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1 Introduction
We are concerned with the existence of nontrivial solutions for strongly coupled nonlinear
differential systems of the form

—W, (i) = Mh(E) - f(w), te(0,1),
u(0) = 0 = u(1),

(Py)

where p > 1, ¥, : RN — RV is defined by W,(x) = |x["%x, A > 0 is a parameter, h(f) =
(hy (), ..., hn(t)) with /; : (0,1) — R, and £ () = (fi(u),. .., fx (1)) with continuous f; : RN —
R. Here we denote x - y = (x1y1,%2¥2,...,%nYn) the Hadamard product of x and y in RV,
Thus, problem (P, ) can be rewritten as

—(l' @Oy () = M ()i (),

—(|l' (@O 1F2up (1)) = Ahin(E)fn(w),  te(0,1),
lztl'(O):O:Lti(l), i=1,...,N.

Throughout the paper, we denote by | - | the absolute value on R or the Euclidean norm
on RN and by (-, -) the inner product on R" and define g, : R — R by ¢,(s) = |s|’~%s. For a
weight function /, we assume that /; € H, where

H = {geLlloc((O,l),R) ‘ /05 <p1;1</si|g(7:)|dt> ds+ﬁ1<p[jl(ﬁs|g(r)|dt> ds < oo}.
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It is well known that L!(0,1) & . Thus, a function in 7 may have stronger singularity
at the boundary than a function in L!(0,1) (see examples in Section 4). If k; € H for all
i=1,2,...,N, then |k| € H. In this sense, we shall denote 1 € H whenever /; € H for all
i=12,...,N.

Scalar equations or systems of p-Laplacian-like problem (P;) appear in various appli-
cations, which describe reaction-diffusion systems, nonlinear elasticity, glaciology, pop-
ulation biology, combustion theory, and non-Newtonian fluids (see [1-4]). The study on
the existence of solutions for p-Laplacian scalar equations or systems or more generalized
Laplacian systems has attracted much attention recently (see [5-18] and the references
therein).

Among their general setup, a solution operator for nonlinear p-Laplacian systems was
introduced in the pioneering works of Mandsevich and Mawhin [19, 20]. They applied the
solution operator to study the existence of solutions for systems of strongly coupled vector
p-Laplacian-like operators with L!-Carathéodory nonlinear perturbations.

We see that the L!-Carathéodory condition in problem (P;) corresponds to the condi-
tion & € L1((0,1), RY). As a generalization of the L!-Carathéodory condition, it is interest-
ing to consider the case & € H. Since our problem involves systems of strongly coupled
differential operators and the weight function # may change sign, related studies are not
known yet, as far as the authors know. Recently, for a scalar equation of (P;), Sim and
Lee [21] established a new solution operator and proved an existence result by the global
continuation theorem.

Thus, the goal of this paper is to get an existence result for (P;) where the differential
operator is related to strongly coupled vector p-Laplacian and the weight function has
stronger singularity at the boundary than L! and sign-changing. The novelty of the paper
is providing a new solution operator, which is the most generalized so far.

This paper is organized as follows. In Section 2, we derive a solution operator for prob-
lem (W)+(D) with g € H. In Section 3, we prove the compactness of the solution operator
for (P;) with A = 1. In Section 4, we show the existence of solutions and give some illus-
trative examples, which satisfy all assumptions in the paper and are not given in other
studies.

2 A fixed point operator
In this section, we construct a solution operator for a strongly coupled vector p-Laplacian.
Let us consider a problem of the form

(W) —¥,(w) =g), te(0,1),
(D) w(0)=0=w(1),

where g € H. Since g may not be in L!((0,1),RY), the solution of (W)+(D) may not be
in C'([0,1],RN). For an example of a simple scalar case, take g(t) = (p — 1)t !|1 + Inz[P~2,
p>2;theng ¢ L1(0,1), but g € H, and the solution u is given by u(£) = —¢Int, which is not
in C'[0,1].

So by a solution to this problem we mean a function w € C([0,1],RN) N C'((0,1),RYN)
with W, (w') absolutely continuous that satisfies equations (W)+(D).

We first give some remarks for calculations later on.
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Remark 2.1 From the definition of W, and ¢, we get, for any x,y € R,

WM+ )] < 0, (1] + 1y1) < G, (Ix1) + 9, (I1))
where
1, p>2,
=12
291, 1<p<2.

Remark 2.2 By the homogeneity of (plgl we can deduce thatif 7 € H, then o - 1 € H for all
o € C([0,1],RN).

Let w be a solution of (W)+(D). Then integrating both sides of (W) on the intervals [s, %]
and [z,s] for s € (0, ] and s € [ 1), respectively, we find that (W)+(D) is equivalent to

w(s) = 1(a+f2 (7)dr), w(0)=0, s€(0,1],

. (2.1)
(s) =W, (a - fl 7)dr), w(l)=0, seli,1),

where a = lIJp(w/(%)). Applying Remark 2.1 withx =a and y = fs% g(t)dr, we get

\11;1<a+/2g(r)dt) §<p;1(|a|+/2|g(t)|dr>

< Gyp, (lal) + Cpqo;l(/z |g(r)|dr).

Since g € H, we know that

\Ilp_l(a+/jg(t)dr) 6L1<(0,%:|), \Il;1<a—[3g(t)dr> eL1<|:%,1)>.

Thus, we may integrate both sides of (2.1) on the interval [0, ¢] for ¢ € [0, %] and on the
interval [¢,1] for t € [%, 1], and we get

fo 1(a+f2 (r)dt)ds, tel0,1],

w(t) =
ft a+f1g(r)dt)ds, te[ 1.

‘We need to check that w({) = w({r). For a € R, define
1

Gg(a)zfozlppl(a+/ség(r)dr> ds—/: pl(—a+/s (r)dr) (2.2)

2 2

Then the function G, : RN — RX is well defined. If G, has a unique zero, then w(%f) =

w({). For this, we give the following lemma.

Lemma 2.3 For given g € H, the function G, defined in (2.2) has a unique zero a = a(g)
in RN,
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Proof 1. Existence. We claim that there exists r > 0 such that (G,(a),a) > 0 for all a €
dB,(0) C RN If the claim is valid, then we consider the homotopy

h(h,a) = ha + (1 - A)Gg(a) for A €[0,1].
By the claim,
(h(k,a),a) =Ma,a) +(1 - A)(Gg(a),a> >0

for any a € 3B,(0), A € [0,1]. Taking 2 = B,(0), we see that the Brouwer degree dg(h(A, a),
2, 0) is well defined, and by the homotopy invariance property we get

dp(Gy(+),2,0) = dp(h(0,a),9,0) = dg(h(1,a),,0) = dg(id, 2,0) =1

since 0 € Q. This completes the proof of the existence of a zero of G,. We now prove the

claim. For convenience, we denote

: : : ;
Hg(a)é/0 \Ilgl(a+/ g(t)dr) ds, Wg(a)éﬁ \I/:(—a+/l g(r)dt)ds.

2 2

Then it suffices to show that there exists r > 0 such that (Hg(a),4) > 0 and (W,(a),a) <0
for all @ € 3B,(0) c RN Indeed, we have

(Hg(a),a):/02<lll; <a+/2g(f)dr),a>ds
) % % %
_ -1 -1
—/(; <‘llp (a+/s g(r)a’r),a>ds+/(S <\IJI{J <a+/s g(r)dr),a>ds,

where § € (0, %) will be determined later. Since g € H, both integrations are well defined,

and we denote

3 1
Hys é/ <\IJ;1 <a+ /zg(t)dr>,a>ds,
0 s

1 1
Hys A/2<\Ilpl(a+fzg(r)a,’r>,a>afs.
8 K

We first consider H 5. Since

/S‘%g(l')dl'

applying Remark 2.1, we obtain

8 % § %
|H1,a|§/0 <‘If;(a+/s g(f)dr),a> dsf/o \I/ljl(a+/s g(r)dr)
s 1 s %
<[ go;<|a|+ / g(z)dr)wmss | go;<|a|+ [ |g(t)|dr>|a|ds

3
S/ lg(x)| dT,

|a| ds
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; }
sﬁ q(quM+¢;([ kunm))MUB
0
= Cp8|a|p* + Cp|:/0 go;l (f |g(r)| d‘l,') dsi||az|,

where p* = Ll Thus, we get

s b

SRS Ty §
" 8 3 1

= |alf I:—CPS -G, |;/0 ¢1;1 (fs ‘g(r)| dt) ds:| —|a|P*‘1i|' (2.3)

Now we consider Hys. Since (W, (x),x) = |7, x € RN, we see that

(W1, ) = | W, @) = 1] @7 =

1 1
Moreover, for s € [8,1], |fs% g(r)dr| < [i? |g(r)ldt < oo; thus, denoting [;* |g()|dt =

Ms, we obtain
1 1 1
2 2 2
H2,5=/ <\DI;1(¢+/ g(r)dt),a+f g(r)dt>ds
) s
1 1
2 1 2 d
[ (e [ wa) |

l /S%g(r)dt

2
> a+
8

Since p* >1 and

©

[T

g(r)dr>ds

\Ilp‘l(a+/2g(r)dr> ds

1

r* 3
dS —M,g /
$

1

a+/s.2g(t)dr

> lal -

/s‘ég(r)dr

fors e [§, %], taking |a| large enough to satisfy |a| — M; > 0, we get

> lal -

1 1
2

Has Z/E(IﬂI—Ms)p* dS—Ms/ (lal + Ms)" " ds
)

)

= <% —8)(|al - M) - %(V" + M)

* *_1
=WW{<3—Q( ‘Mv 590+59y7-3} (2.4
2 || 2 la| |al

Combining (2.3) and (2.4), we get that
@)z o [(5-5) (1-12) _%.(H%)””.i
e 2 |al 2 |a] |al
—Cps—c/ (/ |g(t)|dr> P 1} (2.5)

*-1
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Since g € H, we have that w;l(fs% lg(t)| dt) € L}(0,8]. Choosing § > 0 sufficiently small and
|a| = r sufficiently large, we can make the right-hand side of (2.5) strictly greater than 0.
This implies that there exists 7 > 0 such that (Hg(a),a) > 0 for all 2 € 9B,(0). Applying
a similar argument, we can show that (W,(a),—a) > 0 for all a € 9B,(0). Therefore, we
conclude that there exists r > 0 such that (G4(a),4) > 0 for all @ € 9B,(0), and the claim is
proved.

II. Uniqueness. Suppose that ; and a, are two distinct zeros of G,. Then

(Golar) — Gylaz), a1 — az) = 0.
On the contrary,

(Gylar) — Gglar), a1 — as)

= (Hy(a1) — Hy(a2), a1 — az) + (W (a2) - W(a1), a1 — as)

1

= /02<\pgl(a1 +/52g(t)dr) —\Ijgl(az +[2g(f)dr>,a1—a2>ds
1 s s
+ﬁ <‘I’;1(_az+ﬁ g(T)d‘E)—\Ilgl(_a1+/; g(r)dr),al_a2>d&

2
Therefore, we get

(Gg(al) - Gg(ﬂz), a; — (l2>

1 1

=A%<W;1(a1+/szg(T)dT> —‘l—’;<@+/szg(r)df>,
(al + /s%g(r)dr) - (az + /S%g(r)dt)>ds
+/_1<qu1( az+/:g(t)dr>—Lpp1<_a1+/:g(r)dr),

2 2 2

(e ) e

2 2

—

since (¥, L(x) - v, Y(y),x —y) > 0 for all x,y € RN, x #y. This contradiction completes the

proof of uniqueness. g

Lemma 2.3 implies that if g € #, then the solution w of (W)+(D) can be represented by

) Jo W ka() + j;% g(t)dr)ds, t€[0,1],

R ! 1 (2.6)
S W (-a(@) + [{ g0y dryds, te 3],

w(t)

where a(g) € RY satisfies
1

2 % 1 s
/o \Ilp1<a(g)+/s g(r)aﬁ:)als:fl \ypl(—a(g)+/%g(r)dr>ds. (2.7)

2
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We note that a(g) is determined uniquely up to g, and from this uniqueness property
the following corollary is obvious.

Corollary 2.4 Let g € H, Then, as a function of g, a is homogeneous, that is,
a(rg) = a(g) forallx eR.

On the other hand, it is not hard to see that the function w defined in (2.6) satisfies
w e C([0,1], RN) N C1((0,1),RN), W, (w') is absolutely continuous on (0,1), and w satisfies
(W)+(D). Therefore, we conclude that if g € H, then w is a solution of (W)+(D) if and only
if w satisfies (2.6).

3 Compactness of the fixed point operator
Consider a nonlinear problem of the form

-W,(u') =h(t)-f(u), te(0,1),
u(0) = 0 = u(1),

where & € H and f € C(RN,RY). We note that, by Remark 2.2, % - f(u) € H. Let us apply
the solution representation for (W)+(D) given in (2.6) replacing g with % - f(u). Then we
may rewrite problem (P) equivalently as

u=T(u),
where T': C([0,1], RN) — C([0,1], RY) is defined by

Jo ¥, @ )+ [T h(x) - flu(e)do)ds,  tel0,1]

T(u)(t) =
ft 1( alh - f(u)) +f1 h(‘L’ u(t))dr)ds, te[in].

In this section, we prove that the solution operator T is completely continuous. For this,
we need two lemmas about the properties of a(% - f(«)). Since / and f are fixed, we regard
a(h - f(u)) as a function of u € C([0,1], RY).

Lemma 3.1 The function a sends bounded sets in C([0,1],RN) into bounded sets in RN

Proof Assume that a sequence {u,} is bounded in C([0,1],RN). Let us denote a,, = a(k -
f(u,)) and G, = Grf(uy)- Suppose that {a,} is unbounded in RY. Then there exists a sub-
sequence {a,, } such that |a,, | = oo as k — cc. Since each a,, is a zero of G,,, we see that
(G (@n; ), an,) = 0 for all k. On the other hand, by the same calculation as in the proof of
Lemma 2.3 we obtain

/1 MH;\?  MH; MH;\" 711
(an(ﬂnk),ﬂnk>2 |ﬂnk|p |:<__8) (1_ ) - 4 <1+ ) :
2 |, | 2 |, | |, |

G5 gy M / (/ e |dt>ds — 1},

1
where M = sup; .y IIf (# )l o and Hs = [52 |h(7)|dz. Since |@, | = 0o as k — 0o, we may

choose sufficiently large k and then 6 > 0 small enough to satisfy (H,, (@, ), @, ) > 0. Apply-
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ing a similar argument for W), , we conclude that (G, (@, ), 4, ) > 0 for sufficiently large &,
and this contradiction completes the proof. 0

Remark 3.2 If B is a bounded set in C([0,1],RN), then {a(/ - v)|v € B} is also bounded
in RY. The proof is similar to that of Lemma 3.1 by replacing M with sup,_z [|V]l .

Lemma 3.3 The function a : C([0,1],RN) — RN is continuous.

Proof Assume that u,, — u in C([0,1],RY). Then for the continuity of a, we need to show
that a(k - f(u,)) — a(h - f(w)) in RN as n — oo. Denote again a,, = a(h - f(u,)). We know
that {a,} is bounded in RN by Lemma 3.1; thus, it has a convergent subsequence {an}s
which converges to, say, a € RN, We first claim that

/7 \Dp1<&+/ih(r) -f(u(r))dt) ds
0 s

1 s
=/; \III;I(—&+/1 h(t) of(u(r))dr) ds. (3.1)

2

Indeed, let us take K = sup,,.x |4,|, M = sup,.y ||[f (¢4x)]lcc and fix s € (O, %]. Then we get

|1(2) - f (4 (1)) | < M| i())|

1

for all T € [s, %]. Moreover, ; € L.

(0,1) implies || € L'[s, %]. Thus, by the continuity of
-1 . s .
W," and applying the Lebesgue dominated convergence theorem componentwise, we get

lim \I/I;1 (ank + /7 h(t) - f (1, (7)) dr) = \I’; (& + /2 h(z) - f (u(z)) dr).

k— o0 s

Similarly, for k € N,

%
<A +B<,01;1 (/ |h(r)| dr),

where A = Cpgo;l(l() and B = Cpgo;l(M). Since & € H, the right-hand side of the last in-
equality is in L'(0, %]. Thus, applying the Lebesgue dominated convergence theorem com-

! (M " / " (D) - f (1 (0) dr)

ponentwise again, we have

lim ’ \I/Ijl (ank + /7 h(t) - f (tn, (7)) dl') ds

k—o0 Jo

_ Pl : .
- /0 v <a+ / h(r) f(u(t))dt) ds. (3.2)

By the same argument, for fixed s € [%, 1), we also get

1

lim \IJ; (—ank + ﬁs h(t) - f (tn, (7)) dr) ds

k—o00 J1

= /11 \I’; (—Ez + /:h(r) f(u(0)) dr) ds. (3.3)

2
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Moreover, by the definition of a,, given in (2.7), we know that

1

/(;7 \11;1 (a,,k + /Si h(t) - f (4 (7)) dr) ds

1 s
=/; \Dgl(—ank+/; h(r)-f(unk(r))df> ds.

2

This implies that both limits in (3.2) and (3.3) are the same, and thus (3.1) is valid. Equation
(3.1) implies that @ = a(/ - f(u)) by the uniqueness of a. So we conclude that lim_, oo g, (=
alh-f(uy))) =alh-f(u)) in RN, It is not hard to see by the standard subsequence argument
that lim,,_, o a,(= a(h - f(u,))) = a(h - f(u)), and the proof is done. O

Remark 3.4 Ifv, € C([0,1],RN) with v, — vas n — oo, then a(k - v,) — a(h - v) as n —
00. In particular, if v = 0, then a(# - v,) — 0 as n — o0o. The proof is similar to that of
Lemma 3.3 by replacing M with sup .z ||Vl .

Lemma 3.5 The operator T : C([0,1],RN) — C([0,1],RN) is completely continuous.

Proof The continuity of T is easily verified mainly by Lemma 3.1 and the Lebesgue dom-
inated convergence theorem. Let B be a bounded subset of C([0,1],RY). Then by the
Arzela-Ascoli theorem, it suffices to show that T'(B) is uniformly bounded and equicon-
tinuous. Take Mg = sup, |[f (¢4) |00, K = sup,g la(k - f(u))|, and denote a, 2 a(h - f(w).
Then, for ¢ € (0, %],

ds

vl (au + f " (o) -f () d‘[)

N

t
0
: :
5/ g0;<1<B+1\/13/ |h(r)|dt)ds
0 s

1., . ! . !
= Ecp% (Kg) + Cpp, (Mp) | @, |h(z)| dv ) ds.
0 s

)0 < /

Since i1 € ‘H, we see that the last bound is independent of # € B and t € (0, %]. The bound
on the interval [%, 1) can be obtained similarly, and thus T'(B) is uniformly bounded.

To show the equicontinuity of T'(B), let t;,t; € [0,1] with £ < £,.

Casel. t,t, € [0, %] ort,t € [%,1]. We have

I T(w)(t) - Tw)(%)|

< /tz \Ilp_l (au + /7 h(t) ~f(u(t)) dr)

ty %
< G (Kt — 1) + Gy (M) / o ( [ o dr) ds

1

ds

1
The bound is independent of u € Band ¢, (/.2 |i(7)| d7) € L}(0, 11 since & € H; thus, we
see that the bound converges to 0 as |t; —£,| — 0. The case of £, ¢, € [%, 1] can be similarly
proved.
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Case2.0<f < % <ty < 1. Since ; and t; can be considered sufficiently close, without
loss of generality, we assume that i <K< % <t < %. Then, by the definition of T,

T(u) () = /Otl \1/1;1 (a,, + /7 h(z) - f (u(r)) dr) ds

1

- fi \ppl(au+/2h(r) f(u(r)) dt) ds
0 s
- /f vl (au + /57 h() -f (u(r) dr) ds

and

T(u)(ty) = /1 yl (—au + ﬁs h(t) -f(u(r)) dr) ds

2

1 s
:[ ‘ll;(—au+ﬁ h(r)~f(u(r))dt>ds

2

- ﬁtz \Ilp_l (—au + /15 h(t) ~f(u(r)) dl’) ds.

2

—

Since, by the definition of a,,,

%\Il'l u %h . dr ) d
/0 » (a +£ (1) f(u(r)) 7,'> s
1 s
=/1 \I’;(—au+/; h(t) -f(u(t))dt) ds,

2 2

we get

| T(w)(t) - T(w)(%)|

ﬁtz \Ilp_1 <—a,4 + /jh(t) ~f(u(r)) dT) ds

2

1

_/tf \1/;1 (ﬂu + /57 h(r) -f(u(r)) dr) ds
< /IQ w;l(KB +MB/15|h(r)|dr> azs+/7 ¢;1<1<B +MB/2|h(r)|dr> ds

2

t 3 1 1
5]; <p1;1<KB +MB/14‘h(t)‘d‘L’> ds+/2g01;1(1(3 +M3ﬁ2|h(r)|dt> ds
2 2 4 1

2

Thus, using Remark 2.1, we obtain

| Tw)(t) - Tw)(%)|

=6, [ g+, f , (Ma)g; (/ i r)!dr)

2 2
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1 1 1
2 2 2
+ Cp/ gz)[;l(KB)ds + Cp/ (p;I(MB)%;l (/; |h(r)| dt) ds
51 I

i

< [Cpfpgl(l(g) + G, (Mp)g,! </14 |h(z)] dl’)](tz ~ ).

Since the coeflicient at ¢, — ¢; is a constant independent on u € B, the proof of the equicon-

tinuity of T'(B) is complete. O

4 Applications
In this section, we apply the solution operator obtained in Section 2 and use the com-
pactness of the operator in Section 3 to show the existence of nontrivial solutions for the

problem

W, () = Ah(t) - f(u), te(0,1),
u(0) =0 = u(1).

(Py)

For this, we first give one assumption on f.
(F) fi(0,...,0) > 0 and limjy, o f3(s)/|s/P " = 0 for s e RN, i =1,...,N.
Let X be a Banach space, and G : R x X — X be completely continuous with G(0, ) = 0.

Consider
u =G, u). (4.1)

Denote by S the set of solutions of (4.1), R, = [0,00), and R_ = (00, 0]. As the basic tool
for the proof of our main theorem, we introduce the following theorem known as the

global continuation theorem.

Theorem 4.1 ([22]) Let X be a Banach space, and G : R x X — X be continuous and
compact with G(0,u) = 0. Then S contains a pair of unbounded components C* and C~ in
R, x X and R_ x X, respectively, and C* N C~ = {(0,0)}.

For our fitting, let us take X = C([0,1], RY). Then the usual norm for X to be a Banach
space is defined by || #|| s = Zﬁl |l£; || oo In this paper, for the convenience of computation,

we establish an equivalent norm, which is defined by
_ _ 2 L 2 1/2
llotllx = le(ul(t)w.,uz\z(t))l = nglgxl(ul @)+ +uy )"
Indeed, it is easy to see that

lellx < llatlloo = Nlu]lx-

We are ready to state our main existence theorem.

Theorem 4.2 Assume that h € H and that (F) holds. Then (P,) has at least one nontrivial
solution for all A > 0.
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We know that to solve (Py) is equivalent to solve
u=G(\u),
where G : (0,00) x X — X is defined by

fo a(\h - f(u)) +f2 Mi(t) - f(u(z))dr)ds, telo, l]

G, u)(t) = .
ft ( a(\h f(u))+f1 Mi(T) - f(u(r))dT)ds, te(3,1].

By Remark 2.2 and Lemma 3.5 we can easily show that G is continuous and compact with
G(0,u) = 0. Since Theorem 4.1 guarantees an unbounded continuum C*, if we provide
the a priori boundedness of solutions for (P, ), then the unbounded continuum allows the

existence of solutions for all A > 0.

Lemma4.3 Assumethath € H and thatf satisfies (F). Let any A > 0 be given, and let (A, u)
be a solution for (P,) with A € (0, A]. Then there exists a constant C(A) > 0, depending only
on A, such that | u||x < C(A).

Proof Assume that there exists a sequence (A, 4,) € (0, A] x X such that, for any n € N,
Uy = G()‘n, un)
with ||u,|x — oo as n — oo.

By using Remark 2.1 with x = a(A,h - f(u,)), ¥y = fs% Anh(t) - f(u,(7))dt and the homo-

geneity of ¢, ! and a we can estimate the solution u,, as follows:

4 (0)] = V ( (b - f (1)) + /iknh(r) -f(un(t))dr)ds

N
</U

< [ (Jatoh-s10) 4

ds

)ds
/h(f (1,(0)) )

3 Zh (1) d
sw,;l(A)/o o; ('”hf(””))' [Ji7 ) - ) t')dsnunnx

1 1
lletull IIMnIIf(

s

v, ( (A,,h ~f(u,,)) +/7knh(r) -f(u,,(r)) dr)

/ " dnh(t) - f (D)) dt

<0510 / <|a (- f ()]

for all ¢ € [0, %]. By the homogeneity of a again, we get

-1 : -1
0] < 5 (A)/0 % (‘( |un|p1)‘ /|()| WX )dsnunux.

By (F), for any & > 0, there exists [, > 0 such that for all s € RN with |s| > [,

Lfi(s)| <glslPt fori=1,...,N.
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Since f; is continuous on {s € RV | |s| < [}, there exists a constant M, > 0 such that
fi(s)| < M.
on{seRN||s| </} fori=1,...,N. Thus, we have
[ﬁ(s)|§8|s|1”_1+M6 forallseRN,i=1,...,N. (4.2)

Since ||u,||x — 00 as n — 00, there exists n. € N such that for any n > n., we have
1
M\ P
lunllx = — )
€
that is,

1 €

<
1 = .
lually™ — Me

Using (4.2), we get that, for any n > n, and ¢ € [0,1/2],

. p-1
[fz(bln(;)lﬂ <e- |u,,(t)1|771 + M;l <e+M,- £ _ 2¢
”un”x ”un”x ”un”x M.
and
WFealx  If@alloe X0 Ifi(n)lloe
< o = SRS <N -2€ = 2¢N. (4.3)
llenlly iy lnlly
Take

po{Lu )
it

Then B is a bounded subset in X. Thus, by Remark 3.2 we see that the set {a(/-v) | v € B}
is bounded in RN. Moreover, by (4.3) and Remark 3.4 we may choose a constant C, =
C.(eN) > 0 satisfying C. — 0 as € — 0 such that

‘“(h' ||jz:(b|t|§()1>

Therefore, for ¢ € [0, %], we obtain

n(8)] < [w,;l(A) NG (ce r2e [ o) dr) ds]nunnx

1
< [Ewpl(A)prﬂq)

<C. foranyn> n..

+ g (A)Cyp26) fo C ot < [ o dr) ds] itallx (4.4)
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By similar arguments, for ¢ € [%, 1], we obtain

1 s
u,(t)| < [w’l(A) o) (Ce +2€ | |h(T) dr) d5:|||un||
0] = 7' | 47 J 1ol p

1
< [Ewgl(A)Cpgo;(ce)

1 s
L0 G ) [ wpl( /. |h(r)|dr) ds}nunnx. (45)

1
Denoting Cj, = max{ [, (pljl(fs% |h(7)| d7) ds, f%l ga;l(f; |h(t)| dt)ds}, we can choose € > 0
small enough such that

1 1
59 (NG9, (C + 9, (MG, 260G < o

Consequently, combining (4.4) and (4.5), we obtain, for ¢ € [0,1],

1
|un(8)| < 5 ltnllx.
This implies that
lunlx <0 forn=>ne,

which contradicts

1

M\ P
latnllx = T >0 forn>n,

and this completes the proof. d

Example 1 Consider the following p-Laplacian system:

—(ulP2) = M (O)[@2 + )T +1],
(B)  {—(up2v) =a@e 1+ @)5 ), te(0,1),

u(0) =v(0) = 0 = u(1) = v(1),

where u = (&,v), A > 0 is a parameter, and /(¢) = (h;(£), ha(t)) is given by

£, te(0,1],
hi(t) = ©3 () =-1, te(0,1).

-1, te(%,l),1<(x<p,

We note that / € L}

loc

but /1; ¢ L'. We now show that /# € . Indeed,

3 ~(@-1)
2 - 1 l “ _ )
s a-1]1\2

1

s a-1
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Since 1 < & < p, we have ﬁs‘("“l) >0 fors € (0,1) and

3 3 2 1 b (gD p
/ ! / t™%dt )ds < / ! s@D ) ds = / ds
o 7\ o Y \a-1 o \a-1

2
< OQ.
0

p-1 p—a

= s
(-1 (p-a)

In addition, since /; and %, are constants on (%, 1) and (0,1), respectively, by Remark 2.1
we gethe H.

Next, we need to check that both £, (&, v) = (4 + 1/2)1%1 +1andfy(u,v) = e [1 + (uz)z%l]
satisfy assumption (F). In fact, £1(0,0) =£,(0,0) =1 > 0, and

Awy) o @+AT 41

wil=oo |, V)P im0 (2 4 y2) 8

1 1
= lim ( o7t pl) =0
|(u,v)|—>00 (M2 + VZ)T (I/[Z + VZ)T

0- 1m BBV L e L) ]

T w00 | V)P @)oo (u® + Vz)‘%l

. 1 1
< lim - + - | =
wnl=o\ 2 (42 1 y2) 7 e?(u2 +12)%

that is, 1im (- oo lfz(”"’) = 0. Consequently, by Theorem 4.2 we see that problem (E;)

(uy)|P1
has at least one nontrivial solution for all A > 0.

Example 2 Consider the following p-Laplacian system with p = 6:

—(Ju|*s’) = Ay ()1 — (u? + v2)§],
(B2)  {—(u*v) = M2 - @], te(0,1),
1(0) = v(0) = 0 = u(1) = v(1),

where u = (&,v), A > 0 is a parameter, and /(¢) = (h1(¢), ha2(t)) is given by

2, te(0,1],

hy(t) = )
—1, te (E’ 1),

and

t™4, te(0,1],

ho(t) = (03]
L, te(30).

By similar arguments as in Example 1, we can easily check that # € H and fi, f, satisfy

assumption (F). Consequently, by Theorem 4.2 we see that problem (£;) has at least one

nontrivial solution for all A > 0.
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Example 3 Consider the following p-Laplacian system:

—(lafP~2u)) = Ay (¢) In((u? + - -+ + u}z\])% +2),

(E3)
—(ufP2u)) = MO In((2 + - +u})2 + N +1), te(0,1),

ML'(O):OZMI'(I), i=1,...,N,

where u = (u1,...,un), A > 0 is a parameter, /() = (h1(t), ..., hn(2)) is defined by

1
h(t) = — -4, te<(0,1),1 ,i=1,...,N,
0= g O11<a<p,i

and
f,»(ul,...,uN):ln((uf+---+u12\[)% +i+1), i=1...,N.

We note that each #; is not in L(0,1), hi(%) =4%—4? <0forl<a<p,and k:(0,1) - RN
is locally integrable. By similar arguments as in Example 1, we can easily check that # € H.
Next, let us check (F) for fi(uy, ..., un) = In((u? + - - - + ujzv)% +i+1). In fact, £(0,...,0) =

In(i + 1) > 0, and setting x := (u? + -+ - + uﬁ,)%, we have

(U1, 1 @2+ +u2)2 +i+1
0= m  Slm) (& WEeiv)
(@t tip)| 00 [(81, ooy NPT [(t1ting) 00 (uf bt uJZV)T

o o In(x+i+1)
= lim ——
x—+00 xp_l
i 1 1
= m .
xotoox+i+1  (p—1)xr-2
. 1
< lim — =0,

X—+00 (p — 1)xP‘1 B

that is, 1imyg,,.uy)|—oo % =0 for i =1,...,N. Consequently, by Theorem 4.2 we

see that problem (E3) has at least one nontrivial solution for all A > 0.
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