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Abstract

In this paper, we give some properties about the (2, p)-Laplacian operator (p > 1,

p #2), and consider the existence of solutions to two kinds of partial differential
equations related to the (2, p)-Laplacian operator by those properties. Specifically, we
establish an existence result of positive solutions using fixed point index theory and
an existence result of nodal solutions via the quantitative deformation lemma.

MSC: 35J05;47H10; 47H11

Keywords: properties; fixed point index; quantitative deformation lemma

1 Introduction and main results
Recently, much attention has been paid to the existence of solutions to the following quasi-
linear elliptic problems of (g, p)-Laplacian type:

{ —Agu—Dpu=hx,u), xe€Q, (L)

u=0, x €09,

where Q@ ¢ RN, N > 1, is a bounded domain with smooth boundary 02, p,g > 1, Ayu =
div(|Vu|P~2Vu) is the p-Laplacian of u, and the function /: Q x R — R is a Carathéodory
function. By a solution u of (1.1), we mean that u, belonging to some Sobolev space, solves
(1.1) in the weak sense, i.e., u satisfies

/|W|q-2w.w+/ |Vu|p‘2Vu-Vv:/h(x,u)v, ve CP(RQ).
Q Q Q

Moreover, by a non-negative nontrivial solution u of (1.1), we mean that u is a solution
of (1.1), u #0 and u(x) > 0 for x € Q; if u is a solution of (1.1) with u* # 0, where u* =
max{y, 0} and #~ = max{u, 0}, then we say that u is a sign-changing solution of (1.1). We
know that solutions to (1.1) are the steady state solutions of the general reaction-diffusion
equation

U = div(H(u)Vu) + h(x, u), (1.2)

where H(u) = |Vu|972 + |VulP~2. Equation (1.2) has a wide range of applications in physics
and related sciences such as biophysics [1], plasma physics [2], and chemical reaction de-
sign [3]. The stationary solutions to (1.2) have been studied by many authors; see [4-9].
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When g =2 # p and h(x, u) = a(x)|u|"2u + b(x)|u|*"2u, Sidiropoulos in [7] considered the
existence of non-negative solutions to (1.1) with the exponents r, s being subcritical and a,
b being essentially bounded functions. Their proofs are variational in character and rely ei-
ther on the fibering method or on the mountain pass theorem of Ambrosetti-Rabinowitz.
In [9], with A(x, u) = 0|u|"~% + |ul?""2u, p < N, 1< g < p < p* = Np/(N — p), the authors es-
tablished the existence of multiple positive solutions of (1.1) by some standard variational
methods.

The purpose of this article is to give some properties and applications about the operator
-A-A, (p>1,p+#2). Let H}(S2) and W,?(R2) be the usual Sobolev spaces defined as the
completion of C§°($2) with respect to the norms |ul| ;1 ) = (fq IVul*)"? and ||u||Wé,p(Q) =
(Jo IVulP)V'?, respectively. When 1< p < 2, let X = Hj(2) and |lux = Nl 71> OF when
p>2letX = Wol’p(Q) and ||u||x = ||M||Wé,p(g). Denote by X* the dual space of X. In addition,
by | - |4 we denote the usual norm in L4(Q2), g > 1.

It is well known that the operator —A or —A, is a homeomorphism in the Sobolev
space X. However, we do not know whether the operator —A — A, is a homeomorphism
in the single Sobolev space X and we do not have the related literature in our hands. Sim-
ilarly, it is obvious that the functional () = 1 [, |Vu|* and ¥ (u) = zlffﬂ |VulP belong to
CY(H}(2),R) and Cl(Wé’p (R),R), respectively. Whether the functional J = ¢ + ¥ belongs
to C1(X, R) is an interesting problem. For the reader’s convenience and completeness of the
paper, in Section 2, we will answer those questions and obtain the properties (a) and (b):

(a) the operator —A — A, is a homeomorphism from X to X* (Proposition 2.3);

(b) the functional

1 1
/(u)=—/|Vu|2+—/|Vu|p, ueX,
2 Jgo pJa

belongs to C1(X, R) (Proposition 2.4).
As an application of the property (a), we will consider in Section 3 the following quasi-
linear elliptic equation:
-Au—-Apu=fxu)+hx), xeg, (1.3)
u=0, x €08, '

where /1 € L*(R2) and f satisfies the following conditions:

(1) feC(QxR,R),f(x,t)>0forall (x,t) € Q2 x R, and f(x,£) = 0 for all (x,£) € 2 x R_,
where R, :=[0,00) and R_ := (—00,0];
(f2)

lim 2

Py =fx <00, uniformly for x € Q.
t—oo [ + [P~

The asymptotic behavior of f leads us to define the following two constants:

Alzinf{/ |Vu|2:u€Hé(Q),/ |u|2:1}
Q Q
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and

I :inf{/ IVul? :u e Wé'p(Q),/ |u|? :1}.
Q Q

Our main result as regards equation (1.3) is the following theorem.

Theorem 1.1 Suppose that f satisfies (fi) and (f,) with foo <X when 1 <p <2 or foo < 111
when p > 2. Then equation (1.3) has a non-negative solution. Moreover, equation (1.3) has
a non-negative nontrivial solution when h # 0.

Remark 1.2 When / = 0 the conditions in Theorem 1.1 cannot guarantee the existence
of nontrivial solution to (1.3). In fact, we can get the following.

-1

Proposition 1.3 Assume that f(x,u) = Au* + ()P~ with 0 < A, u < min{Ay, 1} and

h =0. Then (1.3) has only zero solution.

Proof Suppose that u is a nontrivial solution to (1.3). Then

/|Vu|2+/ |Vu|pzk/u2+u/ lul.
Q Q Q Q

Hence,

0<(A1—A)/u2§/|Vu|2—A/u2

Q Q Q

=M/ Iul”—/ |VM|2§(M—M1)/ lul? <0,
Q Q Q

which is a contradiction. The proof is completed. d

As an application of the property (b), in Section 4, we will investigate the existence of
least energy sign-changing solution of the following equation:
-Au—-Au=gu), xe€, (1.4)

u=0, x € 9Q.

By the symmetry, we only consider the case p > 2. Here, g € C}(R, R) satisfies the following
hypotheses:

(g1) lim,og(t)/t=0;

(g2) for some constant g € (p,p*), limy . g(£)/]£]97! = 0, where p* = 0o for N < p, and
p* =Np/(N - p) for N > p;

(g3) thereexists u > p such that limy,—, o G(£)/|t|* = 0o, where G(t) = f(fg(s) dsforallt e R;

(ga) g(t)/|t]* ! is increasing on (-00,0) and (0, c0), respectively.

Our main result as regards equation (1.4) is the following theorem.

Theorem 1.4 Ifthe assumptions (g1)-(ga) hold, then the problem (1.4) has one least energy
sign-changing solution.
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Remark 1.5 In general, in order to obtain sign-changing solutions, it is common to as-
sume that the nonlinearity satisfies g(¢£)t > 0, t € R. However, there are functions satisfy-
ing (g1)-(gs) but not having the property g(¢)t > 0, ¢ € R. For example, we consider the
following function:

tlogt, t>0,
£) =
&) —t4, t<0.

It is obvious that g satisfies (g;)-(g4). But g(t)t < 0 when 0 < ¢ < 1. The proof of Theorem 1.4
is based on the ideas from [10, 11] and we put some new ingredients in the proof process.

The paper is organized as follows. First, in Section 2, we prove the two properties related
to the operator —A — A,,. Next, the applications of the properties (a) and (b) are given in
Sections 3 and 4, respectively. In this paper, ¢; (i = 1,2,...) and the C, denote various posi-
tive constant whose exact values are not essential to the analysis of the relevant problems.

2 Properties of the operator -A - A,

In this section, we show the properties (a) and (b) for the operator —A — A,,. Before com-
pleting the proof of the property (a), we introduce some notations and lemmas first. Let
P={ueX:ulx)>0,a.e x € Q} be the positive cone in X and let P* = {h € X*: (h,u) >
0,u € P} be its dual cone. Define a nonlinear operator A : X — X* by

(Au,V)z/Vu~VV+/ IVulP2Vu-Vv, wu,veX.
Q Q

Lemma 2.1 [12] There exist constants c; (i =1,2,3,4) such that, for all x,x, € RN, when

l<p<2,
-2 -2 p—2 2
(2 — 1) - (I%2 P2 = %117 2210) = (2] + [2a])” Joe2 — 1|2, (2.1)
|12 P 7203 — o1 [P 21| < calwn — 1 [P (2.2)
when p > 2,
-2 2
(2 = 1) - (I%2 P2 — %1 P 72%1) = 3120 — 31 [P, (2.3)
_ — p-2
|12 P 72003 — ot [P 7201 | < ca(oea] + 2a])7 oo — 4. (2.4)

Remark 2.2 In (2.1), when x; = x; = 0, we define (|x2| + |x1])?~2|x2 —x1]2 = 0.
Proposition 2.3 The operator A is a homeomorphism from X to X* and A~'(P*) C P.

Proof First of all, we show that A is a homeomorphism. When 1 < p <2, for any u,v € X,
by (2.1), we have

(Au—Av,u—v) = f ’V(u - V)|2 + / (|Vu|”_2Vu - |Vv|p_2Vv) V(u-v)
Q Q

2

E/Q‘V(u—v)’z+q/9(|Vu|+|Vv|)p72’V(u—V)‘
2
z/ﬁ‘v(u—v)’ .
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When p > 2, for any u,v € X, by (2.3), we get

(Au—Av,u —v) :/|V(u—v)|2+/(|vu|P‘2Vu—|VV|P—2VV).V(u—v)
Q Q

— 2 - »

Z/Q|V(u V)| +C3/Q|V(u v)|
Vu-v).

ZC3/Q| (u V)|

Hence, A is a strongly monotone operator.
Then we claim A is continuous from X to X*. Assume u,, — u in X. For all w € X, when
1 < p <2, by the Holder inequality, the Sobolev embedding theorem, and (2.2), we obtain

|(Au,, —Au,w) |

/(|Vu,,|1"2Vu,,—|Vu|p‘2Vu)-Vw+/(Vu,,—Vu)-Vw
Q Q

5/||Vu,,|1"2Vu,,—|Vu|p_2Vu||Vw|+/|V(u,,—u)||Vw|
Q Q

562/\V(un—u)!HIVWI+/\V(un—u)\IVWI
Q Q

(p-1/2 172
ch(/QIV(un—u)|2> (/Q |Vw|2> Tolele
172 1/2
(e ([

p-1 .
<csllun —ully Iwlx + llun —ullxlwlx; (2.5)

similarly, when p > 2, by the Holder inequality, the Sobolev embedding theorem, and (2.4),
we can get

[(Auy, — Au, )|

5/||Vu,,|1"2Vu,,—|Vu|1’_2Vu||Vw|+/|V(u,,—u)||Vw|
Q Q

< c4/ (V] + Vil 2|V 1ty — )| | V] +/ IV (1t = )| | V]
Q Q

SCAL(/Q(IVWI + |Vu|)p)(p2)/10</Q|V(un_M)|zv)l/p</Q IVW|P)UP

+ Colluen — ullxllwllx

p-2
< cr(llunllx + Nleellx)"™ llen — ullx Wil x + collan — ullx | wlix. (2.6)

Thus, ||Au, — Au|| — 0 as n — co. By the strong monotone operator theorem ([13], The-
orem 26.A, p.557), A is a homeomorphism.

To show the second part of this proof, we assume that w € P*. By the first part of the
lemma, there exists u € X such that

/ [IVulP>Vu-Vv+Vu-Vv]=(w,v), veX. (2.7)
Q
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Taking v = 4~ in (2.7), we have [, [Vu~|P + [, |[Vu~|* < 0. Hence u(x) > 0 almost every-
where for x € €, that is, u € P. Then the proof is completed. O

Next, we show the property (b) for the operator —A — A,,.

Proposition 2.4 The functional

1 1
1(u)=—f |Vu|2+—/|vu|l’, Lex,
2 Ja pPJa

belongs to C}(X,R).

Proof For any u € X, we define the functional /;(u) = [,, |Vu|* and L(u) = [, |Vul? for
convenience. The proof will be completed by considering the following two cases.
(i) When 1 < p <2, since J;() = [, |Vul* = ||u|%, /i is of C'(X,R). Hence we only need
to show that /, is of C1(X,R).
We first show J, is Gateaux differentiable. In fact, let #,v € X. For fixed x € Q2 and 0 <
|t| < 1, there exists a constant A € [0,1] such that
1

n HV(u + tv)|p - |Vu|p| fp‘V(u +)\tv)|p71|Vv| 5p(|Vu| + |VV|)p71|VV|.

By the Holder inequality and the Sobolev embedding theorem, we find that
) L\ 02 172
10w 1yl < ([ @vaeron?)” ([ wve) e
Q Q Q
-1
< es(llullx + [VIx)" " lIviix < 00

Hence, (|Vu| + |Vv|)P71|Vv| € L!. By the Lebesgue theorem, we obtain

{),v) = lim/Q IV (u+ tV)]? = |Vul?

t—0 t
= p}in(l)/ |V + AVVIP2V (1 + Atv) - Vv
—YJa
=p/ IVulP2Vu - Vv.
Q

Next, we show the continuity of the Gateaux differentiability. Assume u#, — v asn — 0o
in X. Therefore, similar to (2.5), we can deduce

300 — ), )| < f 1Vt PVt — Vs> V]| 9]
Q
-1
< cZ/ IV (= )9
Q
< cslluy — ully IViix-
Obviously,
73 tn) = Ty @) || < eslan -l — 0, 11— oo

Hence J, € C1(X,R).
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(ii) When p > 2, J, = [, [Vul? is of C}(X,R) (see [14], Proposition 1.11, p.9). Hence we
only show that J; () is of C*(X, R). Letting u,v € X, for fixed 0 < |¢| < 1, we have

1

" ||V + )" = 1Vul?| = [e]Vv]? +2Vu - Vv| < [Vv] + 2| Vul|| VY.

By the Holder inequality and the Sobolev embedding theorem, we get
/ (IVVI? + 2Vl V) < collvIl + 2crollullx VIl x < oo.
Q

Hence, |Vv|? + 2|Vu||Vv| € L!. Then

2 _ 2
i) = tim [ LT
t—0 Q t

=lim | (¢|Vv]* +2Vu- Vv)
t—0 Q

=2/VM-VV.
Q

Assume u,, — u as n — oo in X. Therefore, similar to (2.6), we can find that
|1 @) = T (), v)| < Z/SJV(un —u)[|VV] < 2enllu, - ullxIIvix.
Then
175 ) = (@) | < 2¢nlln — ulx — 0, n— oo.
Hence, /; € C}(X,R). The proof is completed. d

3 An application of the property (a)
In this section, we mainly show Theorem 1.1 by the fixed point index theory. Hence, we
first introduce a proposition about the fixed point index.

Proposition 3.1 (see [15]) Let E be a real Banach space, V' C E be a cone, and U C 'V be
a bounded open subset of V. If the completely continuous operator B: U — V has no fixed
point on dU, then there exists an integer i(B,U, V), which is regarded as the fixed point
index, and the following statements hold:
(i) If B: U — U is a constant mapping, then i(B,U, V) = 1.
(i) Assume that Uy and U, are disjoint open subsets of U and B has no fixed point in
U\ (U U U), then i(B,U, V) = i(B, UL, V) + i(B, Uy, V), where
i(B,U;, V) = i(By, Uy, V), i=1,2.
(iii) IfH:[0,1] x U — V is a completely continuous homotopy and H(t,u) # u for any
(t,u) € [0,1] x U, then i(H(¢,-), U, V) is independent of t € [0,1].
(iv) Ifi(B,U, V) #0, then B has a fixed point in U.

Before proving Theorem 1.1, we need to give some definitions and a lemma, which will
be used to prove Theorem 1.1. We define the operators L and K by

(Lu,v):/f(x,u)v, u,veX,
Q
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Jo uv,s u,veX,pe(l,2),

Ku,v) =
< ) Jo lulPuv, u,veX,pe(2,00).

Lemma 3.2 Suppose that f satisfies (f1) and (f;). Then when 1< p < 2, we have

Lu — f5oKu
T -
lullx—ooueP  ||u|lx

when p > 2, we have

Lu~fouKu

im .
||| x— o0,ucP IIuIIf{

Proof When 1< p <2, by (f;), (f,), for any ¢ > 0, there is a constant C, > 0 such that
[f(x,0) — foot| <et+ Co, x€Q,6>0.

For u € P\ {0}, letting w = u/||u| x, by the Holder inequality and the Sobolev embedding

theorem, we obtain

sup
Ivix=1

<Lu L~ fxKu >

llaellx

If (e, 1) — foou| fooul
8 Vx<1-/ v

llaellx

< sup /(aw|v|+cnu|| "))
Q

Ivix=1

1/2
< sup (elwlalvly + Cellully [vl2122["?)
lIvilx =1

-1
< sup (earlwlxllvix + Cecallully VIlx)
Iviix<1

-1
<ea+ Ceorllully -

Then, when || u|x — oo, we have

Lu — o Ku
o e SeKu
lulx—>ooueP | ullx

Similarly, when p > 2, we get
[f(x,8) —fool | <t/ + Co, x€Q,t>0.

For u € P\ {0}, letting w = u/| u|| x, we can find that

<Lu —fooKu >’ / If (x, 1) = foott?~ 1|| |
v 1%
el et el

< sup f(8W|V|+C el 1v])
Q

Ivlix<1

Ivix=1L

1-
< Ceecs +callull”.
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Then, when || u||x — oo, we have

Lu - fooKu
m T
||| x—>o0,ueP IIuIIf(

The proof is completed. g

Because of the assumptions (f;) and (f;), f satisfies the subcritical condition. By [16],
Proposition B.10, p.90, we know L : X — X* is compact. Hence, A"'L is a completely con-
tinuous operator. Since A™'/ is a constant operator, then the operator T : X — X, where

T is defined by T = A'L + A'h, is a completely continuous operator.
Now we are ready to prove Theorem 1.1.

Proof of Theorem 1.1 In order to prove Theorem 1.1, we only need to show the fixed point
index i(T, P,, P) = 1 for large r. To this end, we define a completely continuous homotopy
function H : [0,1] x X — X* by

H(t,u) =tLu + th, (t,u)<[0,1] x P.
We claim that there exists Ry > 0 such that the operator equation

Au = H(t,u) (3.1)

has no solution on [0,1] x 3P, for r > Ry. We prove by contradiction. Suppose that there
exists a sequence {(¢,,u,)} C [0,1] x P such that

t, — to, |22, ]| = 00, n— 00,

where (t,, u,) satisfies (3.1), that is,

/Vu,,-Vv+/ |Vu,,|"_2Vun~Vv:tn/f(x,un)v+tn/hv, veX.
Q Q Q Q

Let w, = u,,/||u,||x. Then
il / Voo, - Vv + g2 / VP2V, - Uy
Q Q
:t,,/f(x,un)v+t,,/ hv. (3.2)
Q Q

Since {w,} is bounded in P, we may assume for some w, € P, by passing to a subsequence
if necessary, that w, — wg € P.
When 1 < p <2, by (3.2), we can calculate that

/va)ﬂ vV+||un||"*2/ IVw, P2V, - Vv

/fx,un) ~focltn tnfoofgwnvw/QLr (3.3)

lloenllx llatnllx



Liang et al. Boundary Value Problems (2016) 2016:58 Page 10 of 17

taking v = w,, in (3.3) and letting n — o0, by Lemma 3.2, we have

1 = t()foo/ (,()0
Q

Hence,
M= tO)‘lfoo/‘ W% Sfoo)‘-l‘/ w(2) ffoo:
Q Q

which contradicts f, < A;.
When p > 2, by (3.2), we can deduce

1 )
— | Vo, -Vv+ | [Vw,[F"*Vw, - Vv
7= Ja Q

(1Z215%
ff(x,un) Zoiup tnfoo/ wﬁ—lv_'_tn/ thil.
2 |l Q Q llunlly

Similarly, we get

1=tofoo/9a’€

Hence,

MI:tOM]foo/ ngfooﬂlf wgffoo’
Q Q

which contradicts foo < 1.
Consequently, taking r > Ry, we obtain

i(AT,P,,P) = i(A"'H(1,"), P, P) = i(A"'H(0,"), P, P) = 1 (3.4)

By (3.4), we know the problem (1.1) has a non-negative solution u € X. Especially, when
h #0, it is quite evident that u = 0 is not the solution of the problem (1.1). Hence, (1.1) has
a non-negative nontrivial solution. The proof is completed. d

4 An application of the property (b)
In this section, we first define the energy functional 7 : X — R by

1 1
=—/ |Vu|2+—/|Vu|p—/G(u), veX.
2 Ja pJa Q

Itis obvious that the functional I is well defined and belongs to C*(X, R) by Proposition 2.4.
Furthermore,

(I’(u),v):/Vrov+/ |Vu|1’_2Vu~VV—/g(u)v, u,veX.
Q Q Q

Clearly, critical points of I are the weak solutions to (1.4). Moreover, if # € X is a solution
to (1.4) and u* # 0, where u* = max{u,0} and u~ = min{x, 0}, then u is a sign-changing
solution.
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In order to get a sign-changing solution to (1.4), we first need to seek a minimizer of the
energy functional / over the constraint:

M={ueX :u*"#0,(I'(u),u’)=(I'(u),u”) =0},

and then we need to prove that the minimizer is a sign-changing solution to (1.4).
Now we first state the following lemmas.

Lemma 4.1 Assume that (g1)-(g4) hold, and u € X with u* # 0. Then there is a unique
pair (so, k) € (0,00) x (0,00) such that sou™ + tou~ € M.

Proof For any u € X with u® # 0, we define

P(s) = (I'(su™ + tu™), su*)

=5 /|Vu ‘ +s”/|Vu ‘p /g(su")su’r (4.1)
Vit o s [ vl - [ €] (4.2)
R I e

By the conditions (g;) and (g;), for any ¢ > 0, there exists C, > 0 such that
lg@)| <elt] + Celtl*™, teR. (4.3)
According to the condition (g;), we have, for each 5 € R,

lm‘@

lim === = 0. (4.4)

Thus, by (4.3), (4.4), and the Lebesgue theorem, we get

lim [ 86#0%

s—>0% Jo S

=0. (4.5)

Since u* # 0, then it follows from (4.2) and (4.5) that P(s) > 0 for s > 0 small.
By the conditions (g3) and (g4), we find that

g

1m =
ltl>o00 |E|H—2¢

(4.6)

By (4.6) and g € C'(R,R), we see, for any M > 0, there exists a constant ¢; > 0 such that,
forany ¢ € R,

gt = M|t —cy. (4.7)

According to (4.1) and (4.7), we obtain
P(s) < S2f ‘Vu+|2 +sp/ ‘VLFIP —Ms"/ |t "+l
Q Q Q

=S“[sz‘“/|Vu+|2+sp_“/!Vu*|p+s_“c1|QI—M/|u+|“].
Q Q Q
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Because of the arbitrariness of M, we see that P(s) < 0 for s large. Thus, there exists so > 0
such that P(sy) = 0
Similarly, we define

Q) =(I'(su" +tu™), tu”) = tZ/ (V| + t”/ Vi | - / gt )t
Q Q Q
By the similar way, we get there exists ¢, > 0 such that Q(¢) =

Next, we prove the uniqueness. Suppose that there exist s, s, such that 0 < s; < s, and
P(s1) = P(s3) = 0, that is,

1 g(siu”)
= [P e g [Jvwp - [ e

It also holds if 5; is replaced by s,. Therefore,

) [ow e () [t

— Vu®|” + - Vu*

(2= 5) [Vl + (- 55) [
:/ glsiu”)  glsou’) "
ol lsit [Pt [sput|ut

which is absurd in view of (g4) and 0 < s; < 5. Then there exists a unique so such that

n
’

P(sp) = 0. Similarly, the uniqueness of ¢y can be proved. The proof is completed. O

Lemma 4.2 For fixed u € X with u™ # 0, the vector (so, to) obtained in Lemma 4.1 is the
unique maximum point of the function ¢ : R, x R, — R defined as ¢(s,t) = I(su* + tu™).

Proof From the proof of Lemma 4.1, (so, ) is the unique critical point of ¢ in (0, 00) x
(0,00). By the assumption (gz), we deduce that ¢(s,t) — —oo uniformly as |(s, )| — oo.
So it is sufficient to check that a maximum point cannot be achieved on the boundary of
[0,00) x [0, 00). Without loss of generality, we may assume that (0, £) is a maximum point
of ¢. By (4.5) and

qb(s,t)-(]’(su + ), *

—sf|Vu|+sP1/|Vu‘p ffsu
:s|:/Q|Vu+|2+s”_2/Q|Vu+|p—/S;@],

we have there exists § > 0 small enough such that for any s € (0,5) we have ¢(s,7) > 0. It
implies that ¢(s, t) is an increasing function with respect to s when s € (0,5), that is, the
pair (0, ) is not a maximum point of ¢ in R, x R,. Hence (so, fo) is the unique maximum
point. The proof is completed. g

Lemma 4.3 Assume that (g1)-(ga) hold. Then m := inf{l(u) : u € M} > 0 can be achieved.

Proof For every u € M, we have (I'(u), u*) = 0. Thus by (4.3), we get

/Q|Vu|2+/Q|Vu|”:/S;g(u)ufe/Q|u|2+C£/Q|u|q. (4.8)



Liang et al. Boundary Value Problems (2016) 2016:58 Page 13 of 17

According to the Sobolev embedding theorem, we have

2 p 2 q
a2y g + sl < scalluly g + Cocallul- (4.9)

It suggests there exists a constant & > 0 such that ||u||x > «.
Since the conditions (g3) and (g4) imply that

H(t) =tg(t) - nG() >0, teR, (4.10)

and H(¢) is increasing when ¢ > 0 and decreasing when ¢ < 0, then we can find that

> (l - l)a”, (4.11)
p M

which implies m > (1/p — 1/p)o? > 0.

Let {u,} C M satisty I(u,) — m. Then {u,} is bounded in X by (4.11). We may assume

there exists uy € X, by passing to a subsequence if necessary, such that u — u; weakly

in X. Next, we show z,toi # 0. In fact, since u, € M, then similar to (4.8), we have

/|Vuf|2+/\Vuﬂp:/g(uf)uffs/|uf|2+C€/|uf|q. (4.12)
Q Q Q Q Q

Similar to the discussion below (4.9) there exists a constant «; > 0 such that ||z ||x > e,
and then it follows from (4.12) that

of < [l ec. [ |uf
Q Q

Since {u,} is bounded in X and the embedding X < L%(£2) holds, there is c3 > 0 such that

7 n=12,.... (4.13)

ozf§SC3+C£/|uf|q.
Q

Choosing ¢ = o /(2c3), we obtain

D
o
[l = 5

By uf — uoi weakly in X and the compactness of the embedding X < L1(2), we get

/ |ug |” = a—f (4.14)
Q 0 - 2Cs’

then uZ #0.
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The conditions (g;) and (g2) combined with u;" — uoi in L1(2) yield

tim [ g(ut)ut = f ey, tim [ Glut) = f G(ud). (4.15)
Q Q

n—-oo Jo n—oo Jo

By (4.12), (4.15), and the weak lower semicontinuity of the norm, we can deduce

1wl s [19i < tmine] [ 19 [ (9]

= liminf / gluy)uy = / g(ug)uy - (4.16)
Q Q

n—00

According to Lemma 4.1 and (4.16), there exists (so, Zo) € (0,1] x (0,1] such that z = sou +
touy € M. Since (4.11) and (4.15), we then have

m < I(u) — l(1 (%), u>

_ (___)f \Vir® + (__—>/ |Vu|p+—f [¢(@)i — nG(i)]
(373 [Ivwal + (5-5) [ wso!
(B-0) [vsoat+ (2= 1) [l

+ %/[g(souo)souo uG(souO)] + %/S;[g(tou(‘))toug —/LG(toua)]

(3w () [
(-2 e G ) e

oo [ T = 16(u5)] [ o) - nG(5)]

= (% - %) /Q |Vuo|* + (}9 - %) /Q |Vuol” + %/Q[g(uo)uo - uG(uo)]

1

< liminf|:1(un) - —(I/(u,,), un>i| =m.
n— 00 M

Thus we deduce that so = £y = 1, that is, & = ug and I(#o) = m. Then the proof is com-

pleted. 0

Proof of Theorem 1.4 In order to prove Theorem 1.4, we need to show I'(ug) = O by the
quantitative deformation lemma.

It is clear that (I'(uo), ug) = (I'(uo), ug) = 0. It follows from Lemma 4.3 that, for (s,t) €
R, x R, and (s, ) # (1,1), we have I(suf + tug) < I(u§ + uy) = m. It follows from (4.14) that
Jolug 17> ot /(2C,) := B9. Then |uy |, > . We denote

= inf / [Vull. (4.17)

ueX,lulg=1
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We assume that I'(1g) # 0. Then there exist rg, p > 0 such that |[I'(v)|| > p for all |lv —
upllx < ro. Let § € (0,min{(BS,)/2,70/3}),D=(1-0,1+0) x (1-0,1+0),and ¢(s,t) =
sug + tuy, where 0 < 0 < min{1/2,8/||ugllx}. By Lemma 4.3 again, we get

m=max/lop < m. (4.18)
aD

For ¢ = min{(m — m)/2, p5/8} and S = B(uyo,d), [14], Lemma 2.3, p.38 yields a deformation
n such that
() n(Lu)=u,ifué¢ I ([m—2e m+2e]) N Ss;
(i) n(1,I"™*NS) C I,
(iii) [, u)—ul| <dforallu e X.
By Lemmas 4.2 and 4.3, for (s, £) € D, we know I(¢(s, t)) < m < m+¢, thatis, (s, £) € I""*.
Since

s, 0) = wo3 = s + a4y — 145 — w5 [
= ls =11 Jasg [ + 12 = 17 g |
< o |luoly

< &7,
we know that ¢(s, t) € S. By (ii), we have I(n(1, ¢(s, £))) < m — e. It is clear that

max_I(r;(l,(p(s, t))) <m. (4.19)
(s,t)eD

We claim that (1, 9(D)) "M # @. In fact, define ¥ (s, £) = (1, ¢(s,t)) on D,

(s, t) = ((I'(e(s, 1)), sug) (I' (¢(s, 1)), tug )
= (1" (sug), sug), {1 (t115), t15)),

W(s,0) = (I'(¥(s ), (Wis,0) ), (' (¥is0), (¥is 1)),

and define
P(s):(1’(su5),su5>:52/Q’Vug|2+s”/Q’Vu3’p—/Qg(su3)su5,
Q(t) =(1’(tu5),tu5)=t2/9|Vu5|2+tP/Q|Vu5|”—/Qg(su5)su5,

and the matrix

s |PW 0 |
0 QM

By (g4) and g € C}(R, R), we obtain

O > (u-1)gt)t, teR. (4.20)
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According to (4.20) and (I'(uo), ug) = 0, we get

P =2 [ [Vl op [ vl - [ @)l - [ gl
Q Q Q Q
<o [ (vl op [ 19l 6= [ i) - [ elus)ug
Q Q Q Q
= 2/ ’Vu5‘2+p/ ’Vugyp—,u/g(ug)u(’;
Q Q Q
~2 [ (v ep [ Vil - [ Vil - | Vgl
Q Q Q Q
= (2—u)/|Vug|2+(p—,u)/|Vu8|p<0.
Q Q
Similarly, we have
Q== [ [ig + - [ [Vl <o
Thus, we can deduce
Jo(1,1) = detB > 0.

Therefore, by the fact that (1,1) is the unique isolated zero point of the C* function, we

have
deg(®,D,0) = ind(®, (1,1)) = sgnJo(1,1) = 1.

It follows from m < m — 2¢, (4.17), and (i) above that ¢ = ¥ on dD. Thus deg(¥, D,0) =
deg(®, D, 0) = 1. Hence, there exists a pair (sg, £y) € D such that W(s, fy) = 0. Next we need
to prove Vr¥(so, to) # 0. We first prove ¥ *(so, o) # 0. Since |u0i|q > B, for (so, tg) € D, we
have |¢*(so,t0)lq = s0lu*ly = B/2 and |@~(so,to)l4 = tolu™|; = B/2. By (iii) and (4.17), we
have

| (s0, o) — ¢ (50, to)|q < Sq_l ¥ (s0, 0) = @(s0, t0) || c < Sq_l&

This implies that
|1/fi(50,to) - </’i(50,t0)|q = |¢(So,t0) - ¢(50,t0)|q < 5;15-

Thus we obtain

+ + -1 B 1
| (So,to)‘q > o (So,to)’q—sq §= 5 -5,6>0,

which yields ¥%(so, ¢y) # 0. Thus 1(1, 9(so, ty)) = ¥ (S0, to) € M, which is a contradiction to
(4.19). Then uy is a critical point of I, that is, u is a least energy sign-changing solution

for equation (1.4). The proof is completed. d
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