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Abstract

The global stabilization of the Camassa-Holm equation with a distributed feedback
control of the form —(Au — Buy, — Alul) is investigated. The existence and uniqueness
of global strong solutions and global weak solutions to the closed loop control
system are obtained. The exponential asymptotical stabilization of weak solutions to
the problem is established. Namely, the weak solutions to the problem exponentially
uniformly decay to a constant. The main novelty in this paper is that the effects of the
coefficients A and B on the global existence and exponential asymptotical
stabilization of solutions are given.
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1 Introduction
This paper is concerned with the distributed feedback control problem for the Camassa-
Holm equation

Uy — Uyyr + 2Kty + SUlly = 2Upllyy + Ullyyy — (AUt — By — Mu]), £>0,x €S,
u(t’ 0) = M(t, 1)7 ux(t7 0) = ux(tr 1); uxx(t: O) = uxx(t’ 1); t>0, (11)
u(0,x) = up(x), x€§,

where k € R, A, 8 > 0 are constants, S = [0,1] C R, [u«] = fs u(t,x) dx denotes the mean
value of u(t,x) on S, (¢,x) € [0,00) x Sand uy € H*(S) with s > 1. The action of the feedback
—(Au — Buyy — A[u]) consists in balancing the level of water.

Let us give a brief overview of several related works. For the classical Camassa-Holm
equation [1]

Us — Uy + 2Kl + BUlhy = 2Ullyy + Ulhyy, (1.2)

where u(t, x) is the height of water free surface above a flat bottom (or the fluid velocity in x
direction) and k is a constant related to critical shallow water wave speed. The alternative
derivation of (1.2) as a model for the unidirectional propagation of shallow water waves is
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found in [2]. Equation (1.2) has attracted attention of many researchers due to several re-
markable features. The first one is the presence of solutions in the form of peaked solitary
waves for k = 0. The solitary waves are the peakons, known to be stable [3]. The peakon
u(t, x) = ce”* !l with ¢ # 0 is smooth except at its crest and the tallest among all waves of
fixed energy. It is traveling waves of the largest amplitude, which is the Stokes waves of the
greatest height (see the discussions in [4]). The stability here is in the sense of orbital sta-
bility. That is, the shape is stable under small perturbations. For k > 0, the solitary waves
are smooth stable solitons [5]. Another feature is that the equation has breaking waves [6].
In other words, the solutions remain bounded while their slopes become unbounded in
finite time. A further important property is that of integrability, in the sense of an infinite
dimensional Hamiltonian system. That is, for a large class of initial data for which the solu-
tion is global in time. By means of an associated isospectrum problem, one can show that
the flow is equivalent to a linear flow (see [7, 8]). Li and Olver [9] not only obtained the
local well-posedness for the problem but also gave the conditions which lead to some solu-
tions blowing up in finite time in the Sobolev space H*(R) (s > %). It is possible to continue
the solutions after blow-up, either as conservative or as dissipative global weak solutions
(see [10, 11]). Novruzova and Hagverdiyev [12] obtained the global existence and unique-
ness of strong solutions to Cauchy problem of the Camassa-Holm equation in H2(R). For
other methods to establish the local well-posedness for the Cauchy problem and global
existence of solutions to the Camassa-Holm equation or other shallow water models, the
reader is referred to [13-16] and the references therein. The global weak solutions to the
Cauchy problem of equation (1.2) have been studied extensively [17—22]. For the case k = 0
in equation (1.2), Xin and Zhang [19] obtained the global existence of weak solutions in
H'(R) by using the vanishing viscosity method. Xin and Zhang [20] proved the unique-
ness of global weak solutions obtained in [19] with the condition that my = uy — ug . is a
positive Radon measure. Coclite et al. [17] investigated the global existence and unique-
ness of weak solutions to the hyperelastic-rod wave equation in H(R), which is similar to
equation (1.2) in the structure of equation. Lai and Wu [22] studied the global existence
of weak solutions to the generalized hyperelastic-rod wave equation in H'(R).

Recently, much literature was devoted to the study of control problem for the water
wave equations. In [23, 24], the exact boundary control problems for the Korteweg-
de Vries equation were considered. Komornik [25] studied the feedback control prob-
lem for the Korteweg-de Vries equation in H2(S) (s > 2), where the feedback control is
f(t,x) = —=A(u — [u]). They obtained the existence of solutions to the problem by using the
Galerkin method. The exponential asymptotical stabilization of strong solutions to the
problem was investigated. In [26], the exact controllability and stabilization of solutions
to the Korteweg-de Vries equation were established. Rosier and Zhang [27] proved the
unique continuation property of solutions to the Benjamin-Bona-Mahony equation with
small initial data in H'(S). Zong and Zhao [28] investigated the feedback control problem
for the Degasperis-Procesi equation with feedback control f (¢, x) = —A(# — ty, — [1]). They
obtained the global existence of solutions to the control problem in H*(S) (s > 2) by using
Kato’s theory and energy estimates. It is worth pointing out that the obtained solutions in
[25, 28] are strong solutions. Glass [29] investigated the exact controllability and global
asymptotical stabilization of solutions to the Camassa-Holm equation on S by means of a
distributed control. It was shown in [29] that the constant k in equation (1.2) was related to
the equilibrium point of solutions. Perrollaz [30] studied the initial boundary value prob-
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lem and asymptotical stabilization of solutions to equation (1.2) on S. The local existence
result and weak-strong uniqueness of solutions were obtained. The global asymptotical
stabilization of solutions to the problem was established by means of a boundary feed-
back law.

Integrating (1.1) with respect to the time variable from 0 to ¢ and using integration by

parts, we get

%éudx:—(k/sudx—k[u])

from which one derives [u(t)] = [ug], for all £ > 0. Let @ = [ug] and v = u — [u] = u — a, then
Vo = Uy — a. We still denote v by u for convenient and rewrite the problem (1.1) as

Uy — Uyys + 20k + @)thy + a(Uy — Usx) + SUlhy + At — Blayy

= QUylhyy + Uy, L>0,x€S,
u(t,0) = u(t,1), ux(t,0) = uy(t, 1), U (2,0) = uyy(8,1), >0,
u(0,x) = ug(x), x€8S

1.3)

or

U+ (U +a)u, =—-0,P, t>0,x€8,
M(t, O) = M(tr 1); Mx(t: O) = ux(t7 1): uxx(t: O) = uxx(t; 1); t> 07 (14)
u(0,%) = up(x), x€S,

where 9,P = 0,(1 - 02)![u? + (2k + 2a)u + Fu? — Bu,] + (1 - 02) (Au).

Motivated by the work in [17, 19, 20, 22, 29], we study the global stabilization of problem
(1.3). Our main results are the existence and uniqueness of global strong solutions, global
weak solutions and the exponential asymptotical stabilization of solutions to the problem.
Due to the presence of feedback control term, the conserved law which plays an important
role in studying the problem disappeared. This difficulty has been dealt with by establish-
ing the energy inequality and using the estimates of solutions to the transport equation.
For the low regularity of space in which we study the weak solutions and weakly com-
pact priori estimates of the approximate solutions, we use the method in [17] to improve
the weak convergence to strong convergence. The uniqueness of global weak solutions is
established with certain assumptions.

We write the space

5 (- [ CUOTEB,ENNCO,TEBS),  1=r<cs,
PR L0, T By o (8) NLip(0, TEBSL(S), = o0,

where T >0,s € R, p € [1,00], r € [1,00].
The main results of this paper are stated as follows.

Theorem 1.1 Letl1 <p,r <oo,s> max(%, 1+ }7) and ug € B;,,(S). Then there exists a time
T > 0 such that the problem (1.3) admits a unique solution u € Ez,r(T). Ifs<s,r=00
ors' =s,r <00, the map ug — u is continuous from a neighborhood of uq in B, ,(S) into
C([0, T}; B (S)) N CX([0, T); BS;1(S)).
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Theorem 1.2 Let ug € H*(S) (s > %) and T > 0 be the maximal existence time of corre-
sponding solution u to problem (1.3). Then the solution u blows up in finite time if and only

if
tl_l)I}l_ ;qux“’x) = —00. (1.5)

We obtain the global existence of strong solutions to problem (1.3).

Theorem 1.3 Let ug € H*(S) (s > 2), (1 - Coi B <A<+ cm%)ﬁ, My = Uy — Ug xy, ANA
3 2
lmoll2s) < 2(28 - (coth %)|,B — M\|). Then the corresponding strong solution u to problem

(1.3) exists globally.

We present the global existence of weak solutions to problem (1.3). First of all, we give
the definition of weak solutions.

Definition 1.1 The function u(t, x) is a weak solution to problem (1.3) if:
(i) u(t,x) € C([0,00); C(S)) N L®([0, 00); H'(S)) and

|u@®)| 1 © = o), forallt>0. (1.6)
(ii) u(t,x) satisfies problem (1.3) in the sense of distributions.

Theorem 1.4 Let uy € HX(S). Then problem (1.3) admits a weak solution in the sense of
Definition 1.1. Moreover, the weak solution u(t,x) has the following properties.
(i) There exists a positive constant C, depending only on ||ug || sy and the coefficients
in problem (1.3) such that

du(t,x) < —+Cy, forallt>O0. 1.7)

~ N

(i) Let§ €(0,1), T >0, [ag, bo] C S. There exists a positive constant C, such that

T rbo 248
/ / |d,u(t, )| dxdt < C;. 1.8)
0 ao

(ili) The corresponding solution u(t,x) to problem (1.3) is exponentially asymptotically
stable. Namely, there exists a positive constant C3 = Cs(||uo |1 (s)) such that

[ (u(8), (1)) ”Hl(S)xLZ(S) < Cse™', forallt>0, (1.9)
where A1 = min{A, B}.
We present the uniqueness of the global weak solutions to problem (1.3).

Theorem 1.5 Let uy € H'(S) and mq = ug — uo . be a positive Radon measure. Then prob-
lem (1.3) has a unique global weak solution u(t,x) € C([0, 00); HX(S)).

Remark 1.1 The existence and uniqueness of global strong solutions in H*(S) (s > 2) and
global weak solutions in H(S) to problem (1.3) are obtained. The exponential asymptotical
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stabilization of solutions is established. Similar to [16], we deduce that the coefficient 8
in (1.3) is related to the blow-up rate of solutions. Theorem 1.3 in this paper contains
Theorem 1 in [12] as a special case. The problem (1.3) studied in this paper contains the
problems studied in [17, 19, 20, 22].

The remainder of this paper is organized as follows. In Section 2, the definition of the
Besov space and priori estimates of solutions to the transport equation are reviewed. Sec-
tion 3 is devoted to the proofs of Theorems 1.1, 1.2, and 1.3. The proofs of Theorems 1.4
and 1.5 are presented in Section 4.

Notation Let x be the convolution on S. || - ||z»(s) stands for the norm in the Lebesgue
space LP(S) (1 < p < 00). || - ||us(s) stands for the norm in the Sobolev space H*(S) (s € R).
Il 1z, stands for the norm in the Besov space B}, (S) (s € R). For a < b, we mean that
there exists a uniform constant C, which may be different on different lines such that a <
Cb. We assume a+ = a + €, where ¢ > 0 is a sufficiently small number. Since the functions
in all spaces are over S, for simplicity, we drop S in our notations if there is no ambiguity.

2 Preliminary
We recall some basic facts in the Besov space. One may check [31] for more details.

Lemma 2.1 [31] Let s € R, 1 < p,r < co. The nonhomogeneous Besov space is defined by
B, .S)={f € S(S) | If Iz, < o0}, where

. 1
Wfllss. = QoA 2PIAf )T, r<oo,
By, sup;._; 251 Af 11, r = o00.

Moreover, Sif = qu;! Aof.

We present two related lemmas for the Cauchy problem of the transport equation

(2.1)

f+d-Vf=F,
fle=0 = fo,

where d: R x R” — R” stands for a given time dependent vector field, f; : R” — R” and
F:R x R” — R" are known data.

Lemma 2.2 [31] Letl<p<p; <00,1<r=<o0,p = 1%' Assume s > —n - min(pil,ﬁ) or

s>-1-mn- min(pil, 1%) if V-d =0. Then there exists a constant C depending only on n, p,
P1, 1, S such that the following estimate holds:

t
C1 [ z(x)d -C1 [T Z(&)d
”fni?o([O,t];B;m) <Ol 20) TI:”/[O”B}, +/0 e C1ls Z() EHF(t)”B;,, dt], (2.2)

where
n
IV g L os<l+ £

Z(t) = p1.00 ML
V()| gs-1 s>1+Zors=1+2,r=1.
b1 n n

Iff =d, thenforalls>0 (V-d=0,s>-1), (2.2) holds with Z(¢t) = |Vd(¢)| 1.
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Let us state the existence result for the transport equation with initial data in the Besov

space.

Lemma 2.3 [31] Let p, p1, 1, s be as in the statement of Lemma 2.2. fo € B, and
F e LN[0,T);B;,), d € L*([0, T; BY)L,) is a time dependent vector field for some p > 1,

00,00

M>0.Ifs<1+p£1, then VdeLl([O,T];Bf,Tl,ooﬂL‘X’).Ifs>1+pﬂ1 orS:1+p£1, r=1,
then Vd € L'([0, T];B;;}r). Thus, problem (2.1) has a unique solution f € L([0, T]; B;,) N

(Nys €0, T1; B},)) and (2.2) holds true. If r < 0o, then f € C((0, T} By,).

3 The proofs of Theorems 1.1, 1.2, and 1.3

3.1 The proof of Theorem 1.1

Applying Lemmas 2.2, 2.3 and using the Littlewood-Paley theory, one may follow sim-
ilar arguments to [14] to establish the local well-posedness for problem (1.3) with suit-
able modifications. Here we omit the detail proof. For problem (1.3) with initial value
uo € By, (s > max(1 + 1%, %)), we see that the corresponding solution u# € C([0, T];B;,r) n
C'([0, T}; B;,)). This completes the proof of Theorem 1.1.

3.2 The proof of Theorem 1.2
We investigate the blow-up mechanisms of strong solutions to problem (1.3). Applying
Theorem 1.1 and a simple density argument, we only need to show that Theorem 1.2 holds
with s > 2. Here we assume s = 2 to prove the theorem.

Multiplying the first equation in (1.3) by « and integrating by parts yield

%% S(u2 +ul)dx + /S(Auz + Bu) dx = 0. (3.1)

On the other hand, multiplying (1.3) by u,, and integrating by parts again yield

1d 3

—— /(ui +ul,) dx + /(Aui +Bul,)dx=-= / wy (4 + 12, do. (32)

2dt S S 2 S
Assume T < oo and there exists M; > 0 such that

uy(t,x) > -M;, forall(t,x)e[0,T] xS. (3.3)
We have

d

— (ui + ufm) dx < (3M; —211) /(ui + ufm) dx, (3.4)

where A; = min{A, 8}. Applying the Gronwall inequality to (3.4) yields
|u®) |72 < ol 2231297, forall ¢ € 0,71, (35)

which contradicts the assumption that the maximal existence time T < co.

Conversely, using the Sobolev embedding theorem H* < L™ (s > %), we derive that if
condition (1.5) in Theorem 1.2 holds, then the corresponding solution blows up in finite
time. This completes the proof of Theorem 1.2.
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3.3 The proof of Theorem 1.3
Bearing in mind mi(t, x) = u — u,,, we rewrite the first equation in (1.3) as

My + umy + 2u,m + amy + 2k + 2a)u, + (A — B)u+ Bm = 0. (3.6)

Multiplying (3.6) by m and integrating by parts yield

2dt/mdx+/,3mdx

:—E/Suxm dx+/(/3 Nu(us — tyy) dix

3
S—E/uxm2dx+|/3_)‘|||u”L2”m”L2~ 3.7)
S

Ifg(x) = %, x € S, where [x] stands for the integer part of x, then (1-92)7'f = g xf.

Using the relation u = g x m and Young’s inequality, we have |[uy|lzc < |gll2 M2 <

1 1 1 .
3 llmlip2 and Jlull o < ligllz2lImll2 < 3(coth 3)[lm|l;2. From (3.7), we obtain

d 3 3
Enmniz + hallml|2, < E(aniz)z, (3.8)

where A, =28 — (coth %)| B — A|. Multiplying both sides of (3.8) by e*2* gives rise to

3 3
E(e'\”llmlliz) < 58 ’\”( M2l |2,) 2. (3.9)
Then we have
_1 3 1
Aot 2 Lot
2 (@ Imll) 77 = =2, (3.10)

Integrating (3.10) with respect to time variable from O to ¢ yields

_1 1 3 1 3
(e Iml3,)"? = b (e 3t -1)> - (3.11)
lmollz2 22, mollz2 222
Using the assumption ||m1g||;2 < 2; , we have
1 3\
lmllz2 < e_%kzt(— - —> . (3.12)
moll2 222

Applying the Sobolev embedding theorem gives rise to ||u,| 1~ < ||m| ;2 < Co(T). Using

Theorem 1.2, we complete the proof of Theorem 1.3.

4 The proofs of Theorems 1.4 and 1.5

4.1 The proof of Theorem 1.4

We are in the position to prove the global existence of weak solutions to problem (1.3).
Let uo(x) € H* and u.o(x) = jo(x) * uo(x), where j,(x) is the mollifier. We construct the

Page 7 of 20
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approximate solution sequence (i, ).-o = (¢¢(£,%))s>0 as a solution to problem (1.3) with a

viscous term & (Uyy — Upxry). Namely

Ugr + (Ue + A)Oxlhe = EUg yy — 0P, £>0,x€S,
us(t: O) = u,(t, 1)r us,x(t’o) = Me,x(t: 1); us,xx(t; 0) = ue,xx(t: 1), t=>0, (4.1)
ue(0,%) = ugo(x), x€8,

where 9,P, = 0,(1 - 02)7 (2 + (2k + 2a)ue + 212, — B ] + (1 - 027 (huse).
We establish the following global well-posedness result for problem (4.1).

Lemma 4.1 Let u.o € H® (s > 2). Then there exists a unique solution u, € C([0,00); H®) to
problem (4.1). Furthermore, for all t > 0, we have

t
||u£(t)Hf{1 + 2/ /S[Aui +(B + s)uix + su:fxx] dxds = ||u50||i[1. (4.2)
0

Proof of Lemma 4.1 Following the standard arguments for the nonlinear parabolic equa-
tion and using Theorem 2.1 in [19], we deduce that the problem (4.1) admits a unique
solution u, € C([0, 00); H®) (s > 2). Multiplying (4.1) by u, and using integration by parts
yield

li/(ug+u§x)dx+/(kug+ﬂu§x)dx+e/(u§x+u§xx)dx:0,
2 dt s 7 s ” S » »

which completes the proof. d

Using Lemma 4.1 and the Sobolev embedding theorem, we have ||z, || < % late || g <
% lteollgr < % leto || 1. Differentiating the first equation in (4.1) with respect to x and

denoting g, = ‘% Then g, (t,x) satisfies

% + (u, + a)aa% - 3;:; +1q° +Bge = Qe(t,%), £>0,x€S,
qs(t) O) = qs(t) 1)7 qs,x(tr O) = qs,x(tv 1)) t>0, (43)

qs(ovx) = qao(x)’ x €S,

where Q. (£,%) = [u? + (2k + 2a)u.] — (1 - 92) 7 [u? + 2k + 2@)u, + 147 — Bqe + M. ).
We bear in mind (1 — 32)7}f = g x f. Using (4.2) and Young’s inequality yields

” Qs(t’ x) ||L00([0’oo);LOG) 5 llzte ”%00([0,00);L00) + [lote ||L°°([0,00);L°°)

1
+ [t + 2k + 2a)u, + =q* — Bqe + Aq.
2 L2°([0,00KLY)
<L, (4.4)
where L is a constant depending on ||ug|| 1. Using (4.3), we obtain
0 0 02 1
T era) T e P4 p = Q) < L. (4.5)

ot ox oxr 2
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Let f = f(¢) satisfy

daf 1
d_]; + Efz =L, ift>0andf(0)=max{0, sy}

From the comparison principle of the parabolic equations, we deduce g.(t,x) < f(t), for

all £ > 0, x € S. Taking F(¢) = % + /2L, we have dl;—y) + %FZ(t) -L= @ > 0. Using the

comparison principle of the ODEs yields f(¢) < F(¢), for all £ > 0. Thus we have
2
0,1 (%) < n +C;, forallt>0, (4.6)
where C; is a constant depending on ||uo||;n and the coefficients in problem (1.3).

Lemma 4.2 Let0<38<1, T >0, and [ag,bg] CS. Then there exists a positive constant C,
depending only on ||ug ||, T, ao, bo and the coefficients in (1.3), such that

T bo 248
/ / e ()| dxdt < Cy, (4.7)
0 ao

where u, = u.(t,x) is the unique solution to problem (4.1).

Proof of Lemma 4.2 Let x(x) € C° be a cut-off function such that x(x) = 1, x € [ao, bo].
Similar to the proof of Lemma 4.1 in [17], we consider the map 6(£) = £(1 + |£]), £ € R,
0<é<1.Then

0'(€) = (1+(1+8)[E]) (1+ €)™,
0" (&) = 8 sign(€)(1+€1) (2 + (1 + ) &])

= 8(1 +8)sign(€)(1 + €)™ + (1 - 8)8 sign(&) (1 + |£])°7, (4.8)
0@)] < g1+ 11", 0@ <1+Q+d)IEl,  |07E)| <25,
1 1-6 ) _ 1-6
§0(6) ~ 6°0'(6) = — &7 (1 + 1)’ + S5 )’ > — & 1)’

Multiplying (4.3) by x (x)0’(q.) and integrating the resultant equation over I17 = [0, T] x S
yield

/ X(90.0q.) et~ 5 f 1 ()6 (q.) dxdt
r

nr

=fsx(x)[9(qg(T,x))—G(qs(O,x))]dx—/n (ue + @)y (%)0(qe) dxdt
ve / Do x (00 (q.) daxdt + ¢ / (0.0 X ()0 (q2) dxcdlt
nr Or
+B / gex (%)0'(q¢) dx dt — f Q:(t,%) x (0)0'(q¢) dx dt. (4.9)
M7 Or

Using (4.2), we have

| x@aodsde-5 [ axwq)dxdr
Ir

7

> @ X@q>(1+1q.1)’ dxdt (4.10)
Or
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and

(e +a)x'(x)0(q.) dxdt

Or

S/ﬂ (el + 1) | X @) (1961 + . 1) et
T

< CT([[x']] 2, Mol + x| 2 N0 l1)- (4.11)

It follows from some calculations that

Bq:x (x)0'(q.) dx dt‘

nr

5/ e 1| )| [(8 + Dlge| + 1] dx it
Ir
T
5/0 /;[(5+1)|qs|2}x(x)|+|qg||X(x)|]dxdt

T
S/ (Ix Nz llgells + Nl x N2 N ge ll2) dt
0

Slix ”LOC([O,T];LOC)||qs||iz([oyT];L2) + 11 N o, 712y 19 Nl oo 0, 71522)

< Cllluollzn)- (4.12)

The estimates of other terms are the same as the estimates in [17], we omit the details for

simplicity. This completes the proof of Lemma 4.2. g

Lemma 4.3 There exists a positive constant C, depending only on |ug||;n and the coeffi-
cients in (1.3) such that ||0,P,(t)| o~ < Cs.

Proof of Lemma 4.3 Applying the Sobolev embedding theorem and Young’s inequality

yields
[ERAGIP
-1 1 -1
< ox(1-97) [u§ + 2k + 2a)u, + Euix - ﬁug,x] +(1-07)" (hue) .
H2*
2 L,
S e + Qk+2a)ue + su , — By Lol 0
2 o 3+ H 2

S e oo 0,000y + e oo t0,0029) + 1k 17 e o001y + 14 oo 0,00yt (4:13)

which combined with (4.2) completes the proof. d

Lemma 4.4 There exists a sequence {gj}jen+ — 0 and a function u € L*([0, oco); HY N
HY[0,T] x S) forall T > 0, such that

ey —u in H'([0,T] x S), U, — u  in L%([0,00) x S), (4.14)

where u, = u,(t,x) is the unique solution to (4.1).



Ming et al. Boundary Value Problems (2016) 2016:67 Page 11 of 20

Proof of Lemma 4.4 Using (4.1) and Lemmas 4.1, 4.3, we obtain

19¢tte | 210, 71¢8) = [| (e + @)Btte = Ette e + 0:Pe | 20,115

< C(L+Clluol?y). (4.15)

Hence, {u,} is uniformly bounded in L>([0, co); H') N H*([0, T] x S). Applying the weakly
compactness lemma yields the weak convergence result in (4.14). Foreach 0 <s,£ < T, we

t 2 T
||u5(t)—us(s)Hi2 :/S(/s 8tu5(t,x)dt> dx < |t—s|/S‘/(; (atug(r,x))zdtdx.

Moreover, bearing in mind H! <><> L* < L? and using the Aubin compactness lemma,

have

we deduce the strong convergence result in (4.14). d

Lemma 4.5 Let 1 < p < oo. There exists a sequence {&j}jen« — 0 and a function Q €
L>([0,T] x S) such that Q; —> Qin IP([0,T] x S).

Proof of Lemma 4.5 We fix T > 0. Using (4.1), (4.2), and (4.15), we deduce that
19:Q¢ ll 1 (j0,71,21) is bounded. Applying (4.4), we see that Q. is uniformly bounded in
WtL([0, T] x S). Using the Aubin compactness lemma, we complete the proof. O

We use over-bars to denote the weak limits.

Lemma 4.6 Let 1<p<3,1<r< % Then there exists a sequence {gj}jen+ — 0, q €
L7([0,00) x S), and q_2 € L([0,00) x S) such that

g, —~q in17([0,00) x S),

gy, —q inL®([0,00);L%), (4.16)

@, —~ ¢ inL’([0,00) xS).

Moreover,
7 (t,x) < ?(t,x), fora.e. (t,x) € [0,00) X §, (4.17)
0
a_u =g in the sense of distributions on [0,00) X S. (4.18)
x

ProofofLemma 4.6 Using Lemmas 4.1 and 4.2, we obtain (4.16) immediately. From (4.16),
we get (4.17). Finally, (4.18) is a consequence of the definition of g., (4.16), and Lem-
ma 4.4. O

We denote the sequences {u; }iers g }enss and {Qqljen+ by {t:}es0, {de}esor and
{Q¢}e0, respectively. Let n € C! be convex and 5’ be Lipschitz continuous on R. Using
(4.16), we get

n(q:) = n(g) inL?([0,00) x S) (1<p<3), (4.19)

n(ge) — 1(g) inL>([0,00);L?). (4.20)
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Multiplying (4.3) by 1'(q.) yields

E) 3 32 9g: \*
5771@) + a[um(qg)] —qen(qe) + ady[n(ge)] - e + en”(%)( ;i )

= —paen'(a0) - 7@ + QI (qo) @21)

Lemma 4.7 Let n € C! be convex and n' be Lipschitz continuous on R. Then we have

onlg) o

_ 1 -
Pl ((u +a)n(q)) < qnlq) - qun’(q) - Bqn'(q) + Q(t, %)’ (q), (4.22)

in the sense of distributions on [0, 00) x S. Here n(q), qn(q), ¢*n'(q), qn'(q), and 1/ (q) denote

the weak limits of n(qe), 9:1(qe), 4°1'(qe), 41’ (q:), and 1'(q:) in L7([0,00) x S) (1 <7< %),
respectively.

Proof of Lemma 4.7 Using Lemmas 4.4 and 4.6, the convexity of , and taking the limits
as ¢ — 0 in (4.21) give rise to (4.22). O

Remark 4.1 From (4.16), we obtain

I=q.+4-=T:+3- 4 =) +@ ) =)+ ()% (4.23)

a.e. in [0,00) x S, where &, = £ x[0,00)(€), &= = £ X(—00,0)(§) for £ € R. From (4.6) and Lem-
ma 4.6, we have

2
qe(t,x),q(t,x) < n + Cy, forall (t,x) € [0,00) x S, (4.24)

where C; is a constant depending only on || |1 and the coefficients in (1.3).

Lemma 4.8 In the sense of distributions on [0,00) X S, we obtain

0 ad 1—
B_Z + a[(u +a)q| +Bq = qu + Q(t, x). (4.25)

Proof of Lemma 4.8 Using Lemmas 4.4, 4.5, and 4.6 and taking the limits as ¢ — 0 in (4.3)
yield (4.25). 0

The following lemma contains a generalized formulation of (4.25).
Lemma 4.9 Letn e C'. We have

0 a
WD 2 [+ amia)]

=qn(q) + (%? —~ qz) n'(q) - Ban'(q@) + Q(t,x)n'(q), (4.26)

in the sense of distributions on [0,00) X S.
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Proof of Lemma 4.9 Let {w;s}s be a family of mollifiers defined on S and gs(¢,x) = (4(t, -) *
ws(+))(x). From (4.25), one derives

an(gs)
ot
’ 8q5
=n'(gs) ”

0 1—
= n/(qﬁ)[—(u + a)a—z *Ws —q° % Wy + qu *ws — Bgs + Q(L,x) x ws + ,05:|, (4.27)

where ps — 0 as § — 0 in L([0, 00) x S). Using the boundedness of 1’ and letting § — 0
in (4.27) yield (4.26). 0

Strong convergence of g,

Following the ideas in [17] and [19], we improve the weak convergence of g. in (4.16) to
strong convergence. We prove that if the defect measure of g2 — ¢ is zero initially, then it
continues to be zero at all later times.

Lemma 4.10 [17] Let uy(x) € H'. Then we deduce

lim/qz(t,x) dx:lim/P(t,x) dx:/u%xdx (4.28)
t—0 s t—0 s s ’
and
iy [ (150)6:3) - nia)e, ) ds =0, (4:29)
-0Js

where (&) = 36 if |§] < M, nu(§) = MIE| = 3M° if |&] > M and 1},(€) = na() Xp0.00 &),
N3 () = (E) X(-o00) (&), € €R, M > 0.

Lemma 4.11 [17] Let M > 0. Then for all § € R,

1 1

M) = 567 = (M~ I£1)" X -p0ian00)6),
M) = & + (M~ I£1) sign(€) oo -moianoe €),
M) = 56— 3 (M~ ) a0 E),

(4.30)
(n30) (€) = &4 + (M = £) X0 (8),
(E) = S €7~ (M + e a0 ),
(734) () = & = (M + £) X(o0,-a)(&)-

Lemma 4.12 Let uo(x) € H'. For all t > 0, we have

1 . t
3 /S ((g+)? = (g4)*) (%) dx < fo /S Qls,0) [+ (s,%) — . (s,x) | dx ds. (4.31)
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Proof of Lemma 4.12 Let M be sufficiently large and 0 < £ < T (T > 0). Subtracting (4.26)
from (4.22) and using Lemma 4.10 yield

9 -
((u+ a)[n(@) - n}y(@)])

9
— (nis(q) - ny(@) + o

ot
< (3@ - any@) — = (*(n}) @) - a* (1) @)

1 — ’ T N, ~ /
-3 (@ -a°) () (@ - Bla(n}y) @) — a(ny) @)

+ Q) ((nty) (@ - (1) @)- (4.32)

Using the increasing property of n},(g) and (4.17), we derive

—% (42~ 4*)(n3r) (@ <O. (4.33)

It follows from Lemma 4.11 that

ani(q) - %qz(n&)'(q) = —Az—/[q(M ~ q) XM,00) (@), (4.34)
— M
qny(q) - %qz(n&) (q) = —Eq(M - @) X(M,00)()- (4.35)

Let M > C; and Qy = (M%Cl, 00) x S. Applying Remark 4.1 and (4.24) gives rise to

1 L
any (@) - =q* () (@) = qnj(q) - 5612(77;4) (@) =0

2
and
+ _ (%)2 +1/ _ + - (q+)2
nyu(q) = 5 () @=a0  ny(@ = 2’ (4.36)

i) @ =70, a(ny) @ = (g™

Applying (4.17) yields B(g(n},)(q) — q(nip) (q)) = 0. From (4.33)-(4.36), in Q,, we have

Fp— 3 -
5(777\4((1) -ni(@) + 5((” +a)[n(q) - nj(@)])

< Q&) ((nty) @ - () @). (4.37)

Integrating (4.37) over (M%Cl, t) x Syields

1 /2 2
3 [@7-@r)ends< [ [m(q)(m,x> - n,a(q)(m,xﬂ dx

+/ﬁ/SQ(s,x)[ﬁ(s,x)—qJ,(s,x)] dxds. (4.38)

Taking M — oo in (4.38) and using Lemma 4.10 complete the proof. g
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Lemma 4.13 Forallt >0 and M > 0, we have

/S (731D = (@) (&, %) dx

M2 t
<2 / / T+ D foaan @ dds
0 JS
M2 t
- / / (M + ) X (~o0,-a1)(q) dx dis
0 S

t (@) -1 A—/I ‘ )2 _ 2
+M/0 /S[’IM(Q) ﬂM(q)]dxds+ 3 /0 /S;((%) (%))dxds

. / / Qs (1) @ — (n3y) (@) deds. (4.39)
0 JS

Proof of Lemma 4.13 Subtracting (4.26) from (4.22) and using Lemma 4.10, we deduce

Fp— 3 -
5('77\4((1) - (@) + 5((” +a)[ny(@) - ny(@)])

L @) @ -2 () @)

< (gn31(@ - anyi(@) - 5

@) ) @ - Blalz) @ - (i) (@)

+ Q%) (1) (@) = (m31) (@) (4.40)

Since —M < (n5,)'(q) < 0, we get

@) ) @ < 2@ - ) (@.41)
Using Lemma 4.1 yields

0131(@) ~ 5 (1) (@) =~ 5 4V + e 0@ (4.42)

any(a) - %qz(fm)'(q) = —Az—/[q(M + ) X(-o0-0 (@), (4.43)

1@ = 1(g) = %((q-)2 -(q-)%) + %(M +4)* X(o0-0) ()

- %(M + )% X(=o0-m) (q). (4.44)

If -M < q <0, q(ny) (q) = (q-)*, then B(q(n3)' (@) — q(nyy) (q) = 0. 1f g < =M, q(ny,) (q) =
—q-M, then B(q(n;,)'(q) — q(n3,)'(q)) = M(=q- — (—=q-)) = 0. From (4.41)-(4.44), we have

J— 9 -
g(n/’w(q) - (@) + a_x((” +a)[ny(@) - ny(@)])

M M
< —7q(M + ) X(~00-)(q) + Eq(M +q) X(00,-a1)(q)

/

+ 1\2_/1@ - ) + Q) ((ny) @ - () @) (4.45)
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Integrating (4.45) over [0,t] x S, we obtain

/S (7@ = (@) (&, %) dx

M [ M [
5——/ /q(M+q)x<-oo,_M>(q)dde+ —/ /‘I(M“J)X(—OO,—M)(‘I)‘Z"”ZS

/ / q* - q°) dxds + / / Q%) ((nyr) @) — (n31) (@) dx ds. (4.46)

Hence

/S (7@ = (@) (8, %) dx

M [ M [
-~ / / AT+ D X @ deds + 2 / / (M + @) ooy (q) e s
2 Jo Js 2 Jo Js

+M/0 /S[ﬂz_v[(q)—ﬂ&(q)]dxds+j\2—/[/o /S(M+q)2X(—m,—M)(q)dde

M z Y[ (@F -y
//(M+q) X(,m,,M)(q)dxds+2/(;/S((q+) (q+))dxds

/ / Q%) ((nyr) @) — (ny) (@) dx ds. (4.47)

Using M(M + q)* — Mq(M + q) = M?*(M + q), we obtain (4.39). O
Lemma 4.14 We deduce that

P =q* forae. (t,x)€[0,00) x R. (4.48)

Proof of Lemma 4.14 Applying Lemmas 4.12 and 4.13 gives rise to

/SG[(‘T’Z‘ (g:)°] + [1(e) - 'ﬁw@])(t,x) dx

([ [oranc@ands - [ 01+ axni avas)
+M//nM(q —n(q) dxds+—// (g.)% - q+) |dxds

/ / Q) (@ - .1+ [(1) @ — (n3y) (@)]) e s (4.49)

Bearing in mind || Q(z, %) || .o ([0,00);120) < L,

ai + (13) @) = 4 = M + @) X (-o0,-a(@)> (4.50)

7+ () @) = 4 = M + D X (oo (@), (4.51)

and using the convexity of the map & — &, + (n;,)'(§), we obtain

0 =<7 —a.)+[(ny) @ - () @]

= (M + q) X (~c0,-)(q) — (M + @) X(—c0,-a1) () (4.52)
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Thus

!/

Qs,%)([7 — 4.1 + [(n31) (@) - (n3) @)])

< —L((M + q) X(—c0-m)(@) — (M + @) X(-00,-1)(4))- (4.53)

Noting that £ — (M + &) x(—o,—m)(€) is concave and choosing M large enough yield

M2
- (M + 9) X (<0010 @) = (M + @) X(00,-2)(4))

+ Q) (1@ — .1 + [(13) @ — (1) @)])

2
< (% _ L) (T D e @ — (M4 @) Xoera0(@) < 0. (4.54)

From (4.49)-(4.54), we obtain
1= 2 — . _
0= /(5[(%)2 —(q4) ] + [}'}M(q) - ’7M(61)]>(t,x)dx
S
< ‘ l__ 2 — -
=M fo L(JWJZ ()] + [n3(@) nM(q)]>(s,x)dxds. (4.55)

Using the Gronwall inequality and Lemma 4.10, we have

0= /S(%[W = (@.)’] + [nla) - nM(q)])(t,x) dx=0, forallt>0. (4.56)

Applying the Fatou lemma and taking M — o0 in (4.56) yield
0< /(? - qz)(t,x) dx=0, forallt>0, (4.57)
s

which completes the proof. d

Proof Theorem 1.4 Using Lemmas 4.1 and 4.4, we deduce that the condition (i) in Def-
inition 1.1 is satisfied. We need to prove the condition (ii) in Definition 1.1. Applying
Lemma 4.14 gives rise to

q: —~q inL?*([0,00) x S). (4.58)

Applying Lemma 4.6 and (4.58), we deduce that u(¢, x) is a distributional solution to prob-
lem (1.4). Using (3.1) and bearing in mind A; = min{A, 8}, we have

||M(L‘) le_ll =< IIMOII%ﬂe’Zm, forall £ > 0.
Using (1.4) and (4.13) yields
|ue@|| > < Clloll g™ + luo ;e 1) < Ce™*,  forallt>0.

Thus, we derive (1.9). This completes the proof of Theorem 1.4. d
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4.2 The proof of Theorem 1.5
First, we present two lemmas which are used to prove the uniqueness of weak solutions
to problem (1.3).

Lemma 4.15 [20] Let u(t,x) € C(R* x S) N L®(R*; H) with d,u < 1;’ +C,t>0,0<p<2.
Then the problem

{ %p(t,x) =u(t,p(t,x)), t>0,x€S, (4.59)

pt,x)|im0 =% x€S,

admits a unique solution p(t,x) € L*(R*; Cl‘g). Moreover, if p = 2 and lim,_,¢ |lu(t) -
uoll 1 = 0, the problem (4.59) admits a unique solution p(t,x) € L°(R*; C).

Lemma 4.16 [20] Let u(t,x) satisfy all the conditions in Lemma 4.15. Assume f(t,x) €
L®(R*; HY), g(t,x) € LY(R*; L) or f(t,x) € L°(R*; W), g(t,x) € LX(R*; LP) for all p > po
(po is a sufficiently large number) and lim;_, ¢ ||0,u(t) — dxuo|| ;1 = 0, where

fi+udf=g, t>0,x€S, (4.60)

fle=o =folx), x€S. )
Then we have

] = ol [ )] (.61)

Proof of Theorem 1.5 From [15] and the assumption that mg = 1o — 1o 4 is a positive Radon
measure, we deduce that there exists a weak solution u(t,x) € C([0, 00); H') to problem
(1.3) and 0 < m = u — u,, is also a Radon measure. Now we use the duality arguments
to give a L* boundedness for d,u(t,x). Taking ¢(x) € C2° with [|¢]|;1 <1 and using (1 -
) 'p(x) = [sg(x — y)@(y) dy, we have

/Bxu¢dx = /u8x¢dx
S S

- [ [ew-ndmepapwds
SJS

_ / / (o y)¢(x)dxdm<t,y>'
SJS

IA

1
3 Pl / dm(t,y), (4.62)
S
from which one derives
1
0xu(0) | ;o0 < 5 /S dmo(y). (4.63)

Let 3, u be two weak solutions to problem (1.4) with the same initial value ug, w = 1; — 1,
and m € M*(S), where M*(R* x S) is the nonnegative Radon measure space. Then

ow+ (g +a)d,w=G(t,x), t>0,x€S,
W(t) O) = W(t) 1)» Wx(t’ 0) = Wx(ti 1)) Wxx(t) 0) = Wxx(t) l)r t>0, (4'~64)
w(t,x)|s=0 =0, x€S,



Ming et al. Boundary Value Problems (2016) 2016:67 Page 19 of 20

where G(£,x) = —0,uaw — 9,(Py — P) — 0,(1 — 02) 7 [(2k + 2a)w — Bw,] — (1 - 82)~}(Aw) and
Pi=(1-92)"u? + 1u2,] (i=1,2). Using (4.63) and Lemma 4.15, the problem

2ot x) =m(t, p(t,x) +a, t>0,x€S, (4.65)

o(t, x)|s=0 =%, x€S, ’
admits a unique solution p(t,x) € L*°(R*;Lip). Thus, for problem (4.64), using Lem-
ma 4.16 yields

t
i < [ 66| ds. (4.66)
0
From the proof of Corollary in [20], we obtain

=Bt Wl < Cllduttz oo [Wllzoe < Cllwlze,
|=8:(P1 = P2) e < Cliwllze,

0:(1 - 82) W] o < Cllwllzee, (4.67)
8:(1-82) " (=pws) | o < Cliwllzoe,

[(1-02)"Aw] oo < Cliwllics,

where the constant C depends on ||#1; || oo ((0,,21) and [|24; || poo(0,,121), £ = 1, 2. Hence

[w(®)] . < Cs fo wis)]] . ds. (4.68)

Applying the Gronwall inequality to (4.68) yields w = 0. This completes the proof of The-
orem 1.5. 0
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