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1 Introduction

In recent years, there has been considerable interest in studying fractional Brownian mo-
tion (fBm) due to its interesting properties and wide applications in various scientific ar-
eas such as turbulence, telecommunications, finance, and image processing. Some surveys
and complete literatures for fBm can be found in Alés et al. [1], Biagini et al. [2], Decreuse-
fond and Ustiinel [3], Gradinaru et al. [4], Hu [5], Mishura [6], Nourdin [7], Nualart [8],
Tudor [9], and the references therein. On the other hand, many authors have proposed
to use more general self-similar Gaussian processes and random fields as stochastic mod-
els. Such applications have raised many interesting theoretical questions about selfsimilar
Gaussian processes and fields in general. Therefore, some generalizations of the fBm have
been introduced. However, in contrast to the extensive studies on fBm, there has been lit-
tle systematic investigation on other self-similar Gaussian processes. The main reason is
the complexity of dependence structures for self-similar Gaussian processes that do not
have stationary increments. Therefore, it seems interesting to study some extensions of
fBm.

The bi-fractional Brownian motion BX with indices H € (0,1) and K € (0,1] is an ex-
tension of fBm with Hurst index H € (0,1), which was first introduced by Houdré and
Villa [10]. The bi-fBm B"X with indices H € (0,1) and K € (0,1] is a zero-mean Gaussian
process B = {B,,t € R} such that By = 0 and

1
E[B" B[] = Ryc(t,9) 1= [ (16" + IsIPH) — 1 — K]

Clearly, if K = 1, then the process is an fBm with Hurst parameter H. The process B is HK -
selfsimilar, but it has no stationary increments. It has Holder-continuous paths of order
8 < HK, and its paths are not differentiable.
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Definition1.1 A bi-fractional noise with parameters H, H' € (0,1), K, K’ € (0,1] isa Gaus-
sian random field B = {B,,t > 0,x € R} with By = 0, EB;, = 0, and

E[ByBsy] = Ry (£, 8)Rpy (%, )

for all t,s > 0. Moreover, the bi-fractional white noise with parameters H and K is a bi-

fractional noise with parameters H, K and H' = %, K =1.

In order to expound our aim in this paper, we recall a classical result. Consider the

stochastic heat equation

%(t’x) = Au(t,x) + a(t, x)u(t, x), (L1)

u(0,x) = ¢(x),

where (t,%) € [0,00) x R?, «(t,x) is a continuous function on [0,00) x R%, and ¢ is a
bounded measurable function. Let W} = W, + x be a d-dimensional Brownian motion
starting from the point x. Then we can get the following Feynman-Kac formula (see Frei-
dlin [11]) for the solution of stochastic heat equation (1.1):

u(t, x) =E|:<p(\/\’/j‘) exp{/ota(t—s, W) ds”. 1.2)

In this paper, we extend the Feynman-Kac formula to the stochastic heat equation driven

by a bi-fractional noise:

%—’Z(t,x) = Au(t,x) + (%B(t,x))u(t, x), (1.3)

u(0,%) = p(x),

where B is a bi-fractional noise with parameters H, K, H', K’ such that HK > %, H'K' > %,
the stochastic integral is the Stratonovich integral, and ¢ is a bounded measurable func-
tion. The difference between (1.1) and (1.3) is that %B(t, x) is a generalized random func-
tion, no longer a function of x and . Denoting by EV the expectation with respect to the
Brownian motion W}, we can formally rewrite the Feynman-Kac formula for the equation

(1.3):

u(t,x) =EY |:(p(th) exp{/t/ §(W}, - y)B(dr, dy)”, (1.4)
o Jr

where § denotes the Dirac delta function. The aim of this paper is to show that the process
u(t,x) given by (1.4) is a weak solution of (1.3).

If K =1, then the process B is a fractional Brownian sheet, and the questions stated were
first studied by Hu et al. [12, 13]. If K #1, then this process is not a fractional Brownian
sheet, and the questions stated were not studied and are not trivial. The main difficulty
consists in the complexity of the dependence structure of a self-similar Gaussian process
with nonstationary increments that does not have a representation based on the Wiener
integral. This paper is organized as follows. In Section 2, we present some preliminaries for
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the bi-fractional noise. In Section 3, we show that the stochastic Feynman-Kac functional
defined by

V(t,x) = /0 /Ré(WL —y)B(dr, dy) 1.5)

is well defined and exponentially integrable by using a suitable approximation of the Dirac
delta function under some suitable conditions. In Section 4, we show that the process
(1.4) is a weak solution to equation (1.3). In Section 5, we study the regularity of the weak
solution. We show that the solution is Holder continuous and the probability law of the
solution admits a smooth density with respect to the Lebesgue measure.

2 Preliminaries
In this section, we briefly recall the definition and properties of the stochastic integral with
respect to a bi-fractional noise. As for a Gaussian process, we can construct a stochastic
calculus of variations with respect to B. We refer to Alds et al. [1] and Nualart [8] for a
complete description of stochastic calculus with respect to Gaussian processes. Here we
only recall the basic elements of this theory (see Es-sebaiy and Tudor [14]). More works
on bi-fBm can be found in Jiang and Wang [15], Kruk et al. [16], Lei and Nualart [17],
Russo and Tudor [18], Tudor and Xiao [19], Shen and Yan [20], Yan et al. [21, 22], and the
references therein.

Aswe pointed out before, a bi-fractional noise B = {B,,0 <t < T,x € R} on a probability
space (€2, .7, P) with indices H,H' € (0,1) and K, K’ € (0,1] is a rather special class of self-
similar Gaussian random fields such that Byg = 0 and

E[thBsy] = RH,I((t¢ S)RH’,K/ (x,y), (21)
where
1 K
Ry i(t,s) = Z—K[(Itlw + [s]2H)® — 1t — s K],

In other words, B is a bi-fractional Brownian sheet with Hurst parameters H and K in the
time variable and H’ and K’ in the space variable. Throughout this paper, we assume that
2HK,2H'K’ > 1.

Let # be the completion of the linear space £ generated by the indicator functions 1o,
t € [0, T], with respect to the inner product

(Ljo.s1x 10,4 Lo, x[091) 1 = Rz, (£ S)Rey i (%, 9),

where we assume that 19, = —1[40) if ¥ < 0. The mapping ¥ € £ — B(y) is an isometry
from & to the Gaussian space generated by B, and it can be extended to . We will denote
this isometry by

B(y) = fo /R (¢, %)B(dt, dx)

for ¢ € H. For ¢, ¢ € £, we have

E[B@)BW)] = (¢, W) = k /

R2 xR

, (8,00 (&, ¥)Sh,i (8, E) Spr i (%, y) ds dt dix dy
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with a constant ¥ > 0 depending only on H, K, H’, K’, where
a0 = It - 5282

with @ > 1, and
Capls,t) = (|s|2“ + |t|20‘)’3*2|st|2a—1

with af = % Moreover, H denotes the class of measurable functions ¥ on R, x R satis-
fying

[, om0 ) dsde ddy < . (2.2)
Ry xR

Let us denote by S the set of smooth functionals of the form

F =f(B(Y1), B),..., B(n)),

where f € C;°(R") and v; € H. The Malliavin derivative D? of a functional F as before is
given by

n

pPE=Y %(B(Wl),B(Wz),--wB(‘/fn))‘/’i'

j=1

The derivative operator D? is then a closable operator from L?(2) into L2(;H). We de-
note by D'? the closure of S with respect to the norm

Il = \/E|F|2 + E|DEF|,.

The divergence integral §® is the adjoint of the derivative operator D? given by the duality
relationship

E[F8®(u)] = E(D"F, u),, (2.3)

for any element F € D2 and any u € L2($%;H) in §5. A random variable u € L*(Q; H) be-
longs to the domain of the divergence operator 6%, denoted by Dom(82), if

E|(D°F,u),,| < cllFl;2q)

for every F € D2, where c is a constant depending only on u. We have also the following

formula:
FB(yr) = 8%(Fyr) + (D°F, vr),, (2.4)

for any ¥ € H and any random variable F € D'2. The operator §% is also called the Sko-
rokhod integral. The readers can refer to Nualart [8] for a detailed account of the Malliavin
calculus with respect to a Gaussian process. If # and DBF are almost surely measurable
functions on R, x R satisfying condition (2.2), then the duality formula (2.3) can be writ-
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ten using the expression of the inner product in #:

E[(SB(M)F] = /c/ (Dfo)u(t,y);“H,K(s, e k(% y)dsdt dx dy.

R2 xR2

3 The stochastic Feynman-Kac functional
Let W = {W},t > 0} be a standard Brownian motion independent of B, and W* = W + «.
In this section, we study the stochastic Feynman-Kac functional

V(t,x) := /0 /RS(Wf_, —y)B(dr, ay), (3.1)

where § denotes the Dirac delta function. We denote by EY (W/(B, W)) (resp., E2(¥ (B, W)))
the expectation of a functional W (B, W) with respect to W (resp., with respect to B). We
use E to denote the composition EZEY, which is a random variable depending only on B
or W.

For any ¢ > 0 and 7 > 0, we define the functions p,(x) and ¢, (¢) by

1 2

(%) = e
pe V2me

and

1 ) 2
— / e”‘ge“séT dé, xeR, (3.2)
27 R

1
. (t) = ;I[O,r](t)’ t>0.

Then ¢, (£)p.(x) is an approximation of the Dirac delta function §(¢,x) as € and t tend to

Zero.

Lemma 3.1 Let ¢y x be defined in Section 2, and let W = {W},t > 0} be a standard Brow-
nian motion starting at zero. Then we have

CSZH -1

E[tmx(We W0)] < =i

forallt>s>0.

Proof Recall that if (G;, G) is a Gaussian couple, then we can write

_ Cov(Gy, G2)

Cov?(Gy, G)
2" Var(G;)

Var(G;)

’

G+ \/Var(Gg) -

where 7 is a standard normal random variable independent of Gj, and Var(-) denotes the
variance. We then can write

W, = V/s& + v/t —sn

in distribution, where & and 75 are two independent standard normal random variables,
which implies that

(B + Esn) P
(15 + JE=snP + | Jog 2K

S (W, W)
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in distribution. Thus, an elementary calculation shows that
s NEONE Tuis )- cst
(IV3€ + o= snP + | J5g P2 ) = (=)
forall0<s<t. O
Lemma 3.2 Let ¢y x be defined in Section 2. For all H,K € (0,1) and 2HK > 1, we have
/ e (x+u)pe (v + V)iux(u,v)dudv < Ceyx(x,y) and 3.3)
R
, Ge(t —s—u)per (t =7 = V) x(u,v)dudv < Cepyi(t —s,t~r) (3.4)
[0,¢]

foralle, e’ >0,s,re[0,t], and x,y € R.

Proof Let HK > 1, and let £ be a standard normal random variable. We then have (see Hu
etal. [12])

Elx+&&|™ < Cmin{e™,x™} (3.5)

for 0 < <1, &,x>0. As a corollary, we have

/2106 (% + w)per (v + V) i (4, v) du dv
R

2HK-2
<

:E|s§—x—s’n +y| _C|x—y|2H/K/_2.

Similarly, we also get (3.4).
Let now HK = % Then we have

/ Pl Wy + Ve ) ducdy
R:

[y du dv
- [ ptsripetre v

(€ —x)(e'n — )21
:E[(ISE —x|2H + |e'n _y|2H)2_1<] < C¢(x,9).

On the other hand, for HK = %, we have

1 2 1
Pe(®) = pe ()1, 71 (x) = me’ﬁl[o,m(x)z mdwg(x)

for all £ > 0, which gives

orp Gs(t =5 =)o (£ =1 = V)i i (u, v) dudv
0,¢

< C/ Pt —s—u)p(t —r—v)Cux(u,v)dudv < Clyx(t —s,t—r)
R2

foralle,¢’ >0ands,r > 0.
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We obtain some approximations as follows:

Bs’z(t,x):/ /¢Z(t—S)pg(x—y)B(s,y)dsdy, (3.6)

A (ry) = / belt — s — P)pe (W —y) ds, (37)
and

VT (L, x) / /A” r,y)B(dr, dy) (3.8)

forall ¢,s,r > 0 and x,y € R. Then
« B®T(t,x) is an approximation of the bi-fractional noise B(t, x);

+ A7 (r,y) is an approximation of the Dirac delta function §( W}, — y).

Theorem 3.1 Suppose that 2HK > 1,2H'K’ > 1, and 2HK + H'K' > 2. Then for any t > 0
and ¢ > 0, we have that A}y belongs to H and the family of random variables V" (¢, x)

converges in L* to a limit denoted by

Vit,%) / / »)Bldr,dy),

which is called the stochastic Feynman-Kac functional. Conditional on W, V(t,x) is a

Gaussian random variable with mean 0 and variance
t t
o 00) =i [ [ =P o (0, W) drds, (3.9)
o Jo

Proof Let ¢,¢',7,7t" > 0. Clearly, the condition 2HK + H'K’ > 2 implies that 2HK > 1. To

show that A7 belongs to the space # almost surely, we compute the inner product

0= by = [ p (W) (W7 -2t -s )
[0,14 JR2
~¢>T/(t—r—v)|u—v|2HK’2§H/J</(y,z)dydzdudvdsdr

<c / Is = rPH2 0 (W, W) dis dr (3.10)
[0,4]2

by Lemma 3.2.
Forall 2H'K’ >1 and ¢ > 0, we have

EY((As, Ay ), ) <C f Is — 7|22 Egy w0 (W, W) ds dr
[0,£]2

— C/ |S— r|2HK_2E|WS _ WAZH,KLZ dsdr
0,62

! 1! %4
— CtZHK+HK_1E(|E|2HK_2) < 00,
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where £ is a standard normal random variable. Similarly, for all 2H'K" =1 and ¢ > 0, we
also have

t t
EW((A?’;,A?;’CT,M) < Cf / |s — r[*EHH =3 ds dr < 0o
0o Jo

by Lemma 3.1.
Therefore, A7 belongs to the space 7 almost surely forall ¢ > 0 and t > 0, which implies
that the random variables V*7 (¢, x) are well defined, and we get
EVER[VET () Ve ()] = EV (AL, A ), )-

tx?

It follows from the dominated convergence theorem that there exists a constant C de-
pending only on ¢, H, K, H'K’ such that

EVEP[VoT(t,%) Vgl”/(t,x)] —C
as ¢, ¢/, , v tend to zero. This shows that

E[|Ve (%) - VT (6,0))] — 0
as g, ¢/, T, T’ tend to zero. As a consequence, V®(¢,x) converges in L? to a limit denoted
by V(¢ x).

Finally, by a similar argument we obtain (3.9), and the proof is completed. d

Now, we show the exponential integrability of the random variable V(t,x) defined in
Theorem 3.1.

Theorem 3.2 Let the random variable V (t,x) be defined in Theorem 3.1. If2HK,2H'K’ > 1
and 2HK + H'K' > 2, then we have

E[eV ] <00 (3.11)
forany X € R.

Proof Let 2HK,2H'K’ > 1 and 2HK + H'K' > 2. Then 2HK >1 and 2H'K’ > 1. Denote
t t
A= f / Ir = s 204 0 (W, W) dr dis
o Jo

and ©; = /A, for all £ > 0. Then A; > 0 is nondecreasing and pathwise continuous. It
follows from (3.9) and the scaling property of Brownian motion that

E[elv(t,x)] :EWE[e)»V(t,x) | W] :EW[eVar()\.v(t,x)‘W)]

:E[exp{,\/otfks(wgz,—y)B(dr,dy)}]

1 t t
=E|:3XP{§)\2K/(; /0 Ir = 8122 g g (W, W/s)d”dS”

forall £ > 0.
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Casel: 2HK,2H'K’ >1 and 2HK + H' K’ > 2. We have
1 Lot —
E[ew(t,x)] _ E[exp{isz/ / |r—5|2HK‘2|W, _ Ws|2H K'-2 drds”
0o Jo
1 ! !
_ E|:exp{ §A2Kt2HI<+H K1y, }]

forall £ > 0. Then it suffices to show that the random variable A; has exponential moments
of all orders. This will be done in two steps.
Step 1. By the identity

|&_Bgﬂ2zc/ﬂg—xf?ux—ﬂ%%m (312)
R
forall 1< B <2 we have
A= / nf(u,x) du dx,
R2

where

t 1t
2HK-3 2H'K"-3
m=C/|&wI2|&—M 2 ds.
0

Denote B; = B;,; — B; for all t,s > 0. Then we have

5 a+t 2HK-3 2H'K'—3
Nty (Uy %) 1= Ny ary (U, ) — Mgy (1,%) = C/ |s—u| 2 |Bs—x| 2 ds

5]

2H'K'-3

b 2HK-3  ~
=C |s+ti—ul 2 |Bg+B, —x| 2 ds
0

for t1,t, > 0. It follows from triangular inequality and translation invariance that
) 12
O vty < O + (/2[ntl+t2(u,x) -y (u,x)] du dx)
R
= ®3l + é[2

for t;,t; > 0, where @tz is independent of {®;,0 < s < 1} and has the same distribution
as Oy . Therefore, the process ©; is subadditive.
Step 2. By Theorem 1.3.5 in [23] we have
E [emt] <00

and

1
lim - logE[eQG)t] =d(0) = d(1)0 R

t—oo t
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forany#6,t > 0, by the scaling property, where 0 < ®(0) < oo. It follows from the Chebyshev
inequality that

1
lim sup P logP(®, > t) < ®(0) -0 = d(1)0 TRATT — 0

t—00

for all 6 > 0, which gives

limsup - logP(®t > < m1n(d>(1)9 FTHET — 9).
t—00
Hence, there exists a > 0 such that
1
lim sup — 10gP(®t >t)<-a
t— 00
and
3-2HK-H'K’

I A e

when ¢ > N for some N > 0. Combining this with the fact that
X oo
E¥V(X)= E/ ¢(x)dx + (0) = / ¢ x)P(X > x)dx + ¢(0)
0 0
for ®(y) = foy ¢(x) dx + ©(0) and all random variables X > 0, we get
2 [e°] 2
E[exp(9®12HI(+H’I(’—1)] _/ (8@ 2HK +H'K' -1 > x)ex dx+1
2
e dx+/ P(OOHHE > x)e¥ dx + 1

YHKLH K1 7@
OZHK+HI< -1 >k) k+1+eN< E :e 2("+k+1+6N

= k=N

oo oo
for all 6 < £. This gives the critical integrability

2
E[exp(@@f*”(*”/w’l )] < 00,

which implies that E[exp(A©?)] < oo for all A > 0.
Thus, we have proved the theorem for 2HK,2H'K’ > 1 and 2HK + H'K' > 2.
Casell: 2HK >1,2H'K’ =1 and 2HK + H' K’ > 2. We have

1 t t
E[ew(t,x)] - E[exp{ E)\ZK[ / Ir —s*K2 ¢ 10 (W, Ws)drds”
0 JO

for all £ > 0. Now the proof follows similarly to Case 1. O
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4 The Feynman-Kac formula

In this section, we give the Feynman-Kac formula of equation (1.3). Let us first recall the
definitions of the Stratonovich integral and weak solution to (1.3). For any ¢,7 > 0, we
define

B () = fo /R B2t - S)p. (x = y)B(ds,dy). (4.0)

To provide a notion of solution for the stochastic heat equation driven by bi-fractional
sheet (1.3), we need the following definition of the Stratonovich integral, which is intro-
duced by Russo and Vallois [24] and Hu et al. [12].

Definition 4.1 Let a random field v = {v(¢,x),t > 0,x € R} satisfy

T
f /|v(t,x)|dxdt<oo
o Jr

almost surely for all T > 0. We define the Stratonovich integral as

T T
/ f v(t, x)B(dt,dx) := lim / / (¢, %)B* (¢, x) dx dt
o JR &td0Jo Jr

if the limit exists in probability.

Definition 4.2 We say that a random field u = {u(t,x),t > 0,x € R} is a weak solution of
(1.3) if, for any C*°-function f with compact support on R, we have

fu(t,x)f(x)dxz /f(x)¢(x)dx
R R
1 [t t
+§‘/0 /Ru(s,x)Af(x)dxds+‘/o /Ru(s,x)f(x)B(ds,dx)

almost surely for all £ > 0.

Theorem 4.1 Let 2HK,2H'K’ > 1, 2HK + H'K' > 2, and let ¢ be a bounded measurable

function. Then the process

u(t,x) =EY |:(p(Wf) exp{/t/ S(Wt’ir —y)B(dr,dy)” (4.2)
0o Jr

is a weak solution to (1.3), where EV denotes the expectation with respect to the Brownian

motion W, and § denotes the Dirac delta function.

In order to prove the theorem, we need some preliminaries. Consider the approximation

of (1.3) given by the following stochastic heat equation driven by a random potential:

%us,r — %Aus,r + yuSTReT (t,x),

u®"(0,x) = p(x).

(4.3)
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By Fubini’s theorem and (4.1) we can write
t . t t
/ Bt (t -, st) ds = / ds/ / ¢ (t—s— r)pg(WS" —y)B(dr, dy)
0 0 o Jr

= /t/* </‘t¢t(t—s_r)p5(w/3x_y) dS)B(dr,dy) = VET(t, %),
0 JR 0

where V®7(t,x) is defined by (3.8). It follows from the classical Feynman-Kac formula that
t .
u"*(t,x) = EV |:¢(Wf) exp{/ BT (t -5, WY) ds”
0
BV [ (W) exp(V* (6.)],
where W¥ is a standard Brownian motion independent of B and starting at x.

Lemma 4.1 Let V(t,x) be given by (3.1). Define the process

u(t, x) =EW[¢(th) exp(V(t,x))], t>0,xeR. (4.4)
Then we have

glyiT%EB|u5’t(t,x) —u(t,x) |p =0 (4.5)
forallp>2,x€R,andt>0.
Proof Forallp>2,x € R, and t > 0, we have

EB|uf™ (t,%) — u(t,x)|” = E|EY (o (W) [exp(VET (£, %)) — exp(V (£, %)) ])[”

< lpIZ%Elexp(Vor (t,%) - exp(V(5,) .
On the other hand, we have
E[exp(AV*T(£,%))] = Eexp(%kz |45 (&, %) ;)
< Eexp(%szfot /Ot |r — s| K2 W, — LVS|2H/K/_2 drds) <00
for all &, 7 > 0, which deduces, for any A € R,

sup E[exp(V“ (t,x))] < 00.

£,7>0

Combining this with the fact that
exp(V“(t,x)) — exp(V(t,x))

in probability, by Theorem 3.1 we obtain the lemma. O
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Proof of Theorem 4.1 Let f be a smooth function with compact support. Then we have
1 t
/ u®* (t,x)f (x) dx = / ex)f (x)dx + = / / u®* (s, x) Af (x) dxds
R R 2Jo Jr

+/0 /Ru’ (8, %)f (x)B* (s,x) dx ds (4.6)

almost surely for all £ > 0. Therefore, to end the proof, we only need to prove that

/t/ u®" (s, x)f (x)B*" (s, x) dx ds —> /t‘/ u(s, x)f (x)B(ds, dx) (4.7)
0o JR o Jr

in probability as € and t tend to zero. It follows from Lemma 4.1 that the random variables
of the right-hand side in (4.7) converges in L* to the random variable

1 t
T:= / u(t, x)f (x) dx — /f(x)w(x) dx — —/ f u(s, x) Af (x) dx ds (4.8)
R R 2 Jo Jr
as ¢ and 1 tend to zero. Denote
t
Co(¢) :/ ‘/.[u”(s,x) - u(s,x)]f(x)B”(s,x) dxds, t>0,
0o JR
for all &, > 0. Then, since lim,,; ;o C**(¢) = 0 in L?, (4.7) implies that
t t
f / u(s, x)f (x)B* (s, x) dx ds = f f u® (s,%)f (x)B*" (s,x) dx ds — C* ()
0o Jr 0o JR

converges to Y in probability as ¢ and 7 tend to zero. So we have that u(s,x)f(x) is
Stratonovich integrable and

/t/ u(s, x)f (x)B(ds, dx) = Y.
o Jr

Thus, to end the proof, we only need to show that

oo (t) —50
in L? as ¢ and 7 tend to zero. Denote

v (r,z) = /0 /D;[ua’f(s,x) - u(s,x)]f(x)q), (s —r)p.(x —2)dxds

forall &,7 >0, 7 >0, and z € R and by §2(y*7) = fot [z ¥*7 (r,2)8B(r, z) the divergence or
the Skorokhod integral ¥/**. Then we have

Cot () = /Ot/Rws’r(r,zMB(r,z)

+ /Ot fRf(x)(DB(us,r (5,%) — u(s, %)), pc (s — Ipe(x =), dxds
=G0+ G0

for all ,7 >0 and £ > 0, and the theorem follows from the next lemmas. O
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Lemma 4.2 Let f be a smooth function with compact support. Then C’* (t) converges to
zero in szor all t > 0 as € and T tend to zero.

Proof For the process C;’*, we estimate

Elei @ < E(Jwer15,) + EIDv" [ 00, *9)
by using the L2-estimate for the Skorokhod integral.
Step 1. We first have
9 t t
E(H /e H H) = / / / / E[u”(s, x) — uf(s, x)] [u“ (r,y) - u(r,y)]
o JrJo Jr
SEf O (s = Ipe(x =), ¢ (r = Ipe(z =), dxdsdydr (4.10)

for all &, 7 > 0. Notice that

(P (s = Ipe(x =), e (r = )pe(z =)y,

t t
=K/ / b (s — w)pe (r = v)|u — v dydu
0 0

'//Pe(x—Z)Ps(ﬁ/—W)|z—w|2H/K/_2dzdw
RJR

2HK-2 2H'K' -2

=Cls—r| lx -yl
forall s,r > 0 and x,y € R by Lemma 3.2. We see that, as a consequence, the integrand on
the right-hand side of (4.10) converges to zero as ¢ and t tend to zero for any s,r > 0 and
x,yeR.

On the other hand, from the proof of Lemma 4.1 we have that

E[|u8’r(s,x)|2] <C<o0

for any s, > 0 and %,y € R, which shows that the integrand on the right-hand side of
(4.10) is bounded. Then, by the dominated convergence theorem we have that E(||y** ||%_L)
converges to zero as € and t tend to zero.

Step 11. We next show that

E|Dy®" 0

Hi—[@?—[ -

as ¢ and 7 tend to zero. Clearly, we have
Du®*(¢,x) = EB [f(Wt +X) exp(ny;f )A“(t, x)].
Let W! and W? be two independent Brownian motions. Then

E(Du"”"r (t, %), Du" (t, x))H
= EBEVW [ (W 4 2)f (W2 + %)

exp{ Vi (6.2) + Vi () Ais (W2), 457 (W), ]
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EW1,W2

where is the expectation with respect to (W1, W3), and

AST(WY) /qﬁ,(t—s—)ps( +x—-)ds
and
V‘;ﬁ(t x) / / App Wl (r,y)B(dr, dy)
for all £ > 0 and x € R. Then, from the previous results we have

lim (Du®" (¢, x), Du®" (¢,
811{1110( u®* (t,x), Du®*( x))H

:E|:f(Wt1 +x)f (W7 +x)

exp(—xZ/ / Is — |2HI< 2|W/ Wk|2H1< 2 )

k=1

t t
_ 2K -2
K/ / Is — r[PE2 | W) - W drdsi|,
o Jo

which implies that #*7 (¢, x) converges in the space Dy, to u(t,x) as ¢ and t tend to zero

and
E|Dy* |3, <C<oo

forallg,7 >0, x € R, and s € [0, ¢]. It follows that

E10 g~ [ [ [ [ o)

- E(DP (4" (5,%) — uls,x)), DP (u”" (r,y) — u(r,9))),
: <¢T(S = )pe(x =), P (r—)pe(y - )>H dxdsdydr

converges to zero as ¢ and T tend to zero. Hence, C;"* (£) converges to zero in L? as ¢ and
7 tend to zero, and the lemma follows. O

Lemma 4.3 Let f be a smooth function with compact support. Then C5* (t) converges to
zero in L? forallt> 0 as e and t tend to zero.

Proof Denote

Ci’f(t) :=f0 /D;f(x)EW[fp(Ws")exp(VS"(s,x))( i;, ,(s—-)pg(x—~))H]dxds
and

Cn(0):= / / FEEY o (W7) exp(V(s,2))(8(W=), (s — Jpe(x — ), | dxds
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forall &,7 > 0 and ¢ > 0. Then we can decompose C5* (¢) as
CHORIEHORIER0)

forall &,7 > 0 and ¢t > 0. Clearly, by Lemma 3.2 we have

el = g = [ [ vy 22 (s ()

[0,s]3 JR2

(s = V)pe(x —2)dydzdrdvdu

S
— / /_
EC/ PRHK=2 |y 2HK'=2 g,
0
and

(B(WE=), e (s = Ipe(x =)y,
=K /[ . / V2H1<—2| Wrx _yle/1</_2¢t(r _ V)pg(x _y) dydvdr
0,s R

< C/S r21—11<—2|W |2H/1<’—2 dr
— r
0
for all &,7 > 0 and ¢ > 0. Notice that
S ! 1!
/ PRHK=2 7 2HK'2
0

is square integrable for all 2HK + H'K’ > 2. In fact, we have

s 2 s pr
E(/ r2H1(72|Wr|2H/K/72 dr) — / f (rV)ZHK72E| WVWV|2H/1</72 drdV
0 0 Jo

s r
el _ 1l
< C/ r2HK+HK 3/ VZHK Z(r _ V)H K ldl"dl/
0 0

_ ~2QHK+H'K')~4
=Cs
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It follows from the dominated convergence theorem that C37 (£) and C3; (£) both converge

in L? to

K / t / f(x)EW<<p(Ws") exp(V(s,x)) / ' y2HK=2) 7 |2H'K =2 dr) dxds
0 R

0

forall £ > 0 as € and 7 tend to zero, which says that Cg'r () converges to zero in L? as ¢ and

7 tend to zero. This completes the proof.

O

Theorem 4.2 Let 2H'K' =1, 2HK > %, and let ¢ be a bounded measurable function. Then

the process

%) =EY | (W} t 8(WE - y)B(dr,d
u(t, ) [w( )e"p{/o/R( »)Bldr y)”
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is a weak solution to (1.3), where EV denotes the expectation with respect to the Brownian
motion W, and § denotes the Dirac delta function.

Corollary 4.1 Let 2HK,2H'K’ > 1 and 2HK + H'K’ > 2. Then the solution

x)=EY hd t §(W}, —y)B(dr,d
u(t,x) [(p(W)exp{/O/l; (W y) (dr y)”

has finite moments of all orders.

Recall that an .%;-adapted L?(R)-valued stochastic process & : [0, T] x R — u(t,x,w) € R
is a mild solution to SPDE (1.3) for any T > O if u(¢, x) satisfies the integral equation

u(t,x) = /D;G(t;x,y)(p(y) dy + /0 /RG(t — s;x — y)u(s, y)B (ds, dy) (4.11)

for each t € [0, T], where G(t — s;x,7) denotes the heat kernel, that is, the fundamental

solution of the heat equation

u
—(t,%) = Au(t, x).
Bt( x) = Au(t,x)

Moreover, we say that the uniqueness of (1.3) holds if whenever u; and u, are any two
solutions to (1.3) with the same initial value, then u;(¢,x) = u,(£,x) a.s. forall ¢ € [0, T] and
xeR.

Theorem 4.3 Let 2HK,2H'K’ > 1 and 2HK + H'K' > 2. If ¢ is a bounded measurable
function, then the process

e~ [ o(wi) ool [ [ sz, ~)piandy]]

is a mild solution to (1.3), where EV denotes the expectation with respect to the Brownian
motion W, and § denotes the Dirac delta function.

5 Regularity of the weak solution
In this section, we give the Holder continuity of the solution of (1.3) and show that the
probability law of the solution admits a smooth density by using the Feynman-Kac formula

established in the previous section.

Theorem 5.1 Let 2HK,2H'K’ > 1, 2HK + H'K' > 2, and let u(t,x) be the solution of (1.3).
Then (t,x) — u(t,x) is Holder continuous with order v € (0, %(ZHI( + H'K' =2)) in time t
and x, that is, for any T, M > 0, there is a positive random variable Kty such that almost
surely, forany t,s € [0, T] and x,y € [-M, M], we have

|u(t,y) — uls,x)| < Krm(lt—s|" +x—y").

Proof Let p > 2. Notice that

u(t,x) = EY [p(W7)e" ]
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for all £ > 0 and x € R, where V(t,x) is given by (3.1). Then

EB|u(t,y) — u(s, %) !p = EB‘EW(w(VVty)eV(t’y) - go(Wx)eV(S"‘)) ‘p

s
< CEP|EY (W) (¥ — ¢V ()P
BB (7)o )
< CEB‘EW(eV(t,y) _ eV(s,x)) |p

+Cly —xPEB[EV eV )P
since ¢ is bounded and the function
x> EY[o(W)] = EY [o(W; +%)]
is C*°. Thus, we need only to estimate

EB |EW (eV(t,y) _ ev(s,x)) |P'

To see this, we have

EB |EW (eV(fJ) _ eV(s,x)) |P
< EB iEW([V(t,y) _ V(S, x)]eV(t,y)\/V(s,x)) |P
<E((EY([VEn - Vs, x)]z))m (EW VNV P2y

< (EB (EW([V(t’y) _ V(s’x)]2))p)1/2 (EB (EWeZ(V(t,y)vV(s,x)))P)1/2

by Cauchy’s inequality. By the equivalence between the L2-norm and the L”-norm for a
Gaussian random variable, Minkowski’s inequality, and the exponential integrability, we

can get

(EWeZ(V(t,y)vV(s,x)))P < EWeZp(V(t,y)\/V(s,x)) < CT,M < 00

for all |x|, |y| <M and s, ¢ € [0, T]. Consequently, the theorem follows from the estimate

EB|u(t,y) —u(s,x)|” < C(EB(EY ([V(t.y) - V(s,x)]z))p)l/2

< C(EVE[V(ty) - V(s0)]')"”

and the next lemma. O
Lemma 5.1 Let V(¢,x) be given by (3.1), and let T, M > 0. Then we have
EB([V(t,y) _ V(S,x)]z) S C(|t _ S|2HK+H,K/—2 + |x _y|2HK+H/K’—2) (51)

forallt,s € [0, T] and x,y € [-M, M], where C > 0 is a constant depending only on T and M.
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Proof We have
s s
EB[V(t,y)—V(s,x)]2=KEW( / / = VP2 W, — W [P dr dy
o Jo
t t /,
+/ / lr = v2 2\ W, = W P 2 drdy
0o Jo
s t .
—2/ / = VP2 WL W, +x—y|2”’<-2drdv)
0o Jo
= O(s,t;%,9)
for all £ >s > 0 and x > y. Now, in order to end the proof, we need only to estimate

D(s, ;x, y).
Step 1. We estimate ®(¢, t;x,y) forall t € [0, T] and M > x > y > —M. We have

t pt
@(t,t;x,y)zz,(/ / |r_v|2HK72
o Jo

CE(|Wimr = Wiy 522 - | Wiy = Wiy + - y 5 2) dr dy

t ot x—y 2H'K' -2
e d -
zzK/ / |r—v|2HK*HK‘3E(|S|2HK‘2—‘§+ )drdv,
o Jo Jr=v|

where £ denotes a standard normal variable. An elementary calculation shows that (see
Hu et al. [12])

E(JE[™ - |& + w|™®) < Cmin{1,w” + w*~*}

with 0 < @ <1 and w > 0, which gives

2
’ x_
d(t, 4x,y) <C |r—V|2HK+H/K Sdrdv+C |r—V|2HK+H/K/_3QdVdV
Dy Dy |r_ V|

s 11!
< C/ |r_ V|2HK+H K'-3 drdv + C(x_y)lﬂ‘} |r_ V|2HK+H K'-3-8 drdv
Dy Dy

<Clx - y)2H1<+H’1<’—2

)

where D, = {(r,v)|0 <r,v<t;|r—v| <x—y} and D, = [0,£]*> — D;.
Step 11. We estimate (s, t;x,x) forall 0 <s < ¢ < T and x € [-M, M]. We have

s s t t
1 17! ! !
CD(s,t;x,x):K(/ / |r—v|2HK+HK—3drdv+/ / |7 — y|PHKAHE=S gy
0o Jo o Jo
s t o
—2/ / |r—v|2HK_2|t—V—s+rlHK_ldrdv>
o Jo
t t .
=K/ / I — yPHKAH'K'=3 gy oy
S S

s t P
+ 2/(/ / |r — v|2HK—2(|r —y|HKA |(t—s) +(r— v)|HK 71) drdv
0 Jo

=2k (A1(s,t) + Aa(s, ).
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Clearly, the first integral A,(s, ) equals C|t — s|*K*#'K'-1 For the second integral A,(s, t),
by the substitution

U=r—-v,w=v
we have
St K HK-1
Ao(s,t) = f f |r—v|2HK—2(|r— pFE- |(t—s) + (r—v)’ )drdv
o Jo
t § 5 H'K'-1
:/ dw/ |u|2HK—2(|u|HK_1—|(t—s)+u| )du
0 -t
$ 2% 'K~
- t/ | K2 (K (= s) 4 T du
-t
< C(t_S)ZHK+H/K/—2
which implies
d)(s, t;x,x) < C(t_S)ZHKJrH/K/—Z

forall0 <s<t<TandxeR.
Thus, we have obtained estimate (5.1). O

Theorem 5.2 Let2H'K’' =1, 2HK > %, and let u(t, x) be the solution of (1.3). Then (t,x) —
u(t,x) is Holder continuous with order v € (0, %(2HI( - %)) in time t and x, that is, for
any T,M > 0, there is a positive random variable Kty such that almost surely, for any
t,s € [0,T) and x,y € [-M, M], we have

|u(t,y) — uls,x)| < Kra(lt—sl" + lx—y").
Now, we show that the probability law of the solution «(z, x) of (1.3) has a smooth density
with respect to the Lebesgue measure for any ¢ and x. To simplify, we let ¢(x) = 1. It follows
that

u(t,x) = E¥ [e"W19)]

for any ¢ and x, where

VW(txx):/ /RB(th—r_y)B(drﬁdy)
0

Theorem 5.3 Suppose that 2HK,2H'K’' > 1, 2HK + H'K' > 2. Fix t > 0 and x € R. Then,
the law of u(t, x) has a smooth density.

Proof We first prove the theorem for 2HK,2H’K’ > 1. Clearly, the Malliavin derivative of
the solution is

DBt ) = X[V (w7, — ).
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By the general criterion for the smoothness of densities (see Nualart [8]) we only need to
show that || D?(t,x)||# has negative moments of all orders for any ¢ > 0 and x € R, that is,

E(|D%(t.)]3)) < 00
forallp>0,t>0,and x € R. We have

I = B 5% -), 625 )

t t 1!
—kEY |:eVW1(t,x)+VW2(t,x)/0 /0 |V—S|2HK_2|W}_, _ Wtz_s 2H'K 2dsdr:|

for any ¢ > 0 and x € R, where W' and W? are independent Brownian motions. Using

Jensen’s inequality and Holder’s inequality, we obtain

||DB(t, x) ” -2 <k PE [e—p[le (&%) + Vi, (£:%)]

H
bt 2H'K'=2 K
.<//|r—s|2H’<-2|W},—Wfs dsdr) ]
o Jo

<«77[ Ee—m[vwl<t,x)+vW2<t,x)]]p%

1
t pt — “PP27 py
.[E(//|r—s|2HK-2]W}_,—Wf_52HK zdsdr) ]
0 Jo

foranyt>0,x € R, p >0, and p;,p; >1 with pil + — = 1. Now, let us estimate the final two

1
P2
terms. From Theorem 3.2 we have

Ee—)h[\/\;(/l (t,x)+VW2(t,x)] <00
for all A > 0. Moreover, by Jensen’s inequality again, we have
y q Y ag
Lt 2H'K'-2 -
E(/ / Ir— s WL, - W2 dsdr)
o Jo
t t ! 1!
<t M2 / / I — s|722HA WL w2 D g gy
o Jo
t t P
- qufZ/ / |r_s|q(272H1<)E|“7t1_r _ Wtz_s|(272H K')q dsdr
o Jo

t t
— t_Zq_2E|§|q(2_2H K’) / / |V _ S|q(2_2HK)|2t —r _S|(1—HK )q dsdr
0 JO

! 1!
— th(l—ZHK—H K') <00

for any ¢ > 0 and g > 0. Similarly, we can prove the theorem for 2H'K’ =1 and 2HK > 1.
This completes the proof. O
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