system (1.6)-(1.8) can be rewritten as

U —vAU+coyu+V - (ueuT) +V- (uuZ) +V. (uuT) +Vp= V;)), 1.9)
V= Av=v+ v+ V- (uev’) + V- (uTT) + V- (wv)

—u NV -v—uV . -T.—uV-v+ 20T, +* =0, (1.10)
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with the incompressible condition
V-u=0.
It is convenient to rewrite system (1.9)-(1.10) in the stream function and vorticity for-
mulation in dimensionless form. The vorticity associated with the velocity field « of the
fluid is defined by w = V x u. Then, using

VxV- (uuT) =V (wu” - ua)T),

we can rewrite system (1.9)-(1.10) in the stream function and the vorticity formulation in

dimensionless form

wr — Aw + coy 0 — 2V - M(we, ) — V - M(w, ) :;Vv, (1.11)
Ve— AV —v+ 3, v+ V- N(u, le, v, T.)-B(u,v,T.) =0, (1.12)
where

T T T T
2M(w1, w2) = walty + w1l — Us ] — U1, ,

N(u, ue,v, T,) = uv’ + uTeT +uv?,

B(u,v,i) =uNV-v+uV-T. +uV -v—2T, — >
Note that we can assume that V - w = 0. This is because the space of divergence free vector

fields is invariant under the evolution of (1.11).

Denote ¢ = (w,v)T. Then we can write system (1.11)-(1.12) as the evolution equation of

the form

dy

— + No =F(p), 113

o TN =E) (1.13)
where

N = —A + coy, PV

0 —A =1+ 0,

and

2V - M(we,w) + V - M(w, w)
F(¢)=< ~ ~ )
B(M’V1 Te)_v 'N(M7ME)V7 TE)

For y € R?, the Fourier transform F and the inverse Fourier transform ! are given by

1 .
FAD0 =4 = /R )™ dy.
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Fors>0,1<p<2,and }7 + é =1, the Fourier transform is a continuous mapping from
L? into WZ. Especially, when p = 2, the Fourier transform is an isomorphism between LZ
and W2,

Since we deal with the problem in the whole space R3, it is advantageous to apply the

Fourier transform to the evolution equation (1.13). Denote ¢ = (&, 7). Then

ap o
— + N¢ = F(Q), 1.14
AL’ (@) (1.14)
where
Ko (P ien ziﬁ-y‘ ,
0 y°+1+iys

£0) 2iy - M(&e, @) + iy - M(&, »)

Q)= AN AR AN R
P(ue!VyTe)-"B(u!VyTe)

and
M@, ) = g % 1F + @y 5 L — Bty e > — 11y % &Y,

Plite, 9, Te) = =iy - (fhe % D7) + itk % (y - 9) =20 % T,

A

B(i, v, T.) = iy - (ﬁ*T€T+12*f/T) itk (- To) +itis (y-9) — Vs
Here, * denotes the convolution. That is,
o v(y) = / u(y — x)v(x) dx,
R3

and for general matrices u = (4x),j-1,2,3,

3 3 3 T
ly U= l(Z 3x1yju1]', Z axlyjuz,-, Z axlyju3j> .
j=1 Jj=1 Jj=1

To overcome the essential spectrum of operator Ji (defined in (2.3)) up to the imaginary
axis, for3<p<4ands>3(1- P%), we need the following assumption:

(Al) Forany € € [e. — €9, €. + €0], 0 is not an eigenvalue of /.

(A2) For € = ¢, the operator 7 has two pair eigenvalues (1§, ug) and (A5, ug) satisfying

)Loi(ec) = ,u(jf(ec) = +iw, #0, forw,>0, (1.15)
iRe(Ai(e)) >0 iRe(ui(e)) >0 (1.16)
de 0 cmee ’ de 0 mee ’ ’

(A3) The remaining eigenvalue of J is strictly bounded away from the imaginary axis in
the left half plane for all € € [e, — €q, €. + €¢].

Here is our main result in this paper.
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Theorem 1.1 Assume that (A0)-(A3) hold. Then for p € (3,4) and s > 3(1 — Il’), system
(1.14) has a time-periodic solution

S0 1) = (i, ), 9, 8)) = (Z 0™ Y, (y)emm)

neZz nez
with € = € + €, € € (0, B), (&, V) z» = Oleo), @ — @ = O(€5).

This paper is organized as follows. In Section 2, we give the basic setting of the problem
and derive some priori estimates needed in the proof in next section. The proof of the
main result occupies the Section 3.

2 Preliminary and some estimates
We start this section by introducing some notations. Consider the following standard
Sobolev space, a spatially weighted Lebesgue space:

Wi .= {u: ol := Z HD"‘M”E < oo},

Jor| <k

L7 := {u: flzellZ ::/ 0P (x)uf (x) dx < oo},
R3

where the weighted function p(x) = /1 + |x|%.
To investigate periodic solutions of system (1.2)-(1.4), we also introduce the space

XY = {u = ez Ntllye := ) Nikallyp < oo}

neZ

and the weighted space

p p
‘CI; = Lf X Ls+1’ Xsp = XI; X Xs+1’

with norms
lellgr = Nullyy + Wlhe , Nollge = el + Wiy,

for ¢ = (u,v)" € L or X7, respectively.
As we known, the vorticity w = V x u, where u is the velocity field. By the Biot-Savart

law, u is recovered from w as

u(x) =

1 (x =) x w(y)
(=t

s o — 9|3
The following estimates are taken from [11], which show the norm relationship & with &.

Lemma2.1 Letp € [1,+00]. Fork =1,2,3 and & € (L”(R®))3, there exists a constant C such
that

liyitlly < Clléd|lp.
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Furthermore, for every p € [1,3), p1,p2 € [1, 00] with 1%1 + piz = }7,

lally < C(Ildl + @)
Meanwhile, if » € 17 (R3) N LF1(R3), then it € L7 (R®) and the above estimate also holds.
Then, for the weighted space L%, the following Sobolev embedding holds.

Lemma 2.2 For p; > p; and s > piz - pil, the continuous embedding LY (R*) C LP>(R%)
holds.

Proof Note that p(y) = (1 + |y|2)%, y € R*. By direct computation, we have

—-s p3 dy
o0l = |

[t
= gy + oy
m<t L+ [y Josr @+ |y2) 7

dy ©
< ——5 +C — p3>0.
i<t 1+ |y|2) 72 1 X

Hence, for sps > a, the above inequality implies that ||/o’s(y)||‘fj;3 is bounded.

Let piz = 1%1 + pis' By Holder’s inequality and the above inequality, it follows that for Vo €
LP2(R7),

ol cr2 ey = ||ps¢"075 H £ Ray = ||ps‘/’“y71 (R%) ”Pfsnws(m)

= 10l 221 ey 107 || s mey = NN 221 -
This completes the proof. O
From Corollary 2.6 in [11], the following result holds.

Lemma 2.3 Letp € (%, +00]. For any @, &y € 1Y and s > 3(1 - 117), there exists a positive

constant C such that
|41(@1,@2) |, < Cllanllyz llnllye-
Furthermore, let p € (3,4). Then, for s >0,
| (@1, @) | < Cllénllyzll@n -
Lemma 2.4 Letp € (%, +00] and s > 3(1 — }7). Then there exists a constant C > 0 such that

it (-9 2 < Cl@Ip WPl for (@,0) € L2
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Proof By Young’s inequality and Lemma 2.1, it follows that

”ii‘ *(y- f/)”Lf
< C(llalle + Nl 2 ) Pl + el Wl

= C(Iélvn + 16l + 13l Yyl + 171z (161 + 16lm), (2.1)

where p% + piz =1land p; € [L,3).
Fors>3(1- }7) and p > pi, applying the Sobolev embedding LY L' N L”! to (2.1) yields

litex -9 < CllBl 171l -
This completes the proof. O
Lemma 2.5 Let p € (3,4) and s > 1. Then there exists a constant C > 0 such that

it (- D)) oo < Clidly 1Pl »  for (i,9) € L2.
Proof By Young’s inequality and Lemma 2.1, we have

it @ )| oo < Nl 99l < C(I@ ; + @NLe) 5Pl (2:2)

1 _

1,1 _q 1 1
where1—7+p—l—1, =+ -pl,andpze[l,S).

I3 p2
For p > p; and s > 3(1%1 - i), p>pyands> 3(1‘% - }7), applying the Sobolev embedding
1
I’ c 1P and I C 1% to (2.2), we derive
litex & D) oo < ClGN2 1712, -

This completes the proof. O

Consider the linearized operator of (1.14)

J(@) = (N + DF(¢.)) (2.3)
where
(20 M@, ®)
DF e = ~ 2 )
o ( a9, 72) )

and
Dlite, ¥, Te) = itne % (y - 9) =20 % Te — iy - (e % 7).
Then we can rewrite system (1.14) as

dg

= T I @) =G@),
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where
(- M(@,0)
G@)=| "~ ..z
B(i, v, T,)
and

M@, @) = &y % 0F + &y % 0 — iy % O — 1y % &Y,
B0, Ty =iy (s TX + s d7) +itix (y- Te) + itk (y- D) = D% 9.

Remark 2.1 By applying the theorem of Riesz, it is easy to see that the operators [, and

N differ by a relatively compact perturbation in £%, for p € (3,4) and s > 3(1 - }9). Hence,

the essential spectrum of the operator J equals the essential spectrum of the operator N
(see [25], p. 136).

Lemma 2.6 Letp € (%, +o0] and s > 3(1 - }7). Then, for (&,V) € LY, there exists a positive
constant C such that

A2 R 2 "o .y
|89 Ty = CU@I I Ty, + 115 + 1915, ).
Moreover, for p € (3,4) and s > 0, there exists a positive constant C such that
||B(it,f/,7:" ) (] P||7:" I+ 112, + 19175 ).
€/llLe — Ls €L L Loy

Proof Applying Lemma 2.4 and Young’s inequality for convolution, it is easy to derive this
result. O

Lemma 2.7 Let p,p1 > 1. Then, fors > 1, 117 = pil + piz, andf € L8 (R®), the equation

A

N =f
has a unique solution ¢ = N-\f € L2(R3).

Proof Let n(y) € C*(R, [0,1]) be a cut-off function satisfying

77(3/) =1, for |J’| <L

n() =0, forly|>2.
Consider
¢ = N7F =nNF + (1-nG) NS,
where

A~

el 1 ly|? + icy, —ipy
Iy +icy)(|y|* +iyz +1) 0 Iy[2 +1 +iys

Page 9 of 15
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Denote
1 5 1
) G — S G P —
PEL T 2 iy + 1 Py iy + 1
, 1 w1
VEET P iy’ PP 2 ey
5 —ipy o3 —ipy
Th< = Tho1 =

(Iy1? + icy)(ly|? +iys +1)° (Iy? + icy)(Iyl? + iys +1)°

By Minkowski’s inequality, Holder’s inequality, and Lemma 2.2, for % = 1%1 + 1%2, Y >p1,and
s> 3(1%1 - 1%), we have
12122 < [nON | oo+ [ (1= nO)NF] Ly
< C(InOIN ] g 12 + [ (L= nODN | e W )
< C(InOIN |y WPl + [ (= nO) N 2 F 1 2)- (2.4)

<24+ 5 wehave

It is easy to check that ||T|jy|>1||Loo < +oo forj=1,2,3. For % +5<p <3+73,

/ 1+ 2 % 1 1
||T|§"<l ||pp/ :/ %dyi C/ ﬁdx< +0Q0.
T i< 1P +iys + 1P o x2S

In the same way, we get

)

/ 1 3
”Tﬁ/\ﬁ”f}ﬂl <+o0o, for 5 + % <p < 3 +

N o

/ 1 S S
”Tlgy\sl”fh <+00, for 3 + 3 <p <1+ 3

Therefore, by (2.4) and the above estimates, for % +5<p' <1+3and Pil - ﬁ > é, we obtain
[nN | Ly < +oo. (2.5)
This completes the proof. O

Lemma 2.8 Letp,p; € (%, +00]. For s > 2 and 1% = pil + piz. Then the operator N-! - DF(¢)

is a compact operator on LY. Furthermore, the operator
[:=1+N7-DF(@): LF — LF

is a Fredholm operator with index 0.

Proof Denote the set
S={pell:lglr <1}

and x, = (N’l - DF(¢))@y for any sequence ¢, = (@, V) € S.
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By Minkowski’s inequality, Holder’s inequality, and Lemma 2.2, for }9 = 1%1 + 1%2’ 7 >p,

11
nds>3(= -5 h
and s 3(}71 p,),we ave

Ixnll 7 = (N7 - DF(@)) @] 1
< [nG) (N - DF@)@ull oo + | (1= n ) (N' - DF(@))@n | 0
< C(|n0N oy [DF@)ou ] oo + | (1= 10N oo | DF@) ] 2)

< C(InN| Ly [DE@@n] oo + [ (1= nO)NT| o IDF@)on] ). (26)

As proved in Lemma 2.4, by Young’s inequality for convolutions, for p, p, € (%, +oo] and

s>3(1- piz), we can get

|DE@)3| o2
< CI@nl0, + 19200 + a2 + 10Ny + 1 T2, ) < +00, (2.7)
S ‘s+1 S S s+1
| DE(@)¢n] .
S

A2 A2 A2 A2 22
=< C(||wn||Lp/ Hvall, + ||Me||Lp/ + ||C0e||Lp/ + Tl ) < +00. (2.8)
'S ‘S

s+1 s s+1

1 s / s 1 2 .
L S ES —_— > £
From (2.5), for 3ty <p< 1+ 3 and | 3, we derive

7
InGIN | L < ¥oo. (2.9)
By (2.7)-(2.9), it follows that
Ixall 2 = | (N7 - DE(@))@n | po < +00.

Therefore, N™' - DF($)S is a precompact set in £2. This completes the proof. d

Lemma 2.9 Letp,p; € (%, +00]. Fors>2, = = pil + piz andf e LE(R®), the equation

ot

»
Jo=f

has a unique solution § = J~'f = T'N'f € LY (R3), where the operator
I'=(I+N7 DF($)): LF — LL.

Proof This is a direct result from Lemma 2.8. d

3 Proof of the main result

This section is devoted to proving the main result. Since the linear operator which we get
in solving equation (1.13) is not invertible for € = €, the implicit function theorem cannot
be applied directly. The Lyapunov-Schmidt reduction is a powerful method to deal with



Li and Gu Boundary Value Problems (2016) 2016:39 Page 12 of 15

this case. Assume that |€ — €| and | — @] are suitable small. We find the 27 /o -time-

periodic solution ¢ = (&, ) € A, which can be made the ansatz as
(Zj(y’ t) - (Z d)n(y)einwt7 Z f}n(y)einwt>’
nez neZ

and satisfying

dg

7t T = G(9). (3.1

Introduce the projection S,, onto the nth Fourier mode, i.e.,

2 2
0 — E 7 A inwt E 7 s inwt
($np) ) = (271 /0 a(y, t)e" " dt, oy f Uy, t)e dt)

0

and the J-invariant orthogonal projection P, . onto the subspace spanned by the eigen-
vector associated with the eigenvalue (inw, inw). We denote P, s =1- P, .

Applying the projection S, to equation (3.1) we get lattice systems for the Fourier
modes S, ¢

inw@n+ JePn = Gu(9), nel, (3.2)
where

Gn(é\)) = Z G((ﬁn—mr (;am)

neZ

Denote

- inw 0
ino™ = .
0 inw

Then we rewrite lattice system (3.2) as

inw* @y + Je@n = Gu(@), form==42,£3,..., (3.3)
+io G5 + TePus = PusGaa(9), form==1, (3.4)
Tcpo = Go(p), forn=0, (3.5)
+iwm*Ppe + TePuc = PneGe1(9), form==1. (3.6)

In the following, we want to prove that if

i1 = Pr1,e@a1 = (Prr,e@s1, Pii, Vi) € LF

is given, then the above lattice systems are solvable.
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By assumptions (A1)-(A3), (3.3)-(3.5), and Lemma 2.9, we obtain

Gn = (inw* + 7.) " Gu(@), forn=+42,43,..., 3.7)
G = (Him™ + T) PusGu(@), forn=+1, (3.8)
$o =T 'Go(¢), forn=0. (3.9)

So we rewrite (3.7)-(3.9) as
]:(ch, @s) =0, (310)
where

‘/A’c = (' ey 0} (ﬁfl,m 01 @1,0 0; o );

(Z)s = ( vey @—2; (ﬁ—l,s’ @07 @1,51 (;7—27 vee )

Lemma 3.1 Define B = (E1,, Eop)nez : L5 — LL and (EQ) ez = (1@, BanVy). Then
I E@HXSP <sup ||E||£§,_>£§||€5||Xg’~
neZ
Proof

1EGNxr < D (1E1@allyy + I B2uPullyy )
neZ

< sup(l| Eunllzry + 182nlly 1z ) D (10ullp + 19aly2 )
neZ nez *

<supl[Ell e, c2 @1l - 0
nez

Lemma 3.2 Letp > % and s> 3(1 - }7). Then, for any ¢ € X7,

[(B1@), ezl 2z < CIoar (1 Telle |+ 1011 12).

Proof By Lemma 2.6, we obtain

[Bo@)) ezl ap = 21 (Bl@ 3, ),y

ner
A 5 A2 A2
< CD (Il Tenllz, + Iallfy + 191135 )
nez
< CIplar I Tellge +1312,0)- 0
- X X5 Xs

Lemma 3.3 There exists a constant C > 0 such that

|(inw* - 7.) " (iy,1 |l ppor <G mEZN\{£1,0},

”(:i:iw*—jg)f (@9, 1 ”Lp o = <C, n=4=4l1.
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Proof This result is directly derived from assumption (A3), the property of the sectorial
operators J, and N, Lemma 2.3, and Lemma 2.8. O

Now, we return to equation (3.10). From Lemmas 3.1-3.3, F : X¥ — &’ is well defined
and smooth for p € (3,4) and s > 2. It is obvious that F(0,0) = 0, Dy F : XP > XF s
invertible and Dy F(0,0) = I. Therefore, by the implicit function theorem, there exists a
unique smooth solution @, = @s(@,.) satisfying ||@s(@.) || ar=C ll@el X

Finally, we give the proof of our main result. This proof is based on the classical Hopf
bifurcation (see [26]) applied to solve the equation (3.6) by the implicit function theorem.
Let ¥ € X7 denote the eigenfunctions associated with the eigenvalues (i, -izy).
X¢ (€) is the eigenvalues of operator J. under the basis (y,, ¥,}). Introduce p,, by P =
Puc(@)¥,r. Then, for £ € C\ 0, it follows (3.6) that

—iw &Y, + x5 (€)Vys — Pue(Ga (Bs(EV))) ¥y =0,
which implies that

it *E + 13 (€) — Puc(Ga (0s(6¥1))) = 0.
Define the complex-valued smooth function

_i(wg*+Q)+X0+(Ec+13)_a71A(66+:37a)7 CU?-/O,
—i(w +0) + xg (ec + B), a=0,

Y(o;0,8) :=

where A(GC + ﬁ: Ol) :zpn,c(GH((ﬁs(gw;)))'
Denote

and

. Ay O
€)= .
Xo( ) (O MS)

By (1.15)-(1.16) and Lemma 3.2, we know that Y(0;0,0) = 0 and the determinant of the
Jacobi matrix

d +
Ze Rexg (€)=,
det Dy 5 (@0, B)la-o-p-0 =det< de TR0
4x4

_1 die Im XOJr (6)|€:€£

> 0.

€=¢€c

d +
= Re A (e)

d +
| + %Re,uo(e)

e=¢.
Therefore, there exists a function « — (o(«), B(«)) with 0(0) = B(0) = 0 satisfying
—i (arc* + Q(a)) +axg (ec + ,B(a)) - A(ec + ,B(a),oz) =0, (3.11)

for |«| sufficient small.
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Due to the degree of nonlinearity term in (3.11), it is easy to see that there exists a
function «(B) such that ¢, = «(8)y is the solution of (3.6) for @ = wy + o(a(B)) and
€ = €y + 8. This completes the proof.
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