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Abstract
In this paper, we intend to study nonlocal problems for Langevin-type differential
equations with two fractional derivatives of orders α,β ∈ (1, 2). By using Laplace
transform methods, formula of solutions involving Mittag-Leffler functions Aα,β (w),
α,β ∈ (1, 2), w ∈ R, and nonlocal terms of such equations are presented by studying
the corresponding linear Langevin-type equations with two fractional derivatives.
Meanwhile, existence results of solutions are established by utilizing boundedness,
continuity, monotonicity, nonnegative of Mittag-Leffler function Aα,β (w), α,β ∈ (1, 2),
w ∈ R, and fixed point methods. Finally, two examples are presented to illustrate our
theoretical results.
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1 Introduction
With the fractional-order derivatives being applied in more and more fields, the basic the-
ory of fractional differential equations (FDEs for short) also has a good development. The
qualitative properties of solutions to Langevin-type FDEs were studied in the significant
monographs [–] and recently have also been discussed in the literature [–] via fixed
point methods.

Recently, Wang et al. [] and Zhao [] studied impulsive problems for Langevin-type
equations with Caputo fractional derivatives of the form

cDβ
t
(cDα

t + μ
)
x(t) = g(t), μ > ,α,β ∈ (, ). ()

Definition . The Caputo derivative of order p for a function v : [,∞) → R can be writ-
ten as

cDp
t v(t) = LDp

t

(

v(t) –
n–∑

k=

tk

k!
v(k)()

)

, t > , n –  < p < n,
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where LDp
t v denotes the Riemann-Liouville derivative of order p with the lower limit zero

for a function v, that is,

LDp
t v(t) =


�(n – p)

dn

dtn

∫ t



v(s)
(t – s)p+–n ds, t > , n –  < p < n.

For some suitable function g : I → R, [] applied Laplace transform methods to derive
the general solution of () as follows:

x(t) = Aα

(
–tαμ

)
b –


μ

[
 – Aα

(
–tαμ

)]
a +

∫ t


(t – τ )α+β–Aα,α+β

(
–(t – τ )αμ

)
g(τ ) dτ ,

where I := [, ], a, b are constants, Aα,β (w) :=
∑∞

k=
wk

�(αk+β) , α,β ∈ (, ) for w ∈ R is the
Mittag-Leffler function, and Aα,(w) := Aα(w). Then by applying the properties (continuity,
explicit boundedness, monotonicity, and nonnegativity) of Aα,β (w), α,β ∈ (, ), for w < 
and fixed point theorems, we can deduce some interesting existence results for a nonlinear
problem.

However, we will less study the theory of Langevin-type differential equation with two
Caputo fractional derivatives cDβ

t (cDα
t + μ)x(t), α,β ∈ (, ), and the properties of Aα,β (w),

α,β ∈ (, ), for w <  and w > .
Let f : I × R → R be a given real-value function. We consider nonlocal problems for

Langevin-type equations with two Caputo fractional derivatives of the form

{
cDβ

t (cDα
t + μ)x(t) = f (t, x(t)), t ∈ I := [, ],  < α,β < ,

x() =
∑m

i= aix(ti), x′() = b, [cDα
t x(t)]t= = c, [cDα

t x(t)]′t= = d.
()

Here cDα
t and cDβ

t denote the Caputo fractional derivatives of orders α,β ∈ (, ) with the
lower limit zero, respectively, and the constants ai ∈ R, i = , . . . , m, b, c, d ∈ R, μ ∈ R \ {},
and  = t < t < · · · < tm < tm+ = .

In the beginning of the paper, we first apply the Laplace transform method to derive that
the linear Cauchy problem

{
cDβ

t (cDα
t + μ)x(t) = g(t), t ∈ I := [, ],μ ∈ R \ {},

x() = a, x′() = b, [cDα
t x(t)]t= = c, [cDα

t x(t)]′t= = d,
()

has the unique solution

x(t) = aAα

(
–μtα

)
+ btAα,

(
–μtα

)
+ (aμ + c)tαAα,α+

(
–μtα

)

+ (bμ + d)tα+Aα,α+
(
–μtα

)
+

∫ t


(t – τ )α+β–Aα,α+β

(
–μ(t – τ )α

)
g(τ ) dτ , ()

where g : I → R is a linear function.
Then we go on studying the asymptotic behavior, boundedness, and continuity of the

Mittag-Leffler functions Aα,β (w), α ∈ (, ], β > , w ∈ R (see Lemmas ., ., and .),
which will further use to study nonlinear problems. In fact, the properties of Mittag-Leffler
functions Aα,β (w), α ∈ (, ], β > , w ∈ R, presented in this paper can also used for other
possible problems. Finally, we apply fixed point methods to derive the existence of solution
to () under Lipschitz and growth conditions on the nonlinear term.
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2 Preliminaries
Let C(I, R) denote the Banach space of all continuous functions from I into R with the
standard norm ‖u‖∞ = sup{|u(t)| :  ≤ t ≤ } for u ∈ C(I, R). We denote by Lq(I, R) the
Banach space of all Lebesgue-measurable functions v : I → R with the norm ‖v‖Lq(I) < ∞
defined as

‖v‖Lq(I) =

{
(
∫

I |v(t)|q dt)

q ,  ≤ q < ∞,

infμ(�)={supt∈I–� |v(t)|}, q = ∞,

where μ(�) is the Lebesgue measure of �.
Before we study (), we first introduce the following linear fractional initial value prob-

lem.

Lemma . Let g : I → R be continuous. Then fractional initial value problem () has the
unique solution ().

Proof From (..) of [] we know that the Laplace transform of the Caputo fractional
derivative cDβ

t x(s) satisfies the following equation:

(
LcDβ

t x
)
(s) = sβ (Lx)(s) –

l–∑

j=

sβ–j–x(j)(). ()

Thus, we apply the Laplace transform to the first equation in () via () and derive

sβ
(
sαLx(s) – sα–x() – sα–x′()

)
– sβ–[cDα

t x(t)
]

t= – sβ–[cDα
t x(t)

]′
t=

+ μ
(
sβLx(s) – sβ–x() – sβ–x′()

)
= Lg(s).

Furthermore, we obtain

Lx(s) =
s–β [Lg(s) + a(sβ+α– + μsβ–) + b(sβ+α– + μsβ–) + csβ– + dsβ–]

sα + μ
. ()

Next we find x(t). According to (..) of [], we know that

w(t) = tβ–Aα,β (–μtα) �⇒ Lw(s) = sα–β

sα+μ
. ()

From equality (), by applying inverse Laplace transforms to () we get the unique solu-
tion of ():

x(t) = aAα

(
–μtα

)
+ btAα,

(
–μtα

)
+ (aμ + c)tαAα,α+

(
–μtα

)

+ (bμ + d)tα+Aα,α+
(
–μtα

)
+

∫ t


(t – τ )α+β–Aα,α+β

(
–μ(t – τ )α

)
g(τ ) dτ .

The proof of the lemma is completed. �

At the end of this section, we introduce the following fixed point theorems.
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Lemma . Let W be a closed convex and nonempty subset of a Banach space X. Let G,
H be two operators such that (i) G(x) + H(y) ∈ W for x, y ∈ W ; (ii) G is compact and con-
tinuous; (iii) H is a contraction mapping. Then there exists z ∈ W such that z = Gz + Hz.

Lemma . Let (X,‖·‖) be a Banach space, and B : X → X be a compact operator. Assume
that L : X → X is a bounded linear operator such that  is not an eigenvalue of L and
lim‖x‖→∞ ‖Bx–Lx‖

‖x‖ = . Then B has a fixed point in X.

3 Properties of Mittag-Leffler functions Aα,β , α ∈ (1, 2], β > 0
In order to give some results on the asymptotic behavior of Mittag-Leffler functions Aα,β ,
α ∈ (, ], β > , we need the following lemma.

Lemma . (see []) Let α ∈ (, ) and β ∈ R be arbitrary. Then for l = [ β

α
], the following

asymptotic expansions hold:
(i)

Aα,β (w) =

α

w
–β
α exp

(
w


α
)

–
l∑

k=

w–k

�(β – αk)
+ O

(
w––l) as w → ∞;

(ii)

Aα,β (w) = –
l∑

k=

w–k

�(β – αk)
+ O

(|w|––l) as w → –∞.

Define

Aα,β (t,μ) = tβ–Aα,β
(
–μtα

)
, α,β ,μ > ,

Qα,β (r,μ) =
rα–β

π

rα sin(πβ) + μ sin(π (β – α))
rα + μ cos(πα)rα + μ ,

Q(r, w) =


πα
r

–β
α exp

(
–r


α
) r sin(π ( – β)) – w sin(π ( – β + α))

r – rw cos(πα) + w .

Lemma . Let α ∈ (, ] and β >  be arbitrary. Then the following statements hold:
(i) For all μ > , we have

Aα,β
(
–μtα

)
=

∫ ∞


Q(r, t) dr +

t–β

αμ– 
α

exp

(
tμ


α cos

(
π

α

))

× cos

[
tμ


α sin

(
π

α

)
–

π

α
(β – )

]
,

where

Q(r, t) =


πα
r

–β
α exp

(
–r


α
) r sin(π ( – β)) + μtα sin(π ( – β + α))

r + rμtα cos(πα) + μtα

w=–μtα<= Q(r, w).
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(ii) For all μ > , we have

Aα,β
(
μtα

)
=


α

μ
–β
α t–β exp

(
μ


α t

)
+

∫ ∞


Q(r, t) dr

+
t–β

αμ– 
α

exp

(
tμ


α cos

(
π

α

))
cos

[
tμ


α sin

(
π

α

)
–

π

α
(β – )

]
,

where

Q(r, t) =


πα
r

–β
α exp

(
–r


α
) r sin(π ( – β)) – μtα sin(π ( – β + α))

r – rμtα cos(πα) + μtα

w=μtα>= Q(r, w).

Proof (i) By applying Proposition . of [] for α ∈ (, ), γ > , we can deduce

tα–Aα,α
(
–γ αtα

)
=

sin(πα)
π

∫ ∞


exp(–rt)

rα

rα + rαγ α cos(πα) + γ α
dr

–


αγ α– exp

(
tγ cos

(
π

α

))
cos

[
tγ sin

(
π

α

)
+

π

α

]
. ()

Letting μ = γ α , () can be simplified as

Aα,α(t,μ) = tα–Aα,α
(
–μtα

)

=
sin(πα)

π

∫ ∞


exp(–rt)

rα

rα + rαμ cos(πα) + μ dr

–


αμ– 
α

exp

(
tμ


α cos

(
π

α

))
cos

[
tμ


α sin

(
π

α

)
+

π

α

]

=
∫ ∞


exp(–rt)Qα,α(r,μ) dr –


αμ– 

α

exp

(
tμ


α cos

(
π

α

))

× cos

[
tμ


α sin

(
π

α

)
–

π

α
(α – )

]
. ()

On the other hand, from Corollary  of [], for all α ∈ (, ], β > , and t > , we get

Aα,β (t) = Aα,β (t, )

=
∫ ∞


exp(–rt)Qα,β(r) dr +


α

exp

(
t cos

(
π

α

))

× cos

[
t sin

(
π

α

)
–

π

α
(β – )

]
, ()

where Qα,β (r, ) = Qα,β (r).
By comparing formulas () and () we can derive a general formula of Aα,β (t,μ) as

follows:

Aα,β (t,μ) =
∫ ∞


exp(–rt)Qα,β(r,μ) dr +


αμ– 

α

exp

(
tμ


α cos

(
π

α

))

× cos

[
tμ


α sin

(
π

α

)
–

π

α
(β – )

]
.
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Let r = xαtα . The last equality can be simplified as

Aα,β
(
–μtα

)
=

∫ ∞


Q(r, t) dr +

t–β

αμ– 
α

exp

(
tμ


α cos

(
π

α

))

× cos

[
tμ


α sin

(
π

α

)
–

π

α
(β – )

]
,

which proves part (i).
(ii) Due to Lemma .(ii) via the previous result, changing –μtα to μtα , we easily obtain

Aα,β
(
μtα

)
=


α

μ
–β
α t–β exp

(
μ


α t

)
+

∫ ∞


Q(r, t) dr

+
t–β

αμ– 
α

exp

(
tμ


α cos

(
π

α

))
cos

[
tμ


α sin

(
π

α

)
–

π

α
(β – )

]
,

where

Q(r, t) =


πα
r

–β
α exp

(
–r


α
) r sin(π ( – β)) – μtα sin(π ( – β + α))

r – rμtα cos(πα) + μtα
.

The proof is finished. �

Lemma . Let μ >  be arbitrary. For any α ∈ (, ] and β > , we define

P(α,β ,μ) = max
{

P(α,β ,μ), P(α,β ,μ)
}

,

where

P(α,β ,μ) =
| sin(πβ)| ∫ ∞

 r
–β+α

α exp(–r 
α ) dr

sin(πα)παμ
,

P(α,β ,μ) =
| sin(π (β – α))| ∫ ∞

 r
–β
α exp(–r 

α ) dr
sin(πα)παμ

.

(i) For all t > , we have

∣∣∣
∣t

β–Aα,β
(
μtα

)
–


α

μ
–β
α exp

(
μ


α t

)
∣∣∣
∣

≤ P(α,β ,μ)
(


tα–β+ +


tα–β+

)
+


αμ– 

α

exp

(
tμ


α cos

(
π

α

))
.

In particular,

∣
∣∣∣Aα

(
μtα

)
–


α

exp
(
μ


α t

)
∣
∣∣∣ ≤ P(α, ,μ)

(


tα
+


tα

)
+


αμ– 

α

exp

(
tμ


α cos

(
π

α

))
.

(ii) For all t > , we have

∣∣tβ–Aα,β
(
–μtα

)∣∣ ≤ P(α,β ,μ)
(


tα–β+ +


tα–β+

)
+


αμ– 

α

exp

(
tμ


α cos

(
π

α

))
.
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In particular,

∣∣Aα

(
–μtα

)∣∣ ≤ P(α, ,μ)
(


tα

+

tα

)
+


αμ– 

α

exp

(
tμ


α cos

(
π

α

))
.

Proof (i) From Lemma . we deduce
∣∣
∣∣t

β–Aα,β
(
μtα

)
–


α

μ
–β
α exp

(
μ


α t

)
∣∣
∣∣

=
∣∣
∣∣t

β–
∫ ∞


Q(r, t) dr +


αμ– 

α

exp

(
tμ


α cos

(
π

α

))

× cos

[
tμ


α sin

(
π

α

)
–

π

α
(β – )

]∣
∣∣
∣

≤ P(α,β ,μ)
(


tα–β+ +


tα–β+

)
+


αμ– 

α

exp

(
tμ


α cos

(
π

α

))
,

where we apply the same computation as in Lemma . of [] to get the estimate of
|tβ– ∫ ∞

 Q(r, t) dr|.
In particular,

∣∣
∣∣Aα

(
μtα

)
–


α

exp
(
μ


α t

)
∣∣
∣∣ ≤ P(α, ,μ)

tα
+


αμ– 

α

exp

(
tμ


α cos

(
π

α

))
,

which proves part (i).
(ii) According to Lemma ., we obtain

∣∣tβ–Aα,β
(
μtα

)∣∣

=
∣∣
∣∣t

β–
∫ ∞


Q(r, t) dr +


αμ– 

α

exp

(
tμ


α cos

(
π

α

))

× cos

[
tμ


α sin

(
π

α

)
–

π

α
(β – )

]∣
∣∣
∣

≤ P(α,β ,μ)
(


tα–β+ +


tα–β+

)
+


αμ– 

α

exp

(
tμ


α cos

(
π

α

))
,

where we applied the same computation as in Lemma . of [] to get the estimate of
|tβ– ∫ ∞

 Q(r, t) dr|.
In particular,

∣∣Aα

(
μtα

)∣∣ ≤ P(α, ,μ)
tα

+


αμ– 
α

exp

(
tμ


α cos

(
π

α

))
.

The proof of the lemma is finished. �

We further state the continuity, monotonicity, and nonnegativity of Mittag-Leffler func-
tions Aα,β , α ∈ (, ], β > .

Lemma . Let α ∈ (, ] and β >  be arbitrary. Then the functions Aα(·), Aα,α(·), and
Aα,β (·) are nonnegative and have the following properties:
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(i) For all μ >  and t, t̂, t̂ ∈ I such that  < t̂ ≤ t̂,

Aα

(
t̂α
 μ

) ≤ Aα

(
t̂α
 μ

)
, Aα,β

(
t̂α
 μ

) ≤ Aα,β
(
t̂α
 μ

)
,

Aα

(
–tαμ

) ≤ , Aα,α
(
–tαμ

) ≤ 
�(α)

, Aα,β
(
–tαμ

) ≤ 
�(β)

.

(ii) For all μ >  and t̂, t̂ ∈ I := [, ],

Aα

(
t̂α
 μ

) → Aα

(
t̂α
 μ

)
as t̂ → t̂,

Aα

(
–t̂α

 μ
) → Aα

(
–t̂α

 μ
)

as t̂ → t̂,

Aα,β
(
t̂α
 μ

) → Aα,β
(
t̂α
 μ

)
as t̂ → t̂,

Aα,β
(
–t̂α

 μ
) → Aα,β

(
–t̂α

 μ
)

as t̂ → t̂.

Proof (i) Suppose that Aα(w) and Aα,β (w) are increasing functions for w > . It is easy
to get the first conclusion of (i). On the other hand, from Lemma . of [] we know
Aα(–tαμ) ≤  and Aα,α(–tαμ) ≤ 

�(α) . As for Aα,β (–tαμ), we have

Aα,β
(
–tαμ

)
=

∞∑

l=

(–tαμ)l

�(αl + β)

=
∞∑

l=

(–tαμ)l

�(αl + α)�(β – α)
B(αl + α,β – α)

=
∞∑

l=

(–tαμ)l

�(αl + α)�(β – α)

∫ 


vαl+α–( – v)β–α– dv

=
∫ 



∞∑

l=

(–tαμ)lvαl

�(αl + α)�(β – α)
vα–( – v)β–α– dv

=
∫ 



∞∑

l=

(–(tv)αμ)l

�(αl + α)�(β – α)
vα–( – v)β–α– dv

=
Aα,α(–(tv)αμ)

�(β – α)

∫ 


vα–( – v)β–α– dv

=
Aα,α(–(tv)αμ)

�(β – α)
B(α,β – α)

≤ B(α,β – α)
�(α)�(β – α)

=


�(β)
.

(ii) In this part, we verify the second conclusion of the lemma. Without loss of generality,
we only prove the third result of (ii). The remaining three results of (ii) can be proved by
a similar method.

By Lemma .(ii), for all μ > , we have

Aα,β
(
μtα

)
=


α

μ
–β
α t–β exp

(
μ


α t

)
+

∫ ∞


Q(r, t) dr

+
t–β

αμ– 
α

exp

(
tμ


α cos

(
π

α

))
cos

[
tμ


α sin

(
π

α

)
–

π

α
(β – )

]
.
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Define

V (t) = r – rtαμ cos(πα) + μtα

and

W (t) = t–β exp

(
tμ


α cos

(
π

α

))
cos

[
tμ


α sin

(
π

α

)
–

π

α
(β – )

]
.

In fact,

r – rtαμ cos(πα) + μtα – μtα sin(πα) =
(
r – tαμ cos(πα)

) ≥ ,

so that

V (t) = r – rtαμ cos(πα) + μtα ≥ μtα sin(πα).

Assume that t̂ > t̂ >  and μ > . According to Lagrange’s mean value theorem, we
obtain

∣∣Aα,β
(
t̂α
 μ

)
– Aα,β

(
t̂α
 μ

)∣∣

≤ μ
–β
α

α

∣
∣t̂–β

 exp
(
t̂μ


α
)

– t̂–β
 exp

(
t̂μ


α
)∣∣

+
∣
∣∣
∣


πα

∫ ∞


r

–β
α exp

(
–r


α
)
(

r sin(π ( – β)) – t̂α
 μ sin(π ( – β + α))

r – rt̂α
 μ cos(πα) + t̂α

 μ

–
r sin(π ( – β)) – t̂α

 μ sin(π ( – β + α))
r – rt̂α

 μ cos(πα) + t̂α
 μ

)
dr

∣∣
∣∣ +

∣∣
∣∣


αμ– 

α

[
W (t̂) – W (t̂)

]
∣∣
∣∣

≤ μ
–β
α

α

∣∣[( – β)η–β exp
(
ημ


α
)

+ η–βμ

α exp

(
ημ


α
)]

(t̂ – t̂)
∣∣

+
∣∣
∣∣


πα

∫ ∞


r

–β
α exp

(
–r


α
)

× [(V (t′
) – V (t′

))r sin(π ( – β))] + [(V (t̂)t̂α
 – V (t̂)t̂α

 )μ sin(π ( – β + α))]
V (t̂)V (t̂)

dr
∣
∣∣∣

+


αμ– 
α

∣∣[( – β)ρ–β + ρ–βμ

α
]
(t̂ – t̂)

∣∣

≤ μ
–β
α

α

∣
∣( – β)η–β exp

(
ημ


α
)

+ η–βμ

α exp

(
ημ


α
)∣∣|t̂ – t̂|

+


πα sin(πα)μ t̂α
 t̂α



×
∣
∣∣∣

∫ ∞


r

–β
α exp

(
–r


α
)[

r
(
V (t̂) – V (t̂)

)
+ μ

(
V (t̂)t̂α

 – V (t̂)t̂α

)]

dr
∣
∣∣∣

+


αμ– 
α

∣∣( – β)ρ–β + ρ–βμ

α

∣∣∣∣(t̂ – t̂)
∣∣

≤ O
(|t̂ – t̂|

)



Gao et al. Boundary Value Problems  (2016) 2016:52 Page 10 of 21

+


πα sin(πα)μ t̂α
 t̂α



∣∣
∣∣

∫ ∞


r

–β
α exp

(
–r


α
)[

r
(
αμα–μ – rμαμα– cos(πα)

)

+ μ
(
αξα–r – αrξ α–μ cos(πα) + αξ α–μ)]dr

∣∣∣
∣|t̂ – t̂|

≤ O
(|t̂ – t̂|

)
+


πα sin(πα)μt′α

 t′α


(
μαμα–�(α – β + )

+ μαμα– cos(πα)�(α – β + ) + μαξα–�(α – β + )

+ μαξ α– cos(πα)�(α – β + ) + μαξ α–�(α – β + )
)|t̂ – t̂|

:= O
(|t̂ – t̂|

)

as t̂ tends to t̂. where η,μ, ξ ,ρ ∈ (t̂, t̂). The proof of this part is completed. �

4 Existence results
4.1 Existence results for μ > 0
In this section, we mainly prove the existence and uniqueness of solutions for equation
(). For convenience of the following presentation, set

k =  –
m∑

i=

aiAα,
(
–μtα

i
)

– μ

m∑

i=

aitα
i Aα,α+

(
–μtα

i
)
,

p = b
m∑

i=

aitiAα,
(
–μtα

i
)

+ (bμ + d)
m∑

i=

aitα+
i Aα,α+

(
–μtα

i
)

+ c
m∑

i=

aitα
i Aα,α+

(
–μtα

i
)
,

N =
|p|
|k|

(
 +

μ

�(α + )

)
+

|b|
�()

+
|c|

�(α + )
+

|bμ + d|
�(α + )

.

According to () and (), we get a general expression of the solution for cDβ
t (cDα

t +
μ)x(t) = f (t, x(t)), t ∈ I := [, ],  < α,β < , as follows:

x(t) = x()Aα

(
–μtα

)
+ x′()tAα,

(
–μtα

)

+
[
x()μ +

[cDα
t x(t)

]
t=

]
tαAα,α+

(
–μtα

)

+
[
x′()μ +

[cDα
t x(t)

]′
t=

]
tα+Aα,α+

(
–μtα

)

+
∫ t


(t – τ )α+β–Aα,α+β

(
–μ(t – τ )α

)
f
(
τ , x(τ )

)
dτ . ()

In (), since a = x() =
∑m

i= aix(ti), we obtain

x() =
m∑

i=

aiaAα

(
–μtα

i
)

+
m∑

i=

aibtiAα,
(
–μtα

i
)

+
m∑

i=

ai(aμ + c)tα
i Aα,α+

(
–μtα

i
)

+
m∑

i=

ai(bμ + d)tα+
i Aα,α+

(
–μtα

i
)

+
m∑

i=

ai

∫ ti


(ti – τ )α+β–Aα,α+β

(
–μ(ti – τ )α

)
f
(
τ , x(τ )

)
dτ

= a.
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Furthermore, we derive:

a =
p +

∑m
i= ai

∫ ti
 (ti – τ )α+β–Aα,α+β (–μ(ti – τ )α)f (τ , x(τ )) dτ

k
. ()

On the other hand, in (), we have

x′() = b,
[cDα

t x(t)
]

t= = c,
[cDα

t x(t)
]′

t= = d. ()

Thus, substituting () and () into (), we get the following expression for the solution
of ():

x(t) =

k
(
Aα,

(
–μtα

)
+ μtαAα,α+

(
–μtα

))
(

p +
m∑

i=

ai

∫ ti


(ti – τ )α+β–

× Aα,α+β

(
–μ(ti – τ )α

)
f
(
τ , x(τ )

)
dτ

)

+ btAα,
(
–μtα

)
+ ctαAα,α+

(
–μtα

)
+ (bμ + d)tα+Aα,α+

(
–μtα

)

+
∫ t


(t – τ )α+β–Aα,α+β

(
–μ(t – τ )α

)
f
(
τ , x(τ )

)
dτ .

Next, we introduce some conclusions about the existence and uniqueness of the solution
for equation (). Before that, we make the following assumptions:

(A) f : I × R → R is continuous.
(A) There exists a positive constant L such that

∣
∣f (t, x) – f (t, x̃)

∣
∣ ≤ L|x – x̃| for all t ∈ I and x, x̃ ∈ R.

(A) Set β > α. Suppose that  < Lσω < , where

ω = P(α,α + β ,μ)
(


β – α

+

β

)
+


αμ cos( π

α
)

(
exp

(
μ


α cos

(
π

α

))
– 

)
> 

and

σ =
mA(�(α + ) + μ)

|k|�(α + )
+ , A = max

{|ai|, i = , . . . , m
}

,

where P(α,α + β ,μ) is defined in Lemma ..

Let

Br =
{

x ∈ C(I, R) : ‖x‖∞ ≤ r
}

,

where

r ≥ N + Mσω

 – Lσω
,

and denote M = max{|f (t, )| : t ∈ I}.
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Theorem . Assuming that conditions (A)-(A) are satisfied, equation () has a unique
solution on I .

Proof Define the operator F : Br → C(I, R) by

(Fx)(t) =

k
(
Aα,

(
–μtα

)
+ μtαAα,α+

(
–μtα

))
(

p +
m∑

i=

ai

∫ ti


(ti – τ )α+β–

× Aα,α+β

(
–μ(ti – τ )α

)
f
(
τ , x(τ )

)
dτ

)

+ btAα,
(
–μtα

)
+ ctαAα,α+

(
–μtα

)
+ (bμ + d)tα+Aα,α+

(
–μtα

)

+
∫ t


(t – τ )α+β–Aα,α+β

(
–μ(t – τ )α

)
f
(
τ , x(τ )

)
dτ . ()

According to (A), we know that F is well defined on C(I, R). Next, we divide the proof
into two steps.

Step . In this step, we show that F(Br) ⊂ Br :

∣∣(Fx)(t)
∣∣

≤ |p|
|k|

(
 +

μ

�(α + )

)
+

|b|
�()

+
|c|

�(α + )
+

|bμ + d|
�(α + )

+
�(α + ) + μ

|k|�(α + )

×
m∑

i=

|ai|
∫ ti



∣
∣(ti – τ )α+β–Aα,α+β

(
–μ(ti – τ )α

)

× [(
f
(
τ , x(τ )

)
– f (τ , )

)
+ f (τ , )

]∣∣dτ

+
∫ t



∣∣(t – τ )α+β–Aα,α+β

(
–μ(t – τ )α

)[(
f
(
τ , x(τ )

)
– f (τ , )

)
+ f (τ , )

]∣∣dτ

≤ |p|
|k|

(
 +

μ

�(α + )

)
+

|b|
�()

+
|c|

�(α + )
+

|bμ + d|
�(α + )

+

[
�(α + ) + μ

|k|�(α + )

×
m∑

i=

|ai|
∫ ti



[
P(α,α + β ,μ)

(


(ti – τ )α–β+ +


(ti – τ )–β

)

+


αμ– 
α

exp

(
(ti – τ )μ


α cos

(
π

α

))]
dτ +

∫ t



(
P(α,α + β ,μ)

×
(


(t – τ )α–β+ +


(t – τ )–β

)
+


αμ– 

α

exp

(
(t – τ )μ


α cos

(
π

α

)))
dτ

]

× (
L‖x‖∞ + M

)

≤ |p|
|k|

(
 +

μ

�(α + )

)
+

|b|
�()

+
|c|

�(α + )
+

|bμ + d|
�(α + )

+
�(α + ) + μ

|k|�(α + )
(
L‖x‖∞ + M

)

×
m∑

i=

A
[

P(α,α + β ,μ)
(

tβ–α

i
β – α

+
tβ

i
β

)
+


αμ cos( π

α
)

(
exp

(
tiμ


α cos

(
π

α

))
– 

)]

+
(
L‖x‖∞ + M

)[
P(α,α + β ,μ)

(
tβ–α

β – α
+

tβ

β

)



Gao et al. Boundary Value Problems  (2016) 2016:52 Page 13 of 21

+


αμ cos( π
α

)

(
exp

(
tμ


α cos

(
π

α

))
– 

)]

≤ N +
(

mA(�(α + ) + μ)
|k|�(α + )

+ 
)

(
L‖x‖∞ + M

)
[

P(α,α + β ,μ)
(


β – α

+

β

)

+


αμ cos( π
α

)

(
exp

(
μ


α cos

(
π

α

))
– 

)]

≤ N +
(

mA(�(α + ) + μ)
|k|�(α + )

+ 
)

(Lr + M)ω

≤ N + σ (Lr + M)ω

≤ r.

Step . In this step, we prove that F is a contraction mapping for x, y ∈ Br . For each t ∈ I ,
by Lemma .(ii) and Lemma .(ii) we get

∣∣(Fx)(t) – (Fy)(t)
∣∣

=
(�(α + ) + μ)
|k|�(α + )

( m∑

i=

|ai|
∫ ti



∣
∣(ti – τ )α+β–Aα,α+β

(
–μ(ti – τ )α

)

× (
f
(
τ , x(τ )

)
– f

(
τ , y(τ )

))∣∣dτ

)

+
∫ t



∣∣(t – τ )α+β–Aα,α+β

(
–μ(t – τ )α

)∣∣∣∣f
(
τ , x(τ )

)
– f

(
τ , y(τ )

)∣∣dτ

≤ L
(�(α + ) + μ)
|k|�(α + )

( m∑

i=

∫ ti


|ai|

∣∣(ti – τ )α+β–Aα,α+β

(
–μ(ti – τ )α

)∣∣dτ

)

dτ‖x – y‖∞

+
∫ t



∣∣(t – τ )α+β–Aα,α+β

(
–μ(t – τ )α

)∣∣dτ‖x – y‖∞

≤ L
(

(mA�(α + ) + μ)
|k|�(α + )

+ 
)[

P(α,α + β ,μ)
(


β – α

+

β

)

+


αμ cos( π
α

)

(
exp

(
μ


α cos

(
π

α

))
– 

)]
‖x – y‖∞

≤ Lσω‖x – y‖∞,

which shows that F is a contraction mapping. By applying contraction mapping principles
and (A) we obtain the conclusion of the theorem. The proof is completed. �

Next, we will use the Krasnoselskii fixed point theorem to derive the existence result for
equation (). Before the derivation, we give a new assumption:

(A) There exist  < q <  and a real function m(·) ∈ L

q (I, R+) such that |f (t, x)| ≤ m(t) for

all (t, x) ∈ I × R.

Let Br̄ = {x ∈ C(I, R) : ‖x‖∞ ≤ r̄}, where

r̄ ≥ N +
 – q

�(α + β)(α + β – q)
σ‖m‖

L

q

.
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Theorem . Assume that (A) and (A) hold. Then equation () has at least one solution
on I .

Proof Define two operators G and H on Br̄ as follows:

(Gx)(t) =
∫ t


(t – τ )α+β–Aα,α+β

(
–μ(t – τ )α

)
f
(
τ , x(τ )

)
dτ

+
(

Aα,(–μtα) + μtαAα,α+(–μtα)
k

)

×
( m∑

i=

ai

∫ ti


(ti – τ )α+β–Aα,α+β

(
–μ(ti – τ )α

)
f
(
τ , x(τ )

)
dτ

)

,

(Hy)(t) =
p
k
(
Aα,

(
–μtα

)
+ μtαAα,α+

(
–μtα

))
+ btAα,

(
–μtα

)
+ ctαAα,α+

(
–μtα

)

+ (bμ + d)tα+Aα,α+
(
–μtα

)
.

For any x, y ∈ Br̄ and t ∈ I , we have

∣∣(Gx)(t) + (Hy)(t)
∣∣

≤ |p|
|k|

(
 +

μ

�(α + )

)
+

|b|
�()

+
|c|

�(α + )
+

|bμ + d|
�(α + )

+
�(α + ) + μ

|k|�(α + )

×
m∑

i=

|ai|
∫ ti



∣
∣(ti – τ )α+β–Aα,α+β

(
–μ(ti – τ )α

)
m(τ )

∣
∣dτ

+
∫ t



∣
∣(t – τ )α+β–Aα,α+β

(
–μ(t – τ )α

)
m(τ )

∣
∣dτ

≤ |p|
|k|

(
 +

μ

�(α + )

)
+

|b|
�()

+
|c|

�(α + )
+

|bμ + d|
�(α + )

+


�(α + β)
· (�(α + ) + μ)

|k|�(α + )

m∑

i=

|ai|
∫ ti



∣∣(ti – τ )α+β–m(τ )
∣∣dτ

+


�(α + β)

∫ t



∣
∣(t – τ )α+β–m(τ )

∣
∣dτ

≤ |p|
|k|

(
 +

μ

�(α + )

)
+

|b|
�()

+
|c|

�(α + )
+

|bμ + d|
�(α + )

+


�(α + β)
· (�(α + ) + μ)

|k|�(α + )

m∑

i=

|ai|
(∫ ti



∣∣((ti – τ )α+β–) 
–q

∣∣dτ

)–q

×
(∫ ti



∣∣(m(τ )
)∣∣


q dτ

)q

+


�(α + β)

(∫ t



∣
∣((t – τ )α+β–) 

–q
∣
∣dτ

)–q(∫ t



∣
∣(m(τ )

)∣∣

q dτ

)q

≤ N +


�(α + β)

[
(�(α + ) + μ)
|k|�(α + )

m∑

i=

A( – q)
α + β – q

+
 – q

α + β – q

]

‖m‖
L


q

≤ N +
 – q

�(α + β)(α + β – q)

[
mA(�(α + ) + μ)

|k|�(α + )
+ 

]
‖m‖

L

q
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≤ N +
 – q

�(α + β)(α + β – q)
σ‖m‖

L

q

≤ r̄.

The inequality obtained shows that (G + H)(Br̄) ⊂ Br̄ .
It is easy to prove that H is a contraction mapping with zero Lipschitz constant. On the

other hand, by the continuity of f we know the operator G is continuous. At the same time,
we have

‖Gx‖∞ ≤  – q
�(α + β)(α + β – q)

σ‖m‖
L


q

≤ r̄.

So the operator G is uniformly bounded on Br̄ . Next, we prove that G is a compact
operator.

Define fmax = sup{|f (t, x)| : t ∈ I, x ∈ Br̄}. For any t, t ∈ I such that t < t, by using
Lemma .(ii) we get

∣∣(Gx)(t) – (Gx)(t)
∣∣

=

∣
∣∣∣
∣

∫ t


(t – τ )α+β–Aα,α+β

(
–μ(t – τ )α

)
f
(
τ , x(τ )

)
dτ

–
∫ t


(t – τ )α+β–Aα,α+β

(
–μ(t – τ )α

)
f
(
τ , x(τ )

)
dτ

+

k
[
Aα,

(
–μtα


)

– Aα,
(
–μtα


)]

+
[
μtα

 Aα,α+
(
–μtα


)

– μtα
 Aα,α+

(
–μtα


)]

×
( m∑

i=

ai

∫ ti


(ti – τ )α+β–Aα,α+β

(
–μ(ti – τ )α

)
f
(
τ , x(τ )

)
dτ

)∣∣
∣∣
∣

≤
∣∣
∣∣

∫ t


(t – τ )α+β–Aα,α+β

(
–μ(t – τ )α

)
– (t – τ )α+β–Aα,α+β

(
–μ(t – τ )α

)

× f
(
τ , x(τ )

)
dτ +

∫ t

t

(t – τ )α+β–Aα,α+β

(
–μ(t – τ )α

)
f
(
τ , x(τ )

)
dτ

∣
∣∣
∣

+

|k|

∣∣(Aα,
(
–μtα


)

– Aα,
(
–μtα


))

+
(
μtα

 Aα,α+
(
–μtα


)

– μtα
 Aα,α+

(
–μtα


))∣∣

×
∣
∣∣
∣∣

m∑

i=

ai

∫ ti


(ti – τ )α+β–Aα,α+β

(
–μ(ti – τ )α

)
f
(
τ , x(τ )

)
dτ

∣
∣∣
∣∣

≤
∣
∣∣
∣

∫ t



(
(t – τ )α+β– – (t – τ )α+β–)Aα,α+β

(
–μ(t – τ )α

)
f
(
τ , x(τ )

)
dτ

+
∫ t


(t – τ )α+β–(Aα,α+β

(
–μ(t – τ )α

)
– Aα,α+β

(
–μ(t – τ )α

))
f
(
τ , x(τ )

)
dτ

+
∫ t

t

(t – τ )α+β–Aα,α+β

(
–μ(t – τ )α

)
f
(
τ , x(τ )

)
dτ

∣
∣∣
∣

+

|k|

∣∣(Aα,
(
–μtα


)

– Aα,
(
–μtα


))

+
(
μtα

 Aα,α+
(
–μtα


)

– μtα
 Aα,α+

(
–μtα


))∣∣

×
∣
∣∣
∣∣

m∑

i=

ai

∫ ti


(ti – τ )α+β–Aα,α+β

(
–μ(ti – τ )α

)
f
(
τ , x(τ )

)
dτ

∣
∣∣
∣∣
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≤
∣
∣∣
∣

fmax

�(α + β)

∫ t



(
(t – τ )α+β– – (t – τ )α+β–)dτ

+
fmax

�(α + β)

∫ t

t

(t – τ )α+β–dτ

∣∣
∣∣

+ fmax

∫ t



∣
∣(t – τ )α+β–(Aα,α+β

(
–μ(t – τ )α

)
– Aα,α+β

(
–μ(t – τ )α

))∣∣dτ

+
fmax

|k|�(α + β)
∣∣(Aα,

(
–μtα


)

– Aα,
(
–μtα


))

+
(
μtα

 Aα,α+
(
–μtα


)

– μtα
 Aα,α+

(
–μtα


))∣∣

∣
∣∣
∣∣

m∑

i=

ai

∫ ti


(ti – τ )α+β– dτ

∣
∣∣
∣∣

≤ fmax

(α + β)�(α + β)
(
(t – t)α+β +

(
tα+β
 – tα+β


))

+
fmax

α + β
O

(|t – t|
)

+
Amfmax

(α + β)|k|�(α + β)

(
( + μ)O

(|t – t|
)

+
μ

�(α + )
(
tα
 – tα


))

,

which tends to zero as t tends to t.
This result shows that G is equicontinuous, and thus G is relatively compact. Therefore,

G is compact. Consequently, we get that G + H is a condensing map on Br̄ . By using the
Krasnoselskii fixed point theorem, problem () has at least one solution. The proof of this
part is complete. �

Next, we will apply the Krasnoselskii-Zabreiko fixed point theorem to derive an exis-
tence result. We introduce two new assumptions:

(A) The function f (t, ) �=  for some t ∈ I , and

lim‖x‖∞→∞
f (t, x)

x
= φ(t).

(A) φsup := supt∈I |φ(t)| < (α+β)�(α+β)
σ

.

Theorem . Assume that (A), (A), and (A) are satisfied. Then equation () has at least
one solution on I .

Proof Let Br̃ = {x ∈ C(I, R) : ‖x‖∞ ≤ r̃}, where r̃ ≥ N + σ fmaxω. We set f (t, x(t)) = φ(t)x(t);
thus, problem () can be regarded as a linear problem. Define the bounded linear operator
L : Br̃ → Br̃ by

(Lx)(t) = btAα,
(
–μtα

)
+ ctαAα,α+

(
–μtα

)
+ (bμ + d)tα+Aα,α+

(
–μtα

)

+

k
(
Aα,

(
–μtα

)
+ μtαAα,α+

(
–μtα

))
(

p +
m∑

i=

ai

∫ ti


(ti – τ )α+β–

× Aα,α+β

(
–μ(ti – τ )α

)
φ(τ )x(τ ) dτ

)

+
∫ t


(t – τ )α+β–Aα,α+β

(
–μ(t – τ )α

)
φ(τ )x(τ ) dτ .
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Now, we claim that

sup
t∈I

∣
∣Lx(t)

∣
∣ ≤ |p|

|k|
(

 +
μ

�(α + )

)
+

|b|
�()

+
|c|

�(α + )
+

|bμ + d|
�(α + )

+


�(α + β)

× φsup

(
mA(�(α + ) + μ)

|k|�(α + )
+ 

)∫ 


( – τ )α+β– dτ‖x‖∞

≤ N +
φsupσ

(α + β)�(α + β)
‖x‖∞

< N + ‖x‖∞. ()

If not, we can derive that

φsupσ = lim‖x‖∞→∞
N + σφsup

(α+β)�(α+β)‖x‖∞
‖x‖∞

≥ ,

which contradicts with (A). Consequently, we deduce that  is not an eigenvalue of the
operator L due to ().

It is obvious that F is well defined due to (A). Next we will show that ‖Fx–Lx‖∞
‖x‖∞ vanishes

as ‖x‖∞ → ∞, where F is defined in equation (). For x ∈ Br̃ , we have
∣∣(Fx)(t) – (Lx)(t)

∣∣

=

|k|

[
Aα,

(
–μtα

)
+ μtαAα,α+

(
–μtα

)]
∣∣
∣∣
∣

m∑

i=

ai

∫ ti


(ti – τ )α+β–Aα,α+β

(
–μ(ti – τ )α

)

× (
f
(
τ , x(τ )

)
– φ(τ )x(τ )

)
dτ

+
∫ t


(t – τ )α+β–Aα,α+β

(
–μ(t – τ )α

)(
f
(
τ , x(τ )

)
– φ(τ )x(τ )

)
dτ

∣∣
∣∣
∣

≤
[

(�(α + ) + μ)
|k|�(α + )

m∑

i=

|ai|
∫ ti


(ti – τ )α+β–Aα,α+β

(
–μ(ti – τ )α

)
∣
∣∣
∣
f (τ , x(τ ))

x(τ )
– φ(τ )

∣
∣∣
∣dτ

+
∫ t


(t – τ )α+β–Aα,α+β

(
–μ(t – τ )α

)
∣∣
∣∣
f (τ , x(τ ))

x(τ )
– φ(τ )

∣∣
∣∣dτ

]

‖x‖∞.

Thus, we get

‖Fx – Lx‖∞
‖x‖∞

≤ (�(α + ) + μ)
|k|�(α + )

m∑

i=

|ai|
∫ ti


(ti – τ )α+β–Aα,α+β

(
–μ(ti – τ )α

)
∣∣
∣∣
f (τ , x(τ ))

x(τ )
– φ(τ )

∣∣
∣∣dτ

+
∫ t


(t – s)α+β–Aα,α+β

(
–μ(t – τ )α

)
∣
∣∣∣
f (τ , x(τ ))

x(τ )
– φ(τ )

∣
∣∣∣dτ ,

which implies that

lim‖x‖∞→∞
‖Fx – Lx‖∞

‖x‖∞
= 

due to (A).
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The proof is completed. �

4.2 Existence results for μ < 0
In this section, we give three existence results for problem () with μ <  similarly as in
Section . Here, we need a new assumption:

(A) Let  < Lδ� <  and β > α, where

� = P(α,α + β , –μ)
(


β – α

+

β

)
+


α(–μ) cos( π

α
)

(
exp

(
(–μ)


α cos

(
π

α

))
– 

)

+

α

(–μ)– β
α
(
e(–μ)


α – 

)
> ,

δ =
Am(Aα,(–μ) + |μ|Aα,α+(–μ))

|k| + .

For convenience of the following presentation, let

N̄ = |b|Aα,(–μ) + |c|Aα,α+(–μ) + |d + bμ|Aα,α+(–μ) +
∣∣
∣∣
p
k

∣∣
∣∣
(
Aα,(–μ) + |μ|Aα,α+(–μ)

)
.

Theorem . Assume that (A), (A), and (A) hold. Then equation () has a unique so-
lution on I .

Proof Now we define Br′ = {x ∈ C(I, R) : ‖x‖∞ ≤ r′}, where

r′ ≥ N̄ + Mδ�

 – Lδ�
. ()

Like in Theorem ., we consider F : Br′ → C(I, R) again. Then, we go on to prove that
F(Br′ ) ⊂ Br′ for μ < . For all x ∈ Br′ , applying (A) via Lemma .(i) and Lemma .(i), we
have

∣
∣(Fx)(t)

∣
∣

≤ N̄ +
A
|k|

(
Aα,(–μ) + |μ|Aα,α+(–μ)

)

×
m∑

i=

∫ ti



∣
∣∣
∣P(α,α + β , –μ)

(


(ti – τ )α–β+ +


(ti – τ )–β

)

+


α(–μ)– 
α

exp

(
(ti – τ )(–μ)


α cos

(
π

α

))∣∣
∣∣

+
∣
∣∣
∣


α

(–μ)
–α–β

α exp
(
(–μ)


α (ti – τ )

)
∣
∣∣
∣dτ

(
L‖x‖∞ + M

)

+
∫ t



∣
∣∣∣P(α,α + β , –μ)

(


(t – τ )α–β+ +


(t – τ )–β

)

+


α(–μ)– 
α

exp

(
(t – τ )(–μ)


α cos

(
π

α

))∣
∣∣
∣

+
∣∣
∣∣


α

(–μ)
–α–β

α exp
(
(–μ)


α (t – τ )

)
∣∣
∣∣dτ

(
L‖x‖∞ + M

)
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≤ N̄ +
(

Am(Aα,(–μ) + |μ|Aα,α+(–μ))
|k| + 

)(
Lr′ + M

)
�

≤ N̄ + δ
(
Lr′ + M

)
�

≤ r′,

which implies that F(Br′ ) ⊂ Br′ . For x, y ∈ Br′ and t ∈ I , according to Lemma .(i) and
Lemma .(i), we obtain

∣∣(Fx)(t) – (Fy)(t)
∣∣

≤ L
(

Am(Aα,(–μ) + |μ|Aα,α+(–μ))
|k| + 

)[
P(α,α + β , –μ)

(


β – α
+


β

)

+


α(–μ) cos( π
α

)

(
exp

(
(–μ)


α cos

(
π

α

))
– 

)
+


α

(–μ)– β
α
(
e(–μ)


α – 

)
]
‖x – y‖∞

≤ L
(

Am(Aα,(–μ) + |μ|Aα,α+(–μ))
|k| + 

)
�‖x – y‖∞

≤ Lδ�‖x – y‖∞,

which shows that

‖Fx – Fy‖∞ ≤ Lδ�‖x – y‖∞.

By (A) and the contraction mapping principle we complete the proof of this theorem.
�

Next, we are ready to give another existence result.

Theorem . Assume that (A) and (A) are satisfied. Then equation () has at least one
solution on I .

Proof Let Br̄′ = {x ∈ C(I, R) : ‖x‖∞ ≤ r̄′}, where

r̄′ ≥ N̄ +
( – q)Aα,α+β (–μ)

α + β – q
δ.

We consider the operators G and H in Theorem . again. Applying the same method as
in Step  of Theorem ., we deduce that (G + H)(Br̄′ ) ⊂ Br̄′ for some positive number r̄′.
At the same time, we get that H is a contraction mapping due to (A).

To prove the compactness of the operator G, we only need to verify that operator G is
equicontinuous. For any t, t ∈ I such that t < t, we have

∣∣(Gx)(t) – (Gx)(t)
∣∣

≤ fmaxAα,α+β (–μ)
α + β

[
(t – t)α+β +

(
tα+β
 – tα+β


)]

+
fmax

α + β
O

(|t – t|
)

+
AmfmaxAα,α+β (–μ)

|k|(α + β)
((

 + |μ|)O
(|t – t|

)
+ |μ|Aα,α+(–μ)

(
tα
 – tα


))

,
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which tends to zero as t → t, where we used Lemmas .(i) and .(i). So the operator
G is equicontinuous.

The remaining proof is the same as that of Theorem .. �

Now we give the last assumption:

(A) φsup := supt∈I |φ(t)| < α+β

Aα,α+β (–μ)δ , where φ is defined in (A).

Theorem . Assume that (A), (A), and (A) are satisfied. Then equation () has at least
one solution on I .

Proof Choose r ≥ N̄ + δfmax�. Then, similarly as in Theorem ., we get the existence
result for equation (). �

5 Examples
In this section, we give two examples to illustrate our main results.

Example . Let α = 
 , β = 

 , μ = , m = , a = , x(t) = 
 . We consider

{
cD



t (cD



t + )x(t) = sin t

(t+)
x(t)

+x(t) , t ∈ I := [, ], x ∈ R,  < α,β < ,
x() = ax(t) = , x′() = b, [cDα

t x(t)]t= = c, [cDα
t x(t)]′t= = d,

()

where b, c, d are some constants.
Case . Define f (t, x(t)) = sin t

(t+)
x(t)

+x(t) , t ∈ [, ]. For x, y ∈ [,∞), we have

∣∣f
(
t, x(t)

)
– f

(
t, y(t)

)∣∣ ≤
∣
∣∣
∣

sin t
(t + )

∣
∣∣
∣

∣
∣∣
∣

x – y
( + x)( + y)

∣
∣∣
∣ ≤ 


|x – y|.

Thus, we take L = 
 . Then, |k| = . and P( 

 , 
 + 

 , ) = .. Further, ω = P( 
 , 

 +

 , )( 


 – 


+ 




) + (ecos π
 )

 cos( π
 –)

= ., σ = (�( 
 +)+)

|k|�( 
 +)

+  = ..

Now Lωσ = 
 × . × . = . < . Then (A)-(A) hold. By Theorem .,

equation () has a unique solution.
Case . Let m(t) = sin t

(t+) and  < q < . It is obvious that |f (t, x(t))| ≤ m(t) ∈ L

q (I, R).

Thus, (A) and (A) are satisfied. By Theorem ., equation () has at least one solution.

Example . Let α = 
 , β = 

 , μ = –, m = , a = , x(t) = 
 . We consider

{
cD



t (cD



t – )x(t) = |x(t)|

(t+) , t ∈ I := [, ], x ∈ R,  < α,β < ,
x() = ax(t) = , x′() = b, [cDα

t x(t)]t= = c, [cDα
t x(t)]′t= = d,

()

where b, c, d are some constants.
Case . Define f (t, x(t)) = |x(t)|

(t+) , t ∈ [, ]. For x, y ∈ R, obviously, |f (t, x(t)) – f (t, y(t))| ≤


 |x – y|. So take L = 
 . Then, we obtain |k| = . and P( 

 , 
 + 

 , ) = ..

Further, � = P( 
 , 

 + 
 , )( 


 – 


+ 




)+ (ecos π
 –)

 cos( π
 )

+ 
 (e–) = ., δ =

(A 
 ,()+A 

 , 
 +())

|k| +

 = .. Now Lδ� = 
 × . × . = . < . Then (A)-(A) hold. By The-

orem ., equation () has a unique solution.
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Case . Define f (t, x(t)) = |x(t)|
(t+) for t ∈ I . Then, (A) is satisfied, and lim‖x‖∞→∞ f (t,x)

x =


(t+) := φ(t). Set φsup = 
 . Further, we have δ = ., so φsup = . <


 + 


A 

 , 
 + 


()� =

..
Now (A) and (A) hold. By Theorem ., equation () has a unique solution.
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