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1 Introduction
Fractional differential equations describe many phenomena in various fields of engineer-
ing and scientific disciplines such as physics, biophysics, chemistry, biology, economics,
control theory, signal and image processing, aerodynamics, viscoelasticity, electromag-
netics, and so on (see [1-6]). Integral boundary conditions arise in thermal conduction
problems, semiconductor problems and hydrodynamic problems.

We consider the system of nonlinear fractional differential equations

, te(0,1),n-1<a<mn,
, te(0,1),m-1<B<m,

0
0

S) D§, u(t) + Af (¢, u(2), v(t))
Dy, v(t) + pg(t, u(®), v(t))

with the coupled integral boundary conditions

u(0)=u/(0)=---=u"2(0) =0, u(l) = fol v(s) dH (s),
(BC) ~ 1
v(0)=v(0) =--- = v"2(0) = 0, v(1) = [, u(s) dK(s),

where n,m € N, n,m > 3, Dy, , and Dg+ denote the Riemann-Liouville derivatives of or-
ders « and B, respectively, the integrals from (BC) are Riemann-Stieltjes integrals, and f,
g are sign-changing continuous functions (that is, we have a so-called system of semiposi-
tone boundary value problems). These functions may be nonsingular or singular at t = 0
and/or t = 1. The boundary conditions above include multi-point and integral boundary
conditions and sum of these in a single framework.

We present intervals for parameters A and p such that the above problem (S)-(BC) has
at least one positive solution. By a positive solution of problem (S)-(BC) we mean a pair
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of functions (u,v) € C([0,1]) x C([0,1]) satisfying (S) and (BC) with u(£) > 0, v(t) > O for
all £ € [0,1] and u(¢) > 0, v(t) > 0 for all £ € (0,1). In the case when f and g are nonnega-
tive, problem (S)-(BC) has been investigated in [7] by using the Guo-Krasnosel’skii fixed
point theorem, and in [8] where A = i =1 and f (¢, u,v) and g(¢t, u, v) are replaced by f (t,v)
and g(t, u), respectively (denoted by (g)). In [8], the authors study two cases: f and g are
nonsingular and singular functions and they used some theorems from the fixed point in-
dex theory and the Guo-Krasnosel’skii fixed point theorem. The systems (S) and (S) with
uncoupled boundary conditions

(]§VC) uw(0) =4/(0) =+ =u"2(0) =0, u(l) = fol u(s)dH(s),
w0)=v(0)=---=v"2(0)=0,  v(1)= [y v(s)dK(s),

were investigated in [9] (problem (S)-(]?C) with f, g nonnegative), in [10] (problem (g)-
(éfj) with f, g nonnegative, singular or not), and in [11] (problem (S)—(é\é) with f, g sign-
changing functions). We also mention paper [12], where the authors studied the existence
and multiplicity of positive solutions for system (S) with « = 8, A = i, and the bound-
ary conditions #?(0) = v?(0) =0, i =0,...,n — 2, u(1) = av(&), v(1) = bu(n), &1 € (0,1),
with &, € (0,1), 0 < ab&n < 1, and f, g are sign-changing nonsingular or singular func-
tions.

The paper is organized as follows. Section 2 contains some preliminaries and lemmas.
The main results are presented in Section 3, and finally in Section 4 some examples are
given to support the new results.

2 Auxiliary results
We present here the definitions of Riemann-Liouville fractional integral and Riemann-
Liouville fractional derivative and then some auxiliary results that will be used to prove

our main results.

Definition 2.1 The (left-sided) fractional integral of order « > 0 of a function f : (0, c0) —
R is given by

(I18.f)(2) = ﬁ /0 t(t—s)""lf(s) ds, t>0,

provided the right-hand side is pointwise defined on (0,00), where I'(«) is the Euler
gamma function defined by I'(e) = [~ t*"'e~" dt, a > 0.

Definition 2.2 The Riemann-Liouville fractional derivative of order o > 0 for a function
f:(0,00) - Ris given by

N AP S S 4 AN L (©)
(D0+f)(t)—(dt> (1o )(t)_F(n—a)(dt) /0 g ds >0

where 7 = |o] + 1, provided that the right-hand side is pointwise defined on (0, c0).

The notation || stands for the largest integer not greater than «. If « = m € N then
Dgf(¢) =fU)(¢) for t > 0, and if « = O then DY f(t) =f(¢) for £ > 0.
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We consider now the fractional differential system

:Dg+u(t)+56(t)=0, te(0,1),n-1<a <n,

5 - @)
Dy v(t)+y(t)=0, te(0,1),m-1<B <m,
with the coupled integral boundary conditions
u(0)=u'(0)=--- = u"2(0) =0, u(l) = fol v(s)dH(s), @
w0)=v(0)=---=v"2(0) =0,  v(1)= [, uls)dK(s),

where n,m € N, n,m > 3, and H,K : [0,1] — R are functions of bounded variation.
Lemma 2.1 ([7]) If H,K : [0,1] — R are functions of bounded variations, A =1 —
(fo1 7ol dK(r))(fO1 8V dH (1)) # 0 and %,y € C(0,1) N L}(0,1), then the pair of functions
(u,v) € C([0,1]) x C([0,1]) given by

u(t) = fol Gi(t,s)x(s) ds + fol Ga(t,8)y(s)ds, te[0,1],

v(t) = fol Gs(t,5)y(s) ds + fol Galt,s)x(s)ds, te][0,1], ®)
where
Gi(t,s) = gl(t s)+ E— fo A1 dH (1) )(fO g1(t,8)dK(1)),
Galt,s) = 5 1 gz(‘L' s) dH(r),
Ol -1 (4)
Gs(t,s) = gz(t s)+ (fo dK ( f))(fo &(t,5)dH (7)),
Gal(t,s) A fo gl(r s)dK(t), Vtse[0,1]
and
(lf ) L 71(1 S)Ohl - (t _S)ail) 0 S N S t f 17
g1\, S I (a) 1(1 S)a—l, 0<t<s<l, (5)

ts) = I 1-9f T = (-9, 0=s=t<1,
S _——
PO ep-1(1 - 5)1, 0<t<s<l,

is solution of problem (1)-(2).

Lemma 2.2 The functions g1, g, given by (5) have the properties:

(@) g1,22:[0,1] x [0,1] — R, are continuous functions, and gi(t,s) > 0, g2(t,s) > 0 for all
(¢,5) € (0,1) x (0,1).

(b) gi(t,8) < In(s), g@2(t,s) < ha(s) for all (¢,s) € [0,1] x [0,1], where hi(s) = s(ll(_(j)j)l and
ho(s) = 92 for all s € [0,1].

() @(t,s) > ki(®)hi(s), g2(t,s) > ka(£)ha(s) for all (¢,s) € [0,1] x [0,1], where

-2 -1 tot—l 1

ki(¢) = min %,L W 0<t=<s,
a-1 “a-l U 1 <p<i

_ B2 pB-1 81 1

kz(t) = min &, t — B-1 ’ﬁ,z O S t S 27
p-1 "p-1)] |5, j=e<1
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(d) Forany (t,s) € [0,1] x [0,1], we have

A-get g a-oeft o
)= T Sy RIS TE STty

For the proof of Lemma 2.2(a) and (b) see [13], for the proof of Lemma 2.2(c) see [11],
and the proof of Lemma 2.2(d) is based on the relations g(¢,s) = g1(1 —s,1 - £), ga(t,s) =
g (1—s,1—1t), and relations (b) above.

Lemma 2.3 ([7]) If H,K : [0,1] — R are nondecreasing functions, and A > 0, then G;,
i=1,...,4 given by (4) are continuous functions on [0,1] x [0,1] and satisfy G;(t,s) > 0
for all (t,s) € [0,1] x [0,1], i =1,...,4. Moreover, if x,y € C(0,1) N L}(0,1) satisfy x(¢) > 0,
y(£) > 0 for all t € (0,1), then the solution (u,v) of problem (1)-(2) given by (3) satisfies
u(t) > 0,v(t) >0 forall t € [0,1].

Lemma 2.4 Assume that H,K : [0,1] — R are nondecreasing functions, A > 0, fol (1 -
7)dK(7) > 0, fol Y1 -1)dH(z) > 0. Then the functions G;,i = 1,..., 4 satisfy the inequal-
ities:

(a1) Gi(t,s) < o1hi(s), V(t,s) € [0,1] x [0,1], where

1 Y oaa
(71=1+Z(K(1)—K(0)) /0 "1 dH(r) > 0.

(32) Gl(tx S) = Slta_lv V(t,S) € [0’1] X [0»1]; where

1 L[ s 1 ol
5l_m[1+z(/or dH(r))(/O(l—r)t dI((t))]>0.

(a3) Gi(t,s) > 01t h(s), (t,s) € [0,1] x [0,1], where

1 1
01 = %(/0 7B8-1 dH(T)) </0 kl(‘L')dI((T)) > 0.

(b1) Gal(t,s) < orhs(s), V(¢,s) € [0,1] x [0,1], where o = %(H(l) - H(0)) > 0.

(ba) Galt,s) <8271, V(t,5) € [0,1] x [0, 1], where 8 = xfs; o (1= T)rP 1 dH(x) > 0.
(b3) Galt,s) = 02t% 1 hy(s), V(¢,s) € [0,1] x [0,1], where g5 = %fol ko(t)dH(T) > 0.

(c1) Gs(t,s) < o3hy(s), V(t,s) € [0,1] x [0,1], where

1+ L (HO)-H L dK
03 = +Z( 1) - (0))/01 (r)>0.
(c) Gs(t,s) < 83tP~1,¥(t,s) € [0,1] x [0,1], where

— 1 1 ! a-1 ! =
83_F(ﬂ—1)[1+z</0 T d[((r))(/o 1-7)t 1dH(r)):|>O.

(c3) Gs(t,s) > 03tPhy(s), V(¢ s) € [0,1] x [0,1], where

1 ! a-1 !
0= % (/0 T dK(r)) (/0 kz(T)dH(T)> > 0.
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(dy) Galt,s) < oali(s), V(t,s) € [0,1] x [0,1], where o4 = + (K(l) K(0)) > 0.

(dp) Galt,s) < 84271, V(¢,s) € [0,1] x [0,1], where 84 = fo (1-1)t*'dK(7) > 0.

(d3) Gal(t,s) = 0at? 1 hi(s), ¥(¢,s) € [0,1] x [0,1], where Q4 =+ fo ki(z)dK(z) > 0.
Proof From the assumptions of this lemma, we obtain
1 1
/ 1 dK () > / 1 (1-1)dK(z) >0,
0 0
1 1
/ (1-1)1%2dK(x) > / (1-17)1* Y dK(t) >0
0 0
1 1 1
/ ki(t)dK(z) > —/ 1 -1)dK(7) >0,
0 a-1Jo
1 1
/ *1dH(7) > f P11 -1)dH(x) >0
0 0
1 1
/ 1-1)rP2dH(r) > / (1 -1)rPldH(z) >0,
0 0
1 1 1
> B-11 -
/0 ky(t)dH(t) > ’3_1/0 P71 -1)dH(t) >0
1 1
— = a-1 —
K(1) — K(0) /0 dK(t) > /0 "7 (1-1)dK(t) >0,
1 1
H@Q)-H(0) = /0 dH(7) > f P 11-1)dH(z) > 0.

0

By using Lemma 2.2, we deduce, for all (¢,s) € [0,1] x [0,1]:
(a1)

o— 1 1
Gi(t,s) = gi(t,s) + % (/ A1 dH(r)) (/ a(t,s) dK(‘E))
0 0
- 1 1 51 1
< hi(s) + X (/0 T dH(r)) (./o hi(s) d[((r))

1
= In(s) [1 " %(1((1) — K(0)) /O A dH(r)i| = o1 ().

(az)

t(x—l 51 1 (1 _ .C).L,a—l
Gt = eyt (/0 arto) </0 Fa-1) dK(”)

(az)

ta—l 1 p1 1
Gilts) = ( fo . dH(r)) ( /0 ko (1) s) dK(r))
1 1
= ta‘lhl(s)% (/ 1 dH(‘L')) </ /q(t)dl((t)) = 01t* Iy (s).
0 0

1
( 1 dH(r)) (/ (1-71)r*?t dK(r)>:| =§%7L.
0

Page 5 of 23
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(by)
tot—l 1 1 1
Galts) = /O (5,9 dH(D) = 1 /O Iy () dH ()
= (HO) = HO)(9) = o2hats),
(b2)
a-1 1 _ B-1
Ga(t,s) < %/0 (11_,(;.7)_11) dH(t) = Sgtafl.
(bs)
ta—l 1 ta—l 1 vl
Gy(t,s) > X ‘/0 ko(T)ho(s)dH(T) = ThZ(s) ; ka(t) dH () = 02t ha(s).
(Cl)

-1 1 1
Gs(,8) = ;o(t,s) + %(/O 7ot dI((r)) </0 o(t,8) dH(r))

1 v 1
< hy(s) + Z(/o T dl((r)) (fo hg(S)dH(t))

1
= Iy(s) [1 + —(H() - H(0)) fo ol dK(r):| = o3l (s).

(c2)

(1-p)ePt tﬂ__l ! a-1 )( 11-1)rh? )
Gs(t,s) < TG_D) + A (/0 % dK(7) /0 TG_D) dH (1)

Y O st

(c3)

R 1
Gs(t,s) > — -l gg )( ko (7)o (s) dH )
(692 (fo 41 4K () /0 o (2 () dH ()

1 1
-0 ([ ek ) ([ oo ) - o s

(d1)
B-1 pl 1
Gayl(t,s) = % /0 a(r,8)dK(r) < % /o Iy (s) dK (t)
= hl(s)%(l((l) —K(0)) = oah(s).

(d2)

1t 1= 1)r*!
e A=t _ 5 4B
Gal(t,s) < A /0 Flo—1) dK(t) = 84t°7".
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(ds)

-1 1 1
Gilt9) = / k(0 (5) K () = £ (9) / O dK(@) =0t (). O
0 0

Lemma 2.5 Assume that H,K : [0,1] — R are nondecreasing functions, A > 0, fol 791 -
7)dK(7) > 0, fol 811 -1)dH(7) > 0, and k,7 € C(0,1) N L'(0,1), %(£) > 0, 5(t) > 0 for all
t € (0,1). Then the solution (u,v) of problem (1)-(2) given by (3) satisfies the inequalities

u(t) > yit*ut), vt) > ytP (b)), for all t,t' < [0,1], where y, = min{Z, 2} >0, y, =

o1’ oy
min{i—z,i—i} > 0.

Proof By using Lemma 2.4, we obtain
1 1
u(t) :/ Gl(t,s)ic(s)ds+/ Gy (2, 8)¥(s) ds
0 0
1 1
2/ Qlt"‘lhl(s)fc(s)ds+/ 02t Ly (s)9(s) ds
0 0
1 1
= ¢! (91 / hy1(s)x(s)ds + 07 / hy(8)y(s) ds)
0 0

1 1
> t‘H(& / Gl(t/,s)fc(s)ds+% f Ga(t,5)7(s) ds)
0 2J0

o1
Q1 02 ! !
> ot min{ -, —} </ G (t’,s)fc(s) ds + / G, (t/,s)jl(s) ds>
o1 03 0 0
= ylt“’lu(t/), Vt,t' € [0,1], where y; = rnin{ Q, &} > 0.
01 02

In a similar way, we deduce

v(t) = /01 G3(t,5)y(s) ds + /01 Gal(t, s)x(s) ds

> yztﬁ_lv(t’), Vt,t' € [0,1], where y, = min{ %, %} > 0. 0
03 04
In the proof of our main results we shall use the nonlinear alternative of Leray-Schauder

type and the Guo-Krasnosel’skii fixed point theorem presented below (see [14, 15]).

Theorem 2.1 Let X be a Banach space with Q C X closed and convex. Assume U is a rela-
tively open subset of Q with 0 € U, and let S : U — Q be a completely continuous operator
(continuous and compact). Then either

(1) S has a fixed point in U, or

(2) there exist u € 9U and v € (0,1) such that u = vSu.

Theorem 2.2 Let X be a Banach space and let C C X be a cone in X. Assume Q2 and 2,
are bounded open subsets of X with 0 € Q; C QCQandlet A:CN(Q\ Q) —> Chea
completely continuous operator such that either

@) | Au| < |lull, u € CN L, and || Au|| > ||ull, u € CN Iy, or

(i) |l Aull > ull, u € CN 3y, and || Au|l < ||lull, u € CNIQ,.
Then A has a fixed point in C 0 (Q \ Q).
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3 Main results
In this section, we investigate the existence and multiplicity of positive solutions for our
problem (S)-(BC). We present now the assumptions that we shall use in the sequel.

(H1) H,K : [0,1] — R are nondecreasing functions, A =1 — (fo1 9 1dK (1)) %
(fy TP dH(2)) > 0,and [, v (1= 7)dK(z) > 0, [y o711 - 7)dH(z) > 0.

(H2) The functions f,g € C([0,1] x [0,00) X [0,00), (—00, +00)) and there exist functions
p1,p2 € C([0,1], [0, 00)) such that f(¢,u,v) > —p1(£) and g(t,u,v) > —p,(t) for any ¢ €
[0,1] and u,v € [0, 00).

(H3) f(t,0,0)>0,g(£,0,0) >0 for all t € [0,1].

(H4) The functions f,g € C((0,1) x [0,00) X [0,00),(-00,+00)), f, g may be singular
at t = 0 and/or t = 1, and there exist functions py,p, € C((0,1),[0,00)), 1,00 €
C((0,1),[0,00)), B1, B2 € C([0,1] x [0,00) x [0, 00), [0, o0)) such that

_pl(t) Sf(t’ u, V) =< al(t)ﬂl(tr u, V)’ —Pz(t) =< g(tr u, V) =< O52(t)/32(t’ u, V);

forall t € (0,1), u,v € [0,00), with 0 < folpi(s) ds < 00,0 < fol a;(s)ds < o0,i=1,2.
(H5) There exists ¢ € (0,1/2) such that

: . . g uy)
foo= lim min ——— =00 or gyn= lim min =—— =00
urv—>oo tefcl-c] U+ V urv—>ootefel-cl U +V

(H6) Bico = limysys oo maxeeqo, 2242 = 0,i=1,2.

We consider the system of nonlinear fractional differential equations

DG, x(8) + A(f (&, [%() - 1 (D], y(#) — 2(D]) + p1()) =0, 0 <<1, ©)
D, y(t) + (gt [x(t) — @ (8)]*, [Y(8) — (D) + p2 (1)) =0, 0 <<,
with the integral boundary conditions
%(0) =x'(0) = --- =x"2(0) = 0, x(1) = foly(s) dH(s), 7
N0 =y (0)=---=y"2(0)=0, (1) =[5 x(s)dK(s)
where z(£)* = z(¢) if z(t) > 0, and z(£)* = 0 if z(¢) < 0. Here (g1, g2) with
1 1
203 [ Gt dssp [ Galtop0ds re 0.1
0 0
1 1
92(8) = / Gs(t,$)pa(s) ds + 1 / Gu(t,9)p1(s)ds, tel0,1],
0 0
is solution of the system of fractional differential equations
D§, qi(t) + Ap1(£) =0, O0<t<l, ®)
Dg+q2(t) +upr(t)=0, O0<t<l,
with the integral boundary conditions
00 =0)=--=g"20)=0,  70)= [ 42(5) dH(s), o)
20 =30 = =g ) =0, @)= [y @19 dK(s).
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Under the assumptions (H1) and (H2), or (H1) and (H4), we have ¢,(¢) > 0, g2(¢) > 0 for
all £ € [0,1].

We shall prove that there exists a solution (x, y) for the boundary value problem (6)-(7)
with x(£) > ¢1(¢) and y(£) > go(¢) on [0,1], x(¢) > q1(2), ¥(£) > g2(¢) on (0,1). In this case
(, v) with u(f) = x(¢) — q1(¢) and v(£) = y(¢) — q2(¢), ¢ € [0,1] represents a positive solution
of boundary value problem (S)-(BC).

By using Lemma 2.1 (relations (3)), a solution of the system

x(t) = 1 [y Gu(t, )(F (s, [%(s) - ()], [¥(5) = q2(5)]*) + pa(s)) s

+ 11 fy Ga(t9)(g(s, [6(s) — 1 ()], [y(s) — 2 ()]*) + pa(s)) ds, € [0,1],
(&) = 1 fy Galt,s)(g(s, [x(5) = qu(6)]*, [y(s) — q2()]) + pa(s)) ds

2 fy Galt,)(f (s, [x(5) = ()], [V(5) - q2(9)]) + pa(s)) ds, £ € [0,1],

is a solution for problem (6)-(7).
We consider the Banach space X = C([0,1]) with the supremum norm | - ||, and the
Banach space Y = X x X with the norm ||(«, v)||y = |||l + ||v||. We define the cones

Py = {x € X,x(t) = yat* " |lxll, vt € [0,1]],

Py ={y e X,y(t) = »ut’lyll, vt € [0,1]},

where yy, y» are defined in Section 2 (Lemma 2.5),and P=P;, x P, C Y.
For A, > 0, we introduce the operators Q;,Q; : Y — X and Q : Y — Y defined by
Qx,y) = (Qi(x,9), Qa(x, %), (x,9) € Y with

1
Qi(x%,9)(t) = A /0 Git8)(f (s, [%(s) =1 )], [(8) = 92(9)]") + p1(s)) ds
1
it [ 6a69)(els 469 - 6] [0 - 9]) +pa) st (0.1,
1
Qo (%,9)(8) = 1 /0 G3(t,9)(g(s, [%(5) = ()], [9(5) = 22(9)]") + p2(s)) ds

1
‘2 /0 Gt (f (5, [#65) - a1 0)]. [16) - :20]) + pa(s)) ds, £ [0,1]

It is clear that if (x,y) is a fixed point of operator Q, then (x,y) is a solution of problem

(6)-(7).

Lemma 3.1 If (H1) and (H2), or (H1) and (H4) hold, then operator Q : P — P is a com-
pletely continuous operator.

Proof The operators Q; and Q, are well defined. To prove this, let (x,y) € P be fixed with
[l 9)]ly = L. Then we have

[x(s) - ql(s)]* <x(s) < |lx|| < H (x,y)H y = L, Vsel[o0,1],

[ys) - 2] < 96) < lyll < |wy)], =L, Vse[0,1].

If (H1) and (H2) hold, then we deduce easily that Q;(x,y)(¢) < co and Qa(x, y)(¢) < oo for
allt €[0,1].
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If (H1) and (H4) hold, we deduce, for all ¢ € [0,1],

1
Qﬂme)fhnZ;h&ﬂamﬂm@iﬂﬂ—qﬂﬂT{ﬂﬂ—qﬂﬂr)+pﬂ9hk
1
+ oy /O ha(8)[2(8) B2 (s, [%(5) — q1(9)] ", [#(5) = 42()]") + pa(s)] ds
1 1
§N<Mn/1Mﬂ@ﬂ9+m@»¢+uw/1%@Wh@+ﬁmnﬁ><w,
0 0
1
Qa(%,9)(t) < pos /0 hy(8)[e2(5) B2 (s, [%(5) = @1 (9], [9(5) = q2(5)]") + pa(s)] ds
1
+w@Almmmwm@hw—mwﬁbw—@wrwmwﬂﬁ
1 1
5A4<u03/,hz@Xaz@)+pﬂﬂ)dS+ka4/,hﬂﬂ@h@)+pﬂ9)d{)<oa
0 0

where M = max{max,c(o1),,ve0.1) B1(t: %, V), MaX;c (0.1 uvefo ) B2t 1, v), 1}
Besides, by Lemma 2.5, we conclude that

Qu(x,9)(8) = y1t* | Qu(x,9)

;o Q@) = et Q)

, vte[0,1],

and so Qi (x,7), Q2(x,y) € P.
By using standard arguments, we deduce that operator Q : P — P is a completely con-
tinuous operator (a compact operator, that is, one that maps bounded sets into relatively

compact sets and is continuous). d

Theorem 3.1 Assume that (H1)-(H3) hold. Then there exist constants Lo > 0 and g >0
such that, for any A € (0, o] and p € (0, o), the boundary value problem (S)-(BC) has at
least one positive solution.

Proof Let § € (0,1) be fixed. From (H2) and (H3), there exists Ry € (0,1] such that

f(t) M, V) Z 8f(t7 O! 0)7 g(t; My V) Z 8g(t7 0) 0)7 Vt S [O$ ]-]r M,V € [O;RO] (10)
We define

F(Ro) = tu, t 8f(£,0,0 Hl>o0,

F(Ro) te[O,IJI,IIR)e([O,Ro]{f( w,v)+pi(8)} = fer}g,’f]{ f(2,0,0) + p1(£)} >

3(Ro) = tu, Hl > 82(£,0,0 >0,
2(Ro) te[o‘lméwo]{g( u, V) + pa )}—21[3’1‘]{ 2 ) +pa(t)} >

1 1
= 01/ hi(s) ds, Cy = 02/ hy(s) ds,
0 0

1 1
@=@fmwm, q:@/mwﬁ,
0 0

Ry } { Ro Ro }
, o = max .

Aozmax{ I_%o s = = ) -
8c1f(Ry) 8caf (Ro) 8¢28(Ro) 8c3g(Ry)
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We will show that, for any A € (0, 0] and p € (0, o], problem (6)-(7) has at least one
positive solution.

So, let 1 € (0, A9] and pu € (0, o] be arbitrary, but fixed for the moment. We define the
set U = {(x,7) € P, ||(u,v)||ly < Ro}. We suppose that there exist (x,y) € 90U (||(x,9)|ly = Ro
or |lx|| + |yl = Ro) and v € (0,1) such that (x,y) = vO(x,y) or x = vQi(x,¥), ¥y = vQa(x, y).

We deduce that
(%) - ()] == ) <x(t) <Ry, ifx(t)— qu(t) >0,
[x t) —qi(¢) ]* 0, forx(t)—qi(t)<0,Vte[0,1],
() - 0] =y ) <y(®) <Ro, ify(t) - q2(t) > 0,
[y(t q>(t) ]* 0, fory(t) —q.(t) <0,Vt € [0,1].

Then by Lemma 2.4, for all £ € [0, 1], we obtain

x(t) = vQi(x, ¥)(2) < Qulx, y)(2)

1 1
<oy /0 In(s)F(Ro) ds + i f I (3(Ro) di

R R R
< rocrf (Ro) + iocag(Ro) < go go = ZO,

y(8) = vQa(x, y)(£) < Qa(x,y)(2)

1 1 B
§,u03/ hz(s)g(Ro)ds+Aa4/ m(s)f (Ro) ds
0

Ry Ro Ry
< Ry) + A Ry)< —+ —=—.
Hoc3g(Ro) oc4f 0) < 3 3 4
Ro Ro _ _ Ro , Ro _ Ro sl
Hence |lx|| < 7 and [ly|| < 72. Then Ry = [|(x,»)[ly = llx]| + [yl < 72 + 2 = 3, which is
a contradiction.
Therefore, by Theorem 2.1 (with Q = P), we deduce that Q has a fixed point (xo,yo) €

U N P. That s, (x0,y0) = Q(x0,Yo) or xg = Q1(%0,¥0), Yo = Qa(%0,¥0), and ||xol| + [yl < Ro
with xo(£) > %1227 [lxo || and yo(£) > 12877 ||yo|| for all £ € [0,1].
Moreover, by (10), we conclude

%0(£) = Q1(x0,¥0)(£)

1

1
> A./o Gi(t,s) (Sf(t, 0,0) +p1(s)) ds + ,u/o G (t,s) (Sg(t, 0,0) +p2(s)) ds
1 1
> A/ Gi(t,s)p1(s)ds + ,u/ Go(t,s)pa(s)ds = q1(t), Vte[0,1],
0 0

1 1
xo(t) > 1 /0 Gi(t,S)pr() s + 1 /0 Galt, Ipa(s)ds = qu(t), Ve € (0,1)

Yo(t) = Qa(x0,¥0)(£)

1

1
> u/ Gs(t,5)(8g(2,0,0) + pa(s)) ds + A/ Ga(t,9)(5f(2,0,0) + pi(s)) ds
0 0
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1 1
> u / Ga(t,5)pa(s) ds + 1 f Galt,s)pr(s)ds = (), Ve e [0,1],
0 0

1 1
Yo(t) > M./o Gs(t, s)pa(s) ds + A/O Gy(t,s)p1(s)ds = q2(¢), Vte(0,1).

Therefore x¢(£) > q1(£), yo(£) > g2(¢) for all £ € [0,1], and xo(£) > q1(£), yo(£) > g2 () for all
€ (0,1). Let ug(t) = xo(¢) — q1(¢t) and vo(£) = yo(t) — q2(¢) for all £ € [0,1]. Then uy(£) > 0,
vo(t) > 0 forall t € [0,1], up(¢) > 0, vo(£) > O for all £ € (0,1). Therefore (uo, Vo) is a positive
solution of (S)-(BC). O

Theorem 3.2 Assume that (H1), (H4), and (H5) hold. Then there exist A* > 0 and p* >0
such that, for any 1 € (0,A*] and p € (0, u*], the boundary value problem (S)-(BC) has at
least one positive solution.

Proof We choose a positive number

1 1
R, > max{l, 2 / (81p1(s) + 82p2(s)) dis, 2 / (83p2(s) + 8api(s)) dis,
0 Y2 Jo

4!

1 -1 ,1
i( /0 sﬂ‘ldH(s)> /0 (81p1(5) + 82pa(s)) ds,

Yiy2

1 -1 1
ﬁ (/0 ¢ dK(S)) /0 (83192(5) + 04p1 (S)) ds},

and we define the set Q; = {(x,%) € P, ||[(%, )|y < R1}.
We introduce

a1
A = min{ 1M1 (/ hy(s) ozl(s) +p1(s)) ) ,
1
o ( f MO )+ 1(9) ) }
a1
ut = min{l, 40123]1\42 (/0 ha(s) (2 (s) + pa(s)) ds) ,

R 1 a
40311\/[2 ( /0 Iy () (ata(s) + pa(s)) ds) }

with

M, = max{ max  Bi(t, u, v),l},
te[0,1]
u,v>0,u+v<Rq

M, = max{ max Bt u, v),l}.
te(0,1]

u,v>0,u+v<Ry

Let A € (0,A*] and p € (0, u*]. Then, for any (x,y) € PN 92; and s € [0,1], we have

[x(s) = q1(9)]" < x(s) < [lx]l <Ry,

[y(s) = q2(9)]" < ¥(s) < lIyll < Ru.
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Then, for any (x,y) € PN 9L, we obtain

1
|Qix, || < rou /0 I () [0 () Br (s, [2(5) = 1 (9)] ", [7(5) = 22(9)]) + pu(s)] ds
1
i [ a@on (s [56) - 0T [0 - 2 9]) + 2] s

1 1
< VoM / In(s) (ens) + pu(s)) ds + w*orMy / 12(6) (ca(s) + pals)) ds
0 0

R R Ryl

- - ’

4 4 2 2

1
1Qa(x,9)|| < o3 fo By (s)[ 2 (8)Ba (s, [x(5) — 1 ()], [(5) = 42(9)]") + pa(s)] ds
1
+ A0y fo [ (5 [56) - 6] Y6 - O]) + 1)) ds

1 1
< o3, /0 hy(s)(aa(s) + pa(s)) ds + A* o4 My /0 hy(s) (cra(s) + pa(s)) ds

R R R @)l

— 4 4 2 2

Therefore

[y = Q@] + [ Qx| =< [ @]

y Yy € PNay. (11)

On the other hand, we choose a constant L > 0 such that

1-c 1-c
ALo1y XV hy(s) ds > 4, ALoyy,XP hi(s)ds > 4,

c c

1-c 1-¢
wuLoyyr 2@V / ha(s)ds > 4, uLozyrc? PV / hy(s)ds > 4.
Cc c
From (H5), we deduce that there exists a constant M, > 0 such that
ft,u,v)>Lu+v) or gt,u,v)>Lu+v), Vte[cl-cl,u,v=>0,u+v>M,. (12)

Now we define

aM, 4M, 4 (!
Ry = max{ZRl, —ai)l, —,3?1’ — / (51[91(5) + 82192(S)) ds,
nic Y20 Y Jo

1
% /0 (83p2(s) + 8apr(s)) ds} >0,

and let Q; = {(x,y) € P, |(x, ) |ly < Ra}.

We suppose that f,, = 0o, that is, f(¢,u,v) > L(u + v) for all t € [¢,1 — c] and u,v > 0,
u + v > M. Then, for any (x,y) € PN 9, we have |[(x,9)[ly = Rz or ||x] + |ly]l = Ra. We
deduce that ||x|| > 22 or Iyl = %2
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We suppose that ||x| > 132_2 Then, for any (x,y) € PN 9K;, we obtain

1

1
x(t) —q(t) = x(t) — 1 / Gi(t,s)pi(s)ds — / Ga(t, s)pa(s) ds
0 0

1 1
> x(t) — " (81./0 pi(s)ds + 52/0 p2(s) dS)

1
> 1) = [ (5101(6) + 8o (s)) ds
yillxll Jo

1 1
= x(t) |:1 - m/o (8101(s) + 82p2(5)) ds:|

x(t) >0, Vtelo,1].

1
2 /0 (811(5) + 82p2(5)) dS] > %

> x(t) |:1 - R

Therefore, we conclude
* 1 1 a-1
[*®) =@ @]" = %(6) -1 () = Sx(0) = S0t
1 4 1 4
> Zylta Ry > Eylc"‘ Ry>M,, Vtelcl-c]
Hence

(%) -1 (O] +[y(O) - g2(8)]" = [2() - ()] = x(6) -1 () = My, Vi€ [e,1-c]. (13)

Then, for any (x,y) € PN 92 and ¢ € [¢,1 - ¢], by (12) and (13), we deduce

f(&[x®) -a@®] [y®) - 22(0]) = L([x@®) - 1 (®)]" +

el

y(&) - 0])

|t~

> L[x(t) - ql(t)]* > —x(t), Vtelcl-c].

It follows that, for any (x,y) € PN 02y, t € [¢,1 - c], we obtain
1 * *
Qux,y)(£) = A /O Gi(t,8)(f (s, [%() = q1(9) ], [7(5) = q2(9)]") + pr(s)) dis

1-c
> A f Gi(&: ) (f (s, [#(5) = ()], [9(8) = @2(9)]") + pu(s)) s

v

1-c N 1-c 1
A/ Gl(t,s)L([x(s) - ql(s)] )ds > A/ Gl(t’S)ZLVICa_IRZ ds
1-c 1
> Af Qlt“_lhl(s)ZLylc"‘_le ds
1 1-c
> )\.Cz(a_l)zglL)/le / hl(S) ds > R,.
Then [|Qi(x, )]l = II(x, »)|ly and

19w, = [@n],, VYxy) ePnoy. (14)
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If ||| > 22, then by a similar approach, we obtain again relation (14).
We suppose now that g, = oo, thatis, g(¢,u,v) > L(u+v),forall t € [c,1-c] and u,v > 0,

Uu+v> Mo Then, for any (x,y) € P N 39Q2;, we have ||(x,y)|ly = Ry. Hence |x| > RZ

Iyl = %
If ||x|| > %2, then for any (x,7) € P N 32, we deduce in a similar manner as above that
x(t) — q1(t) = %x(t) for all t € [0,1] and

or

1
Qi(x9)(8) = 1 /0 Ga(t,5)(g(s, [%(5) = ()], [9(8) = 22(9)]") + p2(s)) dis

1-c
= / Ga(t,5)(g(s, [%(5) = @1 (9)] ", [7(5) = q2(5)]") + pals)) s

v

1-c . 1-c 1
I /C Ga(t,8)L([%(s) — qu(s)]) ds > e /c GZ(t;S)ZLVICa_lRZ ds

v

1-c 1 1 1-c
/ Qgt“’lhg(s)ZLylc""le ds > pc?ev ZQZLVIRZ/ hy(s)ds
c (4

m
>Ry, Vtelcl-c].

Hence we obtain relation (14).

If ||y|| > > % then in a similar way as above, we deduce again relation (14).

Therefore, by Theorem 2.2, relations (11) and (14), we conclude that Q has a fixed point
(x1,71) € PN (2 \ 1), that is, Ry < [|(x1,y1)|ly < Ry. Since ||(x1,y1)|ly > Ry, then [x;]| > Rz—l
or Iy = &

We suppose first that ||x; || > % Then we deduce

1

1
x1(8) —qu(t) = %1(£) — A / Gi(t,s)pi(s)ds — / Ga(t,5)pa(s) ds
0

1
> x (2 s)ds + 8, / Pa(s) ds)

1
nn(;l)n | (O1(s) + 8ap2(s) ds

> x1(2) -

1
= |:1 - % | (81p1(s) + 822 (s)) dsi|x1(t)

2 1

|:1 -— ((Slpl(s) + 8o (S)) ds:| yit“ |l
Nk

_R 2 !

> |1-— (51191(8) +8pa(s)) ds |y £~

2 1R1

= A"l veelo,1],

and so xl(t) >q1(t) + At for all £ € [0,1], where A; = ”1—R1 - fo (81p1(s) + 82pa(s)) ds > 0.
Then y,(1 fo x1(s) dK (s) > A1f0 s*1dK(s) > 0 and

1 1
Il = (@) = /0 (5 dK(s) = /0 1 o | AKG)

R 1
> YL et ares) s 0.
0
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Therefore, we obtain

1 1
() - aa(8) = (@) - / Ga(t, $)pa(s) ds 2 / Galt, py(s) ds
0 0

1
> yi(t) - tﬂ_lfo (83p2(5) + 84p1(s)) ds

1

»(6) (83p2(s) + 4pr(s)) ds

v2llyill Jo

2 1 -1 1
Zyl(t)[l_ylyle (/0 s"‘_ldl((s)> /;(83p2(s)+84p1(s))ds]
g [ ra) s
> ot ||y1||[1 —([#ax) [ @)+ supo) ds

R 1
> BB / s dK (s)
0

1 -1 1
X |:1 - )/1)/22R1 </0 1 d[((S)) /(; (53]72(5) + 84p1(s)) ds]

= AL, vrelo,1],

> () -

where A, = %Rl fol s 1dK (s) — fol(égpz(s) +84p1(5)) ds > 0.

Hence y(t) > g (t) + AytP~ 1 for all ¢ € [0,1].

If |yl = %1, then by a similar approach, we deduce that y;(t) > go(t) + AstP~! and
x1() > qu(t) + Agt®! for all £ € [0,1], where Az = VZTRl - fol(63p2(s) + 84p1(s))ds > 0 and
Aq = 28R LBV AH(s) - [((81p1(5) + 82 (s)) ds > 0.

Let uy(£) = x1(£) — q1(t) and v1(¢) = y1(¢) — q2(¢) for all ¢ € [0,1]. Then (uy,vy) is a positive
solution of (S)-(BC) with u;(£) > As5t* and vi(¢) > AetP~! for all £ € [0,1], where As =
min{Aj, A} and Ag = min{A,, As}. This completes the proof of Theorem 3.2. |

Theorem 3.3 Assume that (H1), (H3), (H5), and
(H4') The functions f,g € C([0,1] x [0,00) x [0, 00), (00, +00)) and there exist functions
P1,P2,01, 0 S C([O! 1]’ [0! OO))7 ,317 ,32 S C([O) 1] X [0’ OO) X [07 OO)’ [O! OO)) SuCh thﬂt

-pi(t) <f(t,u,v) < (t)Bi(t, u,v), —pa2(t) < gt u,v) < aa(t) Balt, u, v),

forall t €[0,1], u,v € [0,00), with [, pi(s)ds >0,i=1,2,

hold. Then the boundary value problem (S)-(BC) has at least two positive solutions for A > 0
and > 0 sufficiently small.

Proof Because assumption (H4’) implies assumptions (H2) and (H4), we can apply The-
orems 3.1 and 3.2. Therefore, we deduce that, for 0 < A < min{A¢,A*} and 0 < u <
min{ug, 1*}, problem (S)-(BC) has at least two positive solutions (ug, vo) and (u3, v;) with

l(z0 + q1,vo + q2)lly <1and [[(u1 + q1,v1 + @2)lly > 1. O

Theorem 3.4 Assume that A = 1, and (H1), (H4), and (H6) hold. In addition if
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(H7) there exists ¢ € (0,1/2) such that

fL =liminf min f(t,u,v)>Lo or g =liminf min g(¢,u,v)> Lo,

Uu+v—00 — Uu+v—00 —
=0 telc,l—c] =0 tele,l—c]

where

4 ! 4 (1
Lo = maX{ ” /0 (81p1(5) + 82p2(s)) dis, ” /0 (83p2(5) + 84p1(s)) dis,

4 ! o—1 - 1
E(/(; s dK(s)) /0 (83p2(s) + 8api(s)) dis,

4 1 -1 1
_ p-1
Y1iVa (_/(; § dH(s)) /0 (31171 (s) + 52}72(8)) ds}
1-c 1—¢ a
X <min{ca—1Q1 hy(s) ds, Ca—1Q2 1 (s) ds}) ,

then there exists A, > 0 such that for any A > A, problem (S)-(BC) (with L = ) has at least
one positive solution.

Proof By (H7) we conclude that there exists M3 > 0 such that
ft,u,v)>Ly or g(t,u,v)>Ly, Vtelcl-clu,v>0,u+v>Ms;.

We define

1 -1 1 -1
A = max{ f—j ( /0 (81p1(s) + 82p2(9)) ds) , % ( /0 (83p2(5) + 84p1(5)) ds) }

We assume now A > A,. Let

4an ! 4 [t
R3 = max{ — / (81p1(5) + 82pa(s)) ds, — / (83p2(s) + 84pr(s)) ds,
" Jo Y2 Jo

1 -1 1
% </0 Sot—1 dl((3)> /0 (83p2(s) + 34191(5)) ds,

1 -1 1
% (/0 $h1 dH(S)) /0 (31}91(S) + 82p2(5)) ds},

and Qs = {(%,9) € P, |(x,9) |y < Rs}.

We suppose first that £, > L, that is, f(t,u,v) > Lo for all ¢ € [¢,1 - ¢] and u,v > 0,
u+v>Ms;. Let (x,y) € PN 3Qs. Then ||(x,9)|ly = Rs, so |lx|| = R3/2 or ||y|| > R3/2. We
assume that ||x|| > R3/2. Then for all ¢ € [0,1] we deduce

1 1
#0-010 = ne el -2, [ pds—2tn [ o
0 0
R 1
> ta1|:—7/12 S f (8101(5) + 2pa(s)) ds}
0

1 1
> ol |:2)\ / (8101(s) + 8apa(s)) ds — A/ (8101(s) + 82p2(5)) ds]
0 0
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1
= t“’lkf (81p1(5) + 82p2(s)) dis
0
1 ! M3 1
>t A*/ (élpl(s) + 52p2(s)) ds > —lt"“ >0.
0 -
Therefore, for any (x,y) € PN 3Q3 and ¢ € [¢,1 — ], we have

[() — ()] + YO = ()] = [#(t) - ()] = x(£) - qu(£) > ﬂft“‘l >Ms. (15
¥ 1

Hence, for any (x,y) € PN 923 and ¢ € [¢,1 — ¢], we conclude

1

Q%)) = X/O Gi(t,9)[f (s, [%(5) = 19)] ", [5(5) — 029)]") + pa(s)] ds

1-c

>0t | ) (s [26) - q1(9)] [(s) - q2(s)]") ds

c

1-c 1-c
> kLleta_I/ hi(s)ds > )\Lleca_lf hi(s)ds > Rz = || (x,9) || v
Therefore we obtain ||Q;(x,y)|| > Rs for all (x,y) € PN 923, and so
” Q(X,y)”Y ZRS = H(%J’)HY, V(x’y) ePn 893' (16)

If ||ly|| > Rs/2, then by a similar approach we deduce again relation (16).

We suppose now that géo > Lo, that is, g(t,u,v) > Lo for all £ € [¢,1 - ¢] and u,v > 0,
u+v>Ms.Let (x,9) € PN Q3. Then ||(x,9)|ly = Rs3, so ||x]| > R3/2 or ||ly|| = Rs/2.If || x| >
R3/2, then we obtain in a similar manner as in the first case above (f’, > Ly) that x(¢) —
q1(t) > 2571 > 0 forall £ € [0,1].

Therefore, for any (x,y) € PN 923 and ¢ € [¢,1 — ¢], we deduce inequalities (15).

Hence, for any (x,y) € PN 0Q3 and ¢ € [¢,1 — ¢], we conclude

1
Qi(x%,9)(®) > A /0 Ga(t,9)[g (s, [#(5) = 1()]", [¥(5) = 92()]") + p2(s)] s

1-c
> 2opt*! / (g5 [x6) - 11 0)] [Y6) - 026)]") ds

1-c 1-c
> ALgoat* ™ hy(s) ds > ALooac® ™ hy(s)ds > Rz = || (x,9) || v

c c

Therefore we obtain ||Q;(x,y)|| > Rs, and so || Q(x,%)|ly > Rs = ||(x,y) ||y for all (x,y) €
PN 03, that is, we have relation (16).

By a similar approach we obtain relation (16) if ||y|| > R3/2.

On the other hand, we consider the positive number

1 =} 1 -1
&= min{ 8%01 </(‘) hi(s)aq(s) ds) s 8%02 (‘/(; ha(s)aa(s) ds> s
1 u} 1 41
8%(73 </0 hy(s)aa(s) ds) , ﬁ (/0 hi(s)ay(s) ds> }
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Then by (H6) we deduce that there exists M, > 0 such that
Bilt,u,v) <em+v), Vtel0,1],u,v>0,u+v>Myi=12.
Therefore we obtain

Bilt,u,v) <Ms+e(u+v), Veiel0,1],u,v>0,i=1,2,

LU, v=0,

We define now
Ry = max{2R3, 801 max{Ms,1} /0 1 Iy (s) (e (s) + pa(s)) ds,
810, max{Ms,1} /o 1 hy(s) (a2 () + pa(s)) ds,
803 max{Ms,1} /0 1 hy(s) (a2 () + pa(s)) ds,
810y max{Ms, 1) /0 1 1 (s) (e (s) + pi(s)) ds},

and let Q4 = {(x,9) € P, || (x, )|y < R4}.
For any (x,y) € PN 324, we have

1
Q)0 = [ an@er981 (6 [46) - @O [16) - 0]') + 1(9]ds
1
+ A /0 02 (8)[ 2 (5) B2 (s, [%(5) = g1 ()], [(5) — q2(5)]") + pa(s)] ds
1
< roy /0 I (s)[ e (8) (Ms + &([x(5) = g1 ()] + [9(5) = 29)]") ) + pa(s)] s
1
+ 03 /0 hy(s)[ et (5) (M5 + & ([%(5) — q1(8)]" + [¥(5) = 22(9)]")) + p2(s)] s
1 1
< Aoy max{M5,1}/ hi(s) (oq(s) +p1 (s)) ds + Lo1ER, f h1(s)ar(s) ds
0 0

1 1
+ Aoy max{Ms,1} / hz(S)(OQ (s) + p (s)) ds + AoyER, / hy(s)an(s) ds
0 0

R R R R R X,
§—4+—4+—4+—4=—4=”( y)”Y, vt e [0,1],
8 8 8 8 2 2

and so [|Qi(x,y)|| < m for all (x,y) € PN 3Q24.

In a similar way we obtain Q,(x,y)(£) < M forallz € [0,1],and so [|Qa(x, )|l < M
for all (x,y) € PN 0L24.
Therefore, we deduce
|Qx |y < [y, Vxy) e PNoQa. (17)

By Theorem 2.2, (16), and (17), we conclude that Q has a fixed point (x1,91) € PN (R4 \
§23). Since || (x1, y1)|l = R3 then [lx1]| > R3/2 or [|y1]| > Rs/2.
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We suppose that ||x;|| > R3/2. Then x1(£) — q1(¢) > g—_ﬂta‘l for all ¢ € [0,1]. Besides

1 1 R 1
(1) - / w(s)dK () = / $ () = 10 / “ K () > 0,
0 0 0

and then

1 1
ol = 31 (0) = / 5 (s)dK(s) = 00 f “dK(s) > 0.
0 0

Therefore, we deduce that, for all £ € [0,1],

1 1
(O - @a(0) = () — 183 / P py(s) ds — A8 f £ py(s) ds

0 0
1
> yot? iyl —Mﬂ*lf (83p2(s) + Bapi(s)) ds
0

Nyl ! !
> Ttﬂ_l f 2L dK(s) - Atﬁ_I/ (53192(5) + 84p1(s)) ds
0 0

1
> bl / (850206 + 831(5)) s
0
1
M.
> K*tﬂ_l/ (83p2(s) + 8api(s)) ds > ﬂ—sltﬂ_l~
0 cr

If ||y1]| = Rs3/2, then by a similar approach we conclude again that x;(£) — g1 (¢) > g—_ﬁt"“l
and y,(t) - g2(t) > Z5tP for all £ € [0, 1].

Let u1(£) = x1(¢) — q1(¢) and v1(£) = y1(¢) — q2(¢) for all £ € [0,1]. Then u(¢) > At and
vi(t) > thﬂ‘l for all ¢ € [0,1], where Kl = f—i, Xz = cj\g—_‘q’l. Hence we deduce that (u41,14) is
a positive solution of (S)-(BC), which completes the proof of Theorem 3.4. O

In a similar manner as we proved Theorem 3.4, we obtain the following theorems.
Theorem 3.5 Assume that ) = u, and (H1), (H4), and (H6) hold. In addition if
(H7") there exists c € (0,1/2) such that

i _ 1 . . 4 i 1 . . =4
=liminf min f(t,u,v)>Ly or =liminf min g(t,u,v) > Lo
S U060 te[c,l—c]f T 800 U89 reteing 8 ’

where

1 1
Lo= max{ il /0 (Slpl(s) + 8o (S)) ds, % /0 (53[)2(S) + 84p1(s)) ds,

Y1

4 la_l -1 p1
m(/o s dK(S)) ‘/(;(83192(3).,.34191(5))615’

i ! B-1 )_1 1 }
"y2 <_/0 $° dH(s) /(; (81171(5) + 32P2(S)) ds

1-c 1-c -1
X (min { P os ho(s)ds, P04 hy(s) ds}) ,
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then there exists X, > 0 such that for any A > A, problem (S)-(BC) (with \ = |1) has at least
one positive solution.

Theorem 3.6 Assume that ) = u, and (H1), (H4), and (H6) hold. In addition if

(H8) there exists ¢ € (0,1/2) such that

= lim min f(t,u,v)= or = lim min g(tu,v) =00
o0 o0
f u+v1;(c)>o telel C]f ’ g u+1/‘;(<)>0 tele,1- c]g ’ ’

then there exists L, > 0 such that for any . > X, problem (S)-(BC) (with A = u) has at least
one positive solution.

4 Examples
Leta=5/2 (n=3), =7/3 (m=3), H(t) = £, K(t) = £*. Then [, u(s)dK(s) =3 [, s*

and fol v(s)dH(s) =2 fol sv(s) ds
We consider the system of fractional differential equations

(So) Du(t) + af(t, u(t),v(t) =0, te(0,1),
O DIB(t) + gt ue), v(e) =0, te(0,1),

with the boundary conditions

By |MO=w©=0  u)=2 [y sv(s)ds,
w0 =v©) =0,  v(1) =3[ sPuls)ds.

Then we obtain A =1 — ( fol LK (s))(fy sPHdH(s) = 250, [y v (1 - 1) dK(7) = &%
0, fo 811 - t)dH(r) = 2 > 0. The functions H and K are nondecreasing, and so as-
sumption (H1) is satisfied. Be51des, we deduce

BRr1-s)P32—(t-5)P3?, 0<s<t<l,
ats) =
J_ £2(1 - 5)32, 0<t<s<l,

gZ(t’ 3) =

1 tBA-M - (t-95)*3, 0<s<t<l,
[(7/3) | £43(1 - 5)%73, 0<t<s<l,

1 10 1
Gl(t,s)zgl(t,s)+3t3/2/ 2g(1,s)ds, Gy(t,s) = — t3/2/ o (t,s)dr,
0

20 1 1
Gs(t,5) = go(t,s) + ?#/3/ 1% (1,8)dT, Gult,s) = 5t4/3/ ’gi(t,s)dr.
0 0

We also obtain /;(s) = %s(l —8)32, hy(s) = 4/3 51 —s)¥3,
202, 0=<t<1/2 2443, 0<t<1/2,
k(@) =1 3 12 ka(t) =1 3 13
;=08 12=<t<], 1A=, 1/2<t=<1
3
In addition, we have f/l- 2,8 = 33f’ 01 = 86{\} , ng , 8y = 135(311/3) , 02 = 3161;/:2;9, 03 =
19 12%3-3 5 404/2-5 8v/2-1
17 83 131_ 4/3 , 03 = 56[ , 04 = 37 84 99\/7,Q = 189\[ N = 126[ 00578801 Y2 =

12[ 3) A
106472 0.08136286.
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Example 1 We consider the functions

_ (u+v)y? 2+ sin(u+v)
ft,u,v) = 4’:(1 =5 +Int, gt,u,v) = —m +In(1-¢), t€(0,1),u,v>0.

We have p;(£) = —Int, po(t) = —In(1 - £), a1 (¢) = ax(t) = ﬁ for all £ € (0,1), B1(t, u,v) =
(u + ), Ba(t,u,v) = 2 + sin(u + v) for all £ € [0,1], u,v > 0, [ pi(®)dt =1, [} p(t)dit =1,
fol a;(t)dt = 7, i =1,2. Therefore, assumption (H4) is satisfied. In addition, for ¢ € (0,1/2)
fixed, assumption (H5) is also satisfied (f5 = 00).

After some computations, we deduce fol(Slpl () + S2p2(s)) ds ~ 1.52357852, fol(égpz(s) +
8ap1(s)) ds ~ 1520086, [ hi(s)(c1(s) + pu(s)) ds ~ 0.42548534, [} hy(s)(aa(s) + pa(s)) ds ~
0.44092924. We choose R; = 1080, which satisfies the condition from the beginning of
the proof of Theorem 3.2. Then M; = R?, M, = 3, A* ~2.7202 -107%, and u* = 1. By Theo-
rem 3.2, we conclude that (S¢)-(BCy) has at least one positive solution for any A € (0, 1*]
and u € (0, u*].

Example 2 We consider the functions
ft,u,v)=(u+ V)2 + cosu, git,u,v)=(u+ V)”2 +cosv, tel0,1],u,v>0.

We have p;(t) = p2(t) =1 for all ¢ € [0,1], and then assumption (H2) is satisfied. Besides,
assumption (H3) is also satisfied, because f(¢,0,0) =1 and g(¢£,0,0) =1 for all £ € [0, 1].
Let§ = % <land Ry =1. Then
1 1
f(t,u,v) > 5f(£,0,0) = X g(t,u,v) > 8g(t,0,0) = X vVt e€[0,1],u,v e [0,1].
In addition,

fRo)=f1)= max_ {f(t,u,v) +p1(t)} ~ 55403023,

te[0,1],u,v€[0,1]

2(Ro) =g(1) = . {g(t,u,v) + p2(8)} ~ 3.10479256.

We also obtain ¢; ~ 0.25791523, ¢, ~ 0.23996711, c3 ~ 0.30395834, ¢, ~ 0.21492936,
and then Ay = max{SCllff?Ro), 86§?R0)} ~ 0.10497377 and po = max{
0.1677744.

By Theorem 3.1, for any A € (0, Ao] and p € (0, 4], we deduce that problem (Sp)-(BCy)
has at least one positive solution.

Because assumption (H4') is satisfied (o) (£) = a2 (¢) = 1, Bu(t, u, v) = (u+v)? +1, Bo(t, u,v) =
(u +v)Y? +1 for all £ € [0,1], u,v > 0) and assumption (H5) is also satisfied (fo, = 00), by
Theorem 3.3 we conclude that problem (Sy)-(BCy) has at least two positive solutions for
A and p sufficiently small.

R Ry o
8c2g(Ro)’ 8c3g(Ro)

Example 3 We consider A = & and the functions

“ 1 In(1 1
f(t,u,V)ZM—— n( +M+V)_ te(o,l),u,VZO,

Jei-1 t gltu) = Sa-12 V1=t

where a € (0,1).
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Here we have p;(f) = f,pg(t) et oq(t) = \/_ ay(t) = «/(— for all £ € (0,1),
Bi(t, u,v) = (u+v)%, Ba(t,u,v) = ln(l +u+v)forallt€[0,1], u,v > 0. For c € (0,1/2) fixed,
the assumptions (H4), (H6), and (H8) are satisfied (B0 =0 for i = 1,2 andj?oo =00)

Then by Theorem 3.6, we deduce that there exists 4, > 0 such that for any A > %, our
problem (So)-(BCy) (with A = i) has at least one positive solution.
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